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SCALING LIMITS FOR SIMPLE RANDOM WALKS
ON RANDOM ORDERED GRAPH TREES

D. A. CROYDON,* University of Warwick

Abstract

Consider a family of random ordered graph trees (7;),>1, where T, has n vertices. It
has previously been established that if the associated search-depth processes converge
to the normalised Brownian excursion when rescaled appropriately as n — oo, then the
simple random walks on the graph trees have the Brownian motion on the Brownian
continuum random tree as their scaling limit. Here, this result is extended to demonstrate
the existence of a diffusion scaling limit whenever the volume measure on the limiting real
tree is nonatomic, supported on the leaves of the limiting tree, and satisfies a polynomial
lower bound for the volume of balls. Furthermore, as an application of this generalisation,
it is established that the simple random walks on a family of Galton—Watson trees with
a critical infinite variance offspring distribution, conditioned on the total number of
offspring, can be rescaled to converge to the Brownian motion on a related «-stable
tree.
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1. Introduction

If (T;,)n>1 is a family of random ordered graph trees, where 7, has n vertices for each n, and
the rescaled graph trees n~'/2 T, converge suitably to the Brownian continuum random tree, then
the associated simple random walks can be rescaled to converge to a diffusion limit, namely the
Brownian motion on the Brownian continuum random tree; see [7, Theorem 1.2]. (Note that,
in [7], the Brownian continuum random tree was referred to simply as the continuum random
tree. The ‘Brownian’ is included here to make clear the distinction between this specific random
real tree and the other random real trees that will feature in the discussion.) The collection of
random graphs to which this result applies includes the case when 7}, is a Galton—Watson tree
with an offspring distribution, (p;);>0 say, that is, aperiodic (in particular, it is not supported
on a proper subgroup of Z), critical (mean 1), and has finite variance, conditioned on its total
progeny being equal to n. Motivated by the problem of extending the methods of [7] to deal with
the case when the finite variance assumption is dropped, in this paper we prove convergence
results for the simple random walks on a much broader class of graph trees. Although the
overall structure of the argument used here closely matches that of [7], in that paper several
rather precise properties of the Brownian continuum random tree were applied, meaning that
extensions to more general limiting trees could not be made immediately. Here, new techniques
are introduced to allow us to remove some of the restrictions of [7], and in particular prove a
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scaling limit result for the simple random walks on critical Galton—Watson trees with infinite
variance offspring distributions.

Denote the Brownian continuum random tree and its canonical measure by (77, i) (see [1]
for background). Let p be a distinguished vertex of 7 and call it the root of 7. Suppose that
T (k) is the minimal subtree of T~ spanning p and a k-sample of p-random vertices; such sets
can be constructed so that 7 (k) € 7 (k + 1), and also we can assume that |_J, 7 (k) is dense
in 7, because u has full support, almost surely. The set 7 (k) consists of a finite number of
finite length line segments and, therefore, we can well define the one-dimensional Hausdorff
measure on 7 (k) normalised to be a probability measure, 20 say. In [7], the fact that P
converges weakly to u as probability measures on 7 was used in a time-change argument to
show that certain Brownian motions on the subtrees 7 (k) converge to the Brownian motion
on the Brownian continuum random tree (see [7, Lemma 3.1]). Whilst this assumption is
known to hold for the Brownian continuum random tree, it has not been established for the
related «-stable trees, @ € (1,2), which are the scaling limits of infinite variance Galton—
Watson trees (see [19, Section 4] for a brief introduction to «-stable trees and this convergence
result). By considering alternative Brownian motions on 7 (k), we are able to show that the
assumption that A(®) converges to 1 is redundant (Proposition 2.1 is the relevant convergence
result). To proceed as we do, however, we are required to check that the time-change additive
functionals we consider satisfy a tightness property (Lemma 2.5), and our proof of this relies
on the technical result that the local times of the Brownian motion on the limiting tree diverge
uniformly (Lemma 2.3).

A second fact about the Brownian continuum random tree applied in [7] is that it has no
vertex of degree greater than three, by which we mean that the number of connected components
of 7\ {0} is no greater than three for any o € 7. This property was important because it meant
that the graph trees 7}, (k) constructed analogously to 7 (k) eventually had to have the same
‘tree shape’ as T (k) as n became large. However, a-stable trees with o € (1, 2) admit infinite
branch points (see [13, Theorem 4.6]), and so the same argument does not apply in general. To
overcome this problem, in Section 3 we establish a method to demonstrate the convergence of
Brownian motions on a sequence of finite-branched trees that converge in a specific way to the
subtrees 7 (k) when the limiting tree 7~ has branch points of arbitrary degree. Our argument
involves considering approximations to the processes of interest that jump over branch points,
so that the precise geometry of the trees at branch points is not seen by the approximations.

Specifically, the limit space T* that we study in this paper is the collection of pairs (7, u),
where 7 = (7, dy) is a compact real tree (see [13, Definition 2.1] for example) and w is a
nonatomic Borel probability measure on 7~ that satisfies

.. . infseq w(B(o, 1))
lim inf >

r—0 rk

0 (1.1)

for some k > 0, where B(o, r) is the open ball of radius r (with respect to the metric dgy)
centred at o € 7. Furthermore, for (77, u) € T*, we assume that u is supported on the leaves
of 77, where by saying that o € 7 is a leaf of 7 we mean that 7 \ {0} is connected. We note
that the Brownian continuum random tree is an element of T* almost surely, with (1.1) being
satisfied whenever k > 2; see [8, Theorem 1.2]. Furthermore, we will later check that all the
above properties are also almost surely satisfied by a-stable trees for o € (1, 2), with (1.1)
holding for any choice of k > o/(ax — 1).

The main result of this paper is the following theorem, which is stated within the framework
of [7], so that ¢! is the Banach space of infinite sequences of real numbers equipped with
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the metric d,1 induced by the norm Zl>1 |x(i)] for x € 2 g (el is the space of compact
subsets of £! equipped with the Hausdorff topology; .M (¢£') is the space of Borel probablhty
measures on £ equipped with the topology of weak convergence; and M1 (C([0, 1], £')) is
the space of Borel probability measures on C([0, 1], £1), also equipped with the topology of
weak convergence. The set ‘W is the collection of continuous functions w: [0, 1] — R such
that w(¢) > 0 if and only if # € (0, 1). For an excursion w € W, T, is the rooted real tree
associated with w, u,, is the natural measure on 7,, and P Tw-lw is the law of the Brownian
motion on (T, [4y) started from the root p = p(Ty,) (see the end of Section 2 for details).
For an ordered graph tree 7, with n vertices, We write (4, to represent the uniform probability
measure on the vertices of 7, and denote by P, "1 the law of the discrete-time simple random
walk on T, started from the root, p = p(T,), of T,. The search-depth process w, of T is
defined in Section 4.

Theorem 1.1. Let (an)n>1 be a positive divergent sequence such that ay, = o(n). If (Ty)n>1
is a sequence of ordered graph trees whose search-depth functions (wp)n>1 satisfy

—1
a, Wy —> w

in C([0, 11, Ry) for some w € W with (T, uyw) € T*, then there exists, for each n, an
isometric embedding (f‘n, n, Isgn) of the triple (Ty, i, Pg”) into €' such that

(a;lfn,m(an- Plv((f € C([0. 1], €"): (o' f(tnam))iero.1) € 1)

coTnverges to (J u, ) in the space K (e x ,Ml(ﬁ ) x M1(C([0, 11, £Y)), where the law
Pp" is extended to an eJlement of M1(C([0, 11, YY) by linear interpolation of discrete-time
processes, and (T, i, P M) is an isometric embedding of (T, v, PJ" Hwy into €1,

As an extension to [7 Theorem 1.2], a random version of this result can be formulated
by applying the fact that the isometrically embedded triple (7, i, P J ) can be constructed
as a measurable function of a pair (w, u), where w is the relevant excursion and u is an
element of [0, 1]N . In particular, suppose that (W, U) is a (W x [0, I]N)-Valued random
variable, built on a complete probability space with probability measure P, such that W is a
random excursion satisfying P((Tw, uw) € T*) = 1, and U = (U;);>1 is an independent
sequence of independent U[0, 1] random variables. We can define a probability law Pr on
K (Y x My(£") x C([0, 1], £1) that satisfies

Pr(A x BxC) = p

P((W,U) € (dw, du))1 (C) (1.2)

T
/C([o,l],R+)x[o,1]N (red pebyr
for every measurable A C JC(Z‘), B C MI(Z]), and C C C([0, 1], E]). In the discrete case,
as in [7], let (T,),>1 be a sequence of random ordered graph trees with corresponding search-
depth functions (W), >1, and suppose that these are built on our underlying probability space

independently of the random variable U. We can assume that (fn, n, PZ”) are constructed
measurably from (W, U). Moreover, there exists a unique probability law Pr, on K (£!) x
My (€h) x C([0, 1], £') that satisfies

Pr,(Ax B xC(C)=

P((W,,U) € (dw, du))1 "(C) (1.3)

/C<[0,1],R+>x[0,1] (TueA. fin€B)

for every measurable A C JC(K]), B C Ml(ﬁl), and C C C([0, 1], Z‘). In the following result,

https://doi.org/10.1239/aap/1275055241 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1275055241

Random walks on random ordered graph trees 531

the rescaling operator ®,, is defined on K (Y x MY x C([0, 1], £1), so that if (I%, D, f)
is an element of this space then

Ou(K, D, f) = (e, 'K, D(etn-), (" f(tnan))icion)-

Theorem 1.2. Let (an)n>1 be a positive divergent sequence such that o, = o(n). Suppose that
(Ty)n>1 is a sequence of random ordered graph trees whose rescaled search-depth functions
(ozn’1 Wi)n=1 converge in distribution to W in C([0, 1], R), where W is a random excursion
satisfying P((Tw, pw) € T*) = 1. If Pr and (Pr,),>1 are the unique probability measures
satisfying (1.2) and (1.3), respectively, then

Prno@);l—)Pr

weakly as measures on the space X (£') x My (£') x C([0, 1], £1).

In addition to the above convergence results for the laws of the simple random walks on
the graph trees (7;,),>1, let us remark that, in the settings of Theorem 1.1 or 1.2, it is possible
to proceed as in [9, Section 7.2] to deduce related local limit theorems demonstrating that the
associated discrete transition densities can be rescaled to converge in an appropriate space to
the transition densities of the Brownian motion on the limiting space.

To prove the results stated above, we commence, in Section 2, by proving some general results
about Brownian motion and the corresponding local times on real trees. In Section 2, we also
describe the procedures we use for embedding real trees into £!, and the connection between
real trees and excursions. The heart of the paper is Section 3, which is where we establish
some key results about the convergence of Brownian motions on real trees with a finite number
of branches embedded into ¢!. In Section 4, which contains the proofs of Theorems 1.1 and
1.2, we explain how the argument of [7] can be reworked to apply in our more general setting.
Finally, in Section 5, we describe the application of our results to Galton—Watson trees with
infinite variance offspring distributions and the related «-stable trees.

2. Brownian motion and local times on real trees

Suppose that T = (7, d7) is a compact real tree and that p is a finite Borel measure on
T with full support. To avoid trivialities, assume that 7~ contains more than one point. It is
possible (see [7, Proposition 2.2]) to construct a strong Markov process

- T, T+
XJ H= ((Xt M)IZ()’P(ijﬂﬂo' € T)v

with continuous sample paths that is reversible with respect to its invariant measure p and
satisfies the following properties.

(i) Foro1,07 € T, 01 # 02, we have

T dy (b7 (0, 01, 02),
P74 (h(o1) < h(02)) = 7(b"(0,01,02).02) g7
dg (o1, 02)

where h(o) := inf{t > 0: X,T’“ = o} is the hitting time of 0 € T, and bT(a, o1, 02)
is the unique branch point of o, o1, and o7 in 7. In particular, if [[o, o1]], [[01, 02]],
and [[07, o]] are the unique injective paths between the relevant pairs of vertices, then
bT(o, o1, 07) is the unique point in the set [[o, o1]] N [[o1, 02]] N [[02, o]].
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(i1) For o1, 07 € T, the mean occupation measure for the process started at o1 and killed on
hitting o7 has dens1ty 2dy (b‘ (0,01, 02),02)u(do), so that

. h(o2) -
Eg" /0 f(Xg)ds =2 f f(@)dr (b (0,01, 02), 02) p(do)
T

for every continuous bounded function f: 7 — R.

In the terminology of [1, Section 5.2], X 7.1 is Brownian motion on (7, W), and is in fact
uniquely determined by these properties. Moreover, that X7+ admits jointly measurable local
times (L;(0))se7, >0 can be checked as in the proof of [8, Lemma 8.2]. In the arguments of
subsequent sections we will require further that (L;(0))se7, r>0 is jointly continuous in ¢ and
o, and we will demonstrate that this is the case whenever p satisfies a polynomial lower bound
of the form of (1.1). In the proof of this result, we apply the two following properties that (1.1)
implies.

Lemma 2.1. Suppose that T is a compact real tree and that ( is a finite Borel measure on T
that satisfies (1.1) for some k > 0.

(@) If N(T,r) is the smallest number of balls of radius r needed to cover T, then

limsupr“*N(T,r) < oo.
r—0

(b) The Markov process X7 gdmits a transition density (p1(0,0")) .0’ . >0 that satisfies

lim sup £/“*Y sup p;(0,0’) < 0.
t—0 o,0'eT

Proof. The proof of part (a) is elementary. Part (b) can be obtained by applying a general
heat kernel bound of the type proved in [18, Proposition 4.1] or [6, Proposition 5] for example.

Lemma 2.2. IfT is a compact real tree and 1 is a finite Borel measure on T that satisfies (1.1)
for some k > 0, then the local times (L;(0))se7, >0 Of X7 gre Jjointly continuous in t and

o, PZ/’“—almost surely (P;,’“—a.s.), foreveryo’ € T.

Proof. Given the estimates of Lemma 2.1, the proof is identical to that of [7, Lemma 2.5].
In particular it is easily checked from Lemma 2.1(b) that the 1-potential density u(o, o’) :=
fo e " p;(o, 0’)dt is finite for all 0, 0’ € T . As a consequence, by applying [20, Theorem 1],
we see that the continuity of local times is equivalent to the continuity of the centred Gaussian
process (G (0))se7 With covariances given by (u(o, 0”))s s'c. By [11, Theorem 2.1], for the
latter process to be continuous, it is enough that the integral fol JIn N (T, r)dr is finite, which
in view of Lemma 2.1(a) is clearly the case.

The local times of X7 * will be used in a time-change argument that depends on their
uniform dlvergence which we now prove. Note that, by definition, the Brownian motion on
(7, ) satisfies E Hhe’) < 2diam(T)u(T) < oo for every 0,0’ € 7, where diam(7") is
the diameter of the metric space (77, dy ).

Lemma 2.3. Suppose that T is a compact real tree and that w is a finite Borel measure on T
that satisfies (1.1) for some k > 0. For everyo € T P *_a.s., we have

lim inf L;(c’) = oo

I—>00o'eT
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Proof. Fixo,0' € T By [20, Lemma 3.6] we have EJ s e diLi(o’) > 0. Hence,
there is a strictly positive P Top -probability that L,(c”) > O for large . Applying the joint
continuity of the local tlmes it follows that there exist r = r(0’) > 0, ¢ = ¢(o’) > 0, and
to = to(0’) < oo such that

PZ;“( inf Ly > g) > 0. @.1)

o"€eB(a’,r)

Now, seth(o’, ty, ) :=inf{t > tg+h(c’): XT’” = o}. Applying the observation made above
this lemma about the finite moments of hitting times, the strong Markov property, and (2.1), it
is easy to check that h(o”, ty, o) is finite, PJ*.a.s., and also that

PZ’“( inf Ly (@) > s) > 0. 2.2)

o”eB(o’,r)
Observe that the additivity of local times and the strong Markov property implies that

oo

liminf inf  Li0") =Y &,

t—>00 g”eB(o’,r) =
i=

where, under PJ # the (&), are independent copies of infs cp(o’ ) Li(o’1,0)(0"). The

strong law of large numbers lets it be deduced from (2.2) that the right-hand side of the above
inequality is infinite, P "*_a.s., which proves the uniform divergence of local times uniformly
over B(o', r), P2 *-as.

To extend the conclusion of the previous paragraph, note that B(c”’, r(0”)),cs is an open

cover for 7. Thus, by the compactness of 77, it admits a finite subcover, B(o;, r(ol)) i—1»>and,
clearly,

lim inf L;(c’) = min lim inf L: (o).

I—>00g’'eT i=1,...,N—>X ¢’eB(0;,r(o;))

Since, by our above argument, the right-hand side of this expression is infinite, PZ H.as., the
proof is complete.

Following [7], we now show how X7 # can be approximated by a family of Brownian
motions on subtrees of 7~ with a finite number of branches. Henceforth, we suppose that the
real tree 7 has a distinguished vertex p € T called the root and consider a dense sequence of
vertices (0;):2, in 7. Without loss of generality, we assume that the (0;){2, are distinct and
that o; # p for any i. For each k > 1, define a subset of T by

k
7 (k) = [ Jtlp, i1, 2.3)

i=1

where, as above, for o, ¢’ € T, [[0, ¢']] is the unique injective path in T from o to o”. Clearly,

T (k) is a compact real tree when endowed with the appropriate restriction of dg, and we set its

root to be p, which is contained in 7 (k) by construction. The natural projection ¢5 7 ) from
0 J (k) is obtained by setting ¢7 7 x)(c) to be the unique point in 7 (k) satisfying

dy (0, 97 70)(0)) = inf dy(o,0"). 24
o'eT (k)
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Itis elementary to check that ¢p5 7 () is continuous and sup, .+ d7 (x, ¢7 7 k) (x)) — 0 (cf. [7,
Lemma 2.4]). Consequently, u® := p o b7 IT ) defines a Borel probability measure on 7 (k)
with full support for each k, and u® — v&}eakly as probability measures on 7. Since T (k)
is a compact real tree containing more than one point and 1) is a Borel probability measure on
T (k) with full support, we can construct the Brownian motion X ONTEN (T (k), ). For
these processes, we are able to deduce the following convergence result. Since it is a relatively
simple adaptation of [7, Lemma 3.1], we only sketch the proof.

Proposition 2.1. If (7, n) and {(T (k), /L(k))};iil are as described above, then

T (k),u® T 0
Pp — Pp

weakly as probability measures on C(Ry, 7).

Proof. Applying the weak convergence of ™ to p and the joint continuity of the local
times of X7 +# (see Lemma 2.2), we obtain, for every t > 0, P;, *as.,

At(k) :=/ Lt(a)u(k)(da) — f.
T (k)

Moreover, an elementary monotonocity argument yields this convergence result uniformly on
compact intervals. As a consequence of this, 7% (¢) := inf{s: A§k> > t} — t uniformly on
compacts, Pf) *_a.s. Now, the trace theorem for Dirichlet forms (see [15, Theorem 6.2.1] for

) T 7). . ®
example) allows us to check that the law of (X;(,’cﬁl(t))tzo under P;) ' is precisely P/J) (k)1 (cf.
[7, Lemma 2.6]), and, hence, the result follows.

We continue by presenting a characterisation of X 701" a5 a time change of another
Brownian motion on 7 (k). For k > 1, let AX) be the one-dimensional Hausdorff measure on
T (k) normalised to have total mass equal to 1. Since 7 (k) consists of a finite number of line
segments, AX) is a Borel probability measure on 7 (k) with full support. Consequently, the
Brownian motion X7 ®-*“ on (7 (k), %)) exists. Furthermore, it is elementary to check that
1% satisfies (1.1) with ¥ = 1 and, therefore, we can apply Lemma 2.2 to deduce that X ORA
admits jointly continuous local times (L;k) (0))oeT k), 1>0- As in [7], define a continuous
additive functional A®) = (Afk)) >0 by setting

AP = / L® 6)u® (do), (2.5)
7 (k)
and its inverse by

t® () ;= inf(s: AL > 1}, (2.6)

As with the time change employed in the proof of the previous result, the following lemma
is a relatively straightforward consequence of the trace theorem for Dirichlet forms (see [15,
Theorem 6.2.1] for the trace theorem and [7, Lemma 2.6] for a similar application), and so will
be stated without proof.

Lemma 2.4. Suppose that (T, u) and {(T (k), ,u(k))},fi | are as described above. Ifthe process
- T (o) 2 ®
XT®2 pas law PZ; ©2 then the process

T (k), A%
( 20 (1) )tz()

)
has law Pg(k)’” .
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We now deduce some simple path properties of A® that will be useful to us later.

Lemma 2.5. If (7, u) and {(T (k), /,L(k))}k | are as described above, then, for every k > 1,

(k)
PJ ®).2 -a.s., the functions A® qare continuous and strictly increasing. Moreover, for every

10 =0,
k
lim lim sup P’ (.20
—00 k— 00

(A >1n=o0. 2.7

Proof. The continuity of A® follows from the continuity of (L(k) (0))oeT (k), =0, Which
was noted above Lemma 2.4. Hence, it remalns to show that A strictly increases in ¢ and
satisfies (2.7). We start by showing that (A ) ¢>0 is strictly increasing. The following argument

holds P,J, (OF -a.s. Let s < ¢. Then, clearly,
/ (LPx) = LO@A®dx) =1 -5 > 0.
T (k)

Hence, there existan ¢ > 0 and anonempty openset A € J (k) such that L(k) (x) — Ly (k) x) > ¢
for x € A. Since u® has full support, it charges every nonempty open set and so we must
therefore have A(k) < A(k) en®(A) < At , which proves the desired result.

We now prove the t1§htness result of (2.7). Use the local times of X7 +* to define an additive
functional A® = (A% )=0 by setting

AY = f L (0)2® (do),

and its inverse (¥ similarly to the definition of #® in (2.6). By again applylng the trace
theorem for Dirichlet forms, it can be deduced that the law of the process (X ey )) >0 under
Pp is the same as that of the process X7 - * under PJ ORS . Similarly to [7 Lemma 3.4],
it follows that, under P . the two- -parameter process (Lra()(,) (0))oeT k), >0 has the same
distribution as (L( (0))oeT (k), 1>0 under PJ (h).2¢ Consequently, to complete the proof, it

will suffice to demonstrate that, for every #y > 0, P Has.,
lim sup f Lt ) (0P (do) < oo.
k—oo JT

Recalling that ;2 ©) converges weakly to jt, we find that the left-hand side of the above expression
is bounded above by

/ Ly, <19 (@) (do) = sup®(10),
T k

and this supremum is finite whenever infy A;k) diverges as t — oo. Applying the uniform

divergence of local times proved in Lemma 2.3 and the fact that A% is by definition a probability
. T .1 -

measure, this result holds P, """ -a.s., as required.

As in [7], to embed T into 2!, we use the sequential embedding of [2, Section 2.2]. In
particular, given a sequence (7 (k))x>1 as above, it is possible to construct a distance-preserving
map ¢ : (7,dy) — (!, d,1) that satisfies ¥ (p) = 0 and

(Y (0)) = ¥ (7,571 (0)) (2.3)

for every 0 € 7 and k > 1, where m; is the projection map on ¢! defined by setting
me(x(1),x(2),...) = (x(1),...,x(k),0,0,...). Such a map is determined uniquely by
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insisting that ¥ (7)) € {(x(1),x(2),...) € lx(@)>0,i=1,2,. ..}. We will denote the
¢!-embedded versions of the objects T, i, P/J) o by ’J:, I, f’; ’M, ..., respectively.

To complete this section, we present the well-known relation between continuous excursions
and real trees, and define a collection of pairs of excursions and sequences that will be of interest
later in this paper. Let ‘W be defined as in the introduction. For w € ‘W, define a distance on
[0, 1] by setting

dy(s,t) ;= w(s) +w() —2inf{w@): r € [s At,s V1], 2.9)

and then use the equivalence s ~, t if and only if d,, (s, t) = 0, to define T, := [0, 1]/ ~y.
Denoting the canonical projection (with respect to ‘~,,”) from [0, 1] to T, by w, it is possible
to check that dy, (w(s), w(t)) := dy (s, t) defines a metric on T3, and also that with this metric
Tw 1s a compact real tree (see [13, Theorem 2.1]). The root of the tree 7y, is defined to be
the equivalence class w(0), and is denoted by p,,. A Borel probability measure on T, with
full support can be constructed by setting 11,y := A% o =1, where A[%1] is the usual one-
dimensional Lebesgue measure on [0, 1]. Furthermore, given a pair (w, u), where w € ‘W and
u = (u;)i>1 € [0, 11N, we define a sequence of vertices (0;);>1 by setting o; = w(u;) for
each i. This allows us to construct a sequence of subtrees 77, , (k) of 73, as in (2.3). Note that
we will usually suppress the dependence on w and u from the notation for all of these objects
when it is clear which excursion and sequence is being considered.

Definition 2.1. The set I' is the collection of pairs (w,u) € W x [0, 11N such that JL satis-
fies (1.1) for some « > 0, the sequence (u;);>1 is dense in [0, 1], and the vertices (0;);>1 are a
dense collection of leaves of 7, distinct and not equal to p for any i.

3. ¢! convergence

Forx = (x(1),x(2),...) € 21, define [[O, x]]sp as in [2] to be the union of line segments
connecting 0 to (x(1),0,0,...) to (x(1),x(2),0,0,...),.... Fixk > 1, and suppose that we

are given distinct x®O o x® e El\{O}. Write x = (x(l), A x(k)), and set
k
7 = 1o, x1nsp, 3.1)
i=1
which is acompactreal tree. We assume thatevery x € {0, xD x(k)} isaleaf of 7*. Define

A* to be the one-dimensional Hausdorff measure on 7%; in this section it will be convenient
not to normalise this to be a probability measure. Denote the law of the Brownian motion X*
on (7%, A¥) started from 0 by Pj. Given a Borel probability measure v on 7%, let A*:” be the
additive functional defined by

AT ::/ LY (x)v(dx),
Tx

where (L} (x))xe7~, >0 are the local times of X*, which exist and are jointly continuous,
Pg-a.s., because A* satisfies (1.1) for k = 1 and, therefore, Lemma 2.2 applies.

The aim of this section is to show that if we have a sequence (x,),>1, where x, =
x,(Ll), ceey x,(lk)) € (¢YH%, that satisfies x, — x, then the Brownian motions X*» on (7%, A%n)
started from O converge in distribution to the Brownian motion X* started from 0. Note that we

construct 7* from x,, similarly to the definition of 7* in (3.1) and A*" is the one-dimensional

https://doi.org/10.1239/aap/1275055241 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1275055241

Random walks on random ordered graph trees 537

Hausdorff measure on 7 *#; the assumption that x,, — x means that we can define the law
Pg" of the Brownian motion on (7 *1, A*n) started from O as in the previous section, at least
for large n. Moreover, simultaneously with this convergence, we will prove that if (v,),>1 is
a sequence of Borel probability measures, where v, is supported on ¥, such that v, — v
weakly as probability measures on £!, then the related additive functionals A**"», defined by

AV :=f L (x) v, (dx),
T

converge in distribution to A*¥ in C(R4, Ry ). To deduce the existence and continuity of the
local times (L}" (x))xeq+n, >0 of X*, we again apply Lemma 2.2.

On line segments, the processes X*» and X* look like standard one-dimensional Brownian
motions. However, the structure of 7* and 7* can vary at branch points, and so we must be
careful about analysing the processes close to these. In our arguments, we will approximate
X*n and X* by processes that avoid the branch points of the trees. Define the finite set of
‘vertices’ of 7* by

B* = b (x, x' ¥y x,x x" € 0,20, xWY,

where b* (x, x’, x) is the branch point of x, x, and x” in 7*. Note that B* contains the set
{0, xM x(k)}. An g-neighbourhood of B* in elis given by

87 := ] Bax.e),

xeB*

where By (x, ¢) is the open ball in (61, dy1) of radius ¢ centred at x. Now, fix a strictly positive
constant £ < &g, where
go:=15 inf  dp(x,x). (3.2)
{x,x'€B*: x#x'}
Set vgp = 0 and, fori > 0, let

gi:=inf{t > v;: X7 ¢ :Bfl}, Uiyl i=inf{r > g;: XF € O‘B’;‘l/z}.
Define /
Af’el ::/0 1(seny ds,
where
o0
=R\ {Jw, s, (3.3)
i=0
and its inverse 7%°¢1 (¢) := inf{s: A}'®' > t}. Finally, let X*-¢1 be the process defined by

X8l ._ yX
XP = Xeer )

which takes values in the space D(R, £!) of cadlag paths in £!. To prove that X*-¢! approxi-
mates X* well for small &1, we will apply the following (rather crude) bound on the expectations
of the local times (L} (x))xe7+, 1>0-

Lemma 3.1. The local times of X* satisfy

t 41X (T*)e!
sup Ef L¥(x) < LT U e
eTx AX(T¥)
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Proof. By [4, Section V.3.28] we have P§(|L} (x) — LT (x")| > 28) < 2e’e™? for every
x,x" € T*. Integrating this inequality implies that E§ (|L} (x) — L (x)|) < 4e’. Thus,

sareowa <gg( [ o) + [ B0 - e
Jx Jx
<t +4e'2X(TY).
Lemma 3.2. Forty, e > 0,

lim P’é( sup dpi(XF, X > s) =0.

e1—0 1€[0,7]

Proof. By construction, X, = = X7re - Hence, applying the continuity of X* and the
definition of t*:¢! as the inverse of A & , the result will follow if we can show that

lim PX( sup |t — AV > s) —0. (3.4)
e1—>0 1€[0,0+1]

To prove this, first note that if X 3 = 0 then
to+1
sup |t — AT < / I{Xseggécl} ds = / ,0+1(x)k (dx).
1€[0,z0+1] 0 Bf,
Thus, applying Markov’s inequality, Fubini’s theorem, and Lemma 3.1, it follows that

Pg( sup |t — AT > 5) < 5—1/ E§ (LY 1 (0))A* (dx) < cA* (B, (3.5)
te[0,f0+1] BX

€1

where c is a constant that does not depend on ¢;. Since A* is nonatomic and B* is a finite set,
the result follows.

We now prove a similar result for X*» that is uniform in n. Set U(’)’ = 0and, fori > 0, let
¢/ ==inf{t > v': X;" ¢ B}, (3.6)
vy = inf{r > ¢/ c X" e ;B;“l/z} 3.7

Note that although J‘B’fl P and B, do not depend on 7, the above quantities will be well defined
and finite for large n; when they are not, simply set ¢ = 0 and ¢/' = v’ = oo fori > 1.
Define A*n81, ¢¥n:f1 and X*»-¢1 from these stopping times analogously to the definitions of
A*E1 %8 Jand X©#1, respectively.

Lemma 3.3. Ifx,, — x then, forty, e > 0,

lim lim supr"( sup dpi (X;", X > 8) =0.

10 n—soo te[0,7]

Proof. Similarly to the bound in (3.5), it is possible to deduce that

lim sup Pg”( sup |t — A7 > e) < lim sup cA™ (B},) = cA* (BY)). (3.8)

n—o0 t€[0,10+1] n—oo

where c is a constant that does not depend on n or £;. The result will follow from this if we
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can show that the sequence (Pg”),e] is tight. To prove this, first observe that it is elementary
to check that there exist constants cq, ¢y € (0, 00) such that

cir < liminf inf A* (B,i(x,r)) <limsup sup A* (B (x,7)) < cpr
n—>00 xeJ*n n—o00 xeJ*n

for every r € (0, 1]. By applying the argument of [18, Lemma 4.2], this implies that

. . _ 2
limsup sup PY"(inf{s: dyi(x, XJ") > r} <1) < cze™ /t
n—-o00 xeJ7*n

for every r € (0, 1], ¢ € (0, #1], and some constants c3, c4, 1 € (0, 0c0). Consequently,

lim lim supt_1 sup Pf” (inf{s: dp (x, Xf”) >r}<t)=0

t—0 n—o0 xeT*n

for any r > 0, which implies the tightness of (Pg”)nz 1, as desired (cf. the corollary to
Theorem 7.4 of [3]).

We now construct an approximation for the additive functional A*-”. First, formulate a local
time L*-°! for the process X*¢! by setting

T%:€1 (I)
LY (x) = / Lisery dy LY (x) 3.9)
0
for x € 7% and ¢ > 0, where [ is as defined in (3.3), then let A*-"¢1 be defined by

APV ::/ LY (v(dx) + Y v(Be, (x, 1) sup LY (y),  (3.10)
TS reB* y€IB,1 (x,e1)NT*

where 77 := 7%\ Bg,. That A*"*1 is uniformly close to A**" is confirmed by the following
lemma.

Lemma 3.4. Forty, ¢ > 0,

lim Pg( sup ARV — ARV > g) —0.

e1>0 " Ne[o,1]

Proof. Since {s: X; € T} C I, the definition of L*! in (3.9) implies that L;"*' (x) =
L’t‘w1 (t)(x) for every x € Tg’l‘ and ¢ > 0. Consequently, we can check that

sup A7 — AP < sup sup LT (X) = Lirey (y D)1,
t€[0,10] 1€[0,10] {x,y€T™: dy1 (x,y)<2e1}

where we apply the fact that v is a probability measure. The P§-a.s. joint continuity of the local
times L* allows us to deduce the result from (3.4).

For large n, we obtain objects analogous to L*'*! and A*-""®! by setting

Xn,€ oo
Ltn’ l(x) ::/ l{seln}dsL?”(x)
0

forx € 7* and t > 0, where I, = R\ U;’io(vi’l, /") is defined from the stopping times
introduced in (3.6) and (3.7), then letting A¥-V»-¢! be defined by

AFimtl = /Xn Ly (x)vy (dx) + Z vn (B, (x, €1)) sup Ly (y), (3.11)

T, YEeBX Y€IB,1 (x,e1)NT *n

where 75" := 7% \ B, and the summands where By (x, &) N T* = & are assumed to be
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equal to 0. To check that A*¥»Vn-?1 js close to A*¥»"» uniformly in n, we will apply the following
tightness result for the local times (L*");,>1.

Lemma 3.5. If x,, — x then, for ty, & > 0,

im lim sup Pg"( sup sup IL¥ (x) — LT (y)] > e) =0. (3.12)
(

>0 p—soo x,y€T*n 1 d,) (x,y)<8} {s,1€[0,10]: |s—1|<8}

Proof. First note that any two vertices x, y € 7 ¥ are contained in a set of the form
[[O, x,(li)]]x" or [[x,(,i),x,(,j)]]x" for some i, j € {1,...,k}, i # j, where, for x’,y € 7%,
we write [[x, y']1*" to represent the path from x’ to y" in 7. Secondly, writing b* (x, x’, x”')
to represent the branch point of x, x’, and x” in 7*, applying the assumption x, — x, and
Equation (5) of [2], it is possible to check that there exists a finite integer n¢ such that

nm) = sup  dp (5" (0, xD, x$), b¥ (0, x@ 1)) < 2
ij=1,..k 2
for n > ng, where &g is defined in (3.2). This implies that d: (0, x,(,i)) > go and also that
dyi (b* (0, X x9), 1) > g for every i # j, whenever n > ng. Forn > no, it is an
elementary exercise to deduce from these two facts the existence of a collection of paths
([[ai, bi11*")icy,. where dyi (a;, bi) = eo and dpi (b* (0, a;, b;), a;) € {0, €0/2, €0}, such that,
ifx,y € 7% and dy1 (x, y) < &9/2, then x and y are both contained in a single set of the form
[[a;, bi]]*" for some i € {,. Moreover, the collection ([[a;, b;]]**);cy4, can be chosen in such
a way that #J,, is uniformly bounded in 7.
Suppose now that n > ng is large enough so that a cover of the form described above exists
and § < go/2. Fori € {,, define

Al = / LT (x)A* (dx)
[la; bi ]}

and 7i(¢) = inf{s: Af; > t}. Similarly to Lemma 2.4, the law of the process X', where
Xi:=X :{' e under Pg" is equal to the law of the Brownian motion on the measured compact
real tree ([[a;, b; 11", A*" ([[a;, b;]]*" N-)) started from b*» (0, a;, b;). Moreover, the local times
of X' are given by Li(x) = L“:;'(t) (x) for x € [[a;, b;]]* and ¢ > O (cf. [7, Lemma 3.4]). Now,
by our choice of the intervals ([[a;, b;]]*");cy, We have

sup sup ILE" (x) — Li" ()]

{x,yeT*n : d, (x,y)<8} {s,€l0,00]: |s—1]|<}

icd, oyellaibilln : dy (6,y)<8} (s te[0,10]N77 (Ry) : |s—1]<8)

= sup sup L3 (x) = L ()],

where the condition s, ¢ € ti(R,) is justified by the observation that, for x € [[a;, b;]]*", the
local time Lf" (x) increases only on the set {t > 0: X, = x} C /(R ). Furthermore, simple

continuity arguments allow us to replace 7/ (R) by =/ (Ry). Since |A} — Af| < |s — 1], we
have |t'(s) — ' (t)| > |s — t|, and, consequently, we obtain from this bound

sup sup L () = Li" ()]
{x,yeT*n: dy (x,y)<8} {s,t€[0,50]: |s—1| <3}

< sup sup ILi(x) — Li(y)|,

icd, XYellaibilln: dy (x,y) <8} {s,1€l0,10]: [s—1| <5}
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where we apply the representation of (L ; (X)) xe[[a;,b;11*n, =0 Noted above. All the measured real
trees {([[a;i, bi 11", A ([[a;, bi 1] N -))}iey, are equivalent and, by construction, the Brownian
motion X* first hits [[a;, b;]]*" at b* (0, a;, b;); hence, it follows that the probability on the
left-hand side of (3.12) is bounded above by

#4, sup PECO"?O]( sup sup |L£0’80](y) — LEO’SO](Z)|
x€{0,20/2} {y,z€l0,£01: |y—z|<8} {s.t€[0,10]: |s—t|<8}

> 1)),

where PECO’8°] is the law of the Brownian motion on the real interval [0, g9] equipped with the
one-dimensional Hausdorff measure and the (LEO’SO] (X)) xe[0,60], r=0 are the local times of this
process. Recalling that #4,, is uniformly bounded in n, Lemma 2.2 allows it to be deduced that
the above expression decays to 0 as first » — 0o and then § — 0.

By following a similar proof to that of Lemma 3.4, combining the previous lemma with (3.8)
allows it to be deduced that A*»"»:¢1 does indeed approximate A*»"», as desired.

Lemma 3.6. If x,, — x then, for ty, & > 0,

lim lim supPg”( sup A7 — ATV S 8) =0.
e1—0 p—oo t€l0,10]

Our next step is to demonstrate that X*»*! converges to X* ¢! and A*»"»¢l is close to
A*V#1 which we do by applying a particular sample path construction of the processes from
their excursions between jump times. Let us start by introducing some further notation. Set
Tg‘f = TN\ éB;‘l /20 which consists of a finite number of connected components, each a closed
line segment with endpoints in the finite set 87; 2 For x € 87’8’1‘ /2 write

Ng () :={y € 37+ [lx, yYII" N 3T = {y}}

to represent the collection of ‘nearest neighbours’ of x in 87;’1“ , where [[x, y]]* is the path from x
to yin 7*. For a pictorial representation of the definitions at a typical branch point, see Figure 1.
For x € ‘TE’I‘ /2 We will denote by Cg, (x) the connected component of ‘TE’I‘ P containing x.

Let (¢;)i>0 be the jump times of X*-°1; by convention we set {o = 0. Applying the definition
of Brownian motion on a dendrite, conditional on XZ’SI , the path segment (XZ’i‘t),e[o,;i =8
is distributed precisely as a standard one-dimensional Brownian motion on the line segment
CH(X Z_’gl ), started from X Zfl_’g' and run until it hits 87‘8’1‘ /2~ The local times

X,61
(Bt O xeex o™ ret0.i -2
are distributed exactly as the local times of the same one-dimensional Brownian motion; outside
C fl (X Z’Sl ), the local times L**¢! do not increase on the time interval [;, {;+1). Moreover, the
strong Markov property implies that, conditional on X Z_’el , (X Zf_‘, , (L’;; i_lt () xeT*)rel0,¢i1—¢)
isindependent of the o -algebra generated by (X; *'), <, . Atdiscontinuities, the process satisfies
the following transition law:

1+#NX(x)
T e ify e C} (x),
X,€] X yX,€l X, €1 2#N§cl (x) 1
PRy =R =y X =0 =0
l T ——— otherwise,
2#NE (x)

for x € 3’78’1‘ s and y € N (x). As a consequence of this description, we can construct
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FIGURE 1: Example of x € 8’]’;‘/2,)/ € 8%, and N}, (x) = {y, ', y"}.

(X*-€1, L*-1) from a countable collection
{@ Drears . (B v 6" )y g (3.13)

of random variables built on an underlying probability space with probability measure P that
satisfy the following properties.

° The random variables (o) €T 5,120 ArE independent. The random variable o™ is
(x) valued and distributed accordlng to the law determined by p*-°1(x, -).

e The triples {(/3” yy’ & l)}yea']‘x i>0 are mdependent of each other and of the
collection (o™ )xeaj ¥ 00120 The process 8" = (B;"');>0 is a Brownian motion on
the line segment C¥ (y) (equipped with the approprlate restriction of A*) started from
y; p¥i = inf{s: B0 e 9T ) and gVl = (& (x))xecgl(y),zzo are the jointly
continuous local times of 8.

We now define a cadlag process X*e , its times of discontinuities (E, )i>1, and its local times
L% from these random variables. Flrst set X **I to be the unique point in T* satisfying
dp (0, X, g 1y = g1 (such a point is well deﬁned because we are assuming that O is a leaf of 7

and & is less than &g, as defined in (3.2)), g“o =0, and Lx #1(x) = 0 for every x € 7*. Given

(Xx el (Lx el (X)) xeT x)tE[O a1 define
- - X0
Gipii=G+y %,
SX.€] i SX.E] ;
X, €1 o R g s UX.E1 . Zi—l’
(Xt )té({iyém) T (’Bz G )IE(C,‘,{iH)’ XZ,-H =
and also
XTE

(L ”l(x)+g ” (x))te(é,g:m] if x € CF ()?g’j“),

7X.€1 o
(L ) e@in =y
(L;’El ) e ] otherwise.
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o\
SENEEY = oo 0 |
\ /Tn()’)/Yn(Z) Tu(z") Tn(y’)\ Y. /
\ ~N - \ ~ -~
\ / \ - /
N 7 N s
~ - ~ -

— — — —

FIGURE 2: Example of a homeomorphism between line segments.

Applying the above description of (X*1, L*-?1), it is straightforward to check that the law of
(X*-#1, L*-¢1) under P is identical to the law of (X*#1, L*»*1) under Py.

We continue by describing the structure of 7. /2 Deﬁne n(n) asin the proof of Lemma 3.5.
The assumption x, — x implies that there ex1sts a finite integer ng such that n(n) < &1/2 for

rvxn

n > ng, which implies in turn that 7 )2 is homeomorphic to 7, T /2 forn > no In part1cular
if we suppose that x and x” are neighbours in 8*, by which we mean that x, x" € JB" x #x
and [[x, x']]¥ N B* = {x, x'}, then there exists a unique connected component of 7 T /2 which
is a closed line segment with endpoints in 8 By1 (x, £1/2) and d B,1(x’, £1/2); moreover, every
connected component of ‘Vx”z can be represented in this way. We define a homeomorphism
“;’% to 7] /2 that maps the endpoint of such a line segment, y say, in d B,1 (x, £1/2) to the
unique point Y}, (y) in [[x, x']]* that satisfies d,1 (x, Y, (y)) = €1/2; maps the point of the line
segment at a distance ¢1/2 from y, z say, to the unique point Y, (z) in [[x, x']]* that satisfies
dpi(x, Yn(2)) = €1; and Y, is extended by linear interpolation on the line segments between
points for which we have not already defined it. Figure 2 depicts a typical configuration on a
line segment.

We now assume that (n) < &1/2. The transition law at the discontinuities (¢/");>1 of X*-!
is given by

from 7

xn €l(x y) _ Pxn (Xxn e | Xx’rlz_??l _ )C),
where x € 87;‘72 andy € NY" (x) = T"( (T,, (x))). We use this to define a cadlag process
X*n-¢1 for each n from a countable collection

{(anyx,l)xeaj n , (ﬂn v, n Vi g_-n sy, l) 97 }iZO

€1
of random variables built on our underlying probability space with probability measure P that
satisfy the following properties, where we apply the notation C¢" (x) to represent the connected

aXn r‘-’xn
Component of 7 8 /2 Contammg x ey €1/2"

e The random variables (o*") T, i20 AT independent. The random variable o™/

x€d

is N7/ (x)-valued and distributed accordlng to p*fl(x, ).

e The triples {(B™Y+1, ymY+i £ ’)}yeaTxn i>0 are 1ndependent of each other and of the

collection (a*1) 20 The process ™Y = (B, );>0 is a Brownian motion

xX€dT,

on the line segment C:"(y) (equipped with the appropriate restriction of A*") started
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R 08 . g =Xn . Vi gl
from y; ™ = inf(s: B € T7),): and §7 = (& (1)) ey, 0 are the
jointly continuous local times of ™',

Constructing (X*n-€1 [¥n:€1) from these random variables, similarly to the definition of
(X*er, Lx),

results in a process whose law under P is equal to that of (X*¢1, L*»-#1) under Py". The
following simple lemma is crucial in proving that X*é! converges to X*:¢! and A*»Vn-?1 js
close to A*'"?1 as we do in the subsequent result. Note that the topology on the countable
collections with the same index sets we consider is that generated by uniform convergence of
finite subcollections (with respect to the appropriate product topology).

Lemma 3.7. Ifx,, — x, the countable collection of random variables consisting of

(T (T 1)

XEITE 5120

and 1 1 1
(O R PR CUR Oyl
(ﬂ” R ]/” i (é:" y Z(Tn (X)))xecgl (y))yEBTS’i, i>0
converges in distribution to the collection in (3.13).
Proof. To deduce that Y, (o™ Tn’ L. ) converges in distribution to o/, it suffices to check
that
P 0.0 ) = p P )

for each x € 8‘78’1‘ 2 and y € Ny (x). The proof that this is true involves an elementary

electrical network (or harmonic analysis) calculation and is omitted (that the Brownian motion

on areal tree can be constructed in terms of electrical resistance networks is guaranteed by [7,

Proposition 2.2], and a detailed study of harmonic analysis on such spaces appears in [17]).
The convergence of the triple

gy 1y ey i
('Bn,Yn ()),l’ Sn,Yn ()),l’ (yn,T,, )i (Tn l(x)))xecgl (}))
to (BF, y¥i, €Y1 is a simple consequence of the fact that

((B1)i=0, h(—=an, bn), (L1 (x))xeR,120) = ((Bi)i=0, h(—a, b), (Li(x))xeR, 1=0)

in distribution whenever a, — a and b, — b for some a, b > 0, where B is a standard
Brownian motion in R started from 0, #(—a, b) is the hitting time of {—a, b} by B, and L are
the jointly continuous local times of B. Note that to map this result into our setting, we apply
the fact that sup, cqx, dp1 (Y (x), x) — Oasn — oo.

Lemma 3.8. Suppose that x,, — x. If F is a continuous bounded function on D(R, £') then
lim Eg"(F(X* ")) = E§(F(X*)). (3.14)
n—>oo

Moreover; if v, — v weakly as probability measures on £' and F is a continuous bounded
function on D(Ry, £') x C(Ry, Ry), then

lim lim sup [E5" (F (X1, A%"nflyy _ EX(F(X*°1, A¥"e1))| = 0. (3.15)

&1>0 p—oo
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Proof. By separability, it is possible to assume that all the relevant random variables are
constructed in such a way that the convergence of Lemma 3.7 holds P-a.s. It will follow
easily from this that X*n-€l 5 X%l ip D[R4, El), P-a.s., if we can show that the number of
discontinuities that X*-¢! admits in any finite time interval is finite. By continuity, there exists
an € > 0 such that P(lnf)ed'j‘x y-‘”i > ¢) > 0. Thus, the strong law of large numbers implies
that

lim & > Z inf y¥ = oo, (3.16)

i—00 yed’f"’

P-a.s., and, hence, there can indeed only be a finite number of discontinuities of X*€1 in any
finite time interval. Due to the equivalence of the laws of X¥n€1 X%:€1 apd X¥n-€l , X%l under
the appropriate probability measures, this yields the convergence result in (3.14).

Let us now suppose that we have a realisation of random variables such that the convergence
of Lemma 3.7 occurs and (3.16) holds. Under these conditions, it is possible to check that, for
any f9 > 0,

e(n) ;== sup sup |LI™ e ') =LY (x)] — 0 (3.17)
te[0,t0] xeT; x
as n — o0o. Moreover, we can deﬁne a function (I: X)) xeT*u BF 120 that is jointly
continuous and agrees with Zf’sl (x) for x € ’J‘s’l‘ If x € Bu(y, 81) for some y € B*
then we set

LF(x) = Yo dp LT (@) Yo dpx.7

ZeaBel(y,Sl)ﬂTx ZeaBll(y,El)ﬂTx

so that LY*'(x) is a weighted average of the points in 7* on the boundary of Byi(y, &1).
Furthermore, for large n, let ¢, : T U B — T* U B be defined by setting ¢, (x) = 15 (x)
on 77" and ¢, (x) = x otherwise, and note that v, o ¢, ! — v weakly as probability measures
on 7* U B . If we construct A¥n-vng1 and A¥-V€1 from L¥¢1 and L*-¥! analogously to the
definitions of A¥=V»-¢1 and A*"-¢! in (3.10) and (3.11), respectively, then we can apply the
above notation to deduce that, forany 0 < <--- <t, <1,

TXn,V5,E TX,v,¢€
sup |Atn n,€1 __ At 1
te{tt,..otm}

<e&(n)+2 sup sup IL7 ¥ (x) — LT ()
t€[0,10] {x.yeT*UBE, : dy1 (x,y)<2e1}

/ LT (x)vy 0 ¢y (dx) — / L¥® (x)v(dx)|.
TXU{Bfl TxU{Bgl

By (3.17), the first term in the upper bound decays to 0 as n — oo. The third term also
converges to 0, since v, o ¢, L'y, It follows from this and the definition of L**¢! that, for
any € > 0,

+ sup

l€{[1 ----- tm}

P(lim sup sup ATV ATVE S 8)

n— 00 [E{tl ----- tm}

=P§(2 sup sup L @) = L ()] > )
1€l0.00] {x,yeTL : dy1 (x,y)<4e1}
=P} (2 sup sup |LTxe @) = Lixs oM > 8),

1€[0,t0] {x,yeTS : dy1 (x,y)<4e1}
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where the equality follows from the observation made in the proof of Lemma 3.4 that L} ! (x) =
LYee (z) (x) forx € 77. By applying the Pg-a.s. continuity of the local times L* and (3.4), this
implies that

lim P(lim sup  sup ATV ATVE > 8) =0.

e1—>0 n—>00 te{ty,...tm}
In conjunction with the result of the opening paragraph of the proof and Lemma 3.6, this will
imply the convergence in (3.15) once the tightness of (A*""),>1 in C(R4, R;) has been
checked. However, this is an easy corollary of Lemma 3.5, and so the proof is complete.

The main result of this section, which we can now state precisely, is an immediate conse-
quence of Lemmas 3.2, 3.3, 3.4, 3.6, and 3.8.

Proposition 3.1. Suppose that x,, — x and v, — v weakly as probability measures on £'. If
F is a continuous bounded function on C(R4., £') x C(Ry, R,.) then

ngn;oEgn(F(Xxn’Axn,vn)) — S(F(Xx,Ax’v)).

4. Simple random walk convergence

The results of the two previous sections allow us to prove our main scaling limit theorems by
relatively straightforward adaptations of the proofs in [7]. Since most of the objects we study
here were also considered in [7], we will be brief in introducing them, and refer the reader to
[7] for further details.

Let (T;,)»>1 be a collection of ordered graph trees such that 7,, has n vertices for each n. The
root of T,, will be denoted by p = p(T,,). Define the depth-first search W, : {0, ..., 2n} — T,
asin [2, Section 2.6] (w,, is extended from the definition there by setting w,, (0) = W, (2n) = p),
and suppose that the search-depth process (wy (f)):c[0,1] is the function satisfying

wn<’—> = dr,(p. Wa()),  0<i<2n,
2n
where d7, is the graph distance on 7,, and which is linear between these values, so that w,
takes values in C ([0, 1], R4 ). The uniform probability measure on the vertices of 7;, will be
written as u,. For each n, if we construct a function y,, : [0, 1] — [0, 1] by setting

) = [2nt]/2n  if w,(|2nt]/2n) > w,([2nt]/2n),
A [2nt]/2n  otherwise,

then it is the case that
pn = A0 @y ow !, 4.1

where, as previously, Al0-11 i5 the one-dimensional Lebesgue measure on [0, 1] (this result can
be checked by arguing along the lines of [2, Lemma 12]). It will be useful later to note that y;,
satisfies sup,co 17 [Vn (1) — 1] < @2n)~L

For a sequence (u})r>1 € [0, 11N, define (O)k=1 € TnN by o' 1= W, (2ny,(uy)). Set T, (k)
to be the minimal graph tree spanning {p, o', ..., 0}'}. The measure projection of i, onto
T, (k) is denoted by

k) . -1
l‘l’](/[ )= Hn © ¢TnsTn(k)7

where the projection operator ¢7,, 7, (k) is defined on graph trees analogously to the projection
operator for real trees (see Section 2).
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We will repeatedly apply the following assumption throughout the remainder of the section.
The set I" was introduced in Definition 2.1.

Assumption 4.1. For each n, the sequence (“Z)kz 1isdense in [0, 1]. Furthermore, there exists
a divergent sequence (otn)n>1 such that o, = o(n) and

-1
(an wn, u") - (w5 u)a

in C([0, 11, Ry) x [0, 11N, for some (w, u) € T.

As in Section 2 for real trees, we use the sequential construction of [2, Section 2.2] to
isometrically embed the vertices of 7}, into ¢! from the vertex sequence (0,:’)/(21 . Observe that,
under Assumption 4.1, because we are assuming that (“Z)kz 1 is dense in [0, 1], the sequence
(o)k=1 will contain all the vertices of T, and so this procedure does result in an isometric
embedding for 7;,. We will denote by v,, the unique distance-preserving map from the vertices of
T, into the set {(x(1), x(2),...) € £': x(1) = 0, i = 1,2,...} C ¢! that satisfies 1, (p) = 0

and

Tk (Yn(0)) = V(91,1700 (0)) 4.2)
forevery o € T, and k > 1, where 7y, is the projection operator defined below (2.8). We write
Tn, fn, ... to represent the ¢!-embedded versions of objects.

Let us now introduce the discrete-time processes that we will consider. Suppose that X" =
(X7 )m>0 is the discrete-time simple random walk on T, started from p, and denote its law

by P, I Set xmk = = é7,.1,0 (X™), and let J™* be the associated jump chain, so that J"¥ is the
snnple random walk on the vertices of T}, (k) started from p. If (A"m’k) m>0 are the jump times
of X"* ie. Ap* = 0and, form > 1,

ALK = min{l > AP* XD e (k) \ {X’:‘"’fl}}’

m

and (r”’k(m))mzo is the discrete inverse of A, i.e. t"*(m) := max{l: A?’k < m}, then we
can recover X"k from J™* through the identity

k=g

n, k(m)

(4.3)

The local times of J™F are determined by

LIk (o) = k( )21 "

for o a vertex in T, (k), where deg, , (o) is the usual graph degree of o in T, (k), and we use
these to define an additive functional, (Af,,’k)mzo, by setting Ag’k =0, and, form > 1,

Ank = n/ LE ()P (do).
wh)

The discrete-time inverse of A™* is given by 7™ k(m) := max{l: A < m}, and we use this

to define a time-changed version of J”*, denoted by (X k)mzo, by setting
Xm = ‘]{—n k(m) (44)
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Asin [7], to show that XK and X" are close, we will prove a tightness result for A”* and Amk,
We start by provmg a contmulty result for the local times L™*. Coinciding with the notation
of [7], we define A = a‘l#E(T (k)), where E (T, (k)) is the edge set of T}, (k).

Lemma 4.1. Fixk € Nand ty > 0. Under Assumption 4.1,

lim lim sup Pz" (of1 sup sup |L:,’1'k(a) — L,’,’;k(o/)| > g) =0.

§—0 nosoo " {o,0’€T,(k): dr, (0,0")<ba} mitoa,%A,(lk)
Proof. By assumption, o, ldT (p, 0") — dg(p, 0;) > Oforeachi > 1. Hence, there exists
a constant L > 0 such that
1nf a dTn(,o o/') = 2L 4.5)

for large n. For the remainder of the proof, we will suppose that n is large enough so that this
bound holds. If o € T, (k) then o is on the path between p and o' for some i € {1, ..., k}.
Consequently, (4.5) implies that there exists an injective path in 7, (k) of length at least |, L |
with endpoint o. By considering the random walk observed on this path and the other vertices
adjacent to o, we can deduce that, for r > 0,

ok Pl L] degy @)~1) (1 TlonL ] deg (@)~
PL (e 1L ZA(k)(0)>t)<P R Y 2a),

n to(x%Af,k)

where I' (i, D) is a graph tree consisting of a path of length i emanating from a vertex O along
with D other vertices each attached to 0 by a single edge, and (LF(’ D))m>0 is the local time at 0
of the simple random walk on I'(i, D). Using a strong Markov argument, it is possible to check

that LF(' D) is stochastically dominated by Z ’" . ED , where the (S )j>1 are independent
geometric, parameter D /(D+ 1), random varlables independent of the random walkon I"(i, 0).
Therefore,
T -1 I (lanL],D) I(lanL], D)
Pp ( L zA(k) (o) > t) < LS)u<IZP (an L NG > t)
T(lanL],0)
Lo
0% An
[(lanL],0
< (tap)~ 4supE (LonL]. )( Z 55?51?5[?51’?)
i1,i2,i3,i4=1
4
—4 p(lanL],0) I'(len L1,0)
= e B (111
<en?, (4.6)

where ¢ and c¢; are constants that do not depend on o, n, or ¢. The final inequality here is an
application of [7, Lemma B.2] and the easily checked fact that A( ) is uniformly bounded in n.
Given the above bound, it is possible to deduce that, for fixed ¢ > 0,

sup Pl (a,;‘ sup L™ (o) — LMK (o))] > s) <82 @)
{o,0'€T, (k): dr, (0,0")<8aty} mftoa%Af,k)

for every n > ng and § € (0, 1), where ng is a suitably large integer, by following the same

argument as used to prove [7, Lemma 4.5] (which itself is an adaptation of a result appearing
in [5]), inserting o, in place of the scaling factor n'/? where appropriate. More specifically,
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fix o # o’ € T, (k) such that dr, (0, 0”) < Sa, (note that in what follows we may assume that
day, > 1, else the left-hand side of (4.7) is clearly 0). Conditional on the event where the jump
chain J™* hits o before o’ occurs, we have, by a simple calculation,

deg, (@) Lr¥(0)/2

sup L:’n’k(o) — L;’;k(a') +2 Z ni
mgtoa,zl/\,(,k) i=1
< sup{ZNidegn’k(o’)_lz i < deg, ()L™ (a)/Z}, (4.8)
Ltoa; Ay’ ]

where N; is the number of visits by J nk to o’ between the ith and (i + 1)th visits to o, and
ni = N;deg, (0’ Yyl — deg, k(cr)_1 is a centred random variable (for the precise distribution
of N; and estimates of the moments of 7;, see [7, Section B.2]). Now, since (er-"zl Ni)m>11s a
martingale with respect to the filtration (,),,>1, Where %, is the o -algebra generated by J”-*

up to the (m + 1)th hitting time of o, and L := degn’k(o)L'E[’:O[ZA(k)J (0)/2 is a stopping time

for this martingale, Doob’s martingale norm inequality implies that
L

> 5) < cya, *Elr <<Z 77i>4)-

i=1

m

> i

i=1

Pg" (Zan_ ! sup

m<L

An upper bound for the right-hand side in terms of the moments of L and n; can be computed
by following the steps that lead to [5, Equation (1.29)], which is an analogous bound for a
simple random walk on the line. In particular, we can check from (4.6) and the estimates for
the moments of n; of the form |Eg” (nf’ )| < c¢(8a,)P~! appearing in the appendix of [7] that

m
S

PZ" (201; ! sup
i=1

m<L

. g> < ess?, 4.9)

uniformly in n, o, and o’. Moreover, it also holds that

P/T)” (an_l sup 2N,~degn’k(o/)_1 > 8) < Eg" (L) Pg" (20[,,_1Nldegn’k(a/)_1 > ¢g)

i<L
< o, (L+ED (Im|*)
< 0753, (4.10)

uniformly in n, o, or ¢’. Piecing together (4.8), (4.9), and (4.10), we obtain the estimate (4.7),
as desired.

Subsequently, by considering, for each o € T,,(k), the behaviour of the local times on the
paths from o to the at most k + 1 leaves of T}, (k), we can apply a standard maximal inequality
(for example, the extension of [3, Theorem 10.3], suggested as [3, Problem 10.1]) to deduce
from this result that

sup P (a;‘ sup sup LMK (o) — LMK (0))] > s) < 382
o €T, (k) {o’eT,(k): dr, (0,0")<éaty} mSth’zlAﬁlk)

for every n > ng and § € (0, 1) (cf. [7, Equation (39)]).
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Finally, note that, for each n and §, we can choose a set A, (§) of at most cod~ 1 vertices of
T, (k) (where ¢y isindependent of n and §) such that the sets {o”: dr, (0, 0") < San}, 0 € Ap(8),
cover T, (k). Therefore,

pli (a;1 sup sup  |L"K (o) — LMK (o)) > e)

{o,0’€T,(k): dr, (0,0")<bay} mftoa%Ai,k)

&
< > 2P§n(a;1 sup sup |L%’k(0)—L;’1’k(a’)|>§>

oeAn(S) {o’eT,(k): dp, (0,0") <280} mftoa,%A,(,k)
< c106
(cf. [7, Lemma 4.6]), from which the lemma follows.

We now show that the rescaled jump chains J™* := v, (J"¥) and additive functionals
Ank converge. Henceforth, we extend J™* and A™* to continuous-time processes by linear
interpolation in ¢! and R, respectively. Werecall the deﬁmtlon of 7 (k) from (2.3) and also that
the process XT 029 ig the 1 -embedding of X7 %), 2 (as introduced below Proposition 2.1).
The definition of A®) appears in (2.5).

Lemma 4.2. Under Assumption 4.1, the joint laws of the pairs

—1 yn.k 14
(e, I, 2A (k)v(”o‘n) A 2A“‘))t>0

under P/T," converge to the joint law of
ST ()00 Ak
(X7 A1) 2

T (k), A ®

under P, weakly as probability measures on the space C(Ry, £') x C(R4, Ry).

Proof. Fix k > 1. Consider the vectors x, := (an—llp,, o), ..., an_lwn (o)) and x :=
(¥ (o1), ..., ¥(or)). Under Assumption 4.1, it is possible to check that x,, — x. In fact, this
is true for any k, and so we can write

(et n (0 20y (U))))iz1 = (Y (D (Ui)))iz1

as sequences in ¢!, Since (ui)i>1 is dense in [0, 1] and ¥ o W is continuous, if we can show
that (a;, !4 0 Wy 0 (2ny,))n>1 is tight then we will obtain

o Y 0 iy 0 2ny) — Yo i @.11)
in C([0, 1], £1). The necessary tightness can be proved as follows:

lim limsup  sup  dy1 (o, Y (D 2y (5))). oy Y (n 207 (1))))
6—-0 n—soo 5,rel0,1]
[s—t]<8
= lim limsup sup d 1, (¥a(s), Yu(1))
850 n—soo sref0,1] " "
ls—t]<8
=lim sup dy(s,t)
8—05 ref0,1]
ls—t]<8

=0,

where d o w, is a distance on [0, 1] defined similarly to the distance d,, introduced in (2.9).
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The second equality is a result of Assumption 4.1, and the final equality holds because w is a
continuous function. Now, by (4.1) we can write
fin =1%o @y~ ow oy,

and so (4.11) implies that fi, (ct,-) converges to i = A% o =1 o ~! weakly as probability
measures on £!. Thus, because 1) = i o T Vand /lf,k) = fip oM, ! (these expressions follow
from (2.8) and (4.2), respectively), we obtain

i ) > i
weakly as probability measures on £! for each k > 1.

The vector and measure convergence of the previous paragraph allows us to apply Proposi-
tion 3.1 to deduce that the law of

Xn Xn,Vn
(thxn (T *n)» Ath" (‘T""))tzo

under PS” converges to the law of

X X,V
(XMX(T")’ Am(‘f"))rzo

under Py, weakly as probability measures on the space C(R, Y x C(R4, Ry), where
vy = /1,(1]() (ay;-) and v := [L(k). We can readily check that the distribution of the limit is equal

L -~ PN
to the distribution of (X7 ®-** = A0y ynder P, ®2% o complete the proof, we will use a

coupling argument to show how the pairs (J"*, A™k) and (X*n, A%V can be related.
The defining properties of Brownian motion on a dendrite imply that, under PS”, the process
(Xzf,’(m))mzo, where 4" (0) := 0 and
K" (m) :=inf{t = 1" (m —1): dpn (X7", Xt ) = a '),
has the same law as (c,; ! j,':l‘k) m>0 under Pg” . In view of this fact, for the remainder of the proof,
we will abuse notation slightly by identifying J* with the process W (X Z,’} (m)))m=0, and

L™k with its local times. Furthermore, by considering the path segments of X* between the
hitting times (k" (m))m>o0, it is possible to check that the rescaled increments ozn’z(h” (m) —
h"(m — 1)) are independently and identically distributed as the hitting time of {£1} by a
standard Brownian motion in R started from 0, which is a random variable with mean 1 and
finite fourth moments. After applying a standard martingale estimate (see [ 16, Proposition 7.16]
for example), it readily follows that, for any 7y, ¢ > 0,

lim Py’ sup

n— 00 ( 2
mftoa,%A,(lk)

n

B (m) — aﬁ

> g) =0 (4.12)

(cf. the proof of [7, Lemma 4.2]). Consequently, since the sequence (Pg” Jn>1 1is tight and
AXn (T %) = A,(lk), we are able to deduce that, for 7, ¢ > 0,

—1 yn,k Xn
o, J AP _XIAXH(T"")

lim P ( su
0 p HX”

n—00 <IE[0,to]

> s) —o. (4.13)
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For the related additive functionals, to prove that

n k X,V
lim P ( sup (nay) ™! A~ Al)’f,,,’zw,l)

n—00 1€[0,10]

> e) =0, (4.14)

by applying the tightness results of Lemmas 3.5 and 4.1, it will suffice to prove that

lim sup P ( sup o 'L ’;AW(G) Mx,,(m)(a;‘w,l(a))‘ > g) =0, (4.15)

=00 5Ty (k) t€[0,10]

where the definition of L™ is extended to continuous time by linear interpolation. To demon-
strate that this is the case requires a simple adaptation of [7, Lemma 4.7]. In particular, for
o € T,(k), denote by (s;);>1 the hitting times of ¢ by J nk and define

ni = Loy @ ¥ (0)) = Ly (o, ' ¥ (0)),
so that the (17;){2, is a sequence of independent random variables, each distributed as

27
apdeg, (o)

where Z represents the local time at O of a standard Brownian motion in R started from 0,
evaluated at the hitting time of {£1}. By conditioning on L w2Al (o), applying the fact that Z

is a random variable with mean 1 and finite fourth moments and recalling (4.6), it is possible
to check that

lim sup P ”( sup ‘7)1 + ... an_lLZ{k(a)’ > g) =0 4.16)

+ n n,k -
n—00 oeTy, (k) m<t()a2A(k) degn,k(U)Lm (0)/2

(cf. [7, Equation (40)]). Now, if J2¥ = o then
Mt F e (o)L )2 = Ly g1y @ (),

otherw1se the sum is equal to L (m)(a_lwn (a)) From this and the fact that, conditional
on ;¥ = o, LZZ(mH)(a {1/ (a)) (m)(a L, (0)) is distributed as 2Z [apdeg,, ; (o),
it is readily deduced that (4.16) also holds when o, le (o) is replaced by the continuous
local time LZZ (m)(a; 14, (0)). These observations, together with the hitting time estimate
of (4.12) and the local time tightness results of Lemmas 3.5 and 4.1, imply (4.15), which
thereby establishes (4.14). Finally, combining (4.13) and (4.14) with the convergence result of
the first part of the proof yields the lemma.

Lemma 4.3. If Assumption 4.1 holds then, for ty, e > 0,

lim lim supPTn ((nan) ! sup |A”m’k — A%’W > 8) =0.

k=00 pn—oo m<t0a2A(k)

Proof. The proof of this result is an adaptation of that used to obtain [7, Proposition 5.2].
In particular, for m € N, |Afn’k — Af,,’k| is bounded above by

m—1 (k) n,k n,k
2npy, ({J —2+4deg, ; (J
z :(an,k ({ 1 }) n,k( 1 )>‘

L2 - degnk(‘, ]
degn,k(‘]l )

M3

K
_AM

1+1 — A y:

1=0 deg, ;(J;7)

l

Il
o
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Clearly, the second term is no greater than m, and so its supremum over m < tooe,%A ,(f) converges

to 0 when multiplied by (nay) ™! (recall that o, = o(n) by assumption). We now deal with the
first term, Which we will denote by X (m). Since, conditional on knowing J™*, the expected
value of A

1+l A7’k is precisely

k
2P (1KY = 2 + deg,, (1)
degn’k(Jl"’k)

and its expected square is bounded by

k
(D2
k 9
deg, ; (J/"")
where A,(,k) '= SUP, e, dr7 (0, 1,7, (k) (0)) (these are elementary simple random walk esti-

mates; see [7, Lemma B.3]), we can use Kolmogorov’s maximum inequality (see Lemma 4.15
of [16]) to deduce that, for £ > 0,

36 (deg, (/") + A

P;” ((nozn)_1 sup X(m) > ¢ ‘ J”’k)

m<t()012A(k>
Lroe2 AL )1 (k) g gnkyy2
" MUn ({Jl )
L 36n%(deg,, ; (J"*) + APy =L
n’oe? lg(‘: " " degmk(]ln’k)
13 nk k
< 2 _A™ d Al ))
~ naZel’ lna2Al] <UeTa)((k ek (@) +
Hence, if we can show that
lim lim sup an_1< max deg, ; (o) + A,(lk)> =0, 4.17)
k—00 p—oo oeT, (k) ’
and also that
lim lim sup lim sup PT" ((nan) A o > t) =0, (4.18)
>0 | 00 n—oo An
then the lemma will follow. That
; ; —1A() _
lim limsupoa, "A,” =0 (4.19)

k=00 p—o0

is a straightforward consequence of Assumption 4.1 (cf. [7, Lemma 2.7]). Moreover, we clearly
have maxser, k) deg, x (x) < k + 1, and so (4.17) holds. The distributional convergence result
of Lemma 4.2 and the tail bound of (2.7) together imply (4.18), which completes the proof.

We can now prove the convergence of simple random walks. In the statement of the result
and the proof, discrete-time processes are extended to continuous time by linear interpolation
in the appropriate spaces.

Proposition 4.1. Under Assumption 4.1, the laws of
—1yn

(al’l than)tzo

=7, .
under Pg" converge to P, " weakly as probability measures on the space C(R,., £1).
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Ay Ty ® . . . .
Proof. By Lemma 2.5, A® is Pf, 02" _as. continuous and strictly increasing. Conse-

quently, Lemma 4.2 implies that the joint laws of the pairs

—1 7 2 A (k lA k
( I 2A<k) (Ol A( )) "

oy Znan )tzO

under P/T," converge to the law of

( ;(;f(km@ fac))

>t

t>0

under PJ ORS weakly as probability measures on the space C(R, £!) x C(R,, R,). Hence,

we see from the continuous mapping theorem that the laws under P,(T)” of (e, 'y, (X ;’,;Zn)) >0

~ T (k).
converge to P TO.n weakly as probability measures on the space C (R, £') for each k > 1,

where we apply the representations of Xk and X7 ®-1Y from (4.4) and Lemma 2.4, respec-

T (k).
tively. Moreover it is immediate from Proposition 2.1 and the continuity of i that P s

converges to P o " as k — oo. The proposition will follow from these convergence results by
applying [3, Theorem 3.2] for example, if we can demonstrate the following tightness condition:
for every 79, € > 0,

lim lim supP£"< sup o dy, (X", X"k > 5) =0.

k—>00 p—soo m<tona,
To prove this, first observe that, by construction, dr, (X7, X,'7'1’k) < A,(lk) for every m > 0, where
A,gk) was defined in the proof of Lemma 4.3. Thus, (4.19) implies that it will actually suffice
to prove that

lim lim sup P[{”( sup o, g, (XK, Xmky S s) =0.

k=00 pn—soo m<tona,
Applying the representations of X”X and X"k in terms of the jump chain from (4.3) and (4.4),
respectively, for any § > 0, the probability on the left-hand side of this expression is bounded
above by p1(n, k) + pa(n, k), where

_— ph —1 7n.,k
pi(n, k) := P’ ( upaldy T2 e T ) = €)1
Ts—1]<8

pa(n, k) := P (™K (tna) & [2"F((t — $)na, v 0), 2" ((t + 8)nay)] for some ¢ € [0, 1o]).
It is elementary to check from Lemma 4.3 that

hm limsup pa(n, k) =0

k=00 p—oco

for any § > 0. Furthermore, the convergence results above yield

11m lim sup py(n, k) = P’ “( sup  dg (XK, XIT’“) > 8>,
k=00 p—oo s,t€[0,19+8]
s—1]<5

which can be made arbitrarily small by letting § — 0, because X7 -* is a diffusion under PZ’“ .
This completes the proof.
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We can now complete the proof of our main results.

Proof of Theorem 1.1. Let w € W satisfy (7, u) € T* and let U = (U;);>1 be an
independent sequence of U[0, 1] random variables. Since the Lebesgue measure A% on
[0, 1] has full support, and the measure p is nonatomic, has full support, and is supported on
the leaves of 77, it is clear that (U;);>1 is dense in [0, 1], and the vertices (0;)i>1 = (W(U;))i>1
are a dense collection of leaves of 77, distinct and not equal to p for any i, for almost every
realisation of U. In particular, there exists a u € [0, 1]N such that (w, u) € I'. Set u" = u for
each n, so that, under the assumptions of the theorem, we have

(e wy, u™) = (w, u)

in C([0, 1], Ry) x C(R4, Ry) for some (w,u) € I', which is Assumption 4.1. Applying
Proposition 4.1, this implies that

f’/T)" (f € 0, 11, €Y): (o' ftnam)reqor) € -}) — 157,#

weakly as probability measures on C([0, 1], £'). The convergence /i, (an-) — Qi in M)
was established in the proof of Lemma 4.2. That a‘lT (k) converges to 7 (k) in K (¢1) is a
straightforward consequence of the convergence x, — x in (£ Ik where the vertices Xy and
x are defined as in the proof of Lemma 4.2. To extend this to the result that oz_l T, - T, we
apply the tightness result of (4.19) and the fact that sup, .5 d7 (0, o7 7 ) (o)) — 0, which

was noted below (2.4).

Proof of Theorem 1.2. We start our proof, which is an adaptation of [7, Section 8], by outlin-
ing the construction of the measure Pr. First, by following the proof of Lemma 4.2, it is possible
to check that, for each k > 1, the map (w, u) — (x,v), where x := (Y (o1), ..., ¥(0k))
and v := ,1(’0, is continuous on I'. By Lemma 2.4, Lemma 2.5, and Proposition 3.1, this

implies that (w, u) — (T(k) p,(k) PJ G ) is also continuous on I'. Consequently, we find

from Proposition 2.1 that (w, u) +— (T, i, P ) is a measurable map on I'. Given this, and
noting that, under the assumptions of the theorem, (W, U) €T, P-a.s., checking the existence
of a unique probability measure satisfying (1.2) is straightforward. The construction of Pr,
is similar, but easier. Finally, to check that Pr, o®, ' 5 Pr, we consider a Skorokhod-
type coupling of random variables. In particular, since the relevant spaces are separable,
if (o, 'W,)n>1 converges in distribution to W then there exists a probability space upon
which random variables (W5, Uy),>1 and (W*, U*) are defined in such a way that (W, U,Y)
has the distribution of (W, U ) for each n, (W*, U*) has the distribution of (W, U), and
(a;'W*, U*) — (W*, U*) almost surely. Defining all the related objects on this probability
space, then exactly as in the previous proof we are able to deduce from Proposition 4.1 that

On(Ty, fin, P ") — (T, i, P ") almost surely, and the result easily follows.

5. Application to a-stable trees

In this section we describe the application of our results to Galton—Watson trees with a
possibly infinite offspring distribution variance. Suppose that £ is a nonnegative integer-valued
random variable that is aperiodic, has mean 1, and is in the domain of attraction of a stable law
with index « € (1, 2), by which we mean that there exists a sequence a, 1 oo such that

§[n] —n

an

D
— =

)
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where £[n] is the sum of n independent copies of & and the limit random variable satisfies
E(e &) = e If (T,)n>1 is a family of random trees such that 7}, is a Galton—Watson tree
with offspring distribution &, conditioned on the total progeny being equal to r, then it is known
(see [12, Theorem 3.1]) that the associated rescaled search- depth processes (n~ La, Win>1
converge in distribution to a random excursion W with law Na , say. The corresponding
random real tree is the o-stable tree conditioned to have total mass equal to 1, and we denote
its law by @a (see also [19, Sectlon 4]). Consequently, to allow us to apply Theorem 1.2 to the
sequence (7,),>1 with o, = na,; ", it remains to check that the O ) _almost everywhere (a.e.)
realisation of w is nonatomic, supported on the leaves of 7, and satlsﬁes (l 1) for some « > 0.
In fact, rather than investigating © under the conditioned measure ®a , by rescahng, it will
suffice to check that the required properties hold under the unconditioned ‘excursion’ measure
®, of the a-stable tree (see [19, Definition 4.2]), as is done in the following proposition. For
arooted real tree, we use the notation x (77) := sup{ds (p,0): o € T} to represent its height.

Proposition 5.1. Let o € (1,2). For Oy-a.e. realisation of T, | is nonatomic, supported on
the leaves of T, and satisfies

infoeq w(B(o, 1))
lim inf

r—0 ro/(@— 1)(1nr l) a/(a—1) > 0. 5.1

In particular, (5.1) implies (1.1) for any k > /(o — 1).

Proof. That p is nonatomic and supported on the leaves of 7 for ®,-a.e. realisation of I~
follows from results of [13]. Thus, it remains to check (5.1).

Fix a compact rooted real tree 7 and » > 0. Following [13], denote by (7 )-9);cy the
connected components of the open set {o € T : dg(p, o) > r}. Define T := 72U {g;},
where o; is the common ancestor in level r of every o € 7 @¢, so that 7@ is a compact rooted
real tree, and we set its root to be o;. The trees (7 ¢));c; are the subtrees of T originating from
level r. If x (7)) > § then we say that 7@ hits level r 4 8. The number of subtrees of 7~
originating from level r that hit level » 4+ § will be written as Z(r, §).

For integers n, k > 0, define (77" ok, (’))Z(k2 "2™ o be the collection of subtrees of T
originating at level k27" that hit level (k + 1)27". If we assume that x (77) > 27" then it is
elementary to check that, for fixed r > 0,

inf  u(B(o,3-27") > inf (kO ),
o€B(p,r) 0<k<2"r
1<i<Z(k27",27™)

where 7K@ (271) is the ball in 7K@ of radius 2" centred at the root of 7% which
implies that

Ou(_inf u(B@,3-27) <x, x(T) = 27")
o€B(p,r)

= > e _ it p@ RO sk () 2 R+ D27, (52)
O<k=ony 1<i<Z(k2—m,271)

Note that if x(7) < (k + 1)27" for some k > 0 then Z(k27",27") = 0 and the infimum
appearing in the kth summand is infinite. Hence, the summands are not decreased by including
the statement x (77) > (k + 1)27", as we do.
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The branching property of Lévy trees (see [13, Theorem 4.2]) implies that, under the

measure Oy (- | x(7) > k27"), conditional on Z(k27",27"), the trees in the collection
(Fmk ))izz(liz "2 are distributed as an independent sample chosen from the law
O (- | x(T)=27").

Hence, writing Oy 1= On(- | x(T) > k2™)and Z := Z(k27",27"), when k > 1, the kth
summand of (5.2) satisfies

Ou( inf p(@"EOQ™M) <x, 1(T) = k+127")
1<i<Z

= 04 (00 inf_u(@"HOQ™) <x,X(T) = (+ 127"
1<i<Z

z))
X O (x(T) > k27")
= 64 (12200 inf p@ 0@ < x | 2))0u () = k27

< O (ZOg (u(B(p,27") < x | x(T) = 27")Ou (X (T) = k27"
= 0u(Z)Ou(u(B(p,27") = x | x(T) =27").

Moreover, we have Oy (Z) = Oy (x(T) > 27") (cf. proof of [13, Lemma 5.4]), and so
summing over k yields

Ou(, inf n(Bo,3-27) <x, x(T) 227"
< @' + DO ((B(p.27) = x, x(T) 227

nx—(oz—l)/a

< 1@ + D2Y @ Dem 22 :

where ¢ and ¢, are constants not depending on n, r, or x, and the second inequality is a result
of Equation (5.8) of [14]. Taking c3 suitably small, this implies that, for any R > 0,

o0
ZGa (Uegl(f) r)M(B(G, 3.27M) < e3(n2m)y /@Dy (7)) > R) < 00.
n=0 ’

The result follows by applying the Borel-Cantelli lemma, and then letting r — oo and R — 0.

To complete this section, we note that the above proposition allows the heat kernel estimate
of Lemma 2.1(b) to be improved in the following way in the «-stable case. By comparison with
results appearing in [10] for random walks on infinite variance Galton—Watson trees conditioned
to survive, we expect that the polynomial term in the following lemma is the best possible. For
an analogous estimate in the Brownian case, see [8].

Corollary 5.1. Leta € (1, 2). For ®4-a.e. realisation of T, the Brownian motion X T 1 admits
a transition density (p;(0, 6'))g.o'e7 ., 1=0 that satisfies

SUPs 57T pt(O', 0/) <
t—a/(2ot—1)(ln t—l)a/(Za—l)

lim sup 0.

t—0
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