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ADDITION THEOREMS AND BINARY EXPANSIONS

JONATHAN M. BORWEIN AND ROLAND GIRGENSOHN

ABSTRACT. Let an interval / C R and subsets Dy. Dy C I with Dy U D, = I and
Do N Dy = {) be given, as well as functions ro: Dg — I, r1: Dy — I. We investi-
gate the system (S) of two functional equations for an unknown function f:/ — [0. 1]:

2f(x) = f(ro(x)) ifx € Dy.
2f(x) — 1 =f(rn(x)) ifxe€D.

We derive conditions for the existence, continuity and monotonicity of a solution. It
turns out that the binary expansion of a solution can be computed in a simple recursive
way. This recursion is algebraic for, e.g., inverse trigonometric functions, but also for
the elliptic integral of the first kind. Moreover, we use (S) to construct two kinds of
peculiar functions: surjective functions whose intervals of constancy are residual in /,
and strictly increasing functions whose derivative is 0 almost everywhere.

(S)

1. Introduction. We begin with an introductory example. Let x > 0. Set

a ) )
ap=xand g,y = 1 1 s (with gy = —0 if a, = £1).
—al
Then
¥ 1 _ arctanx
a,<0 2"“ n .
n>0

Simon Plouffe (Université Bordeaux-I) detected this identity numerically; the purpose
of the present paper is to explain why it is true and how the underlying method can be
used to get similar recursions for other functions. Let us observe two things: First, the
above series is just the binary expansion of arctan(x) /m. Second, the recursion formula
corresponds in a certain way to the addition theorem for 2 arctan x. In the present paper
we will explore how addition theorems of this type can be used to compute similar binary
expansions for a wide class of functions.

More precisely, we will deal with the following type of functional equations. Let an
interval I C R and subsets Dy, Dy C I with Dy U D, = I and Dy N\ D; = () be given, as
well as functions ro: Dy — I, ri: D1 — 1. Then consider the system (S) of the following
two functional equations for an unknown function /= 7 — [0, 1].

(So) 2f(x) = f(ro(x)) ifx € Dy,
() /()= 1=f(ri(v) ifx €Dy
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Stating the functional equations in this way implies that for each solution f the
following must be true: x € Dy = f(x) € [0, 1 /2] andx € D, = f(x) € [1/2,1].

Why are we interested in this system of functional equations? The reason is that on the
one hand there are many interesting functions which can be shown to solve the system,
and that on the other hand the system links these functions to Plouffe iterations like the
one described for the arctan. In fact, as we will see in the next section of this paper,
Plouffe’s iteration for the arctan is proved upon the observation that

arctan(x) /m if x € [0, 00)
1 +arctan(x)/m  if x € [—00,0)

S =

satisfies (S) on 1 = RU {—o0} with Dy = [0,00), D| = [~00,0), ro(x) = 125, ro(1) =
—00, F1(x) = W’ ri(—1) = —oo. Other interesting functions which satisfy the system
(S) are the logarithm, inverse trigonometric and hyperbolic functions and even the elliptic
integral of the first kind. Moreover, it is also possible to describe quite peculiar functions
as solutions of the system. If we choose Dy = [0,1/2), Dy = [1/2,1], ro(x) = 4x%,
r1(x) = 1 —4(x — 1)?, then the solution of (S) is surjective but has intervals of constancy
which are residual in /. If we choose Dy = [0,3/4), Dy =[3/4, 1], ro(x) = 4x/3, ri(x) =
4x — 3, then the solution is strictly increasing but has derivative 0 almost everywhere (it
is the inverse of a function with the same property constructed by G. de Rham in [2]).
We will prove these two statements in somewhat greater generality in Section 3, after
having given conditions for the existence, continuity and monotonicity of a solution in
Section 2 of this paper.

We conclude the introduction with two basic observations about the functional equa-
tions. Firstly, we have that f = 0 if and only if D, = (. (Indeed, assume Dy = I and
xo € Dy with f(xo) # 0. Iterate equation (So) until 2"/(x0) = f((ro © -+ 0 ro)(x0)) =
f(r{')(xo)) > 1/2. This contradicts r(xo) € Do :>f(rg(x0)) € [0, 1/2]. If, on the other
hand, ' = 0, then D; # () would yield a contradiction.) Similarly, / = 1 if and only if
Dy = 0.

Secondly, the requirement that a given function f is the solution of a system of type
(S) is not very restrictive. Indeed, the following is a necessary and sufficient condition
for f to satisfy such a system: For each x € [ with f(x) < 1/2, there must exista y(x) € /
with 2f(x) = f (y(x)) for each x € I with f(x) > 1/2 there must exist a y(x) € I with
2f(x) — 1 —{/( (x)), and for each x € I with f(x) = 1/2 there must exist a y(x) € / with
f (y(x)) =0orf] (y(x)) = 1. Necessity is obvious. On the other hand, if this condition is
satisfied (with, say, /(y(x)) = 0 if f(x) = 1/2), then we can define Dy := £~ ([0, 1/2)),

= f~1([1/2,1]), and the functions ro, 7| can be set equal to this y on /. So, each
function from which this can be reasonably expected satisfies a system of type (S).
The challenge is, of course, to find functions rg, #; which are “simpler” than f (e.g., f
transcendental and r, »; algebraic).

For x € [0, 1], we will always denote the binary expansion of x by (0, vov - - -),; this
means x = 0% v, /2™ with vo, vy, ... € {0,1}.
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2. Properties of solutions of (S).
THEOREM 1. The system (S) has exactly one solution {1 — [0, 1].

PROOF. First we show that there is at most one solution. For each solution f, there
is only one possible value for f(x) at a point x € [. This value is determined by the
following recursion: Set

ro(a,) ifa, € Dy,

(]) ap = x and  au = {i"[(an) ifan €D.

Then for each solution / we have

_ [ f(roan)) =2f(a)  ifa, € Dy,
f(anﬂ) - _ .
f(ri(@n)) =2f(a) — 1 ifa, € Di.
Compare this with how we compute the binary expansion of y € [0, 1]. With
2, if y, € (0. 1),
Vo =Y, Yur1 =< 2y, — 1 ify, € (%, 1],

2ypor2y, —1 ify, = %,

we gety =30, oy 1 n>0 —2‘7 Since y, and f(a,) obey the same recursion (recall that
a, € Dy implies f(a,) € [0, 1/2] while f(a,) € [0, 1/2) implies a,, € Dy, and similarly
for a, € D), we can identify y, = f(a,) and get

1
() fla) =fx)= > T
"o

On the other hand, define a function f by this recursion. Then f indeed maps / into [0, 1],
and f satisfies the equations (Sy), (S)): x € Dy implies, by (2),f(x) <1/2and

f(ro) =flan =3 5—2 > w =2 ) z,m =2/(x).
a,€D, a,€D an€D)
n>1 n>1 n>0
Similarly, x € D implies /(r(x)) = 2f(x) . .

The recursion (1), (2) is important throughout this paper; we will constantly make use
of it. In the arctan example, it is exactly Plouffe’s iteration. Note that in the statement of
Theorem | no regularity other than the boundedness is required or asserted.

Under which conditions is the solution f continuous? First of all, continuity of /" does
not imply the existence of continuous ry, r,. Consider, e.g.,

2x if x € [0,1/4],
() = {3/4—x ifx e [1/4.1/2],
3/2c—1/2 ifxe[1/2.1].
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Then, necessarily, ro(x) = 2x if x € [0,1/16) and ro(x) = 8/3x+ 1 /3 ifx € (1/8,1/4],
but between 1/16 and 1/8, there must be at least one point of discontinuity.

However, if we assume continuity of ro, 7|, we can give a sufficient and necessary
condition for /" to be continuous. In the following Theorem 2, closure and interior of D
and D, are taken in /.

THEOREM 2. Let ro, 7| be continuous. Then the solution f of (S) is continuous if and
only if
for eachxy € DyNDy:Vn € Ny : r’l'(ro(xo)) € Dy and 38(n) > 0 : Yy € D, with
|xo — y| < 6(n) we have r’(;(rl(y)) € Dy,
for each xo € Do Dy:¥n € Ny : rﬁ(rl(xo)) € Dy and Fb(n) > 0 : Yy € Dy with
[xo —y| < é(n) we have r’{(ro(y)) e D,.
PROOF. Assume that /" is continuous. Without loss of generality (wlog), take any
xo € Do N Dy. Then 2f(xo) = f(ro(x0)) and

lim f(rnw) =2 Jim f(e) = 1= 2f(xo) - 1 = f(ro(xo)) — 1.

xeD; x€D,
Since /(1) C [0,1], we must have f(ro(xo)) = 1 and umx;go S(r1) = 0. Thus,
xeDy

ro(xo) € D). Since 2f(r0(x0)) —1=1 Zf(r](ro(xo))), we get 1| (ro(xo)) € Dy, and,
inductively, r’l'(ro(xo)) € Dy.

Observe that for any x € 9 Dy (which equals d Dy = (DyND1)U(DoNDy)), f(x) = 1/2.
Choose § > 0 such that f(y) —f(xo) = f(y) — 1 /2 < 1/2"* for y € Dy with |xg —y| <§.
Then we have f(y) < 1/2+ 1/2"2 therefore 2f(y) — 1 = f(rl(y)) < 1/2"71, thus

2f(r()) =/(rh(r10)) ) < 1/2; and that means r§(r1() € D,
Lastly, sincef(r’l’(ro(xo))) =1 andf(rf')(rl(y))) < 1/2, it follows that r’((ro(xo)) €

Dy and ry(r(»)) € Do. (Recall that /(3 Do) = /(9 Dy) = {1/2}.)
On the other hand, assume that the condition holds. Take any x € I, n € N, and set

£ = 1/2"". Consider the numbers ag, ay, . ..,a, where a; = (r,, , o --- or,)(x) and
_ [0 ifa, € Dy
Vi = { I ifa e D, 12K

ko = < min{k €{0,...,n}:a, € IDy(= 8D,)} if this set is not empty,
n+1 otherwise.

Since ry, r; are continuous and a; € ﬁ,/k fork=0,...,k — 1, thereisaé; > 0 such that
|x —y| <6, implies that (r,, , 0 --- 01, )(¥) € bw fork=0,...,k — 1.

Assume (wlog) ax, € Do; then f(x) = (0,v9---vg—1011---),. Again, since rg, 7|
are continuous and ay+1,...,a, € Dy, there is a §, > 8, > 0 such that x—y] <6
and (”wo_l 0 0r,)(¥) € Dy imply that (/' o rg 0 Figg Ot © r)y) € Dy for
m=0,...,n—ky— 1. This means that f(y) = (0,vo - - - V4,101 - - - Lty s - - Do
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Lastly, we have a §; > 63 > 0 such that [x — y| < §; and (Fygy 0+ 01 )W) € Dy
imply that |(r,,A07| 0 0ry)x) = (ry, 00 Fu )| < 8(n — ko — 1), which in turn
means that (rf o7 OFyy O " oty)¥) € Dy form =0,...,n—ky— 1. This means that
JO)=O,v0 - vig—1 10 Oty flne2 -+ )2

Now, if we choose § := min{é,,83 }, then |x — y| <& implies that [f(x) — /()] <. m

OBSERVATION. If the solution f of (S) is continuous and neither f = O nor f = | then
it is “almost surjective™: /(1) 2 [0, 1]\ {p} wherep=0orp = 1.

PROOF. As has been seen in section 1, we have Dy, D; # (). Moreover, there is an
x € I with f(x) € (0,1). Assume (wlog) x € Dy. As above, iterate equation (Sg) until
2"f(x) =f((r0 0---0 ro)(x)) € [1/2,1]. Since f is continuous, there is an xo € / with
fxo) = 1/2.1f xo € Dy, then 2f(xo) = 1 = f(ro(xo)), and there is an x; € Dy with
S(x)) =1/2.1t follows that

2 lim f(x) = 1=0= lim f(ri(x)).

xE€D, x€D,

Ifxg € Dy, then the same reasoning leads to f (r] (xo)) = 0 and the existence ofanx, € Dy
with imxx, f(ro(x)) = 1. .
xeDy

We are now interested in monotonic solutions.

OBSERVATION. If f is injective, then so are rg, r;. The converse is not true, not even
when assuming continuity and strict monotonicity for ro, .

PROOF. If ro(x) = ro(y), then f(ro(x)) = f(ro(y)) and, by (So), 2/(x) = 2/(y). If / is
injective, then x = y follows. The same for 7.
On the other hand, consider f(x) = x> on I = [—1, 1] which is not injective. But f
satisfies the system (S), with Dy = [—1 /\/5, 1/\/5], Dy =1\ Dy, and ro(x) = v/2x,
V2x2—1 ifx>0

rix)= . which are continuous and strictly monotonic. L]
—V2x2 -1 ifx<0 Y
THEOREM 3. Assume that ry,r| are increasing and that Dy < D) (x € Dy, y € D,

implies x < y). Then f is increasing. Similarly, f is decreasing if ro,r| are increasing
and Dy < Dy.

PROOF. We only prove the first part here. Take x,y € [ with x < y. As in the proof
of Theorem 2, consider the numbers a; = (r,,_, © -+ 0 1, )(X), by = (rp,_, O -+ 01y )V
There are two possibilities: Either a; € Dy & by € Dy for all £ € N, which implies
f(x) = f(y). Or there exists a ko such that for all k£ < ko, ay € Dy & by € Dy, and
ay, € Do, by, € Dy. (We have ay, < by, since ro,r; are increasing.) This implies
S) = (0,00 Vg1 Ovgger -+ )2 S (0,00 -+~ Vgt L1 == 2 = f(0). =

In Section 3, we will see that strict monotonicity of rg,r; does not imply strict
monotonicity of f.

https://doi.org/10.4153/CJM-1995-013-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1995-013-4

ADDITION THEOREMS AND BINARY EXPANSIONS 267

By inspecting the recursion formula (1), (2), one would guess that it allows statements
on the points in / which are mapped by /" to a rational value. The last theorem in this
section addresses this possibility. The interiors of Dy, D; and [ are to be taken in R.
ro(x) ifx € Dy
rix) ifxe Dy

THEOREM 4. Assume that I is closed (possibly, I = [—00,00]), that vy, r| are contin-
uous and increasing, Dy < D\ or Dy < Dy, and that ro maps 50 onto I and r\ maps 15.
onto . (Then [ is continuous and monotonic.) Lastly, assume that [ is strictly monotonic.
Then

Define a function :/ — [ by r(x) =

{xel:fx)eQ}
= {x € I : x is in an orbit under r of a fixed point of ¥ =ro---or (k> 1)}.

PROOF. Call the right-hand set in the assertion M.
(i) We show that f(x) € Q forx € M.
Indeed, x € M implies that there exist vy, ..., v, and yy, ..., i such that

(rllk Or--0r,or,,0 0 rl’o)(x) = (r"n-| O Orl’o)(x)v

where all of these maps are defined, i.e., x € D,,, r,(x) € D,,, and so on. By the
recursion formula (1), (2), this means that

SO =0 v v - gty e )2,

that is, f(x) € Q.

(i) Assume f(x) € Q, say, f(x) = (0,v0 - Vy1 by + - fgfby -+ p - - - )2 Let I = [a, b]
and assume wlog Dy < D;. It follows that ro(a) = a and r{(b) = b. Now observe that 7*
has a fixed point xo in (r,' o -~ 0 r,YD): If (- i) # (0--- 0)and # (1 -- - 1), then

—1

for S := (r;ll o--ror, (), we have S C 1, and since r and r, are onto /, we have

’/‘(S)z(’j(il OFy, Or;t-ll o"'or;ul)(?)=(’k_l OI’;Zl O~"Or;kl)(?)= =7,
therefore, 7* has a fixed point in S. If (41 - - - px) = (0 - - - 0), then the fixed point is a, for
(1 - ) =(1---1),itis b.

Sety = (r; 'o---or; ! Y(xp), thenyisinanorbitofxoand f(y) = (0,10 - -+ vy 1 i1 -+ - i

o Pyt

[y oo by (1), (2). Since f s injective, x = y. u

3. Several examples. We begin with a short list of transcendental functions f which
satisfy a system of type (S) where the functions ry, | are algebraic.
1.

f) =Inx/In2, I=[1,2],
Do=[1,v/2), D;=[v2,2],

ro(x)=x%, rx) = x2/2.
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Of course, the recursion (1), (2) can be used to compute the binary expansion of
the function f. Take for example x = ayp = 3/2. Then a; = 9/8, a, = 81/64,
ay = 6561/4096,a4 = 3'° /2% and so on. Here are the first 20 binary digits of In3/ In 2:
(1.10010101110000000001)s.

An application of Theorem 4 would yield that f(x) is rational if and only if x = 2¢
with rational g. But we know that already.

2.

Sf(x) =arccos(x)/m, I=[—1,1],
DO=(071]7 Dl :[7170]7

@) =27 -1, rE)=1-2"%

Theorem 4 says that the points whose value is rational are the fixed points of #* =
+(rg o --- o rp) (the sign on each set (r;ll 0---0 r;k' )(/) must be chosen so that # is
increasing) and their orbits. Or put the other way round, these are the values of cos(mx)
if x is rational. Note that 75 = ry o - - - 0 rg is the Chebychev polynomial of the first kind
Ty for [—1,1].

3.
S(x) =2arcsin(x) /7, 1=10,1],
Dy =[0,1/v2), Di=[1/V2,1],
ro(x) =2xvV1—x2, ri(x)=2x*—1.
4,
_ [arctan(x)/m ifx € [0,00) _
S = 1 +arctan(x) /7 ifx € [-00,0)’ [=RU{—o0}
DO = [07 OO), DI = [*OO, 0)7
2 = _ 2x 1=
ro(x) = T ro(l) = —o0, ri(x)= T ri(=1) = —oo.
5.
S(x) =arccot(x)/m, [=RU{—o0},
Dy =[0,00), D;=[-00,0),
_ 2 —_
nw) = )= —00, ()=
6.

f(x) =arsinh(x)/ In2, [=1[0,3/4],
Dy=[0,1/2v2). Dy =[1/2v2,3/4],
ro(x) = 2xV 1 +x2,  ri(x)=5/2xV1+x2 —3/2x* —3/4.
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7. Denote by F and K the incomplete (resp. complete) elliptic integral of the first
kind, take k € [0, 1).

F(WV1 —x2, k) /2K (k) ifx>0
1 — F(V1 —x2,k) 2K (k) ifx <0’
Dy =(0,1], Dy =[-1,0],
¥ — (1 =) +1— k%) X — (1 =x)E*x*+1— k%)
il orer B O T er i T @ v 1)

f(x)z{ I=[_171]7

ro(x) =

(Another way to write this is the following, with x" := v/1 — x2: ro(x) = "2—?‘%’&
. (x) _ 2
1 1—k2x

Set,eg,k=1/ V2andx =1 / /2. Then the recursion (1), (2) yields
2F(l/\/§, 1/\/5)/6(1/4, 1/4)=(0.001110010000011 - - -),

where 3(x,y) = f3(1 — u)y*"'w’~'du for x,y > 0 (beta function); note that K(1/+/2) =
2723(1/4,1/4) (cf [1]). As a second example, set k= /2 — 1 and x = 1/+/2. Then we
get

21 F(1 V2,72 = 1)/3(1/8,1/8) = (0.001111100001010 - - )y;

note that K(v/2 — 1)=2""3/43(1/8,1/8) (cf. [1]).

Theorem 4 says that the points whose value is rational are the fixed points of 7% =
+(ro o -+ o o) (the sign must on each set (r,' o --- o r,1)(1) be chosen so that r* is
increasing) and their orbits. Or put the other way round, these are the values of cn(2K (k)x)
if x is rational.

The common denominator in these examples is an algebraic addition theorem (cf.
[1]). Assume that g: R — R, injective on [0, 1] and g([0, 1]) = 1, satisfies P(g(x), g),
glx+y)) = 0 for all x,y € R with a polynomial P. Set Dy := g([0,1/2)) and D, :=
g([1/2,1]). Thenf := (g|po,1;) " satisfies (S) where r and ry are determined by solving
P(g(x), g(x), g(2x)) = 0 for g(2x) and P(g(2x), g(—1), g(2x — 1)) = 0 for g(2x — 1) (with
the use of rq here). For examples 4 and 5, the interval [0, 1] would have to be replaced
by [0, 1).

A bit more explicit is the following approach which does not work for examples 2
and 7. Assume g: [0, 2] — R s injective on [0, 1] and on [1, 2] and g([0, 1]) = /. (Again,
replace these by halfopen intervals for examples 4 and 5.) Assume that g is a solution
of the functional equation g(x +y) = a(g(x)7g(y)) for x,y € [0, 1] with an algebraic
function a: I x I — g([0, 2]). Let f := (g|jo.1) ", therefore f: I — [0, 1]. Foru, v € I with
fw) +f(v) €0, 1], we have

g +/) = a(g(fw) g(f0))) = atu.v),

or f(u) +f(v) =f(a(u, v)). If we set ro(u) := a(u,u) foru € g([O, 1/2)) =: Dy, then for
eachu € Dy we havef(ro(u)) =2f(u).
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For any x € [0, 1] and for any u,v € [ with f(u) + f(v) € [x,x + 1], there exists a
b = b(u,v) € I with a(b,g(x)) = a(u,v). Indeed, we can write f(u) + f(v) = y +x with
v €10,1]. Setb := g(»). Then

a(u.v) = a(g(fw).g(f0))) = g(fw) +£0))
= gy +x) = a(g(). g(x)) = a(b.g(x)).

Now choose x = 1. Then, if u,v € I with f(u) + f(v) € [1,2], we have

g(fa) + /() = a(u,v) = a(b. g(1)) = g(f(b) +1).

Since g is injective on [ 1, 2], it follows that f(u) +/(v) = f(b)+ 1. If we set ri(u) = b(u, u)
foru € g([1/2,1]) =: Dy, then for eachu € D; we havef(rl(u)) =2f(u) — 1.

Let us see how this works for Example 3. Here, g(x) = sin(mx /2), 1 = g([0, 1]) = [0, 1],
Do =g([0,1/2)) = [0,1/v/2), Dy = g([1/2,1]) = [1/V2, 1] and f(u) = 2arcsin(u) /7
for u € [0, 1]. g satisfies g(x +y) = g(x)\/l —2%(y) +g(y)\/l — g%(x), therefore a(u, v) =
uV'1 —v2+vy/1 — u? foru, v € [0, 1]. To determine b(u, v), we have to solve a(b,g(l)) =
a(u,v) for b € [0,1] if u,v € [0,1] and f(u) + f(v) € [1,2]. This yields b(u,v) =
wv—/1 —u2\/1 —v2foru,v € [0, 1]and u?>+v* > 1. Thus, ro(u) = a(u, u) = 2uv/1 — u?
if u € Dy and r\(u) = b(u,u) = 2u*> — 1 if u € Dy.

However, this kind of transcendental functions is not the only interesting class of
solutions of (S) with “simple” ry, #;. In fact, (S) can be used to construct rather peculiar
functions. We will give two examples here: First, we construct a continuous, “almost”
surjective function f* for which the set {x € I : f is not constant in a neighbourhood of
x} is nowhere dense in /. Second, we construct a strictly monotone function which has
derivative 0 almost everywhere.

In the following Theorem 5, the interior of Dy, D and / is taken in R.

THEOREM 5. Let ry, 1y be continuous and increasing, Dy < D\, and ro mapping Do
onto I, ry mapping D, onto I. (Then f is continuous and increasing.) If there exists an x|
such that x, € Dy with ro(x)) < xyorx; € D, with ri(x1) > xy, then for each x,y € 1
with x <y, there exists a non-degenerate interval J C [x,y] with f|; = const.

PROOF. Assume that x; € Dy with ro(x;) < x; (wlog). Let ¥ := max{x € D, :
ro(x) < x}. We have x € Do and, since ry is increasing, ro(x) < x & x < X, which
means by (1), (2) that f(x) = 0 & x < x. Inductively, f(x) = (0,9 --v,100---), &
(ry, , 0+ or,)x) <X Since rg, 7} map bo resp. l°)| onto ?, the set

() 0 or! )(DoN(—00,%)) =int{x € I : f(x) = (0.v0 - ,-100- )}

Vp-1

is non-empty; since f is increasing, this set is a non-degenerate interval. Since the dyadic
rationals are dense in f(/), the assertion follows. =

At the end of Section 2, we asserted that there are non-strictly monotonic solutions f of
(S) with strictly increasing rg, #;. Theorem S provides us with an example: Set / = [0, 1],
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Dy =1[0,1/2), Dy =[1/2,1], ro(x) = 4x* and | (x) = | —4(x — 1)*. Then the solution of
this system (S) has the desired property.

However, functions which have this property can also be constructed as solutions of
systems (S) which do not satisfy the assumptions of Theorem 5. It is enough that rg, r,
map Dy resp. D onto I and that the solution / has at least one non-degenerate interval
of constancy. Here is another example: Set [=10,1], Dy =[0,1/2), Dy = [1/2,1] and

_[5x ifx<1/8 —1/2 ifx<7/8
=\ rr1/2 itx> 18 "0 5 4 ifx>7/8°

We turn now to the construction of a contmuous, strictly increasing function / which
has derivative 0 almost everywhere. As mentioned, these functions, constructed in the
following Theorem 6, are the inverses of de Rham’s functions with the same property.
Note that the set of measure 1 on which the derivative of / vanishes is mapped by f onto
a set of measure 0 on which the derivative of /= does not exist, and vice versa.

THEOREM 6. Take any t € (0,1) \ {1/2}. Set Dy = [0,¢), Dy = [, 1], ro(x) = x/¢,
ri(x) = (x — ) /(1 — t). Then the solution [ of this system (S) is strictly increasing and
its derivative is O wherever it exists.

PROOE. First, according to the conditions in Theorems 2 and 3, /" is continuous and
increasing. In fact, f is strictly increasing: Set L := min{1/¢,1/(1 —#)}, then L > 1. For
each x, y € I for which there exists an n € Ny such that a,(x) € Dy & ai(y) € Dy for all
k=0,...,nis true, we have |a,(x) — a,(»)| > L"|x—y| (with a,(x) == (r,_, 0+ - 0r,)(x),
as in the proof of Theorem 2). Therefore, f(x) = f(y), whichmeans a,(x) € Dy < a,(y) €
Dy for all n € Ny, implies x = y.

Since f is strictly monotonic, /”(x) exists almost everywhere. Take any x where f*(x)
exists. Assume f(x) = (0,vgr) -+ ). Setfy :=¢and #; :== | — 1. For each n € Ny, choose
Xny¥n € [0,1] with f(x,) = (0,9 - v,100---), and f(y,) = f(x,) + 1/2". Since f is
strictly increasing, we have x, < x < y,. It can be proved by induction (see below) that
Yn —Xn = by by, -

Now assume f”(x) # 0. Then

Sn) — f(xn) o Ynrl T X
Yn — Xn f(yn+l) 'f(xn+l)

—1 (n— 00).

But we have
JOn) — f(xn) Y T X l/zn . by by by, =7
y” - xn f(y,&l) _‘f(xn‘!—]) ty/o T t’/n—l l/2"+1 Vn
The latter sequence has at least one partial sequence which is constant, but its value (2¢
or 2(1 — 1)) is unequal to 1 if # # 1 /2. That is a contradiction. n

We close this section with the induction we omitted in the proof of Theorem 6.
Notations are as in that proof.

LEMMA. Foreachn € Ny andi = (vo - v,1)2 € {0,...,2" — 1} let X, Yin €
[0, 1] such that f(xix) = /2", fGin) = (i + 1)/ 2. Then yip — Xin = by -+ 1,

n—1°
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PROOE. First, we define r(¢) := 1, such that 2f(x) =f(ro(x)) forx € Dy U {t}.

Forn =0, we have i =0, x00 =0, y00 = |, and yoo —x00 = 1, whereas ¢, - - - ¢,
the empty product.

Assume now that the assertion has been proved for an n € Ny. To prove it for n + 1,
we distinguish two cases; first, assume i € {0,...,2" — 1}. Then (i + 1)/2"! < 1/2,
which means that x; 1, i1 € Do U {¢} and that x;,,,y;, exist. Moreover, we have
Sxin1) = (0,00 - 1,00 ) and f(x;,) = (0,1 -+ - 7,00 - - -)o. Now,

is

‘1

S Gt 0= f(Fo@ine1)) = 2 iper) =2+ 0/27 = /2" = f(xi.0);

since f is strictly increasing, that means that x;,+; = fx;,. Similarly, yi,e1 = tyin.
Therefore,

tO : tr/l e tl/,, =t- (yi‘n - xiJz) = tyi‘n - txi.n :yi‘n+l — Xintl-

On the other hand, if i € {2",...,2"™" — 1}, then i/2"™" > 1/2, which means
that x;,+1,Vin+e1 € Dy and that x;_on,, yi—m, exist. Moreover, we have f(x;,+1) =
O, vy ---v,00---)and f(x;—22,) = (0,71 -+ - 1,00 - - -)2. Now,

(@it = /(A =0) = f(r1(in)) = 2 @) — 1 =20 0/2" — 1
=(i—2")/2" = f(xi2.a);

since f is strictly increasing, that means that x; ,+1 = (1 — )x;—, + t. Similarly, y; ,+1 =
(1 — 6)y;—on n + t. Therefore,

bty oty = (L =10 Win — Xin)

= (1 - t))’:xn +1— ((l - t)xi.n + t) = Vin+tl — Xin+l- ™

4. Closing remarks. We conclude the paper with two remarks concerning possible
generalizations.

First, the same type of reasoning as we did here would also work for systems of more
than two equations. We give here only two examples.

1. f(x) = arccos(x) /7 satisfies

3f(x) = f(4x* — 3x) ifx € (1/2,1],
3f(x) — 1 = f(—4x° +3x) ifxe(—1/2,1/2],
3f(x) — 2 =f(4x* —3x) ifx€[-1,—1/2].

That means that /" can be computed by the following recursion:

4a3 —3a, ifa, € (1/2,11U[-1,—1/2]

Set ag =X dnnl *451; +3a, ifa, € (71/27 1/2]

_ 1 2
Then arccos(x) /™ = ¥, e(~1/2.1/2) 77 + Za,e(—1.~1/2) ToT-
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2. Pickany b € N\ {1}. Then f(x) = Inx satisfies

bf(x) —v=f(e"x") ifxe [exp(%),exp(%——lﬂ,
forv =0,....,.b—1lonl=[le].

Second, there is no particular reason for the set / to be an interval. In fact, Theorems 1
and 2 seem to work in any topological space /. Possibly, functional equations of type (S)
can be used to construct “counterexamples”, i.e., functions with peculiar properties, in
such spaces. However, it might sometimes be necessary to take discontinuous functions
ro, #1 to describe a continuous function f, as we saw in the example before Theorem 2.

So, the construction of a counterexample by use of (S) might be more difficult than a
straight-forward construction.
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