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1. Introduction

A ring R is called a qc-ring if each cyclic R-module is quasi-injective. For
various properties of these rings we refer to Ahsan (1) and Koehler (15). In
this paper we shall obtain some additional results related to qc-rings. The
scheme of the paper is as follows. Section 2 contains various preliminary
definitions and results. In Section 3, we shall prove that every commutative
hypercyclic ring is a qc-ring. In this section, we shall also show that a qc-ring
which satisfies the ascending chain condition on its annihilators has nilpotent
Jacobson-radical. Finally, in Section 4, we shall study rings all of whose proper
factor rings are qc. Such rings will be called * restricted qc ”.

2. Preliminaries

Throughout this paper we shall assume that every ring has an identity and
that every module is unitary. If X is a subset of R, r(X) (/(X)) will denote the
right (left) annihilator of X in R. J will denote the Jacobson-radical of a ring R.
A ring is said to be bound to its radical if I(J)~r(J)=J. R is called local (semi-
local) if R/J is a division ring (semi-simple Artinian). Itis known that in a semi-
local ring R, the right (left) socle of R is /(J) (r(J)) (see (18)). A ring R is called a
duo ring if every one-sided ideal of R is two sided. A ring R is semi-primary if
R/J is semi-simple Artinian and J nilpotent. We shall also use some properties
of uniserial and qF-rings. For different characterisations of these rings, we
refer to Bass (3), Faith (9, 10), Faith and Walker (10), Asano (2), Fuller (12)
and Byrd (5). If P is any property of rings then a ring R is restricted P if every
proper homomorphic image of R has property P. Restricted qF (uniserial)
rings have been studied by Levy (16), Faith (9), Pollinghar and Zaks (19) and
Zaks (21). A ring R is called a ¢-ring if each right ideal of R is quasi-injective.
The study of g-rings was initiated by Jain, Singh, and Mohamed (13). In (6),
Caldwell called a ring R hypercyclic if each cyclic right R-module has a cyclic
injective hull. Caldwell proved that a perfect ring is hypercyclic if and only if
it is uniserial. He has also shown, by means of an example, that an arbitrary
hypercyclic ring need not satisfy any chain condition even in the commutative
case.
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3. Hypercyclic rings and quasi-injective modules

We prove the following theorem.
Theorem 3.1. Let R be a commutative ring. If R is hypercyclic then R is gc.

Proof. In order to prove that R is a qc-ring, we need to show that each
cyclic R-module is quasi-injective. Let A4 be a cyclic R-module with injective
envelope E. Since R is hypercyclic, E is cyclic. Let g be a generator of E, i.e.
E =gR. LetOe A = Homyg (E, E)and let 8(g) = gs. Then if a e 4, we have
a = gr and 0(a) = 0(g)r = gsr = grs = as. Therefore, 6(a) e A. Hence by
Johnson and Wong (14, Theorem 1.1) A4 is quasi-injective. Therefore R is qc.

We now give an example to show that arbitrary hypercyclic rings need not be
qc.

Example 3.2. Let R be the ring of integers mod 4 and R, the ring of all
2 x 2 matrices over R. Since R is a uniserial ring, so also is R,. Hence by
Theorem 1.5 of Caldwell (6), R, is hypercyclic. By Theorem 8 of (1), R, is not
a qc-ring.

The above example can also be used to support the statement that it is not
necessary for a ring all of whose factor rings are self-injective to be a qc-ring.
A commutative ring is uniserial if and only if all its homomorphic images are
hypercyclic (see Caldwell (6, Theorem 2.5)). Since qc-rings are closed under
the taking of homomorphic images (1, Lemma 3) but need not be uniserial even
in the commutative case (1, Example 2), it follows that a qc-ring need not be
hypercyclic even if it is commutative.

We recall from (1) that a gc-ring is called strongly qc if its Jacobson-radical is
nilpotent. A qc-ring is strongly qc if and only if it is Noetherian (see (1,
Theorem 5)). In the next theorem, we show that for a qc-ring R to be strongly
qc, it is sufficient to assume that R satisfies the ascending chain condition on
right annihilators.

Theorem 3.3. Let R be a ring. Then the following statements are equivalent:

(1) R is a qc-ring which satisfies the ascending chain condition on right
annihilators.

(2) R is strongly qc.

(3) R is a uniserial ring all of whose one-sided large ideals are two-sided.

Proof. (1)=-(2). Since R is a qc-ring, Ryis injective. Hence by Corollary 5,
page 47 of Faith (8), the right singular ideal of R is equal to J. By our assump-

tion, R satisfies the ascending chain condition on right annihilators; hence by
Corollary 8 on page 312 of Shock (20), J is nilpotent. Therefore, R is strongly

qc.
(2)<+(3) follows from (1, Theorem 7).

(2)=-(1) is clear from the remark above.
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4. Restricted qc-rings

A ring R will be called a restricted qc-ring if each proper factor ring of R is
a qc-ring. It is not necessary that a ring all of whose (proper) factor rings are
self-injective is restricted qc (e.g. see Example 4.8 below). Simple rings are,
trivially, restricted qc and thus a complete classification of restricted qc-rings
seems difficult to obtain. We shall, however, obtain some important properties
of these rings. We start with the following examples.

Example 4.4. The ring Z of integers is restricted qc. Since every proper
factor ring of Z is a (commutative) principal ideal Artinian ring and hence is
uniserial, and also since every commutative uniserial ring is a qc-ring by
Theorem 3.3, every proper factor ring of Z is qc. Therefore, Z is restricted qc.
Clearly, Z itself is not a qc-ring, as it is not self injective.

Example 4.5. Let F be a field and x an indeterminate over F. Let W be the
family of all well-ordered sets {/} of non-negative real numbers, the order
relation being the order of real numbers. Let R be the set of all formal power
series Za;x; with a;€ Fand {I} € W. Then by (1, Example 2), R is a restricted
qc-ring which does not satisfy any chain condition.

We now prove the following theorem.

Theorem 4.6. Let R be any ring with non-zero Jacobson-radical. If R is
restricted qc then R is a direct sum of two rings Ry and R,, where R, is semi-
simple Artinian and R, is a semi-local ring bound to its radical.

Proof. Since R is restricted qc and J # 0, R/J is a qc-ring. Therefore, R/J
is Artinian by Theorem 1 of (1). This means that R is a semi-local ring. The
theorem now follows from Mohamed (18, Theorem 1.5).

The following Corollary may be deduced from the above theorem by using
the arguments in the proof of Theorem 2 of (1).

Corollary If J is non-nilpotent then for each positive integer n, J"[J"*!
is a finite direct sum of simple R-modules.

Theorem 4.7. Let R be a Noetherian ring. If R is restricted gc then R is
restricted uniserial.

Proof. Let I be a non-zero ideal of R. Since R is restricted qc, R/l is a
qc-ring. This implies that R/] is, in particular, a self-injective ring. R/I is also
Noetherian since R is so. Therefore R/I is an Artinian ring (see Lemma 7 of
(1)). Hence J(R/I) is nilpotent. Thus R/I is a strongly qc-ring. Then it
follows from Theorem 3.3 that R/I is a uniserial ring. We have shown that
every proper factor ring of R is uniserial. Hence R is restricted uniserial.

The following example shows that restricted uniserial rings need not be
restricted qc.

Example 4.8. Let Z, be the ring of » x n matrices (n> 1) with entries from Z,
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the ring of integers. Since Z is restricted uniserial, Z,, is also restricted uniserial.
Z, is not restricted gc. This is possible if and only if every proper factor ring
of Z is semi-simple Artinian by Theorem 8 of (1).

Theorem 4.9. Let R be a restricted gc-ring and J # 0. If J is nilpotent then R
is restricted uniserial.

Proof. Since R is restricted qc, R/J is Artinian by Theorem 4.6. But J is
nilpotent. Hence R is a semi-primary ring. Let / be any non-zero ideal of R.
Then R/I is a qc-ring which is also semi-primary by a result of Bjork ((4),
Lemma 3.1). Thus R/I is a strongly qc-ring, whence it is uniserial by Theorem
3.3. Therefore, R is restricted uniserial.

Theorem 4.10. Let R be a commutative ring. Then R is restricted gF (uni-
serial) if and only if R is restricted qc and Noetherian.

Proof. (1) Let us suppose that R is restricted uniserial. Then each proper
factor ring of R is uniserial. This implies that each proper factor ring of R is
gc by Theorem 3.3, i.e. R is restricted qc. Since R is restricted uniserial, it is
restricted Artinian. But a commutative restricted Artinian ring is always
Noetherian by Cohen (7).

(2) Conversely, if R is Noetherian and restricted qc, then it follows from
Theorem 4.7 that R is restricted uniserial. This completes the proof of the
theorem.

We have already given the definition of g-rings. Every self-injective duo
ring is a g-ring (see Jain, Singh and Mohamed (13)). It is not necessary that
each proper homomorphic image of a Noetherian g-ring is also a g-ring (see
the Example on page 209 of Faith (9)). In (17), Mohamed has given a partial
classification of Noetherian rings whose proper homomorphic irmages are g-rings.
Using the notion of restricted qc-rings, a complete classification of rings, among
Noetherian rings, whose proper homomorphic images are q-rings, can be ob-
tained as follows.

Theorem 4.11. Let R be Noetherian. Then each proper homomorphic image
of R is a right g-ring if and only if R is restricted qc.

Proof. (1) Let us suppose that each proper homomorphic image of R is a
g-ring. Let 7 be a non-zero ideal of R. Then R/I is a q-ring. Therefore R/I
is a self-injective ring. Since R is Noetherian so also is R/I. R/[is, therefore,
a qF-ring. Let K/I be any ideal of R/l where K & I. Then R/I/K/I =~ R/K.
Because K # (0), the fact that each proper homomorphic image of R is a
g-ring implies that R/K is a g-ring so that R/K is self-injective. However, R/K
is also Noetherian. Hence R/K is a qF-ring. This means that (R/I)/(K/I)
is a qF-ring so that every factor ring of R/I is also qF. Hence, by Fuller (11),
R/I is uniserial. By Theorem 11 of (1), every uniserial g-ring is also qc. Hence
R/I'is a gc-ring. We have shown that R is restricted qc.
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(2) Conversely, let us suppose that R is restricted qc. Since R is Noetherian,
it is restricted uniserial by Theorem 4.8. But every uniserial qc-ring is also a
q-ring (1, Theorem 11). Hence R is a restricted q-ring. This completes the
proof of the theorem.

Theorem 4.12. Let R be a right Noetherian ring. Then each homomorphic
image of R is a g-ring if and only if R is uniserial and every large one sided ideal
of R is two sided.

Proof. (1) Let us suppose that R is a Noetherian ring all of whose homo-
morphic images are g-rings. If I is any ideal of R, then the factor ring R/Iis a
g-ring and hence self-injective. R/I is also Noetherian. Therefore R/I is a
qF-ring. Since every homomorphic image of R is a qF-ring, it follows that R
is uniserial. Since R itself is a g-ring, it follows from Jain, Singh and Mohamed
(13) that every one-sided large ideal of R is two-sided.

(2) Let us now suppose that R is a uniserial ring all of whose one-sided large
ideals are two-sided. Then R is a qc-ring by Theorem 3.3. Now let 7 be any
ideal of R. Then R/I is also a qc-ring (see (1), Lemma 3). Since R is uniserial,
if follows easily that R/I is a uniserial ring. But again by (1, Theorem 11), every
uniserial ring which is qc is also a g-ring. Hence R/ is a q-ring. Thus every
homomorphic image of R is a g-ring and the theorem follows.

Corollary. Let R be a local Noetherian ring. Then each homomorphic image
of R is a g-ring if and only if R is a uniserial ring which is also a duo ring.

Finally, we prove the following theorem.

Theorem 4.13. Let R be a local ring. Then each homomorphic image of R
is a q-ring if and only if R is a qc-ring.

Proof. (1) Let us suppose that each homomorphic image of R is a q-ring.
In particular, R is a q-ring. It is easy to show that every local g-ring is a duo
ring. To show that R is a gc-ring, let us consider a cyclic right R-module M.
Then M = R/I, where I is a right ideal of R. Since R is a duo ring, 7 is two-
sided. Then R/I is in fact a factor ring of R. This implies that R/ is a self-
injective ring. In other words, R/I is R/I-quasi-injective. Then it follows from
(1, Lemma 2) that R/l is R-quasi-injective. Therefore R is a qc-ring.

(2) Conversely, suppose R is a qc-ring. Then each homomorphic image of
R is a qec-ring. Since every qe-ring is also a q-ring (see Koehler (15)), each
homomorphic image of R is also a g-ring. This proves the theorem.
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