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Abstract. We present two new proofs of the g-commuting property holding
among certain pairs of quantum minors of a g-generic matrix. The first uses elementary
quasi-determinantal arithmetic; the second involves paths in a directed graph. Together,
they indicate a means to build the multi-homogeneous coordinate rings of flag varieties
in other non-commutative settings.
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1. Introduction and main theorem. This paper arose from an attempt to
understand the ‘quantum shape algebra’ of Taft and Towber [15], which we call
the quantum flag algebra F{,(n) here. One goal was to find quasi-determinantal
justifications for the relations chosen for F¢,(n). A second goal was to find some
hidden relations, within 7¢,(n), known to hold in an isomorphic image. We save further
remarks on the history of the problem and the present goals for after a statement of
the theorem.

DEeFINITION 1. Given two subsets 7, J C [n], we say J is weakly separated by I,
written J ~ I, if (1) |J| < |I| and (i1) there exist disjoint subsets ¥ € J', J” C J such
that
e J\I=JUJ,

e j<iforallj e Jandiel\J,
e i<j'foralliel\Jand; €J,
In this case, we put (J, I)) = |J"| — |J'].

Given an n x n g-generic matrix X and a subset I C [n] with |I| = d, we write [/]]
for the quantum minor built from X by taking row-set / and column-set [d].

THEOREM 2 (¢-Commuting Minors). Fix two subsets I, J C [n]. If J =~ I, then the
quantum minors [J]] and [I] g-commute. Specifically,

V1071 = ¢ LI )

A proof in the case / N'J = ) may be found in [10], while Leclerc and Zelevinsky
[13] show that [J]IZ] = ¢“[IZT/T for some a € Z if and only if I and J are weakly
separated. By now, many more commutation formulas are known for much larger
collections of quantum minors (see [3, 6]). The impetus for finding such results has
been two-fold: (i) from the point of view of representation theory, such questions are
intimately tied to the study of the canonical (or crystal) bases of Lustzig and Kashiwara
[1, 8, 14]; (i1) from the point of view of non-commutative algebraic geometry, the study
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of quantum determinantal ideals provides non-commutative versions of the classical
determinantal varieties [2, 7, 9]. Our goal is different.

Given a non-commutative algebra A with a ‘quantum’ determinant D, can we
readily define an .A-analogue of F¢,(n) by specializing quasi-determinantal identities
to the pair (A, D)? Towards this goal, we analyse the gold standard F¢,(n) from a
quasi-determinantal point of view. This idea leads to two new proofs of Theorem 2.
The first proof (Q) uses simple arithmetic involving quasi-determinants; the second
(@) involves counting weighted paths on a directed graph. Taken together, they imply
that if (A4, D) satisfies some version of Theorem 9, then quasi-Pliicker relations indicate
how to define the flag algebra for A.

1.1. Useful notation. Let [1] denote the set {1,2,...,n} and let ([Z]) denote the
subsets of [#] of size d. Given a set I and a subset I’ C I, we sometimes write I’ for the
set difference 7\ I'. Given a set I = {ij < i» < --- < iy}, we will view I as the d-tuple
(i1, i2, . . ., iy) when convenient. Fix i € [n] and suppose I = {ij < i < --- < iy} C [n].
If there is some 1 < k < d with i, = i, we write pos,;(i) = k for the position of i in 1.

Let [#]? denote the d-tuples (sequences) with entries chosen from [n]. Given
a sequence I € [n]? with distinct entries and a subsequence I’, interpret I’ as
the complementary subsequence. Given I € [n]? with distinct entries, put inv(J) :=
#{(j. k) : j < k and i; > i}. Similarly, given sets or tuples I and J, put inv(/, J) :=
#1(,j):iel,jeJ, andi >j}. Given i € [n], extend the definition of pos;(i) to tuples
I e [n]? with distinct entries in the obvious manner. If 7, J are two sets or tuples of
sizes d, e, respectively, we define I]J to be the (d + e)-tuple (i1, ..., iz, j1, -, Je)-

Let A be an n x n matrix whose rows and columns are indexed by the sets R and C,
respectively. For any R' € Rand C’' C C, we let AX-C denote the submatrix built from
A by deleting row-indices R’ and column-indices C'. Let Ag ¢ be the complementary
submatrix. In case R’ = {r} and C’ = {c}, we may abuse notation and write, e.g., 4™.
Given d-tuples I and J chosen from R and C, respectively, we let 4; ; denote the matrix
built from A4 in the obvious manner: repeating or rearranging the rows and columns
of A as necessary.

2. Preliminaries for O-proof.

2.1. Quasi-determinants. The quasi-determinant [5] was introduced by Gelfand
and Retakh as a replacement for the determinant over non-commutative rings R.
Given an n x n matrix 4 = (a;) over R, the quasi-determinant |A4|; (there is one for
each position (7, j) in the matrix) is not a polynomial in the entries a; but rather a
rational expression. We collect here those definitions and results that are needed in the
coming section. Further details may be found in [4, 10, 12]. Note that the phrase ‘when
defined’ is implicit throughout.

DEFINITION 3. Given 4 and R as above, if A7 is invertible over R, then the (i, j)
quasi-determinant is defined and given by

Al = az — pi - (A1) -y,
where p; is the ith row of 4 with column j deleted and ; is the jth column of 4 with

row i deleted. In particular, |A|;1 = (Afl)_,-,‘ when both sides are defined.
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THEOREM 4 (Homological Relations). Let A be a square matrix andleti # j(k # [)
be two row (column) indices. We have

e —1 ik —1
=A% Al = 1471 - 1Ak

THEOREM 5 (Muir’s Law of Extensible Minors). Let A = Ag ¢ be a square matrix.
Fix Ry C Rand Cy C C. Say arational expression T = Z(A, Ry, Cp) in the quasi-minors
{lAr c'lre 17 € R C Ry, c € C' C Gy} is an identity if the equation T = 0 is valid. Fix
subsets L € R\ Ryand M C C\ Cy. If T is an identity, then the expression L' built from
T by extending all minors |Ar ¢ |re 10 |ALUR pmUC |ie IS also an identity.

DEFINITION 6. Let Bbe an n x m matrix. For any i, j, k € [n]and M C [n] \ {i} with
M| =d — 1, define 124 = }’ﬁ{[(B) = |B(rm),[4) |jk|B(ijM),[d]|,-7(l- This ratio is independent
of k and is called a right-quasi- Pliicker coordinate for B.

REMARK. Note that the ri’y aren’t ratios of minors of B, as defined. It is easy to see
that |B(/'J'M),[d] |jk|B(iIM),[d]|,'7(] = |BfUM,[d] |jk|BiuM,[d]|,‘7¢1 Whel’lj ¢ M. We choose to work
with generalised minors such as | B )|« for book-keeping purposes in the coming
proofs.

THEOREM 7 (Quasi-Pliicker Relations). Fix ann x n matrix A, subsets M, L C [n]
with |M|+ 1 < |L|, andi € [n] \ M. We have the quasi-Pliicker relation (P ;)

L\j M
122’4‘/ Vi -

jeL

2.2. Quantum determinants. We collect standard results about the quantum
determinant that may be found in the literature [16]. An n x n matrix X = (xg) is
said to be g-generic if its entries satisfy the relations

Vi, Vk < 1) xyxie = gxiaxy
(Vi <, Vk) XpXik = qXicXjk
(Vi <j, Yk < 1) xpxiy = XuXji
(Vi <j, Yk <) xpxip = XX+ (¢ — ¢ XX .
Fix a field k of characteristic 0 and a distinguished invertible element ¢ € k not
equal to a root of unity. Let M,(n) be the k-algebra with n* generators X, subject to

the relations making X a g-generic matrix. It is known [9] that M,(n) is a (left) Ore
domain with (left) field of fractions D(n).

DEFINITION 8. Given any d x d matrix A, define the row determinant det,4 by

deted = Y (—q) ™ a501)1852)2 dotara -

ceSy

When 4 = X ¢ is a submatrix of X, it is known that: (i) det,4 agrees with
the analogous expression modelled after the column-permutation definition of the
determinant; (ii) swapping two adjacent rows of 4 introduces a ¢~!; and (iii) allowing
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any row of A to appear twice yields zero. Properties (i)—(iii) have the following important
consequence.

THEOREM 9 (Quantum Determinantal Identities). Let A = Xgc be a d x d
submatrix of X. Then for alli,j € Rand k € C, we have:

ZA./C . {(_q)posk(i)*posc(c)detqAic} _ 8!7 . deth,
ceC
[det,4, Ay]=0.

In particular, every submatrix of X is invertible in D,(n). After Definition 3, we are
free to use the relations in Section 2.1 on matrices built from X. Properties (i) and (iii)
allow us to uniquely define the quantum determinant of 4 = X; ¢ for any 7 € [1]? and
C € (™). In case C = [d], we introduce the shorthand notation det,4 = []. The link
between quasi- and quantum-determinants is as follows: for all I € [1]? with distinct
entries

X1 alia = (—@)* PO - 17 )

Moreover, the factors on the right commute.

REMARK. Note, again, that our indexing sets I are d-tuples, not subsets of [#]. In
the coming proofs, the reader should find it easier to keep track of powers of ¢ with
this convention.

Theorems 4 and 9 are sufficient to give the next result ([12], Proposition 10).

THEOREM 10. Given any i, € [n), {j} ~ {i}. For any M C [n], the quantum minors
[T M] and [i] M| g-commute according to (1).

3. Q-proof of theorem. Our first proof of Theorem 2 proceeds by induction on
|J| and rests on two key lemmas.

LEMMA 11. Given I C[n] and je[n)\1I, suppose {j} ~ I. Then [jIl[I] =
ey

Proof. From (P 4,) and (2) we have
U= I T
it
or
Ll = 2[[1‘11"]][[:'11"]]—‘[[1']]. 3)

Theorem 10 tells us that [/] '] and [[i[I']] ¢-commute, so we may clear the denominator
in (3) on the left and get

LI =Y (—g/™ g~ COGII L. )

iel
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In the other direction, Theorem 9 tells us that [[i] '] and [[{]] commute; clearing (3) on

the right yields
LI = > (—g™ I, (5)
iel
Compare (4) and (5) to conclude that [/]] and [[/]] g-commute as desired. ]

LEMMA 12. Given I, J, M C [n], if [J] and [[I] g-commute, then [[J U M]| and [1 U
MT| do as well. Moreover, they do so with the same q exponent.

Proof. An easy consequence of (2) and Muir’s Law (Theorem 5). ]
We are now ready for the first advertised proof of Theorem 2.

Proof of Theorem 2. Fix J, I C [n] and suppose J ~ 1. Note that, by definition of
‘weakly separated’,J U M ~ I U M forall M C [n]\ (/ U J). After Lemma 12, we may
thus assume 7 N J = . We proceed by induction on |J|, the base case being handled
in Lemma 11.

Let j be the least element of J, i.e. inv(j, /) = 0, and consider (P )):
Ny
1 = rji\’réj.
iel
In terms of quantum determinants, we have
LI/1 =Y I il
iel
By induction, we may clear the denominator to the right and get
LI/ = ¢ (g™ L] (6)
iel
On the otherhand, we may clear the denominator on the left at the expense of g~ ¢7):
LILIF] = g0y (g™ COGIrLrA. ()
iel
We are nearly done. First note that

(O] (7.0

— (i — (I J.1 i1y (T
q =q . q i) =q (¢ >>’ and q« N =q«’ >)q<< )

Using these observations to compare (6) and (7) finishes the proof. ]
4. Preliminaries for G-proof.

4.1. Quantum flag algebra. The algebra F¢,(n), as it is presented below, first
appeared in [15]. An equivalent presentation due to Lakshmibai and Reshetikhin
appeared concurrently [11].

DEFINITION 13 (Quantum Flag Algebra). The quantum flag algebra F¢,(n) is
the k-algebra generated by symbols {f; : I € [n]¢, 1 < d < n} subject to the relations
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1]

indicated below. (Recall that to a subset {ij < i <--- < iy} € ( d

d-tuple (iy, iz, ..., ig).)
e Alternating relations (A;): For any I € [n]? and o € &y,

), we associate the

0, if I contains repeated indices,

Jor = (—q) ™y I =i <ip < <ig)

®)

* Young symmetry relations (V;s)w): Fix | <a<d <e<n—a. For any I € (e[j:]u)
and J € ( d['_l]a),
0= > (™" Nffup. ©)

ACI,|Al=a
* Monomial straightening relations (M ;): For any 1, J < [n], |J| < |1,

ffi= > ™. (10)

ACLIA|=|/|

In their article, Taft and Towber construct an algebra map ¢ : F€,(n) — M,(n)
taking f; to [/]] and show that ¢ is monic, with image the subalgebra of M,(n)
generated by the quantum minors {[/] : I € [n]¢, 1 <d < n}. We have already seen
that the minors [/] often g-commute. This relation does not appear above, so it must be
a consequence of (8)—(10). The coming proof explicitly demonstrates this connection.

Abbreviate the right-hand side of (9) by Y; .,). Also, we abbreviate the difference
(lhs — rhs) in (10) by M ;, and the difference (/s — rhs) in (1) by C; 1 (replacing [-] by
f2). As (1), (9) and (10) are all homogeneous, C;; must be some k-linear combination
of the expressions Mg ; and Yy, y.4), modulo (8).

ExampLE ({1} ~ {2,3,4}). We calculate the expressions Cj a3, Mj234 and
Y1234,4,1) and arrange them as rows in Table 1. Viewing the table column by column,
we readily see that Cioza = M17234 + q2 Y1234’Qj;(1).

While the idea for our second proof of Theorem 2 is simple (‘perform Gaussian
elimination’), the proof itself is not. We separate out the combinatorial component
below.

4.2. Weighted paths in a directed graph. Given 7, J C [n] such that J ~ I, we
build the edge-weighted directed graph I'(J) = I'(J; I) as follows. Its vertex set V is the
power set P(J) and its edge set is {(4, B) | A, Be V, A C B}. The weight of an edge
(A4, B) € T depends on |/|, carrying the value

_j B pAy_; A B|_ A ’
aAB ( q) inv(J% B)—inv(B, A)+(217%|—|11) (B )ﬂJ|’ (11)
with J’ as in Definition 1.

Table 1. Finding the relation fif34 — g~ f>34f1 = 0.

Cioa  fifa —q~ faufi
Mioa  fifsss —¢*finfa +4'fiafs —¢%fiafa
Y1234.0:1) Sisfa =g Yiafs +a7 s —q
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EXAMPLE. If |J| = m, then T'(J) has 2" vertices and ), (/)¢ — 1) = 3" — 2"
edges. In Figure 1, we illustrate I'({1, 6}) and ({1, 5, 6}), omitting three edges and
many edge weights in the latter for legibility.

For the remainder of the section, we assume that J ~ I with J NI = . We write
J = J/U‘]” = {jl < - <jr’} U {jr’+l <. <jr’+r”} (Withjr’ <jr’+l)a and weletr = r' +
' =1J|, s=|I| and s —r = t. In the graph I'(J;I), we consider paths w on p steps
(0 < p < r) defined as follows:

Po={r =41, 42.....4) 1V CA CAC---CA4,CJ}

We form B = Py by adjoining the unique path 0 = () on zero steps and the special
path 1 on r steps given by

= (U Ut odrsads oo I U oo dibe oo oo b ).

J

The weight a(rr) of a path 7 € P is given by a(0) = oy , for m = 0, and otherwise

Ay A Ap

J
() =ay' oy oy o

P

The aim of the present discussion is to divide the paths 3 into two equinumerous
camps via a bijection g satisfying a(gp()) = a(r). This will be useful in Section 5,
where it will make a rather unwieldy sum (14) collapse to a single term. We divide 3
into two parts using the function mMm(-) defined as follows. Fix K C J. If KNJ' # @,
put mM(K) = min(K N J’). Otherwise, put mM(K) = max(K N J").

DEFINITION 14. A path (44, ..., 4,) € B shall be called regular (or regular at
position iy), if p > 0 and there exists 1 < iy < p satisfying:

@) 14il =i (V1 =i <)

(b) 4y \ Ajy—1 = mM(Aj 41 \ 4jp—-1)-
Here and below, we take 49 = @ and A4, = J, as needed. A path is irregular if it is
nowhere regular. (Note 0 is irregular and 1 is regular.)

PROPOSITION 15. The regular and irregular paths in S are equinumerous.

Given an irregular path w = (41, ..., 4,) € 3, we construct a regular path ()
by inserting a new step B. If = = 0, put 0(0) = ({/1})- Otherwise:

(1) Find the unique i satisfying: (|4;| =i Vi <iy)and (|4;+1] > io + 1).

(2) Compute b = mM(djy+1 \ 4;)

(3) Put B= 4, U {b}.

(4) Define p(r) := (41, ..., Aiy, B, Aig+1, - - ., Ap).

ios

Q
6 16
%6 %1 6 W all . 6
%6
0 —1
% @ - =1

Figure 1. The graphs I'({1, 6}) and I'({1, 5, 6}) (partially rendered).
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EXAMPLE. Table 2 illustrates the action of p on B whenJ = J U J” = {1} U {5, 6}.

Proof of Proposition 15. Let ' and PB” denote the irregular and regular paths,
respectively. We reach a proof in three steps.

Claim 1: p(') C P".

Given 7 € P/, the effect of g (namely, adding a step B to the path ) is to insert a
regular point, so the claim is proven if we can show that p() € B.

Since 50(()) belongs to ‘B, we turn to the irregular paths w = (41, 42, ..., 4,) in
PBo. The only concern is that the inserted step may be B = J, which would put g(7) in
P only if p(r) = 1.

Case p < r— 1. At some point 1 < iy < p, there is a jump in set-size greater than
one when moving from A4;, to 4;,;+;. Hence, the B to be inserted will not come at the
end, but rather immediately after 4;,.

Case p=r—1: Let 1= (A1, A3, ..., A,). One checks that (A4, Ay, ..., A,_1) 1s
nowhere regular, and that this is the only path on r — 1 steps with this feature. Since
(A1, 4>, ..., 4,2))) = 1, we are done.

Claim 2: g is 1-1.

Suppose @(A1,...,4,) = p(4],..., A[’]/), and suppose we insert B and B
respectively. By the nature of p, we have p = p’ and iy # i;. Take iy < i, and notice
that (4, ..., A;,,) =(A4y,..., 4, B, Aip41, - - -, A;'E)’ .. .A]/,,). In particular, Bis a regular
point of (4}, ..., 4},), and consequently, (4}, ..., 4,) ¢ P".

Claim 3. p is onto.
Consider a path w7 = (4, ..., 4,) € P". If p = 1, then it is plain to see that the

only irregular path is # = ({j;}), which is the image of 0 under . So assume p > 1.
Note that | 4] = 1, for otherwise = cannot have any regular points. Now, locate the
first 1 <ip < p with (a) |4;,| = ip; and (b) A;, \ Aj;—1 = mMM(Aj,4+1 \ Aj,—1). The path
7' = (A, ..., A1, Aig+1, - - ., Ai) belongs to P’ and, moreover, p(7') = x. O

The map g we have used has an additional nice property.

PROPOSITION 16. The bijection g is path-weight preserving.

The result rests on the following result.

LEMMA 17. Letd CACBC CCJ. WritingB:B\AandC': C\ B, we have

aAB aBC _ [(_ q)2 inv(BmJ’,”C)—Zinv(”c,BmJ”)] aAC. (12)

Proof. From the definition of «*, we have
O[AB _ (_q)—inv(JB,B)—inv(B,A)+(2|J/‘|—2\B\—\I\)\Bﬂ]’|7
ch = (- q)finv(JC,C‘)finv(C',BUA)Jr(Z\J"FZlBUCF\I\)lC‘ﬂJ’l’

c _ —inv(J€, BUC)—inv(BUC, 4)+(2|J€|=2|BUC|—|I|)|(BUC)NT’
ol =(—q) ( )—inv( )+(217€1=21BUCI-1)IBUONS |

Table 2. The pairing of irregular and regular paths via g.

P 0 ) (©) (15  (16)  (56)  (5.56)
p(m) (1) (5,15 (616) (1,15) (L,16) (6,56) i
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Now compare exponents on either side of (12), using identities such as
ICIBNJ'| =inv(C, BNJ)+inv(BN J', ©),
inv(C, B) = inv(C, BN J)inv(C, BN J").
O

Proof of Proposition 16. Suppose that 7 = (..., 4, C,...) and g(rr) inserts B
immediately after 4. Putting B= A UmM(C \ 4) = A U {b}, (12) implies that

a(p(r)) = [(_q)Zinv(bﬂJCC)—zinv(C,bﬂJ”)] -a(n),
where B and C are as in the lemma. Now, if 5N J’ # ¢, then b is the smallest element

in C\ 4, and, in particular, inv(h, C) = 0. In this same case, b N J” = @, so inv(C, b N
J") = 0 too. An analogous argument works for the case b N J' = @. O

Before leaving path weights behind, we compute the weight of g~ (1) explicitly.

PROPOSITION 18. Given, I, J,J', J" and 1 as above, we have

oz(p_l(i)) — (_q)\J’I(IJ’I—1)—\1”I(IJ”I—1) % %J. (13)

Proof. Recall that 7 = (1) is the path
T = ({jl‘/+1}v {if"+1’jf"+2}3 R J”? {jr'v e 3jr}7 ceey {].Zs “e ’]7})
Applying (12) repeatedly to a(r) we see that
& Tt +1Jr 4+ Jr 1 dr 43 J
H 42 (Ot- 143 aﬂ/)

. J
Ol(?'[) =% Jr+1 T+ 42

— | N2 | s (s T
—[( q) ]% (%1 09)

_ 2424 =) | o T (i 7
= [(—q) ] oy (aj,, .. 'ajz~~~,.)’

and continuing,

— =710 1=1) 20y | i [ =1 J
= (=9) [P0 e (o el

— (—g)~V107"1=D [(_q)2(1+2+---+u/|—1)] (o) -
This is the desired result. OJ

5. G-proof of theorem. We keep the notations J', J”, ¥/, ", r, s, t from Section 4.2.
We also assume that J N I = @. (Only minor changes to the coming proof are needed to
give the more general result.) To express the g-commuting relations as a consequence
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of the flag relations, it is sufficient to show that

Crr—My= Z Bk - Y1usK k:— 1K)
PCKCT

for some choice of coefficients Sx. We begin by writing the left-hand side as

Cri— My =—q""ff; + ( Z (—f])inv(A’IA)fJﬂAfA)

ACI, |Al=r

or, replacing inv(A,I*) with [I%||A| —inv(I*, A) and inv(J, I*) with |J7||I| —
inv(J, A) and using |A| = |J], as

Cri— My = (=g <Z(—CI)inV(UUJ)A’A)f(IuJ)AfA) — ¢ty

AC]T

This is to be compared with the expressions

YIUJK,K;(r—\KD _ Z (_q)—mV((’UJ)KUA’A)(—q)‘mV(A’K)f(',UJ)KUAfKUA,
AcrusK
|Al=r—|K]|
The alternating property of the symbols fx and the product in F¢,(n) play no
role in our proof, so we eliminate these distractions. Let V" be the vector space over k
with basis {e4 p: AUB=1UJ, AN B = @and |B| = r}. We prove the theorem in two
steps.

PROPOSITION 19. Given I, J C [n], suppose J ~ 1. Then there is a scalar 6 so that
the vector

cm(8) = (Z(—CI)inv((IUJ)A’A)e(IuJ)A,A) — ey

AC]T

is a linear combination of the vectors {yX : 9 € K C J}, with

s KUA s
yK = Z (=9 V(L) ’A)(—Q) mv(A’K)e(wJ)KuA,KUA-

Actusk
|A|=r—|K]|

PROPOSITION 20. In the notation above, 0 = (—g)~ V1= IV144.0)

The first step (Proposition 19) is not obvious: note that the dimension of V' is (’J’f“'),
while the span of the y* has dimension (at most) 2" — 1. Nevertheless, this step follows
fairly quickly from a triangularity argument and the fact that J ~ I. The second step
(Proposition 20) will follow from the results of Section 4.2, together with a careful
book-keeping in the proof of the first step.

The following total order on the basis of V" will be used in the coming proofs: say
(4, B) < (C, D) if BN J precedes D N J in the dictionary (viewing the ordered sets as
words on the letters {1,2,3,...}), orif BNJ =DNJ and BN I precedes DN I. For
example, if I = {2, 3,4, 5} and J = {1, 6, 7}, then

(1567, 234) < (1367, 245) < (1347, 256) < (2347, 156).
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Proof of Proposition 19. We begin with the observation that many of the basis
vectors e, p in the definition of yX carry the same coefficient: for fixed A’ € J \ K,
(—q) VU N UA) ( y=inv(A'UAK) jg invariant as A varies in 1. This is true because
J =~ I. We collect terms with equal coefficients and define the auxiliary vectors

K . —inv((JU)K'VA A —inv(A,K’
e = Z (=9 () )(—4) o )e(IuJ)K’UA,K'uA
ACL|A|=r—|K'|

foreach ¥ C K’ € J. Given K C J, by construction we have

yK — § : oK.k €K
KCK'CJ

for some scalars ag g € k. Note, also, that em(h) = ¢ — 6¢’.

Since the least values of e, p appearing in the supports of the vectors eX are
distinct, the latter are linearly independent (and span a subspace of V' of dimension
2"). Moreover, since the ok x above are identically equal to 1, we have

span{y* : K C J} = span{eX : K C J}

by triangularity. Finally, since we have no vector 3’ to work with, we see that the vector
cm(0) = ¢ — 6e’ belongs to the span of the yX for a unique coefficient . ]

Proof of Proposition 20. In order to properly identify 6, we must first identify the
coefficients ax x in the previous proof.

Claim: The scalars ak g appearing in the description of the vectors yX are precisely
the edge weights aKK/ from Section 4.2.

We leave the proof of this claim to the reader. The next step is to perform Gaussian
elimination on a certain matrix. Table 3 displays this matrix for J = J' UJ” = {1} U
{5, 6} and should make our intentions clear.

We know from Proposition 19 that we can clear most entries in the first row
of this matrix, resulting in a new row (') = 1¢” + 8¢’/ = cm(6) for some . Careful

Table 3. Writing the vectors yX in terms of the eX’.

& el & 0 eld elo 30 o156
y{?l 1 aVll O,V’S %6 Olml 5 %16 %56 Olwl 56
yl 1 0(1]5 allﬁ a1156
yS 1 0{51 5 (){556 asl 56
y6 1 %16 a656 asl 56
yl 5 1 0(11556
yl() 1 o 1656
},56 1 a51656
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book-keeping shows that

K 2
9=%J— Z aﬂKaKJ + Z otm‘ozKl‘(xKJ2 -

WCKCT BCKICKCJI

o (=1 > afial. ol . (14)

BCK GG CJ

In other words, 6 is a signed sum of path weights (), with & running over all paths in
9 save for 1. Note that the sign attached to 7 in (14) changes according to the number
of steps in 7. Since the bijection g from Section 4.2 increases the number of steps by
one and preserves path weight, we conclude that # depends only on 7 = ! (i). More

precisely,
6 = (D" xa(p™(D)
— (_1)IJ|*1(_q)\J’I(IJ’\*I)*\J”\(\J"\*1) x %J
— (_l)lJI—l(_q)\J”\—\J/I(_q)IJ’IIJ'I—\J”IIJ”\—V\\J’I
— q((JJ»(_q)*IJIt*\J 171 .
as desired. O

With Proposition 20 proven, Theorem 2 is finally demonstrated (modulo the
Taft-Towber isomorphism ¢). Moreover, we achieve the second goal stated in the
introduction. A brief discussion of the first goal follows.

6. From quasi- to quantum determinantal varieties. The algebra F/{,(n) is a
quantum deformation of the classic multi-homogeneous coordinate ring of the full flag
variety over GL,,. In [15], it is admitted that finding the proper form of the relations
was somewhat difficult. In [3] we see a completely different (equivalent) set of relations.
One hopes to proceed in a less ad-hoc manner. Perhaps a theory of non-commutative
flag varieties using quasi-Pliicker coordinates could help explain the choices for the
relations in F€,(n). In [12], it is shown that any relation (V7 )@ has a quasi-Plicker
coordinate origin. Section 3 shows that (1) does too. The second proof of Theorem 2
shows that a great many instances of (M ;) do as well: to see this, note that the roles
of M;; and C;; were interchangeable there. The question of whether and to what
extent the gap (the case J /A ) may be filled by finding new quasi-Pliicker coordinate
identities is an interesting one. For example, it could be used to provide flag algebras
in a variety of familiar settings, such as Yangian or super algebras. Towards a partial
answer, we leave the reader to verify that

(Pr.yij) = M),

whenever I, J C [n] are such that |J| < |I| and J/ C I.

Looking past flag algebras to more general determinantal varieties, the same
question is valid. In this direction, one might look at Goodearl’s article [6], departing
from, say, the quasi-minor identities in [10]. Some of Goodearl’s relations evidently
have quasi-determinantal origins. A careful study of which relations have this property
would be the subject of another paper.

https://doi.org/10.1017/50017089510000509 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089510000509

QUASI-DETERMINANTS AND ¢-COMMUTING MINORS 675
REFERENCES

1. A. Berenstein and A. Zelevinsky, String bases for quantum groups of type 4,, In 1. M.
Gel'fand Seminar, vol. 16, Adv. Soviet Math. (American Mathematical Society, Providence, RI,
1993), 51-89.

2. V. I. Danilov, A. V. Karzanov and G. A. Koshevoy, Pliicker environments, wiring and
tiling diagrams, and weakly separated set-systems, Adv. Math. 224(1) (2010), 1-44.

3. R. Fioresi, Quantum deformation of the flag variety, Commun. Algebra 27(11) (1999),
5669-5685.

4. I. Gelfand, S. Gelfand, V. Retakh and R. L. Wilson, Quasideterminants, Adv. Math.
193(1) (2005), 56-141.

5. I. M. Gel'fand and V. S. Retakh, Determinants of matrices over noncommutative rings,
Funktsional. Anal. i Prilozhen. 25(2) (1991), 13-25, 96.

6. K. R. Goodearl, Commutation relations for arbitrary quantum minors, Pacific J. Math.
228(1) (2006), 63-102.

7. K. R. Goodearl and T. H. Lenagan, Quantum determinantal ideals, Duke Math. J.
103(1) (2000), 165-190.

8. J. Hong and S.-J. Kang, Introduction to quantum groups and crystal bases, vol. 42,
Graduate Studies in Mathematics (American Mathematical Society, Providence, RI, 2002).

9. A. C. Kelly, T. H. Lenagan and L. Rigal, Ring theoretic properties of quantum
Grassmannians, J. Algebra Appl. 3(1) (2004), 9-30.

10. D. Krob and B. Leclerc, Minor identities for quasi-determinants and quantum
determinants, Commun. Math. Phys. 169(1) (1995), 1-23.

11. V. Lakshmibai and N. Reshetikhin, Quantum deformations of SL,,/B and its Schubert
varieties, in Special functions (Okayama, 1990), ICM-90 Satellite Conference Proceedings
(Kashiwara M. and Miwa T., Editors) (Springer, Tokyo, 1991), 149-168.

12. A. Lauve, Quantum- and quasi-Pliicker coordinates, J. Algebra 296(2) (2006), 440-461.

13. B. Leclerc and A. Zelevinsky, Quasicommuting families of quantum Pliicker
coordinates, in Kirillov’s seminar on representation theory, vol. 181, American Mathematical
Society, Series (translation) 2 (Providence, RI, 1998), 85-108.

14. J. Scott, Quasi-commuting families of quantum minors, J. Algebra 290(1) (2005), 204—
220.

15. E. Taft and J. Towber, Quantum deformation of flag schemes and Grassmann schemes,
I. A g-deformation of the shape-algebra for GL(n), J. Algebra 142(1) (1991), 1-36.

16. M. Takeuchi, A short course on quantum matrices, in New directions in Hopf algebras,
vol. 43, Publications of the Research Institute for Mathematical Sciences, (Montgomery S. and
Schneider H.-J., Editors) (Cambridge University Press, Cambridge, UK, 2002), 383-435. Notes
taken by Bernd Striiber.

https://doi.org/10.1017/50017089510000509 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089510000509

