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An Explicit Manin-Dem’janenko Theorem
in Elliptic Curves

Evelina Viada

Abstract. Let C be a curve of genus at least 2 embedded in E; x --- x Ey, where the E; are elliptic
curves for i =1,..., N. In this article we give an explicit sharp bound for the Néron-Tate height of
the points of € contained in the union of all algebraic subgroups of dimension < max(re —te, te ),
where te (resp. re) is the minimal dimension of a translate (resp. of a torsion variety) containing
C.

As a corollary, we give an explicit bound for the height of the rational points of special curves,
proving new cases of the explicit Mordell Conjecture and in particular making explicit (and slightly
more general in the CM case) the Manin-Dem’janenko method for curves in products of elliptic
curves.

1 Introduction

By variety we mean a projective variety defined over the algebraic numbers Q. If not
otherwise specified, we identify V' with its algebraic points V (Q). We denote by E an
elliptic curve and by A an abelian variety. For a positive integer N, we denote by EN the
cartesian product of N copies of E. We denote by End(E) the ring of endomorphism
of E.

We say that a subvariety V c A is a translate (resp. a torsion variety) if it is a finite
union of translates of algebraic subgroups of A by points (resp. by torsion points).

Furthermore, an irreducible variety V c A is transverse (resp. weak-transverse) if
it is not contained in any proper translate (resp. in any proper torsion variety).

In this article, the word rank is used with several different meanings. For clarity,
we recall that the rank of an abelian group of finite type is the number of generators
over Z of its free part; the rank of an R-module M for R an integral domain with field
of fraction frac(R) is the dimension of the vector space M ®g frac(R); the k-rank of
an abelian variety A defined over k, for k a number field, is the rank of A(k) as an
abelian group; and the rank of a point on an abelian variety A is the only new concept
introduced in Definition[L1

A classical question in the context of Diophantine Geometry is to determine the
points on a curve of a certain shape, for instance the rational points. Much work
has been done in this direction. In a fundamental work, Faltings [Fal83] proved the
Mordell Conjecture, namely that a curve of genus at least 2 defined over a number
field k has only finitely many k-rational points.
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The innovative proof of this theorem is unfortunately not effective, in the sense
that it does not give any information on how these points could be determined. By
explicit method, we mean a statement that provides an explicit bound for the height
of the rational points on a curve, thus also a method to find them. In this paper we
provide such a bound for curves with a factor of the Jacobian isogenous to a product
EN with E(Q) of rank at most N — L.

The classical effective methods for the Mordell Conjecture are, for instance, de-
scribed by J. P. Serre in his book [Ser89, Chapter 5], and they can be used for some
collection of curves to give their rational points. The Chabauty-Coleman method
[Cha41,|Col85] provides a sharp bound for the number of rational points on a curve
transverse in an abelian variety of dimension strictly larger than its rank (here the
varieties are defined over Q). We refer to McCallum and Poonen [MP10|] and Stoll
[Stoll] and their references for overviews on the method and for examples of curves
of genus 2, where the Chabauty-Coleman method can be used, in combination with
some descent argument, for finding their rational points. Another effective method is
given by Manin and Dem’janenko ([Dem68iMan69))); it applies to curves defined over
anumber field k that admit m different k-independent morphisms towards an abelian
variety A defined over k with rank of A(k) < m. However, the method does not give
an explicit dependence of the height of the k-rational points either in terms of the
curve or in terms of the morphisms. Thus, to apply the method, such a dependence
must be elaborated example by example. Some examples are given by Kulesz [Kul99]
and Kulesz, Matera, and Schost [KMS04] for some curves with Jacobian isogenous to
a product of special elliptic curves of rank one if the genus of the curve is 2 and of
rank two if the genus is 3.

Using diophantine approximation to solve diophantine equations is a classical ap-
proach that goes back at least to Thue and Siegel and includes important results of
many mathematicians. New insight to this topic has been brought by Bombieri,
Masser, and Zannier [BMZ99) in the framework of anomalous intersections. They
showed that the set of points of rank at most N — 2 on a curve transverse in the torus
(@* )N is finite. The rank of a point in an abelian variety is defined as follows, and an
analogous definition can be given in semi-abelian varieties.

Definition 1.1  The rank of a point in an abelian variety A is the minimal dimension
of a torsion variety containing the point.

The several implications and connections between conjectures on anomalous in-
tersections and classical conjectures can be found, for instance, in the book of Zannier
[Zanl2] and in the survey article of the author [Vial5].

A fundamental aspect of the proof of Bombieri, Masser, and Zannier for curves
in tori is that it is effective, in the sense that it gives a bound for the height of the
points of rank at most N — 2. This, however, does not give any information about
the rational points of the curve, as the rank of QY is not finite. In [Via03|, the author
extended their method to transverse curves in a product of N elliptic curves with CM.
An interesting feature of her proof is that it gives a method to bound the height of the
points of rank < N — 2. However, as for the effective methods mentioned above, it is
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far from being explicit, and it is completely not uniform, as the dependence on € and
E is not specified and depends on special intersection numbers and height functions.

In [CV14} Corollary 1.6], S. Checcoli and the author used a Lehmer type bound to
prove a uniform bound for the height of the points of rank < N/2 on weak-transverse
curves in EN, where E has CM. Furthermore, in [[Vial5| Theorem 6.4] the author
proved a similar bound for points of rank < N —1 on transverse curves in EN, where E
has CM. The bounds are explicit in the dependence on € but not in the dependence on
EN. The method cannot be extended to the non CM case, as a Lehmer type bound is
not known in this case. Moreover, the CM case is difficult to make explicit. The recent
explicit bounds for the CM elliptic case by Winckler [Winl7|], even under GRH, are
unfortunately too big to be implemented.

In recent years, S. Checcoli, F. Veneziano, and the author have been working to
approach the problem with explicit methods aiming to prove new cases of the explicit
Mordell Conjecture and to eventually find all the rational points on some curves. In
[CVV17,|CV V16| joint with S. Checcoli and E. Veneziano, we give an explicit bound
for the Néron-Tate height of the set of points of rank one on curves of genus at least
two in EVN, where E is without CM. The non-CM assumption is technical and there
we handled the easier case where the endomorphism ring of E is Z.

In this article, we generalize the result of [CVV17] in two directions. First
we present the explicit computations needed to extend the method introduced in
[CVV17] to the case of E with CM. This is done in Proposition To prove this
proposition, we give some estimates on the degrees of morphisms on EV, where E
has CM. Then using the geometry of numbers and in particular Minkowski’s second
theorem over number fields, we extend the approximations done in [CVV17] to K-
lattices, for K an imaginary quadratic field.

Secondly, we give an explicit bound for the Néron-Tate height of points of rank
larger than one. More precisely, for points of rank < N if € is a transverse curve in EN
and for points of rank < max(re — te, fe) if € has genus at least 2, and contained in a
translate of minimal dimension e and in a torsion variety of minimal dimension re.
In particular, this applies to points of rank < max(N — te, te) if € is weak-transverse
in EY and contained in a translate of minimal dimension te.

For transverse curves the result is optimal with respect to the rank, while for weak-
transverse curves it is not optimal. We recall that an effective result with the optimal
rank N — 2 in the weak-transverse case is an extremely deep statement that would
imply the effective Mordell-Lang Conjecture for curves whose Jacobian is isogenous
to EN. This is well known to be a very challenging open problem.

We now introduce all the notation needed to state our main theorem. We first
recall the definition of the two invariants just introduced above.

Definition 1.2  For a curve C c A, we denote by te the minimal dimension of a
translate containing € and by re the minimal dimension of a torsion variety contain-

ing C.

Notice that for a transverse curve, tc = re = dim A and for a weak-transverse
curve, re = dim A.
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Let E be an elliptic curve. We fix a Weierstrass equation
(L1) y2 =x*+Ax+B,

with A and B algebraic integers. Let A and j be the discriminant and j-invariant of
E. Let End(E) be the ring of endomorphisms of E, K its field of fractions and D
its discriminant. We embed E¥ into PY via the affine equation and then via the
Segre embedding in Psv_;. Let & be the Néron-Tate height on EN and hyy the absolute
logarithmic Weil height in the projective space. The degree of a curve C c EY is the
degree of its image in P3v_;; the normalised height h,(C) is defined in terms of the
Chow form of the ideal of € as done in [[Phi95] and A () is the canonical height of C,
as defined in [Phi9l] (see Section[2]for more details).
We can now state our main theorem.

Theorem 1.3  Let C c EN be a curve of genus at least 2. Let K = frac(End(E)) with
discriminant Dg. For O the ring of integers of K, let f = [Og: End(E)]. Then the
set of points P € C of rank r < max(re — te, te) is a set of Néron-Tate height explicitly
bounded as

r

R(P) < Ci(N, E)h2(€)(deg @) + Co(N, E)(deg €)% + C5(N, E),

where the constants are explicitly computed.
More precisely,

7(P) < 81h2(€)(deg @) + 8 3C(E) + Cy) (deg €)% + (N — r)C(E);
furthermore, if C is transverse, then
T(P) < 8,h5(C)(deg €)™+ + 8,(N*C(E) + Cy)(deg €) ¥+ + N*C(E),

where, for any integer n > r,

(n+r+4)r (n+r+4)r
T

o(n,r, f,Dg) = nzn!62"(64"n6(2”)!4) ﬁJ(ZJF"f|DK|1+ 2=,
8= (N=r)d(te,r f,|Dkl),
8= (N, f,|Dkl),

4 2
with A and j are the discriminant and j-invariant of E and C, is given in (6.3).

C(E) = 4

Sharper but less friendly constants are given in Theorems[6.]and[6.2}

An interesting aspect of the theorem is that the field of definition of € and of the
points P do not play any role in the bounds. This is a more general setting with respect
to the Mordell-Lang problem, where the number field of definition is fixed.

As remarked in several works, the proof of Theorem|L.3|for points of a certain rank
also works similarly for curves in a product of elliptic curves E; x --- x Ey instead
of EN. Tt this case it simply happens that some of the coefficients of the linear forms
defining an algebraic subgroup are zero. So Theorem|[L.3/holds in E; x - -- x Ey, where
we fix equations of the type for every E;. Using the universal property of the
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Jacobian one can easily state our theorems for curves with a factor of the Jacobian
isogenous to E; x --- x En.

The proof of a sharper version of Theorem [L.3]is given is Section [6] We divide
the theorem into two parts. The first one, given in Theorem treats the case of
a transverse curve. This is proved with typical tools of diophantine approximation,
based on some estimates for degree and heights done in Section [4|and some refined
argument of geometry of numbers presented in Section[5 The second part is given in
Theorem|[6.2] Via a geometric induction argument, we reduce the general case to the
case of a transverse curve. Theorem[L3]is then a reformulation of Theorems[6.1land
where we compute the constants more explicitly.

Theorem [1.3|can be easily used to describe the height of rational points of curves
in EY under some conditions on the rank of the group E(Q). We prove the following
cases of the explicit Mordell Conjecture.

Corollary 1.4  Let k be a number field of definition of E. Consider the End(E)-module
M generated by the points in E(k). Assume that M has rank r < max(re — te,te)
(where r = dimg M ®gpa(g) K). Then the set of k-rational points C(k) has Néron-Tate
height bounded as

(P) < 81h2(€)(deg €)= + 8, ( 2C(E) + Co) (deg €)= + (N - r) 2 C(E),
where notation and constants are the same as in Theorem|[L3]

Clearly, if the ring generated by the coordinates of E (k) has rank as End(E)-mod-
ule at most r, then all points in €(k) have rank at most r in the sense of Definition[L.1]
So our main theorem directly implies Corollary[L.4} This is the most general result we
have obtained in the context of the explicit Mordell Conjecture, and it is not covered
by any of our previous results; specifically, we had explicit results only for points of
rank one in the non CM case.

Note that, by the Mordell-Weil Theorem, E(k) is a finitely generated abelian group
whose torsion-free part has r generators if End(E) = Z and 2r generators if End(E) =
Z + 1Z. Thus, to apply our theorem for transverse curves it is sufficient to assume
that EN has smaller k-rank (in the sense of number of generators of E¥ (k)) than N?
in the non-CM case and smaller than 2N? in the CM case. In particular (in the CM
case), this extends and makes explicit the Manin and Den’janenko method for curves
transverse in EN. The coordinates morphisms restricted to the curve give the inde-
pendent morphisms toward the elliptic curve E required by the Manin-Dem’janenko
method. For E without CM, our assumption, and the Manin-Dem’janenko assump-
tion on the rank are the same; in the CM case, our assumption is rank(E(k) < 2N,
while the Manin-Dem’janenko assumption is rank(E(k)) < N.

We finally remark that the Chabauty-Coleman method in our setting of a product
of elliptic curves becomes trivial; indeed, their assumption is that the rank of EN(Q)
is smaller than N — 1. This implies that E has rank zero, and in a product of elliptic
curves that at least one factor has rank zero. Then a simple use of the Arithmetic
Bézout Theorem immediately gives a bound for the height of the rational points on
the curve.
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In [CVV16], we gave a criterion for constructing transverse curves in E* where
2_ .3 2_ .3
yi=x+Axy+B and y;=x,+Ax,+B

are the equations of E? in IP3 for affine coordinates (xi, y1) x (x2, y2). We showed that
it is sufficient to cut a curve in E? with any polynomial of the form p(x;) = y,, where
p(x) € Q[x]. In [CVV16] our examples were given under the assumption that E is
non CM. We can now extend them to any E, obtaining interesting new examples. In
Section[6.3} we prove the following corollary.

Corollary 1.5  Assume that E is defined over a number field k and that the ring gen-
erated by the coordinates of the points in E(k) is an End(E)-module of rank 1. Let C be
the projective closure in E* of the affine curve cut by the additional equation

p(x) = y2,

with p(x) = p,x" +---+ p1x + po € k[x] a non-constant polynomial of degree n having
m non-zero coefficients.
Then every point P € C(k) has Néron-Tate height bounded as

R(P) <32-2°f°|Dg|* (hw(p) +logm + 3C(E) + 6) (2n + 3)? + 4C(E)

where hw (p) = hw(L:po:--- :pn) is the height of the polynomial p(x) and the con-
stants C(E), f and D are defined in Theorem|1.3]

We finally remark that in [Via08] the author proved that the set of points of rank
N-2on aweak-transverse curve C in EN has bounded height; the proof is not effective
and it uses in a non effective way the Vojta inequality, as it is used in the proof of the
Mordell-Lang Conjecture. However, in [[Via03|] the finiteness of the points of € of
rank < N — 2 is effective and the bound on their number depends on €, E, N and on
the bound for their height in an effective way. In Section[6.4] we use our Theorem|L.3]
[Via08, Theorem 1.3] and a projection argument to prove the following corollary.

Corollary 1.6  For any curve C of genus at least two embedded in EN, the set of points
of C of rank < max(re — te, te — 1) has cardinality effectively bounded.

We can also replace EN by E; x - x Ey, as explained above.

2 Preliminaries

In this section, we introduce the notations, and we recall several explicit relations
between different height functions. We also recall some basic results in Arithmetic
Geometry that play an important role in our proofs: Minkowski’s second theorem,
the Arithmetic Bézout Theorem, and the Zhang Inequality.

Let E be an elliptic curve defined over a number field k by a fixed Weierstrass
equation E : y* = x> + Ax + B with A and B in the ring of integers of k (this assumption
is not restrictive). We denote the discriminant of E by

A = -16(4A° +27B%)
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and the j-invariant by
. —1728(4A)°
J=—

We consider EN embedded in P3v_, via the composition map
(2.) EN s PY s Pyv_y,

where the first map sends a point (Xj,...,Xy) to ((x1,1),...,(xNn,yn)) (the
(xi, yi) being the affine coordinates of X; in the Weierstrass form of E) and the sec-
ond map is the Segre embedding. Degrees and heights are computed with respect to
this fixed embedding.

2.1 Heights of Points

IfP = (P:---:P,) € P,(Q) is a point in the projective space, then the absolute
logarithmic Weil height of P is defined as
[Kv :Qv]

hw(P) = e%:/( Wlogmﬁxﬂpih},

where K is a field of definition for P and Mk is its set of places. If a« € Q, then the
Weil height of « is defined as hy () = hyw (1: «).

We also define another height that differs from the Weil height at the Archimedean
places:

[Kv:Qv] [KV:QV]

) h(P)= 3 Speorlogmax((pl) e S log(guzu)

For a point P € E we denote by 7 (P) its Néron-Tate height as defined in [Phi91]
(which is one third of the usual Néron-Tate height used also in [CVV17]).

IfP=(Py,...,Py) € EN, then for h equal to hy, h, and 71 we define

1/2

N
h(P) = Z;h(P,»).

The following proposition directly follows from [Sil90, Theorem 1.1] and [CV V16,
Proposition 3.2].

Proposition 2.1 For P € EN,
~NC(E) < h,(P) = h(P) < NC(E),

where

C(E) = 4 2

4.

Further details on the relations between the different height functions defined
above can be found in [CVV16, Section 3].
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2.2 Heights of Varieties

For a subvariety V c P,, we denote by h,(V) the normalised height of V defined
in terms of the Chow form of the ideal of V, as in [Phi95]. This height extends the
height h, defined for points by formula (see [BGS94, equation (3.1.6)]). We also
consider the canonical height h( V'), as defined in [Phi91]; when the variety V reduces
to a point P, h(P) = h(P) (see [Phi9l, Proposition 9]).

2.3 The Degree of a Variety

The degree of an irreducible variety V' c P, is the maximal cardinality of a finite
intersection VL, where L is alinear subspace of dimension equal to the codimension
of V. The degree is often conveniently computed as an intersection product.

If X(E, N) is the image of EV in P3v_, via the above map, then by [CVV17, Lemma
2.1] we have deg X(E, N) = 3VN!.

2.4 The Arithmetic Bézout Theorem

The following explicit result is proven by Philippon in [Phi95} Théoréme 3]. It de-
scribes the behavior of the height for intersections.

Theorem 2.2 (Arithmetic Bézout Theorem) Let X and Y be irreducible closed sub-
varieties of P, defined over the algebraic numbers. If Z,, ..., Z, are the irreducible
components of X N Y, then

Zg: hy(Z;) < deg(X)hy(Y) + deg(Y)ha(X) + Co(dim X, dim Y, m) deg(X) deg(Y),

i=1

where
d
_ di d B d1+d2
(2.3) Co(dl,dz,m)—(;);)z(l+]+l)) (m )logZ.

2.5 The Zhang Inequality

In order to state Zhang’s inequality, we define the essential minimum g, (X) of an
irreducible algebraic subvariety X c P,, as

ur(X) =inf {0 eR | {Pe X | hy(P) <60} is Zariski dense in X} .
The following result is due to Zhang [Zha95, Theorem 5.2].

Theorem 2.3 (Zhang inequality) Let X c P,, be an irreducible algebraic subvariety.
Then

hz( )
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We also define a different essential minimum for subvarieties of EV, relative to the
height function h:

B(X)=inf{0eR|{PeX| h(P) < 0} is Zariski dense in X}.

Using the definitions and a simple limit argument, one sees that Zhang’s inequality
holds also with g, namely
h(X)

(X)) < —= < (1+dim X)u(X).
A0 € g < (1 dim X)E(0)

If X is an irreducible subvariety in EV, using Proposition 2.1 we have
(2.4) -NC(E) < u(X) - u(X) < NC(E),

where the constant C(E) is defined in Proposition [2.1]

We finally remark that by definition of essential minimum, for a translate H + P,
we have i(H + P) > h(P*), where P* is the component of P in H*. Indeed the points
Tory + P* are dense in H + P. Moreover, equality holds by [Phil2|] equality holds;
thus,

h(P*) = 7(H + P) < h(;;’).

2.6 Complex Multiplication

We denote by End(E) the ring of endomorphisms of E. We recall that an elliptic curve
E is non-CM if End(E) is isomorphic to Z, while E is CM if End(E) is isomorphic to
an order in the ring of integers Ok of an imaginary quadratic field K.

We will write K = Q(v/D), for some squarefree negative integer D, and we set
6 = /D or (1++/D)/2 so that O = Z[6]. If D is congruent to 1 modulo 4, then
the discriminant Dk of K satisfies Dg = D. If D is not congruent to 1 modulo 4, then
Dk =4D.

Then End(E) is isomorphic to an order in Ok, which we can write as Z + fOx
for a positive integer f, called the conductor of the order. We set 7 = f8 so that
End(E) = Z[7].

2.7 Minkowski’s Second Theorem

In this section we follow the notation and arguments of [BG06, Appendix 6]. A ver-
sion of Minkowski’s second theorem has been proved by Bombieri and Vaaler [BV83,
Theorem 4], where they use it to prove Siegel’s lemma over number fields.

Let K be an imaginary quadratic number field with ring of integers Ok, and let r
and N be positive integers. Let O be an order in Og. A K-lattice A of rank r is a torsion
free finitely generated O-module of rank r such that A ® 9 K is a K-vector space of
dimension r (see [BG06} Definition C.2.5]).

Fix compatible embeddings of K into C. Consider a matrix M € Mat,xn(O) of
rank r. Then the rows of M generate a torsion free O-module and so a K-lattice
A c ON c KN, Let f = [Ox:0]. We define the determinant of A to be det A =
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\/det(MM ), where M is the transpose of the complex conjugate of M. This is also
the covolume of a fundamental domain of A.

The following is a special case of the Minkowski second theorem proved in [BV83,
Theorem 3] and also in [BG06, Theorem C.2.11 and Section C.2.18].

Theorem 2.4 Let K be an imaginary quadratic field with discriminant Dx and A a
K-lattice of rank r over O with f = [O: O] as defined above. Then there exist K-linearly
independent elements uy, . .., u, € A with euclidean norm ||u;| = A; such that

Wy (A -+ A, )2 <27 f'|Dk|/? (det A)?,

where w,, = ni" 1! is the volume of the unit ball in R*".

.1
Moreover, for T = (uy, ..., u,) we have [A:T] = ¢g < My = (2f|Dk|V?)? Jw2, and
coAcT.

Proof The proof follows [BG06, Appendix C.2.18]. Note that A ® 9 K makes A a full
K-lattice as defined by Bombieri and Vaaler. In addition A is embedded in End(E)™
and so in K~. We choose the standard Z-basis of Ok and then identify K" with Q*"
and in turn see A embedded in KV and QY. Then our K-lattice A can be viewed as
an R-lattice A of rank 2r embedded in R?N. The classical Minkowski Theorem tells
us that there exist linearly independent elements v; for i = 1,...,2r of A (defining
the classical successive minima) such that

war|v1] -+ [var| € 4 (vol Aco).
A computation shows that
vol(As) < (vol ©) vol A2,

where O is considered as a Q-lattice of rank 2. In addition, vol A = det A by definition,
and
‘DK|1/2

2
by classical results; see, for instance, [Neu99, Proposition 5.2] where his volume is
twice our Lebesgue volume as he points out just above the proposition. Finally, from
the v; one can extract K-linearly independent elements u,...,u, of A such that
lui| < [vaizi]- So (Ar-+-A,)* < |wi] -+ |var|| that together with the above bounds
gives the theorem.

For the last claim simply note that volT' < A;--- A, thus the index is bounded by
the first part of the theorem. That ¢y A c T is a direct consequence of the fact that A/T
is a finite abelian group of order co. ]

volO = fvol Ok = f

Note that from the proof one sees that |u;| = A; are the uccessive minima of A,
where the definition is as follows. Let S be the unitary complex ball of C™ with respect
to the Lebesgue measure. The i-th successive minimum is

A; =inf{A > 0| A - S contains i linearly independent vectors of A}.

This definition is equivalent to the one given in [BG06} C.2.9], as explained in [BV83,
(3.2)].
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2.8 Algebraic Subgroups

In this subsection, we recall the several different descriptions of the algebraic sub-
groups of EN.

By the uniformization theorem there exists a unique lattice Ao c C such that the
map C — P?(C) given by

He{mm@rgagaa1z¢Am

[0:1:0] z € Ay,

induces an isomorphism C/A, > E(C) c P?(C) of complex Lie groups (see [Sil86,
Theorem VL5.1]. Here, p,, denotes the Weierstrass p-function associated with the
lattice Ag. The N-th power of this isomorphism gives the analytic uniformization

pe:CV /AN > EN(C)

of EN. Note that CN can be identified with the Lie algebra of EN(C) and the composi-
tion of the canonical projection 7: CN — CN/A,", and p, can be identified with the
exponential map of the Lie group E¥ (C). By [BGO06, 8.9.8], the set of abelian subva-
rieties of EV is in natural bijection with the set of complex vector subspaces W c CV
for which W n Ao" is a lattice of full rank in W. Such a W corresponds to the abelian
subvariety B of EN with B(C) = (g, o 7)(W), and we identify W with the Lie algebra
of B.

The orthogonal complement of an abelian subvariety B c EN with Lie algebra
Wp c CN is the abelian subvariety B* with Lie algebra W, where W denotes the
orthogonal complement of Wj with respect to the canonical Hermitian structure of
CN. Note that Wi n A" is alattice of full rank in Wj and its volume can be estimated
using the Siegel Lemma over number fields of Bombieri and Vaaler [BV83].

Let B be an algebraic subgroup of EN with codim B = r. By [MW93, Lemma 1.3]
there exists a morphism ¢@g: EN — E” such that ker o = B + 7 with 7 a torsion
set of cardinality T, absolutely bounded. In turn, ¢p is identified with a matrix in
Mat,«n(End(E)) of rank r and, using the geometry of numbers, we can choose the
matrix representing ¢ in such a way that the degree of ker ¢ is essentially the prod-
uct of the squares of the norms of the rows of the matrix.

More precisely, given B c EN an algebraic subgroup of rank r, we associate it with
a matrix of maximal rank r in Mat,,n(End(E)) with rows uy, ..., u, such that the
euclidean norm |u;|| of u; equals the i-th successive minimum of the K-lattice A =
(ur,..., ur)Ena(p) for K = frac(End(E)). In Subsection (4.1, we show that

deg B < 3N N1(12Y7'2)" [T Jlui].
i=1
Combining this with Minkowski’s second theorem recalled above, with O =
End(E) and f = [Ok: End(E)] its conductor, we get

rer z
_degB vy (-1 21Dk [Dil®
(det A)? wWay
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3 Estimates for the Degree of Morphisms

In this section, we give the preliminary bounds for the degree of an algebraic subgroup
of EN, where the embedding of EV in the projective space is fixed as in (2.1).
An algebraic subgroup H of EN of codimension s is defined by s equations

Ll(Xl,. . .,XN) = 0;

Li(Xy,...,Xy) =0,

where L; (X, ..., Xn) = [;; X; + -+ + I;, Xy are morphisms from EY to E; here the
coefficients /;; € End(E) are expressed by certain rational functions; similarly the +
that appears in this expression is the addition map in EV, which is expressed by a
rational function of the coordinates.

More precisely, if the X;’s are all points on E with affine coordinates (x;, y;) in Py,
then L;(X) are also points on E with coordinates in P, (x(L;(X)), y(L;(X))) that
are rational functions of the x;s and y;s.

The purpose of this section is to study the rational functions x(L;(X)) and to
bound the sums of their partial degrees.

3.1 Estimates for Degrees of Rational Functions

Recall that if f;/g; are rational functions, with f;, g; polynomials in several variables,
we denote by d(f;/g;) the maximum of the sums of the partial degrees of both f;, g;.

Then
6 Ll d(5/9) < 3 d(fif)
(32) fgc - z g d(flg) < _ildwgi),

where d(f/g) is the bound for the sum of partial degrees of the product (in (3.1)) and
of the sum (in (3.2)) of the f;/g;’s, respectively.

3.2 Estimates for Endomorphisms

In this section we are going to estimate the degree of the rational functions on E giving
the multiplication by an element of End(E). Recall that if E has CM by 7 and « ¢
End(E), then & = m + nt for some integers m,n. We denote by |-| the complex
absolute value. Notice that since « is an algebraic integer, || > 1 for every « # 0.

From the theory of elliptic functions we can deduce the following result. This will
be used, together with other estimates for the non CM case, to bound the degree of
an algebraic subgroup.

Lemma 3.1 Let P =(x,y) beapointinE and let « € End(E). Then

a(ey) = (100, 2L12)

with f a rational function with partial degrees bounded by |a|?.
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In particular, the coordinates of a(x, y) are rational functions of x and y the sums
of whose partial degrees are upper bounded by 2|«|* and lower bounded by |«|*.

Proof Leta € End(E). Then
a(x,y) = (f(x) + yg(x), h(x) + yl(x))

for f, g, h, I rational functions. Since the multiplication by « is an isogeny on E, we
have that «(—P) = —aP for every P € E; thus,

a(x,-y) = (f(x) - yg(x), h(x) - yl(x)) = —a(x, y)
= (f(x) + yg(x),~h(x) - yl(x))

from which we deduce g = h = 0.

Notice that if (x,y) = (p(z), 3¢'(2)), with p the Weiertrass p-function, then
a(x,y) = (p(az), 39" (az)). So we obtain a(x, y) = (f(x), yf'(x)/«), where f is
a rational function. Writing f(x) = a(x)/b(x) with a, b polynomials, by [Cox89\
Theorem 10.14], we have that dega(x) = degb(x) + 1 = |a|>. Therefore, the sums of
the partial degrees of f(x) and y f'(x) are smaller than 2|a|* and bigger than [a[>. B

3.3 Estimates for Group Morphisms

We first estimate the degree of an algebraic subgroup of codimension one, thus de-
fined by one linear equation. Then we generalize the estimate to algebraic subgroups
of any codimension, thus defined by several linear equations.

Consider first M points on E, Py = (x1, 1), P2 = (%2, ¥2),...» Pm = (xpm, ¥ ), and
let Ppryr = (Xp415 Ym41) = Pr+ Py + -+ + Py be their sum. Then xp741 and yp4 are
certain explicit rational functions of the coordinates x;, y; fori = 1,..., M.

We proved in [CV V17, Section 6.3.1] that if the points (x;, y;) fori = 1,..., M have
coordinates given by some rational functions in certain variables, and whose sums of
the partial degrees are bounded by d;, then the sum d of the partial degrees of the
functions x 11, Ym+1 in the variables x;, y; is bounded as

M M
(3.3) d<12M'd + Yy 2Md <M g,

i=2 i=1
Let us consider the morphism L: EN — E defined as
L(X) = 11X1 + e+ lNXN>

where I; € End(E) and X; = (x;, y;) is in the i-th factor of EN. Then L(X) is also
a point on E with coordinates (x(L(X)), y(L(X))) that are rational functions in the
coordinates (x;, y;) of all X;’s. We want to bound the sum of the partial degrees of
the rational function x(L(X)).

Let d(L) = d(x(L(X))) be the sum of the partial degrees in the numerator and
denominator of x(L(X)).

Now combining inequality with the bounds from Subsection [3.2] we obtain

N
(3.4) d(r) <12%2( Y |L).
i=1
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4 Estimates for Degree and Height of a Translate

In this section we give explicit bounds for the degree of a translate H + P in E in
terms of the coefficients of the linear forms defining H, and we bound its height in
terms of the height of P.

For a vector in CV, we denote by | - | the standard hermitian norm.

4.1 A Bound for the Degree

To bound the degree of a translate, we do the same construction as in [[CVV17], re-
called here for clarity, and we use the explicit bounds computed above for the CM
case. We first consider an algebraic subgroup given by a single equation in EV. Then
we apply the Segre embedding and see this subgroup as a subvariety of P3v_;. In doing
this we must be careful in selecting irreducible components. Finally, we apply Bézout’s
theorem inductively for the case of several equations.

Let U be a matrix of rank s in Mat,y(End(E)) with rows uy, ..., u, € End(E)V
and let H c EY be an irreducible component of the algebraic subgroup associated
with the matrix U (see Subsection[2.8)).

Xy = (x1,9),....Xn = (xn,yn) are points on E and v = (vy,...,vy) €
End(E)Y is a vector, we let v(X) = v; X; + -+ + vy Xn.

As remarked in the previous section, v(X) = (x(v(X)), y(v(X))) is a point in E
and x(v(X)) is a rational function of the x;, y;’s.

Now let P = (Py,...,Py) € EN be a point. Take the k-th row uy € End(E)YN of U
and consider the equation

x(u(X)) =x(ur(P))

with X = (X1,..., Xy) € EN as before.
Clearing out the denominators, the previous equation can be written as

fuk,P(XIayl, .. )XN,)’N) =0,

where fy, p is a polynomial of degree bounded by d(uy) (see formula (3.3)), which
defines a variety in P)'. Applying the Segre embedding, we want to study this variety
as a subvariety of P3v_;.

The Segre embedding induces a morphism between the fields of rational func-
tions, whose effect on the polynomials in the variables (x1, y1,. .., xn, yn) is simply
to replace any monomial in the variables of P}’ with another monomial in the new
variables, without changing the coeflicients; the total degree in the new variables is
the sum of the partial degrees in the old ones.

Recall that in Section[2|we defined X (E, N) to be the image of EN in P;x_;. Denote
by Y, c Psv_; the zero-set of the polynomial fy, p(x1, y1,..., %N, yn) after embed-
ding PY in Psv_;.

Now consider an irreducible component of the translate in EN defined by

ui(X) = ug(P)

and denote by Y} its image in P3n_;. We want to bound the degree of the hypersurfaces
Y. Notice that
Y ¢ Y. n X(E,N)
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and it is a component. This is because setting the first coordinate of ux (X) equal to
x(ug(P)) defines two cosets, ug (X) = ug(P) and ug(X) = —ug(P).
By Bézout’s theorem,

deg Yy < deg X(E, N) deg Y} < 3V N2V 712 |juy ||,

where the last inequality follows from formula (3.4).

In a similar way, considering all the rows we get

(41)  deg(H +P) < deg X(E,N)degY,---deg Y/ < 3¥N1(12V"'2)° Iil w12

i=

4.2 A Bound for the Height

The aim of this section is to prove the following proposition.

Proposition 4.1 Let E be an elliptic curve with CM by 1. Let K = Q(7), Dg its
discriminant and f = [Ox: End(E)]. Let P € E be a point. Let H c EN be a component
of the algebraic subgroup of codimension s associated with an s x N matrix with rows
uy,...,u; € End(E)Y such that |u;| are the successive minima of the K-lattice A =
(up, ..., us)gnace). Then

hz(H+P)SCI(N,s)ﬁHuin(z S IDxl* Zh(“"(P)) +C(B)),

i=1 W (N-s)W2s jo1 i |2

where
Ci(N,s) = N(N —s +1)6VN112s (V-1
w2y = 7" [n! and C(E) is defined in Proposition[2.1]

Proof Let A* be the orthogonal K-lattice of A and let uy,;, ..., uy K-linearly inde-
pendent vectors that give the successive minima of A*.

The (N —s) x N matrix with rows 4y, . .., uy defines an algebraic subgroup H*,
and for any point P € EV, there are two points Py € H, P* € H*, unique up to torsion
points in H n H*, such that P = Py + P*.

Let U be the N x N matrix with rows uy,...,uy, and let V be its determinant.
Notice that |[V| = det A - det A*, because A and A* are orthogonal. We remark that
u;(Py) =0foralli=1,...,s because Py € H,and u;(P*) =0foralli=s+1,...,N,
because P* € H*.

Therefore,

ul(Pl) ul(P0-+ PY) ul(P)

UP*

(P | fue+ Py | _[u(p)
0 0 0 )
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Recall that there exists a matrix U”, called the adjugate matrix of U, with coeflicients
in End(E), such that UU* = U*U = (det U) Id.. So

ul(.P)

(4.2) VP = U*UP' = U* “Sgp ).

0

Moreover, by Hadamard’s inequality, the i-th column of U* has all entries with
absolute value bounded by

Jwi - un|

(4.3)
i |

Recall that for a € End(E) and Q € E, h(aQ) = |a* h(Q), because dega = |af?.
Therefore, computing canonical heights in and using we have
N |?--- Juy|? Zﬁ(ui(P)).

H(PY) <
(") S EE

Recall inequality (2.4)), which gives
w(H+P) <u(H+P)+NC(E),

where C(E) was defined in Proposition By [Phil2], we have ii(H + P) = h(P*),
and therefore, applying Zhang’s inequality and we obtain

(4.4) hy(H + P) < (N —s+1)(deg H)(h(P*) + NC(E))

[ ? - Juy]? iﬁ(ui(P))
A= L

gN(N—s+1)(degH)( +C(E)).

By (4.1), we know that
deg H < 3VN1(12V7"2)* TT |[wi |
i=1

Using Minkowski’s Theorem 2.4} we deduce

degH 2° f¥|Dkl?
(detgA)z < 3NN!(12N‘12)5M,
€ W3
e |uwl? < 2N NS D |
(detAt)2 = @y

Plugging these inequalities in (4.4) and using |V| = det A det A*, we obtain the
desired bound of the statement. |
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5 The Auxiliary Translate

In this section we will ensure the existence of auxiliary translates by the point P that
approximate the torsion variety passing through P, and we will explicitly estimate
their height and degree in terms of E(P) and some parameters. A good choice of the
parameters in the proof of the main theorem will allow us to deduce the desired bound
on 1i(P). The reader shall be warned that the winning term in the height bound is the
exponent 1 — N/ms of the parameter T, which becomes negative as soon as ms < N
and will play in our favour for T large.

In [CVV17, Proposition 3.1] we did it for the non-CM case. In the following propo-
sition we generalize the result also to the CM case.

Proposition 5.1 Let E be an elliptic curve with CM by T and let K = Q(7) with
discriminant Dg. Let P = (Py,...,Py) € B c EN, where B is a torsion variety of
dimension m. Let T > 1 be a real number.

Then there exists an abelian subvariety H c EN of codimension s such that

deg(H + P) < C3(N, s)|7|* T,
hy(H + P) < C4(N, s, m) fN*'|Dg| 7 |22 2 T w Ti(P)
+Cs(N,s, E)|7]* T,

where
Cs3(N,s) = 3V N!(12V12)¢,
Ci(N,s)C IN¥2(2 (2NN Y
C4(N,s,m) = 1(N,5)Co(m)s (2(2N)"7) ,
W (N-s)W2s
Cs(N,s,E) = Ci(N,s)C(E),

where Ci(N,s) = N(N = s + 1)6NN12s(N"D_ C, (m) = ((2m)!N)>m?, w,, = 7" /1!,
and C(E) is given in Proposition2.1]

To extend to an imaginary quadratic field K what was done in [CVV17] for rational
numbers, we use the second Minkowski theorem in the form presented in Section[2.7]
The estimates in the CM case are more complicated, and they are carried out in the
next few paragraphs.

5.1 Geometry of Numbers

For Q, R € E, consider the pairing defined by Philippon in [Phil2]:

(Q,R) = (Q,R)nr - —=(Q, VDR)yr,

1
vD
where (-, - )nr is the Néron-Tate pairing and D is a squarefree negative integer such

that K = Q(v/D).
This pairing is sesquilinear. Moreover, it gives the Néron-Tate height, since
(Q, Q) = 2h(Q) and the induced norm || - | is hermitian. The following is a version for
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End(E)-Modules of alemma of Bombieri reported, for instance, in [Via03| Lemma 3].
There the coeflicients «; must be integers while here are in End(E).

Lemma 5.2 Let A be a finitely generated subgroup of E of rank r over End(E). Then
there are elements gy, ..., g, € A that generate a K-sublattice T of A/Tor(A) of index

co < (2]’|DK|5)5/«);/,2 and such that for all a; € End(E), we have

(2 eigi) 2 e(r)f 1Dkl ¥ ( X laiP(gi).
where c(r) = (r(2r)!) 2

Proof The above pairing shows that the height function extends on Ac := A®gna(g)
C to the square of a norm. Then A/Tor(A) is a K-lattice.

Let B := {x € C" : |x|| < 1} be the closed complex ball of radius 1. Let
M- .., A, be the successive minima of B with respect to the lattice A/Tor(A). Let
[ = (g1 & )End(g) With |gi]| = A; and g; € A/Tor(A). Then by the Minkowski
theorem for the K-lattice A/Tor(A), we obtain ¢ = vol(I')/vol(A/Tor(A)) <
(2f|Dk|7)7/ w;/rz. To obtain the estimate on the height we apply the Minkowski the-
orem to the K-lattice T. Let V := vol(T') be the volume of a fundamental domain of
I'. By the second Minkowski theorem, we have

A=+ A vol(B) < 2% f3|Dg| V.
We write

lgil

(5.1) wi
and we define B* to be

B* ={y eR": | y1wi + yowy + - + y,w, | <1}

Since B is the image of B* under a linear map that sends the g; to w;, we have (by the
above relations)

r

(52) vol(8*) = B [ ) <22 Dy,
i=1

A lower bound is obtained as follows.

Letej, j = 1,...,r be the standard basis in C" with respect to our scalar product.
Let us identify C” with R*" and let e}, ie; be the real basis in R*" (i is the imaginary
unit such that i = —1). Let y be the boundary point of B* on a real coordinate axis.
Then for each i the set B* contains the convex closure of the points +y and =ie;,
+ej,+iejfor j=1,...,i-1,i+1,...,r. This setis the union of 2*" simplices of volume
lyi|/(2r)!. Therefore, we get the lower bound

2r

2 *
|y;|@ < VOI(B ),

https://doi.org/10.4153/CJM-2017-045-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2017-045-0

An Explicit Manin-Dem’janenko Theorem in Elliptic Curves 1191

which, combined with (5.2), gives

(5.3) > |yil < r(2r)!f 2| Dgl
i=1

>

,
Z}’iwi
i=1

where the norm on the right is 1, because y is a boundary point of B*. Now, from

(5.1), we can rewrite (5.3) as
r

(54) H Z Xigi
izl

where x; = y;/| g
Now choose py, ..., p, to be representatives of p;, ..., p, in A and define

> (r2r)) ' f Dk TE Y |xl - gl
i=1

.
gi:Zvijp; i=1,...,7’.
=1
The g; generate a submodule of finite index, and we see that
., r 2
2]’[( Z “igi) = H ZOC,'V,'
i=1 i=1
and therefore from (5.4) with x; = «; it follows that
r . r
| Y aig: (X ol sl
i=1 i=1

Since in the last bracket we only have positive numbers, the square of the sum is at
least the sum of the squares. Thus,

A ia,.g,-) > (22 f ' |De| imﬂ TFg). n

and 2h(g;) = |vi?,

2

"3 (r(20)) 2D

If u is a vector, we denote by |u] its euclidean norm, and for a linear form L we
denote by | L| the norm of the vector of the coeflicients of L.
We have the following lemma.

Lemma 5.3 Let E be an elliptic curve with CM by 7 and let K = Q(7) and f =
[Ok:0). Let P = (Py,...,Py) € B c EN, where B is a torsion variety of dimension m.
Then there exist linear forms Ly, ..., Ly, € C[Xy,..., Xy] such that |L;| < 1/|7| and

R+ + tBx) < Calm) D I max (L, (07 VA(P)
forallt=(ty,...,ty) € End(E)N, where C,(m) = N*m?®(2m)!%.

Proof LetA =(Pi,...,PN)End(g)- By Lemmathere exists a K-lattice I contained
in A with generators gi,. .., gm € E and ¢y A c T such that for every a; € End(E),

(5:5)  h(agi+ e+ amgm) 2 (m@m)) 2Dk F (3 |if*h(gi)).-
i=1

By the choice of the g;, for every 1 < i < N, we can write

coP; = (i +yigi+ -+ Yim&m
for some y;; € End(E) and torsion points {; € E.
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Let A = max,-,j{|r|2|y,~j|2’ﬁ(gj)}. We can suppose A > 0; otherwise, P would be a
torsion point and the lemma would be trivial. Now define

Lj=yXi+-+ ynjXn, jEleom
h(gi)\ 3~ ;
Lj:( NA) L; j=1...,m.

By the definition of A we obtain | L;| < 1/|7]. Moreover, for every t = (t,...,ty) €
End(E)", we have

m
Co(tlpl + e+ tNPN) = E+ ZLJ(t)gJ,
i=1

where & is a torsion point. Computing heights we get

(56) Céﬁ(tlpl + -+ tNPN) = ﬁ( sz(t)g]) < NZ |Zj(t)|2’il\(g])
=1 =1

m
_ N2 ()2 < 2 ()2
N A;|L1(t)| <mN Alrsnje_gn{lLJ(t)l 2

If iy, jo are the indices for which the maximum is attained in the definition of A,

then by we get
2 m o m ~
(m(2m)t) “f "Dkl = A= (m(2m)!) 7 f " [Dk| = [ ]yio o H(850)
<|tPh(coPy,) < |1l cGh(P).
Combining this with inequality (5.6), we conclude the proof. [

The following lemma is proved by a simple computation with complex numbers,
and it is useful for decomposing linear forms over C into linear forms over R.

Lemma 5.4 Let E be an elliptic curve with CM by 1. Let K = Q(7) and let D be its
discriminant. Let L € C[X,, ..., Xy be a linear form and let t € End(E)"; then

L(t) = Ll(tl) + L2X0(t2) + (Lz(tl) + Ll(tz) + Lzy()(tz))‘f,

whereL = L1+L2T with Li € R[Xl, ey XN], t=H+61T with t; € ZN, and72 =Xo+)oT.
Moreover,

| (Li Laxo)| <[l |L| and [ (L2, Ly + Layo) | <[] L],

where the norm of a form is the norm of the vector of its coefficients.

Proof The first part is a simple computation implied from the linearity and from the
rule of multiplication of complex numbers; namely, for a;, b; € R we have

(a1 + ax7)(by + by7) = arby + axxobs + (a1by + axby + azy0b,) 7.
The second part is given by a simple computation. ]

We can now prove a lemma of geometry of numbers that relies on [Hab08, Lemma
2] and on a decomposition of forms over C in forms over R.
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Lemma 5.5 Let E be an elliptic curve with CM by T and K = Q(7). Let1<m < N
andletLy, ..., L, € C[Xy,..., Xn] be linear forms with |L;|| <1/|7| for all j. Then for
any real number T > 1 and any integer s with1 < s < N, there exist linearly independent
vectorsuy, . .., u; € End(E)N such that

fai |- us || < [T,
andforl<j<mand1<k<s,
L (u)]
[

1 _N
lwy -+ fhug| <2(22N )|l T

Proof If T < (2(2N)2)¥, then (2(2N)*N)w T% s > 1. It is then sufficient to take
u; to be s elements of the standard basis of ZV.

We can then assume that T > (2(2N)?V)¥.

We will define new forms in R[ X3, ..., Xn, 7X1, ..., 7Xy] that will allow us to use
Habegger [Hab08} Lemma 2] and to produce the desired estimates. Let L; = Ly; + Ly;
with Ly; in R[ Xy, ..., Xy] and Ly; in R[7Xy,...,7XN]. In view of Lemma we
define

L;= (L]i, LZixO) € R[Xl, e XNSTXD e TXN],

L; = (LZi’LZiyO + Lli) € R[Xl,. ..,XN,TXI,. .. ,TXN],

where 72 = xo + yo7. Then by Lemma[5.4] we get |L;| < |7||L;| < 1 and |L}] <
|7|Li] <1.

We can then apply [Hab08, Lemma 2] to the 2m forms Ly, ..., L, and L'y, ..., L',
inR[Xi,..., XN, 7X1,..., 7Xy] with n = 2N and his m twice the m appearing here.
So for any real number p > 1 there exist linearly independent vectors Uy, ..., Uy €
72N and positive reals A; < --- < A,y such that

(5.7) H U; H <A; and Ap---Aan < 2(2N)2Np2m,
and for every i < m and k < 2N,
(5.8) LUl <p™" Ak and LU < p~"Ax-

For every 1 < s < N, consider the writing of the vectors Uy,..., Uy as Uy =
(Al]; A21), .Uy = (A1,2s>A2,25) with A,‘j € ZN, and set U; = Ali + AZiT. Ex-
tract s vectors u; = day; + 7ay; from the Uy, .. ., Uy, such that the vectors uy, . .., u; are

K-linearly independent and of minimal norm. We set u; = (ay;, a2;). Remark that
the vector space generated from the first 2i — 1 vectors u; has dimension 2i — 1 over
Q and therefore dimension at least i over K. Then |u;|? < |Us;_1 || Ua;i|. Moreover,

from (5.7), we deduce

2m

Jea]? g < [UL - [ Uzl € Ao Qo < (M- 2aw) ¥ < (22N)2Y) ¥ pR

Choose p so that T2 := (2(2N)*N)¥ p°¥". Since T > (2(2N)2N)¥, p > 1.
Note that |u;||* = |ay,; | + 7] a2,: | < |7]*|u:]?, because |7] > 1. Thus,

Jas - s < [2f o] - s | < [T,

which proves the first bound in the statement.
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By and from the fact that uy is one vector among the U; with j < 2k — 1, we
get that
ILsCui) I = [L:(Up)I* < p72AF < p7 Aaka Aok
and similarly
IL5 () |* < p~*Aakr Aok
This, together with (5.7), gives that for all i < m, we have

2 2 |Li(up)[? 23 =272 _ (5(2N)2N %Tz(kﬂ)

”ulH HuSH HukHZ SP 1°°° ZSSP _( ( ) ) msr,
Li(u)P _ 2(l- N
2 O <, <t - ooy )

By Lemma5.4} we deduce that the K-linearly independent vectors

u; = ap; +7Tay; € End(E)N with u; = (alb az,')

satisfy
Li(u . Li(up)| + |7||IL i (u
HuIHHuSH| 1( k)| S|T| IHUIHHMSH(| 1( k)| | || ( k)|)
| Ju|
<27 (2(2N)>N)w T ms.
This concludes the proof. u

We are now ready to prove Proposition[5.1]

Proof of Proposition[5.1] If E is non-CM, then this is proved in [CVV17, Proposi-
tion 3.1]. Note that there we used another normalization for the height functions
(namely, the 1 used in this paper is 3 times the one used in [[CVV17]), however the
bounds in that proposition are sharper than those presented here, which hold in both
cases.

Assume now that E has CM. Let Ly, ...,L,, € K[X], ..., Xxn] be the linear forms
constructed in Lemma[5.3] Then

59) R(u(P)) < Ca(m) |l max (1L (we) V()

for all u € End(E)™.
By Lemma 5.5 applied with /T, there exist s vectors uy, ..., us € End(E)N such

that
Jua - Jug]* < |2 T,
ol o g ooy P,
and from (5.9), we have

s (P)) < Ca(m) /1D max { L () 2} ().

Consider the algebraic subgroup H of codimension s defined by u;,...,u,. By
(4.1, its degree is bounded as

deg(H + P) < (3¥N1(12Y72)*) |7 T.
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Substituting the above estimates in Proposition [4.1} we obtain that

Ci(N,s)Cy(m)s2N"2(2(2N)*N)w D

hy(H + P) < |Dk| " |22 T ms h(P)

W (N-s)W2s
+ C (N, s)C(E)|7]*T. |

6 The Proof of the Main Theorem

In this section we prove our main theorem. We divide the theorem into two parts.
The first is the case of transverse curves; the second is the general case. At the end of
the section we also prove Corollaries[l.5/and [L.6]

6.1 Transverse Curves

Theorem 6.1 Let C be a curve transverse in EN, let K = frac(End(E)) with discrim-
inant Dy, and let f = [Ok: End(E)]. Then the set of points of C of rank r < N — 1 has
Néron-Tate height bounded as

h(P) < 6h,(€)(deg @) ¥+ + 8( N?C(E) + Cy ) (deg €)% + N2C(E),
where

)r 1+ (N+r+4)r
|DK| 2(N-n)

8= 8(N,r, f,Di) = cl(N)cy (N, )N f2 5
a(N) = N(NDHe*N !,

¢2(N,r) = (NIN°3N2 2255 N 2 (1) ((20)!)* (o v-nyw2) ) Nf

way = 1" [nY; C(E) is the explicit constant defined in Proposition 2.1 and depends only
on the coefficients of E.

Proof By assumption, the point P has rank r < N —1; then P € B where B is a torsion
variety with dim B = r.

We apply Proposition[5.1|to P, with m = r, s = 1and T as a free parameter that will
be specified later. This gives a translate H + P of dimension N -1, of degree explicitly
bounded in terms of T and such that h,(H + P) is explicitly bounded in terms of
deg H and h(P) and T. Recall that ||? < f?|Dx|. More precisely, for

a = (N6 f2| D],
/3 _ N!N432N—124N—224Nr+2 N% 3 ( (2r)!)2 (wz(N—l) wz)—lfN+r+4|DK| N;'+2,
y = N*aC(E),

the degree and the height of the translate H + P are bounded by Proposition 5.1 with
m=rands=1,as

(6.1) deg(H+P) <aT,
(6.2) hy(H + P) < BT *H(P) + yT.

We remark that P is a component of € n (H + P). Otherwise, € ¢ H + P, con-
tradicting the transversality of €. So, we apply the Arithmetic Bézout Theorem to
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Cn (H + P) to bound the height of P. We have
hy(P) < hy(C) degH + deg Chy(H + P) + Co deg Cdeg H,

where

Co - ( Hy + log2(2§3N -1)-N) )

is given in (2.3) and Hy denotes the N-th harmonic number. Substituting the esti-
mates from (6.1)) and (6.2) above, we obtain

(6.3)

(64)  hy(P) < hy(C)aT +deg e( %E(P) + yT) + CoarT deg C.

We now choose
N e
T=——BdegC ,
(y—PdesC)

so that the coefficient of 7(P) at the right-hand side of (6.4) becomes (N —1)/N < 1.
Recall that by Proposition 2.1 we have

h(P) < hy(P) + NC(E),
where
hy(8) +3h(j)  hw(4)+hw(B)
4 2

where A and B are the coeflicients of the Weierstrass equation for E, and A and j are
the discriminant and the j-invariant of E. Then we get

N-1)~
( N )h(P)+h2(G)aT+deg€'yT+Coocheg(i’JrNC(E),

C(E) =

h(P) <
and hence
h(P) < Nhy(€)aT + N(y + Coar) T deg C + N2C(E)

N

< 8hy(€)(deg @)™ + 8(N2C(E) + Co)(degC) ™ + N2C(E),

where

r
N-r

1/3) . n

6:N0c( NN

6.2 The General Case

We can now conclude the proof of Theorem .3} reducing the case of a general curve
to the transverse case with a geometric induction.

Theorem 6.2  Let C be a curve of genus at least 2 embedded in EN, and let K =
frac(End(E)) with discriminant Dx and f = [Ok: End(E)]. Then the set of points of
C of rank r < max(re — te, te) has Néron-Tate height bounded as

R(P) < Dyhy(€)(deg €)= +Dy( 12C(E)+Co ) (deg €) e +(N—r)téC(E)+%,
€g
where

Dy =(N- 7’)8( te,t’,f,|DK|),
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and 8 is defined in Theorem|[6.1 C(E) is the explicit constant defined in Proposition[2.]]
and depends only on the coefficients of E.

Proof Let Hy + Q be a translate of minimal dimension te containing C, with Hy an
abelian subvariety of EN and Q a point in Hj. Then C = Cy + Q with C transverse in
Hy, and so the rank of any point of C is at least rank Q. Thus, there are no points on
C of rank less than rank Q. Moreover, rank Q = re — te. Indeed, if B is the torsion
variety of minimal dimension containing Q, then by definition of rank dim B, =
rank Q. Thus, C is contained in the torsion variety Hy + B of dimension te +rank Q.
On the other hand, if B is the torsion variety of minimal dimension containing C,
then € - Q =Gy c B- Q. Thus, Hy c B- Q and Hy + Q c B. Since Hj is an abelian
variety, Q € B. Thus, Hy + Bg ¢ B. And equality follows by the minimality of B. So
re = te + rank Q.

In conclusion, there are no points of rank < rank Q = re — te. This solves the case
re — te 2 te.

We now assume that te > re — te. The torsion variety Hy is a component of the
kernel of a morphism given by an (N -t ) x N-matrix @ with entries in End(E) and of
rank N - te, as described in Section[2.8] Then there exists an orthogonal complement
matrix ®* with entries in End(E). Let P € C be a point of rank r; then P = Py + Q with
Py € Hyand h(P) = h(Py+ Q) = h(Py) +h(Q) by [Phil2]. This also shows that every
point in € has height at least h(Q), and therefore by definition of essential minimum
we get that 7Z(€) > h(Q). If Py is a torsion point, then we can directly conclude the
proof; indeed, h(P) = h(Q) < E(€) < h(C)/degC by Zhang’s inequality. We can
then assume that Py is non-torsion. Let P;, be the coordinate of Py of maximal height;
then P;, is non-torsion.

Using basic arguments of linear algebra and a Gauss-reduction process (which
might also determine a reordering of the coordinates), we can reduce the matrix @ to

the form
a 0 AN-te AN
0 ﬂN,te athe,N—te+1 athe,N
with a; # 0 for all i and the matrix ®* to the form
bl,l e bl,tc by - 0
M* = : : : :
biga - bioge 0 -+ by,

with b; # 0 for all i.

In addition, we can assume that the (N —te +1)-th column of the reduced matrices
M and M* corresponds to the iy coordinate of the starting order of the factors in EN.
For, if not, then if the iy coordinate corresponds to one of the last te columns it is
sufficient to apply a reordering of the columns (which corresponds to a permutation
of the factors of EV) and of the rows of M*. Suppose now that the iy-th coordinate
corresponds to the column j < N — te; then since P;, is a non torsion point, there
exists a non-trivial entry Mj; # 0 with N — te < k < N. In addition, by # 0, and
by the orthogonality assumption M jk # 0. Thus, we can exchange the j-th and k-th
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columns of M and M* and apply a new Gauss reduction to obtain the matrix M and
M+ with the desired properties.

Passing to the Lie algebras, the kernels of these matrices determine the Lie algebra
of Hy and Hj as sub-Lie algebras of EN. Thus the rows of M* are a basis of the Lie
algebra of Hy. Since the last te columns of M* form an invertible minor, the projec-
tion of the last e coordinates of Lie(Hy) on C'¢ is surjective. Thus, the projection
m:EN — E'¢ on the last te coordinates is surjective when restricted to Hy and con-
sequently 7(€) = m(Cy) is transverse in E'¢. By a result of Masser and Wiistholz
[MW90, Lemma 2.1], we have that deg 7(C) < deg €. In addition, h(7(C)) < h(C).

We can now apply Theoremto the curve (€) in E‘¢, obtaining

(65) H(n(P)) < 0hy(€)(deg @)= + 6( t2C(E) + Co) (deg @) e + £AC(E),

where 8 = §(te, 1, f, Dx) is given in Theorem|[6.]|and C(E) is defined in Proposi-
tion[2.1]
We finally remark that

h(P) =h(Py+Q) =h(Py) + h(Q) < (N - r)h(n(P)) + h(Q),

where the last inequality is due to the fact that the (N — te + 1)-th coordinate of P,
has maximal height. Recall that, as clarified above, h(Q) < #(C), and by Zhang’s
inequality 77(€) < h(€)/degC. So h(Q) < h(C)/degC, and so

h(€)

h(P) <h(Py) +h(Q) < (N - r)h(n(P)) + et
egC

Replacing we obtain the bound

R(P) < (N - r)0hy(€)(deg @) e + (N - r)8( AC(E) + Cy ) (deg €) e
h(e)

+ (N - r)tsC(E) + degC

6.3 The Proof of Corollary

In [CVV16, Theorem 6.2], we proved that the curve € is transverse in E* and its degree
and height are bounded as

degC=6n+9, hy(C)<6(2n+3)(hw(p)+logm+2C(E)),
where hw (p) = hw(1:po: -+ : pn) is the height of the polynomial p(X) and C(E) is
given in Proposition Applying Theoremto Cin E? (with N =2 and r = 1), we
get that

h(P) <f°|Dk|>2%( hy(€)(deg C) + (4C(E) + 5.61)(deg ©)?) + 4C(E).

Substituting the values of deg C and 4, (C), we conclude the proof. ]
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6.4 The Proof of Corollary

To prove our corollary we use the same projection m: EN — E’¢ used in the proof
of Theorem Then 7(C) is transverse in E'¢. In addition, deg 7(C) < deg€ and
h(7(€C)) < h(C). The proof of Theorem |6.2|also shows that there are no points on
C of rank < re — te. We then apply Theorem and [Via08, Theorem 1.3] to the
curve 7(€) in E'® to bound the number of points of rank < t¢ — 1 on 7(€). Note
that the rank of the projection of a point is less than or equal to the rank of the point.
Moreover, the fiber of 7 restricted to € has cardinality < deg C deg EN~'¢ by Bézout’s
theorem. This bounds the number of points on € of rank < max(re — te, te —1) in
terms of deg C, deg m(C), h(7(C)), E and N. We finally use deg 7(C) < degC and
h(n(€)) < h(C) to conclude.
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