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ON A CLASS OF PERFECT RINGS 

VLASTIMIL DLAB 

1. Introduction. In [3], the perfect rings of Bass [1] were characterized 
in terms of torsions in the following way: 

A ring R is right perfect if and only if every {hereditary) torsion in the category 
Mod R of all left R-modules is fundamental {i.e. generated by some minimal 
torsions) and closed under taking direct products; as a consequence, the number 
of all torsions in Mod R is finite and equal to 2n for a natural n. 

Here, we present a simple description of those rings R which allow only 
two (trivial) torsions, viz. 0 and Mod R (and thus, are right perfect by [3]). 
Finite direct sums of these rings represent a natural generalization of 
completely reducible (i.e. artinian semisimple) rings (cf. Theorem 2) and 
we shall call them for that matter ^-reducible rings. They can also be 
characterized in terms of their idempotent two-sided ideals. Moreover, we 
show in a simple manner a result of Courter [2] that 7r-reducible rings are 
precisely the rings R with the property that every i^-module is rationally 
complete, i.e. has no proper rational extension (see [4]). 

2. Preliminaries. Throughout the paper, all rings are associative and have 
unity, and all modules are left unital. 

Given a ring R, by a torsion T in Mod R we shall always understand a 
hereditary torsion; thus, a torsion T in Mod R is a full subcategory of Mod R 
such that 

(a) T is closed under taking submodules, 
(b) for every M £ Mod R, there is the greatest submodule (the T-torsion 

part) T(M) of M belonging to T, and 
(c) T{M/T{M)) = 0 for every M Ç Mod R. 
There is a one-to-one correspondence Jf between torsions in Mod R and 

certain sets of left ideals of R (cf. [3]): For every torsion T, J T ( T ) denotes 
the set of all left ideals L such that R/L Ç T. A torsion T is closed under 
taking direct products if and only if J ^ ( T ) has the least element; the latter 
is then necessarily an idempotent two-sided ideal. Hence, there is a one-to-one 
correspondence between torsions closed under taking direct products and 
idempotent two-sided ideals. 

All torsions in Mod R form an atomistic (i.e. each element contains an 
atom) complete lattice. The atoms TT, IT £ URf of this lattice will be called 
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prime torsions; they are in one-to-one correspondence with the classes W* 
of equivalent maximal left ideals (two maximal left ideals Wi and W2 are 
said to be equivalent if R/Wx ^ R/W2). Thus U ^ n ^ r is the set of all 
maximal left ideals of R. The submodule Tx(ikf) of an jR-module M will be 
called the ir-primary part of M\ if Tx(Af) = M, M will be called w-primary. 
A join of prime torsions in the lattice of all torsions will be called a. fundamental 
torsion. All fundamental torsions form a (lattice) ideal of the lattice of all 
torsions which is isomorphic to the lattice of all subsets of 11^ (for details 
see [3]). 

For a ring R, define the (left transfinite) socle sequence 

0 = 5 (0) C 5 (1) C . . . c S<«> Ç1...ÇR 

(of the two-sided ideals 5(a)) of R by 

5(« ) /5(a-i) = Sode^/^-D) f o r ^1 non-limit and 

S(a) = y 5oj) f o r a U H m i t o r d i n a l s x ^ tta 

]8<a 

If R = 5 (ô) for a certain ô, i£ is said to have a socle sequence (and the 
least 8 with that property is called the socle length of R). Notice that R 
possesses a socle sequence if and only if it possesses a (left transfinite) 
composition sequence, i.e. a sequence of left ideals 

0 = Z/°> C L(1) C • . . C £ ( a ) C . • • C £(T) = 1? 
such that 

£,(«)/£(«-!) is a simple factor for all non-limit 
and 

L{a) = U L(/3) for all limit ordinals 1 ^ a ^ r. 

This, in turn, is equivalent to the fact that for every proper left ideal L of 
R, the socle of the monogenic i^-module R/L is non-zero (or, that every 
non-zero i^-module has a non-zero socle or, that every i?-module possesses 
a socle or composition sequence). Moreover, recall that the latter holds if 
and only if all torsions in Mod R are fundamental (cf. [3]). 

Finally, given a ring R, denote by Rm the ring of all m X m matrices over 
R. The ring Rm can be written as the direct sum 0f= i Ct of (left) column 
ideals d and, for every i, there is a one-to-one correspondence between the 
left ideals of R and the left ideals of Rm contained in C\-. As a consequence, 
R possesses a socle sequence if and only if Rm possesses a socle sequence. 

3. ^-reducible ring. First, let us prove the following simple result. 

THEOREM 1. The following properties of a ring R are equivalent: 
(i) There are only two torsions in Mod R; 

(ir) R is IT-primary; 
(ii) R possesses a composition sequence with R-isomorphic factors; 

https://doi.org/10.4153/CJM-1970-092-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1970-092-1


824 VLASTIMIL DLAB 

(ii') R possesses a socle sequence with homogeneous factors of the same type; 
(iii) R is isomorphic to the ring of all m X m matrices over a local (i.e. with 

a unique maximal left ideal) ring possessinga socle sequence (i.e. satisfying 
one of the preceding equivalent properties). 

Proof. The equivalence of (i) and (i')i as well as of (ii) and (ii') is obvious. 
Also, assuming (i), we can observe that the torsions are necessarily 
fundamental and thus readily obtain (ii). 

Now, assuming (ii), by an argument of Bass [1], it is easy to see that the 
Jacobson radical Rad R of a ring with a composition sequence is nil. Moreover, 
since all the factors of the sequence are ^-isomorphic, 

Socle(i?/Radi?) = R/Rzd R; 

hence, R/R&d R is completely reducible. This follows from the following 
simple result. 

LEMMA (cf. [3, proof of Theorem B]). Let R be a ring such that RadR = 0. 
Then either 

Socle (R) = R, 

or there is a maximal left ideal W of R such that no factor of Socle (R) is 
R-isomorphic to R/W. 

Proof of the lemma. Assume that Socle(^) ^ R and take a (proper) maximal 
left ideal W of R containing Socle (R)\ W is obviously essential in R in the 
sense that it intersects non-trivially every non-zero left ideal of R. On the 
other hand, taking an arbitrary non-zero minimal left ideal L of R, we can 
see easily that there is a maximal left ideal W of R such that 

L H W= 0; 

hence W is not essential in R and, moreover, L is ^-isomorphic to R/W. 
As a consequence, L is not jR-isomorphic to R/W. 

In order to complete the proof of the implication (ii) => (iii), observe that 
the idempotents can be lifted modulo Rad R and 

m 

R = ® Lit 

where, for each 1 ^ i ^ m} Lt is a left ideal of R containing a unique left 
ideal Kt of R maximal in Lt. Therefore, all Lt are R-isomorphic, the 
endomorphism ring End^L*) of Lz- is a local ring with the unique maximal 
ideal {<p\ <p Ç EndR(Li) and Lt<p C K^, and thus, (ii) implies (iii). 

Finally, if the ring R has a structure described in (iii), then there are 
obviously only fundamental torsions in Mod R and only two of these. Hence 
(i) follows and the proof of Theorem 1 is completed. 

THEOREM 2. The following properties of a ring R are equivalent and characterize 
a IT-reducible ring: 

https://doi.org/10.4153/CJM-1970-092-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1970-092-1


PERFECT RINGS 825 

(i) R is a finite direct sum 0 ? = i i ^ of rings Rt described in Theorem 1; 
(ii) Every R-module is a direct sum of its ir-primary parts; 

(ii') R is a direct sum of its ir-primary parts; 
(iii) Ris a right perfect ring whose idempotent two-sided ideals form a sublattice 

of the lattice of all left ideals of R; 
(iv) Every R-module is rationally complete, i.e. no R-module is a rational 

extension of its proper submodule; 
(iv') No monogenic {i.e. one-generator) R-module is a rational extension of 

its proper submodule. 

Proof. Clearly, (i) implies (ii) ; for, given an i^-module M> 

M = © RtM 

is the decomposition into its 7r-primary parts. The implication (ii) => (ii') is 
trivial. And, since a 7r-primary part of a ring R is a ring described in Theorem 1 
and since, in view of the existence of unity in R, the direct sum of (ii') is 
finite, (ii') implies readily (i). 

Now, (iii) follows easily from (i); for, all possible direct sums of some of 
the rings Rt are just all idempotent two-sided ideals. On the other hand, 
assuming (iii) and taking all atoms Ii in the lattice of all idempotent ideals, 
we can easily see that their number is finite and that 

R = ® It. 

Furthermore, Ii are obviously rings of the type described in Theorem 1. 
In order to show that (i) implies (iv), it is evidently sufficient to show 

that no Ri-module M is a rational extension of its proper Rrsubmodule N. But 
this follows immediately from the fact that all simple Rrsubmodules, and 
for that matter those of M/N and of Ny are Rt-isomorphic. The implication 
(iv) => (iv') is trivial. 

Finally, let us complete the proof of Theorem 2 by showing that (iv') 
implies (i). First, take a proper left ideal L of R and a maximal left ideal 
W of R such that 

LQWCR-

Considering the monogenic i^-module R/L, the submodule W/L is either a 
direct summand of it or R/L is an essential extension of W/L; but then, 
in view of our hypothesis, there must be a simple submodule V/L of W/L 
such that V/L = R/W. Thus, in either case, R/L has a non-zero socle, and 
consequently R possesses a socle sequence. Applying Bass' argument of [1], 
we see that the Jacobson radical Rad R of R is nil, and hence that the 
idempotents can be lifted modulo Rad R. But R/Rad R is completely 
reducible. This follows easily from our lemma. For, if 

Socle(i?/Rad R) * # / R a d R, 
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then R = R/Rad R would be a rational extension of W. Therefore, the 
(left) principal indecomposable ideals Lt of R in 

R=®Lt 

contain a unique maximal left ideal Kt of R (1 ^ i ^ k). Now, take to 
(1 ^ H ^ &) and denote by T0 the prime torsion in Mod R corresponding to 
the class W § of equivalent maximal left ideals of R containing the ideal 

Wo = © Lt ® Ki0. 
19e iO 

Since the monogenic i?-module Lio is not a rational extension of Ki0, the 
To-torsion part T0(LiQ) of Li0 is not zero. Assume that T0(LiQ) ^ Li0. Then 
observe that T0(L*0) C Ki0, T0(LiQ) ^ Ki0 ; for, 

To(L,0/To(L,o)) = 0. 

And, since Lio/To(Lio) is not a rational extension of Kio/To(Lio), we obtain, 
by the same argument, a contradiction. Hence, T0(Lio) = Li0. Therefore, for 
1 S i < j ^ k, 

either Li ~ Lj or YLomR(Liy Lj) = 0, 

and the proof is completed. 
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