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WHAT IS THE TIME VALUE OF
A STREAM OF INVESTMENTS?

RAGNAR NORBERG,* London School of Economics
MOGENS STEFFENSEN,** University of Copenhagen

Abstract

The titular question is investigated for fairly general semimartingale investment and asset
price processes. A discrete-time consideration suggests a stochastic differential equation
and an integral expression for the time value in the continuous-time framework. It is
shown that the two are equivalent if the jump part of the price process converges. The
integral expression, which is the answer to the titular question, is the sum of all investments
accumulated with returns on the asset (a stochastic integral) plus a term that accounts for
the possible covariation between the two processes. The arbitrage-free price of the time
value is the expected value of the sum (i.e. integral) of all investments discounted with
the locally risk-free asset.
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1. The problem

Consider a stream of payments — incomes less expenditures —commencing at time 0 (say) and
totaling A, at time # > (. The payments are currently and instantaneously invested in an asset
with price S; per share at time ¢ > 0. The functions A and § are assumed to be right-continuous
with left limits (RCLL) and, moreover, S is assumed to be strictly positive. The question is:
what is the value Uy, at time ¢, of the total investments compounded with returns on S? There is
an answer that is indisputably true in discrete-time models, and carries over to continuous time
if the payments are lump sums due at isolated points in time. In more general continuous-time
models, the answer is less simple and depends very much on the path of the functions A and
S: we find that U; is the sum of all investments accumulated with returns plus a term arising
from the optional covariation between the two processes (if any). This statement is imprecise,
and we should add that the ‘sum of investments accumulated with returns’ must, in general, be
the (stochastic) integral of the accumulation factor with respect to the payment process. For
this integral to be proper, the integrand must be predictable. However, the accumulation factor
acts in arrears and is therefore not predictable in general. The optional covariance term collects
what has not been accounted for in the stochastic integral.

This phenomenon has been occasionally observed in recent finance and insurance literature.
The optional covariance term appears in [2] and [7], which both addressed certain situations
in life insurance mathematics where payments and interest are driven by the same diffusion
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processes, and in [1], where it emerged in the equilibrium price when the risky asset and
the deflator were correlated diffusion processes. Paulsen [4] carried through a systematic
study of the phenomenon in a general semimartingale setting and pursued the matter in a later
unpublished work [5]. In all works cited, the covariance term arose from solving the stochastic
differential equation, which was taken for granted. The question remains: is the differential
equation the basic relationship from which the process U should be derived, or is there a way
of motivating both the differential equation for U and the very form of the process U, and then
establishing that the two are consistent?

The present paper proposes a resolution: working with fairly general semimartingale pro-
cesses, it first motivates both the claimed formula for U; and the stochastic differential equation
for dU, by inspection of their respective discrete-time counterparts, which are fully transparent,
and then establishes that the former is the solution to the latter. The latter part is a special case
of the general exponential equation with an exogenous driving term, which has been solved for
quite general semimartingales (see [6]). The general solution is rather involved, however, and
our aim is to justify the appealing formula suggested by the discrete-time heuristics. This is
achieved by assuming that the jump part of the asset price process is not too unruly. A further
result is that, in a financial market model, the arbitrage-free price of U, at time 0 is the expected
value of the sum (i.e. integral) of all investments discounted with the locally risk-free asset.

Basic notions and results in stochastic calculus, including It6’s formula, are taken as prereq-
uisites throughout (see [6]).

2. Discrete time

For a purely discrete stream of investments into an account, with A; — A;_ deposited or
withdrawn at time j = 1, 2, ..., the statement of account at time j (the end of year j) exhibits

the calculation
S;—S

i—1
Ui=U;j +Uj—14+Aj —Aj .
Si—1

In plain words, the balance at the end of the year is the sum of the previous balance, the interest
earned on that balance (at rate (S; — S;j_1)/S;—1 in year j), and the latest movement in the
account. In difference form, the relationship reads

Sj - Sj_1
Ui—Uj1=Uj1————+A; —Aj_. 2.1
Sj-1
From the recursive formula
Sj
Uj=Uj1c—+Aj = Aj-1,
Sj_l

starting from Uy = 0, we obtain
J
Up =SS (A = A, 22)
i=1

which can be explained as follows. The payment A; — A; _; attime i purchases S, YAi—AiZ)
units of the asset. At time j, the portfolio consists of

J
DS A = A

i=1
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units of the asset, each of which has value S; at time j. The relationship (2.2), recast as

J
;U =) ST (A = A, 23)

i=1

says that the S-discounted time value is equal to the S-discounted value of all investments.

3. From discrete to continuous time
For a fixed time t > 0,let0 =t < f; < --- < t, = t and consider a discrete payment
stream with payments at times 71, ..., #;.
The relationship (2.1) carries over to

Si, = iy,
Ulj _Ulj,1 =Ulj,1—.+Atj _Aljfl' (31)

The continuous-time analogue is the stochastic differential equation (SDE)

ds;
dU; = Ui — + dA,, (3.2)
Slf
with initial condition Uy = 0. (Informally, think of approximating the continuous payment
stream with a discrete one and refine the partition.) It is crucial that the candidate integrand
U,jfl/S,jf1 in (3.1) is evaluated at time ¢;_; and that its increment S,j — S,jfl is a forward
difference.
Similarly, (2.3) carries over to

J
S Uy =8, (A = ALy

i=1

Now, the sum on the right-hand side is not a candidate for a stochastic integral, since the
integrand S, !is evaluated at the end of the interval over which the increment A, — A,_, is
formed. Therefore, we decompose it into the sum of a term that is a candidate for a stochastic
integral and a term that is a sum of products of increments and, thus, is a candidate for an
optional covariance process, as follows:

j j
S UL =Y S (A — Ay )+ ) (S =8 )A — A

i=1 i=1
J J
S, — Sy,
-1 1 i
= Z Sl‘i*] (A[i - Ali*l) - Z —St_71 St_ ! (Ali - Ati—l)'
i=1 i=1 ! !
This suggests the following continuous-time analogue:
t
S1U, = / S71dA, + 157, Al (3.3)
0
t t
= / s7lda, — / s7ls=ldrs, AlL. (3.4)
0 0
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4. Solution to the problem

In the following, we will be working in some probability space endowed with a suitable
filtration satisfying the usual conditions. For an RCLL process X, we denote its continuous
part by X€ and its jumps by AX; = X, — X,_.

The previous section served to motivate taking the SDE (3.2) as the defining relationship
for the value process U and conjecturing that this process is explicitly given by (3.3)—-(3.4). In
the present section, we will prove this conjecture. The problem is inextricably connected to
the general exponential equation with an exogenous driving term, U; = A; + fot U._dZ; (see
[6, Section 9 of Chapter V] for a context-free treatment with Z continuous). The solution is
rather involved. The simple solution aimed at here is obtained at the expense of a slight sacrifice
of generality; the most unruly asset price processes are ruled out by the assumption that

Z AS; converges almost surely for each > 0. “4.1n

O<t<t

Theorem 4.1. Let A and S be semimartingales, the latter strictly positive and satisfying (4.1).
The solution to the SDE (3.2) is

!
U =5 (/ S;_] dA; +[S71, A]t) 4.2)
0

t t
=s,<f S:1dA, —/ s;s7hdls, A]f>. (4.3)
0 0

Proof. This is an exercise in the use of Itd’s formula (see e.g. [6]). We introduce
t
vV, = / s 'dA, + 1571, A),,
0
which is the expression in parentheses in (4.2).
We will need the dynamics of the processes A, S -1 [S’l, A], and V. Straightforwardly,
dA; = dAT 4+ AA;.

For the remaining processes, we apply Itd’s formula in differential form, using the devices
X;dYf = X,_dYf and AX,dY’ = O and the facts that [X, Y] is of bounded variation,
[X,Y]¢ =[XC Y] =0if X (or Y) is of bounded variation, and A[X, Y], = AX;AY;. Under
assumption (4.1) the following simple version of 1t6’s formula applies to S:

df(S) = f'(S)AS; + 5 /(S dIS, SI + £(S) = £(Si-).
For f(x) = x~L, we obtain
ds; ! = —872dS¢ + $28,72d[S, SIE+ 57— 8]
= —872dS¢ 4 8;73d[s, SIS — S;71s A,
Using this, we derive
d[s~!, Al = —872d[S, Al — S5 AS A4,
= —8571s71d[S, AI° 4+ AS;AA))
=-—s71s7'drs, A, (4.4)
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Straightforwardly,
dv, = §7'dA, + d[s~', Al,.

Drawing on these preliminaries, we integrate U; = S; V; by parts and obtain

dU[ == dS[V[7 + Slf th + d[S, V]t

ds,
= S—’U,_ + 8;(S 1 dA, 4+ d[S7!, Al + 8,71 d[S, Al + dS, (ST, ALl
l‘f
ds,
= S_’U,_ + dA; + S, d[S7!, AL + 8,71 d[S, Al + d[S.[S7', AllL. 4.5)
l‘f

We now only need to establish that the three last terms in (4.5) sum to zero. Indeed, by virtue
of (4.4), they are

S (—=S7's7hd[S, Al) + S, d[S, Al + AS;ASTIAA,
= (=S + 871 d[S, AL, + AS,AS7TAA,
= —AS7TASAA + AS,ASTIAA,
= 0.

This proves that U defined by (4.2) is the solution to (3.2). The form (4.3) follows from (4.4).
Since the optional covariance process [S, A] is RCLL and of bounded variation, the integral
with respect to it is well defined path-wise in the Stieltjes sense.

5. Discussion of the result

If the covariance process [S, A] vanishes, then (4.3) reduces to

t
U = S,/ s-'da,, 5.1
0

which might be felt to be the natural answer. The reason why it is, in general, not correct
became clear in the discrete-time analysis in Section 2; money earns interest only after it has
been deposited (see (2.2)) and, therefore, discounting operates in arrears (see (2.3)). Thus, in
(5.1), the term S; ' should be replaced by S;'. This statement is fine for bounded variation
processes A and S, since such processes inherit the essential features of their discrete-time
rudiments and the integral
t
/ S-1dA,
0

is well defined path by path. The statement is not fine for diffusion processes A and § (it is
indeed void since S~! is continuous). For such processes, it is admittedly a matter of choice
to take the SDE (3.2) as the defining relationship. However, as we have seen, this choice leads
to a coherent answer for all processes, whether of bounded variation or of diffusion type. We
observe that U defined by (4.2)—(4.3) is linear in A, as it should be.

The form (5.1) appeared, for example, in [3], where it was correct since A and S were
independent Lévy processes. Stochastic independence is, of course, not sufficient to get rid of
the covariance term in (4.3); to see this, just take A and S to be purely deterministic with some
common jumps, for example A, = [¢] and S; = e"l", where |7 ] denotes the integer part of .
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6. The price of the accumulated investments

Suppose that S is a traded asset in a market with some locally risk-free asset with price
process B; = exp( fé rsds), and suppose that prices of contingent claims are expected
B-discounted values under some martingale measure. The following result states that the
price of the accumulated investments in S is the sum of the prices of the payments, as it ought
to be.

Theorem 6.1. Let Q be a probability measure under which the discounted price process B;” Is,
is a martingale, and assume that B, U, is integrable with respect to Q. Then

t
EQ[B U] =EQU BTIdA{|. 6.1)
0

Proof. Introduce the discounted values S, = Bt_lS, and U[ = Bt_lUt. Use dB; = B;r; dt
to write 3 ~ _ y
dSlthdS[+BtrtdtS[, dUt=B,dU,—|—B,rtdtUt.

Inserting these expressions into (3.2) gives

B[ dgt + B,r[ dtS';

Btdlj,—i—BtrtdtUt :Btﬁt— + dAt

tSt—
Upon multiplying by B[l and cancelling terms (recall that X;_ dt = X, dr), we obtain
- - dS§
dU, = U,_ == + B ' da,.
S
Integrating this equation gives
. t. o dS !
U,:/ Up — +/ B 'dA.,
0 Se— 0

which is interesting in its own right. By forming the expected value under Q and using the fact
that S is a Q-martingale, we arrive at (6.1).
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