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On Positive Definiteness Over Locally
Compact Quantum Groups

Volker Runde and Ami Viselter

Abstract. The notion of positive-definite functions over locally compact quantum groups was re-
cently introduced and studied by Daws and Salmi. Based on this work, we generalize various well-
known results about positive-definite functions over groups to the quantum framework. Among
these are theorems on “square roots” of positive-definite functions, comparison of various topolo-
gies, positive-definite measures and characterizations of amenability, and the separation property
with respect to compact quantum subgroups.

Introduction

Positive-definite functions over locally compact groups, introduced by Godement in
[17], play a central role in abstract harmonic analysis. If G is a locally compact group,
a continuous function f:G — C is called positive definite if for every n € N and
S,...»Sn € G, the matrix (f(s7's;))1<i,j<n is positive (we always take continuity as
part of the definition). Positive-definite functions are tightly connected with various
aspects of the group, such as representations, group properties (amenability and other
approximation properties, property (T), etc.), the Banach algebras associated to the
group and many more, as exemplified by the numerous papers dedicated to them. It
is thus natural to extend this theory to a framework more general than locally com-
pact groups. This was done in the context of Kac algebras by Enock and Schwartz
[13, Section 1.3]. Recently, Daws [6] and Daws and Salmi [8] generalized this work to
the much wider context of locally compact quantum groups in the sense of Kuster-
mans and Vaes [30,31]. They introduced several notions of positive definiteness, cor-
responding to the classical ones, and established the precise relations between them.

These foundations having been laid, the next step should be generalizing well-
known useful results from abstract harmonic analysis about positive-definite func-
tions to locally compact quantum groups. This is the purpose of the present paper,
which is organized as follows.

In Section 2 we generalize a result of Godement, essentially saying that a positive-
definite function has a “square root” if and only if it is square integrable.

A theorem of Raikov [40] and Yoshizawa [57] says that on the set of positive-
definite functions of norm 1, the w*-topology induced by L' coincides with the topol-
ogy of uniform convergence on compact subsets. This result was improved by several
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authors, and eventually Granirer and Leinert [18] generalized it to treat the different
topologies on the unit sphere of the Fourier-Stieltjes algebra. Hu, Neufang, and Ruan
asked in [22] whether this result extends to locally compact quantum groups. We give
an affirmative answer to their question in Section 4. Generalizing other results from
[18] as well, we require the theory of non-commutative L?-spaces of locally compact
quantum groups. The background on this subject appears in Section 3.

Another notion due to Godement is that of positive-definite measures. He estab-
lished an important connection between these and amenability of the group in ques-
tion. In Section 5 we extend this result to locally compact quantum groups.

The separation property of locally compact groups with respect to closed sub-
groups was introduced by Lau and Losert [34] and Kaniuth and Lau [26], and was
subsequently studied by several authors. A fundamental result is that the separation
property is always satisfied with respect to compact subgroups. Section 6 is devoted
to generalizing this to locally compact quantum groups. We introduce the separation
property with respect to closed quantum subgroups, find a condition under which the
separation property is satisfied with respect to a given compact quantum subgroup,
and show that it is indeed satisfied in many examples, including T as a closed quantum
subgroup of quantum E(2).

We remark that most sections are independent of each other, but results from Sec-
tion 4 are needed in other sections.

1 Preliminaries

We begin with fixing some conventions. Given a Hilbert space H and vectors {, 7 € 7,
we denote by w;,, the functional that takes x € B(H) to (x{, ), and let w; = w¢ .
The identity map on a C*-algebra A is denoted by id, and its unit, if it exists, by 1. For
a functional w € A*, we define w € A* by w(x) := w(x*), x € A. When no confusion
is caused, we also write w for its unique extension to the multiplier algebra M (A) that
is strictly continuous on the closed unit ball of M(A) [33, Corollary 5.7].

Let A, B be C*-algebras. A x-homomorphism from A to B or, more generally,
to M(B), that is nondegenerate (namely, span ®(A)B is dense in B) has a unique
extension to a (unital) *-homomorphism from M(A) to M(B) [33, Proposition 2.1].
We use the same notation for this extension.

For an n.s.f. (normal, semi-finite, faithful) weight ¢ on a von Neumann algebra M
[46, Chapter VII], we denote N, := {x € M : ¢(x*x) < c0}.

The symbol o stands for the flip operator x ® y = y ® x, for x, y in some C*-alge-
bras. We use the symbols ®, ®, ®min for the Hilbert space, normal spatial and minimal
tensor products, respectively.

The basics of positive-definite functions on locally compact groups are presented
in the book by Dixmier [10]. From time to time we will refer to the Banach algebras
associated with a locally compact group G, such as the Fourier algebra A(G) and the
Fourier-Stieltjes algebra B(G); see Eymard [14]. For the Tomita—Takesaki theory, see
the books by Stratila [43] and Takesaki [46], or Takesaki’s original monograph [44].
We recommend Bédos, Murphy, and Tuset [1, Section 2] for statements and proofs of
folklore facts about the slice maps at the C*-algebraic level.
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1.1 Locally Compact Quantum Groups

The following axiomatization of locally compact quantum groups is due to Kuster-
mans and Vaes [30,31] (see also Van Daele [55]). It describes the same objects as that
of Masuda, Nakagami and Woronowicz [35]. Unless stated otherwise, the material in
this subsection is taken from [30, 31].

Definition 1.1 A locally compact quantum group (henceforth abbreviated to LCQG)

is a pair G = (L*°(G), A) with the following properties:

(i) L*(G) isavon Neumann algebra;

(i) A:L*°(G) —» L=(G)®L>(G) is a co-multiplication, that is, a faithful, normal,
unital *-homomorphism which is co-associative: (A ® id)A = (id ® A)A;

(iii) there exist n.s.f. weights ¢, ¥ on L°(G), called the Haar weights, satisfying

¢((0 ®id)A(x)) = @(1)¢(x)

forall w € L*(G)},x € L(G)* such that ¢(x) < oo (left invariance), and

y((id® w)A(x)) = w(1)y(x)
forall w e L°(G)}, x € L*°(G)" such that y(x) < oo (right invariance).

Let G be a LCQG. The left and right Haar weights, only whose existence is as-
sumed, are unique up to scaling. The predual of L*(G) is denoted by L'(G). We
define a convolution * on L'(G) by (w; * w2)(x) = (w; ® w2)A(x) (wy, w, € L(G),
x € L>(G)), making the pair (L'(G), ) into a Banach algebra. We write L*(G) for
the Hilbert space of the GNS construction for (L*(G), ¢), and let A : N, > L*(G)
stand for the canonical injection. A fundamental feature of the theory is that of du-
ality: G has a dual LCQG G = (L=(G), A). Objects pertaining to G will be denoted
by adding a hat, e.g., §,¥. The GNS construction for (L=(G), §) yields the same
Hilbert space L>(G), and henceforth we will consider both L=(G) and L= (G) as
acting (standardly) on L?(G). We write J, ] for the modular conjugations relative to
L= (G), L= (G), respectively, both acting on L*(G).

Example 1.2  Every locally compact group G induces two LCQGs as follows. First,
the LCQG that is identified with G is (L*°(G), A), where (A(f))(t,s) = f(ts) for
f€L*®(G)and t,s € G using the identification L*(G)®L>(G) % L= (G x G), and
¢ and y are integration against the left and right Haar measures of G, respectively. All
LCQGs whose L™ (G) is commutative have this form. Second, the dual of the above,
which is the LCQG (VN(G), A), where VN(G) is the left von Neumann algebra of G,
A is the unique normal *-homomorphism VN(G) - VN(G)®VN(G) mapping the
translation A, t € G,to A;®,, and ¢ and y are the Plancherel weight on VN(G). The
LCQGs that are co-commutative, namely whose L'(G) is commutative, are precisely
the ones of this form. The L*-Hilbert space of both LCQGs is L*(G).

The left regular co-representation of G is a unitary W € L®(G)®L>(G) satisfying
A(x) = W* (Ll @ x)W for every x € L(G) and (A ® id)(W) = W3 Wy3 (using leg
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numbering). The left regular co-representation of G is W = o(W*). The set

Co(G):={(ilde@)(W):@e Ll(@)}H y

is a weakly dense C*-subalgebra of L= (G), satisfying A(Co(G)) € M(Co(G) ®min
Co(G)). This allows us to define a convolution * on Co(G)*, which becomes a Ba-
nach algebra. Viewing L'(G) as a subspace of Co(G)* by restriction, the former
is a (closed, two-sided) ideal in the latter. We define a map A: L'(G) — Co(G) by
Mw) = (0w ®1d)(W). It is easily checked that A is a contractive homomorphism.

We review the construction of the left-invariant weight ¢ of G. Let J stand for all
“square-integrable elements of L' (G)”, namely all w € L' (G) such that thereis M < oo
with |w(x*)| < M|A(x)] for every x € N; equivalently, there is & = {(w) € L*(G)
such that w(x*) = (& A(x)) for every x € N,. Then @ is the unique n.s.f. weight on
L*(G) whose GNS construction (L?(G), A) satisfies A(A(w)) = &(w) forall w € J
and that () is a *-ultrastrong-norm core for A.

A fundamental object for G is its antipode S, which is a *-ultrastrongly closed,
densely defined, generally unbounded linear operator on L*(G). It has the “polar
decomposition” S = R o 7_;/,, where R stands for the unitary antipode and (7;) . for
the scaling group. We will not discuss here the definitions of these maps. The subspace

LL(G) = {w eLlL(G): (3peL'(G)VxeD(S)) p(x)= E(S(x))}

is a dense subalgebra of L'(G). For w € LL(G), let w* be the unique element p €
L'(G) such that p(x) = @(S(x)) for each x € D(S). Then w ~ w* is an involution on
L.(G),and A|p: (g is a *-homomorphism. Moreover, L} (G) is an involutive Banach
algebra when equipped with the new norm |||, := max(|w|, [@*]).

A useful construction is the opposite LCQG G°P [31, Section 4], which has
L (G®?) := L*°(G) and co-multiplication given by A°P := ¢ o A.

The universal setting of G was defined by Kustermans [29] as follows. Let Cg(G)
be the enveloping C*-algebra of L (G). The canonical embedding of L.(G) in
CY(G) is denoted by A,. By universality, there exists a surjective *-homomorphism
74: C2(G) — Co(G) satisfying 7, (X (w)) = A(w) for every w € L1 (G). There exists
a co-multiplication Ay: Cy (G) - M(CH(G) ®min Ci (G)) satisfying (m, ® my) Ay =
Ay, inducing a convolution in C(G)*, making it an involutive Banach algebra. Us-
ing the isometry 7: Co(G)* - C§(G)*, one can see Co(G)* as a subset of Cj (G)*,
which is a (closed, two-sided) ideal. Furthermore, L' (G) is also a (closed, two-sided)
ideal in Cj(G)* [5, Proposition 8.3].

The left regular co-representation of G has a universal version. It is a unitary
W e M(CY(G) ®min CL(G)) satisfying (A, ® id)(VW) = W3 W 3 and (7, ®
7.) (W) = W. Its dual object is W = ¢(VW*). Letting W := (id ® 7, ) (V) and
W = (1, ® id) (W), we have W € M(CE(G) ®min Co(G)), W € M(Co(G) ®min
CY(G)) and (id ® my)Au(x) = W*(1 ® m,(x))W for every x € C3(G). More-
over, representing Cg(G) faithfully on a Hilbert space H, and viewing the oper-
ator W € M(CY(G) ®min Co(G)) as an element of B(H, ® L*(G)), we have
W e M(CY(G) ®min K(L*(G))). Also 1y (w) = (w ® id) (W) for every w € LL(G),
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and the map 1%: CS(G)* - M(Co(G)), w » (w ® id)(W) for w € CI(G)*, isa
*-homomorphism.

The universality property of C§(G) implies the existence of the co-unit, which is
the unique *-homomorphism € € Cj(G)7 such that (e®id) o A, =id = (id®¢€) 0 A,,.
It satisfies (e ® id) (W) = Lyca @y

For a Banach algebra A, the canonical module action of A on its dual A* is denoted
by juxtaposition, that is,

(ua)(b) = p(ab) and (ap)(b) =p(ba)  (VpeA' a,beA).
This notation will be used for the actions of L* (G ), Co(G) and Cg (G ) on their duals.

The canonical module actions of L'(G) on L*(G) will be denoted by “, so we
have

w-a=(ld®w)A(a) and a-w=(w®id)A(a) (Vw e L'(G),a € L=(G)).

Eachof {w-a:weL'(G),aeCy(G)} and {a-w: weL'(G),a e Cy(G)} spansa
norm dense subset of Cy(G).

More generally, every y € Cj (G)* acts on L= (G) as follows: for a € L°(G), y-a
and a - y are defined to be the unique elements of L* (G) satisfying

w(p-a)=(w+p)(a), w(a-p)=(@+w)(a) (Yoel(G)).
Note that if yy, p € Cj(G)* and a € L*°(G), then

w[pr- (p2-a)] = (@ * ) (p2-a) = (0 * pr * p2)(a) = w[ (1 * p2) - al,
thus p - (42 - a) = (p1 * y2) - a. Similarly, (a- py) - p2 = a- (g1 * pa).

Lemma 1.3 Ifac Co(G)and e Cy(G)*, then y-a,a-u e Co(G).

Proof Fixue Cy(G)*. Ifwe L'(G)and b e Co(G),then p-(w-b) = (u*w)-be
Co(G) as y * w € L'(G). By density, 4 - a € Co(G) for all a € Cy(G). The proof for
a - p is similar. [ ]

1.2 Types of LCQGs

Compact quantum groups were introduced by Woronowicz [56], and discrete quan-
tum groups by Effros and Ruan [12] and by Van Daele [54]. We will not present their
original definitions, but define them through the Kustermans-Vaes axiomatization.
Complete proofs of the equivalence of various characterizations of compact and dis-
crete quantum groups can be found in [41].

A LCQG G is compact if its left Haar weight ¢ is finite. This is equivalent to Co(G)
being unital. In this case, we denote Cy (G) by C(G). Moreover, the right Haar weight
y is also finite, and assuming, as customary, that both ¢ and y are states, they are
equal.

A LCQG G is discrete if it is the dual of a compact quantum group. This is equiv-
alent to (L'(G), *) admitting a unit €. In this case, we denote Co(G), L=(G) by
co(G), £=°(G), respectively, and have

CO(G) = Co— @ Mn(oc) and EOO(G) =R AN @ Mn(oc)’
aelrred(G) aelrred(G)

https://doi.org/10.4153/CJM-2015-019-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-019-0

1072 V. Runde and A. Viselter

where Irred(G) is the set of equivalence classes of (necessarily finite-dimensional) ir-
reducible unitary co-representations of G, and for every « € Irred(G), n(a) € N de-
notes the dimension of the representation. Particularly, the summand corresponding
to the trivial co-representation of G gives a central minimal projection p in £°(G),
satisfying ap = e(a)p = pa for every a € £°(G).

A LCQG G is called co-amenable (see Bédos and Tuset [2] or Desmedt, Quaege-
beur and Vaes [9], who use a different terminology) if L'(G) admits a bounded ap-
proximate identity. This is equivalent to the Banach algebra (Co(G)*, ) having a
unit [2, Theorem 3.1], which is called the co-unit of G and denoted by e. It is also
equivalent to the surjection my: Cj(G) — Co(G) being an isomorphism, in which
case we simply identify Cj(G) with Co(G).

Everylocally compact group G is co-amenable as a (commutative) quantum group,
while its co-commutative dual G is co-amenable if and only if G is amenable as a
group. Discrete quantum groups are trivially co-amenable.

1.3 Positive-definite Functions Over LCQGs

Let G be a LCQG. In [6,8], Daws and Salmi introduced four notions of positive defi-
niteness for elements of L*°(G). Here we will need only two of them, namely (1) and
(2) of [8]. Note that we use different notation: , w* are denoted by w*, w! in [6,8].

Definition 1.4 Let G be a LCQG.

(i) A positive-definite function is x € L°(G) satisfying (w* * w)(x*) > 0 for every
well(G).

(ii) A Fourier-Stieltjes transform of a positive measure is an element x of the form
(id® @) (W*) = AU (%) for some 7 € C3(G)*. Note that x € M(Co(G)) in this

case.

Theorem 1.5 ([8, Lemma 1 and Theorem 15]) For x € L*(G), we have (ii) = (i),
and the converse holds when G is co-amenable.

For co-amenable G, we will therefore just use the adjective “positive definite” for
these elements.

Remark 1.6  Let G be a co-amenable LCQG with co-unit € € Co(G)*. Write € also
for its strictly continuous extension to M(Co(G)). If x € L*°(G) is positive definite,
then | x| = e(x), for writing x = (id ® &) (W*) with 7 € C3(G)*, we have

[x] > e(x) = e((id@ @) (W™)) = @((e ®id)(W™)) = u(1) = ] > | x|

(see [1, Corollary 2.2] and [2, Theorem 3.1]).

2 Square-integrable Positive-definite Functions Over Locally Com-
pact Quantum Groups

This section is dedicated to proving a generalization of Godements theorem on
square-integrable positive-definite functions. It can be established directly along the
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lines of [10, Section 13.8], but we feel that it is more correct to do it through the gen-
eralization of this result to left Hilbert algebras given by Phillips [39]. We start with
some background. Let A be a full (that is, achieved) left Hilbert algebra [44,46] and J{
be the completion of A. We denote by 7(§) (resp. ' (&)) the operator corresponding
to a left-bounded (resp. right-bounded) vector & € H.

Definition 2.1 (Perdrizet [38], Haagerup [19]) Let
P i={ned:(n, &) > 0forevery e A}.

This set is evidently a cone in J.

Remark 2.2 Let 5 € 3. Takesaki [46, Theorem V1.1.26 (ii)] implies that # € P* if
and only if (#, 7(&)* &) > 0 for every left-bounded vector & € K.

Definition 2.3 ([39]) Letne P’
(i)  Say that # is integrable if sup{ (1, &) : &is a selfadjoint idempotent in A} < oo0.
(ii) Say that { € P’ is a square root of nif (&, 17) = (m(&){, {) for every & € A.

We denote the set of all integrable elements of P* by P?

int*

Theorem 2.4 ([39, Theorem 1.10]) Let 1 € P*. Then 1 is integrable if and only if it
has a square root { € P*. If n € A’, then also { € A’, and {{ = 1.
Moreover, the span of P! can be endowed with a natural norm making it iso-
metrically isomorphic to a dense subspace of the predual of the (left) von Neumann
algebra Ry(A) of A [39, Theorem 2.9]. In particular, 5 € P! . with square root { € P*
induces the element w¢|z,(4) of Re(A)..

Let G be a LCQG, and set J := In L. (G).

Lemma 2.5 Letx,y e L™ (G). If (0} *w;)*(y) = (w0} *@,)(x) forevery wy, w; € J.
Then y € D(S) and S(y) = x.

Proof The assertion follows by repeating the argument of [8, proof of Lemma 5] with
L! (G) being replaced by J. This is possible as J, and hence J, are invariant under the
scaling group adjoint (7} ), g, and J,J* are norm dense in L' (G) [31, Lemma 2.5 and
its proof]. ]

We need a slight strengthening of [8, Theorem 6] and part of [31, Proposition 2.6].

Lemma 2.6 Theset {w; * w, : w1, w, € J} is total in (LL(G), || - ||+ ). Thus the sub-
space J N J* is dense in (LL(G), | - ||.).

Proof Since J is a left ideal [55, Lemma 4.8], {wl* * Wyt Wy, Wy € 3} is contained in
d nd*. Adapting the argument of [8, proof of Theorem 6], if{ Wy * Wy W, Wy € 3}
were not total in (L. (G), | - | +), then there would be x, y € L*(G) such that

0= (wy * wy)(x) +m’
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that is, (w] * @2)*(y) = (0} * @) (~x"), for every w;, w, € J. Lemma 2.5 gives that
y € D(S) and S(y) = —x*, and hence the element of (L. (G), |- |+)* corresponding
to (x,y) is zero. [ |

Considering the full left Hilbert algebra Ag associated with the left-invariant
weight @ of G, we let T;ﬁ stand for the corresponding cone.

Lemma 2.7 Let x € L*(G). If x € N, then x is a positive-definite function if and
only if A(x) € Py.

Proof By definition, x is positive definite if and only if (w* * w)(x*) > 0 for every
w € L' (G). From Lemma 2.6, it suffices to check this for w € J. But if w € J, then also
w* * w e Jand for y:= A(w) we have 7y = A(w* * w) and

(0" * 0)(x") = (R(A(0" * 0)), A(x)) = {(TAG), A(x)).
By Remark 2.2, A(x) € ?%5 if and only if (A(x), 7*A(7)) > 0 for every 7 Ng. Using
[31, Lemma 2.5), that is equivalent to (A(x), 7*A(7)) > 0 for every 7 € A(J). This
completes the proof. ]

Proposition 2.8 Let G be a co-amenable LCQG. There exists a contractive approxi-
mate identity for (LL(G), |- |+) inJngd*.

Proof By [8, Theorem 13], (LL(G), | -|+) has a contractive approximate identity.
Combining this with Lemma 2.6, the assertion is proved. ]

The following result generalizes [39, Theorem 1.6], saying that if G is a locally com-
pact group and f € L*(G) is positive definite and essentially bounded on a neighbor-
hood of the identity, then it belongs to A(G).

Corollary 2.9 Let G be a co-amenable LCQG. If x € N, and x is positive definite,
then A(x) is integrable with respect to Ag (see Definition 2.3).

Proof Let (¢;) be a contractive approximate identity for (LL(G), |- |+) in J n J*.
Then letting &; = A(A(e;)), we get a net (&;) in the left Hilbert algebra Ag. Since
x € Ny, we have for every i,

(A(x), 818) = (A(x), A(A(ET * €0))) = (A(A(e] * 1)), Ax)) = (€] * &) (x),
andso (A(x), &1&;) < [ef|[lei] [ x| < |x]. Since A(x) € T%byLemmaZJ and (A(e;))

converges strongly to 1 (for L. (G) is dense in L'(G)), [39, Proposition 1.5] applies,
and yields that A(x) is integrable with respect to Ag. [ |

We now prove the main result of this section, generalizing a theorem of Godement
[17, Théoréme 17].

Theorem 2.10 Let G be a co-amenable LCQG. If x € N, and x is positive definite,
then A(x) has a square root in fP% (Definition 2.3); equivalently, there exists { € fP%

such that x = ’/\\(5() If, additionally, A(x) € A, then also { € AZ, in which case
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A(x) =7 (). That is, if W € Ny is positive and TA(W) € A(N,), then the (positive)
square root of w also belongs to Ng.

Proof The first part of the first assertion, as well as the second assertion, follow
from Theorem 2.4 by using Corollary 2.9. For the part after “equivalently”, A(x)
having a square root in TP% means, by definition, that there exists { € iP% such that

(A(), A(x)) = @¢(7) for every 7 € Ngn N7. Thus for every y € Ng [46, Theorem
VI1.1.26 (ii)]. In particular, for every w € J,

©(x*) = (A(M0)), Ax)) = (M) = [ (id® @) (W)].

The density of J in L' (G) entails that x = (id® @;)(W)* = (id® @; ) (W*) = ;\\(ZJ()
The converse is proved similarly.

For the last sentence, note that T% NAG = {TA(W) : W € Ngand W > 0} (see the
right version of [38, Proposition 2.5]). If an element there is in A(N,, ), then its square
rootin fP"a has the form JA(Z) forZ € Ng withZ > 0, and the equality JA(#) = TA(Z%)

implies that w = Z2. ]

Remark 2.11 In the situation of Theorem 2.10 we have |x| = |@;| = [{|* by Re-
mark 1.6.

3 Convolution in L?(G)

This section contains the preliminaries on non-commutative L?-spaces of LCQGs
needed in the next section. The theory of non-commutative L?-spaces of von Neu-
mann algebras was developed in three approaches, which turned out to be equivalent:
the “abstract” one by Haagerup [20], the “spatial” one by Connes and Hilsum [21], and
the one using interpolation theory, whose final form is by Izumi [23] (see also Terp
[48,49]). Here we rely on the work of Caspers [4], who introduced and studied non-
commutative L?-spaces of LCQGs based on Izumi’s approach with interpolation pa-
rameter « = —3. This has two clear virtues. The first, which is intrinsic in interpolation
theory, is the fact that as vector spaces, all non-commutative L?-spaces are realized
as subspaces of a larger space, allowing consideration of their intersections. Caspers
proved that when o = — % , some of these intersections take a particularly natural form.
The second is simplicity: the statement (but not the proof) of the construction’s basic
ingredients does not require modular theory.

We offer now a succinct account of the theory. A pair of Banach spaces (Ag, A;)
is called compatible in the sense of interpolation theory (see Bergh and Lofstrom [3,
Section 2.3]) if they are continuously embedded in a Hausdorff topological vector
space. For 0 < 6 < 1, the Calder6n complex interpolation method [3, Chapter 4] gives
the interpolation Banach space Cg(Ag, A;). As a vector space it satisfies Ag N A C
Co(Ag, A1) € Ag+ Ay, and these inclusions are contractive when AgnA; and Ag + A,
are given the norms | a| 4,04, = max(|a|a,, |ala,), @ € Ao N Ay, and ||a] ag+a, =
inf{ laolla, + |a1]la, : a0 € Ao, a1 € A, a=ag+ al},a € Ag + A;. Moreover, Ag N A,
is dense in Cy(Ay, A1) [3, Theorem 4.2.2]. The functor Cy is an exact interpolation
functor of exponent 6 in the following sense. Given another compatible pair (By, B;),
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two bounded maps T;: A; — B;, i = 0, 1, are called compatible if they agree on Agn A;.

Then the induced linear map T: Ag+A; — Bo+By satisfies TCy(Ag, A1) € Cg(Bo, B1),

and the restriction T: Cy(Ag, A;) = Cg(Bo, B;) has norm at most | To||"=?| Ty |°.
Let M be a von Neumann algebra, and let ¢ be an n.s.f. weight on M. Define

Li={xeNy: (3,9 MVyeN,) o(y*) = o(y"x)},
Ri={xeN}: (Ipx € M.VyeN,) ox(y) = p(xy)}.

The spaces L, R are precisely L(_y/), L(1/2) in Izumi’s notation [4, Proposition 2.14].
Endow L, R with norms by putting ||x|; := max(||x|s. | ,¢[sm,) for x € L and
|x|r = max(||x|a |@x|lm,) for x € R. Define linear mappings I":L — M,,
1°:L - M, R - M,,and r® ::R > M by I'(x) := ¢ and [*(x) := x for
x € L, and similarly r!(x) := ¢, and r**(x) = x for x € R. These maps are con-
tractive and injective. Furthermore, the adjoints (I')*: M — L*, (I*°)*: M, — L*,
(r")*:M - R*,and (r*)*: M, — R* are also injective (in the second and the fourth
we restricted the usual adjoint from M™ to M.). By [23, Theorem 2.5], the diagram
on the left-hand side is commutative:

(3.1) M
7 N\* I (rl)*
L R*
\ %)*
M.

In addition, by [23, Corollary 2.13],
(32) () eI™)(L) = () (M) n (r=) (M) = ()" o I')(L),
allowing us to regard L as the “intersection of M and M, in R*”.

Viewing M, M, as embedded as vector spaces in R* via (r')*, (r>)*, the pair
(M, M..) is thus compatible. For 1 < p < oo, we define (L? (M )1eft, | - | ) to be the in-
terpolation Banach space Cy/, (M, M..). As above, we have (r')* (M) (r=)*(M,) <
LP(M)ee € (r')* (M) + (r*°)*(M.,) (all inside R*) with contractive inclusions and
(r")* (M) n (r=)*(M.) is dense in (L (M )ieft, | - | ). From (3.2) we get a contrac-
tive injection I#: L — L? (M )1efe with dense range, and the diagram on the right-hand
side of (3.1) is commutative.

Denote by (H, A) the GNS construction for (M, ¢). The map I%(x) — A(x), x €
L, extends to a unitary U; from L?( M )yef; to I, allowing us to identify these spaces.
We have the useful identity (U, ¢, y)r+,r = (& A(y*))sc forall £ e H and y € R [4,
Propositions 2.21, 2.22]. In the sequel we put L® (M )jef; := M and L' (M)eqe == M.,
and view M, M, and J as linear subspaces of R* by eliminating the usage of (rl)*,
(r**)*and U;.

Define J := {w €M, : (F(w) e H Vx e Ny) w(x*) = (E(w),A(x))}, and note
that this is precisely J defined for L*°(G) in Section 1. By [4, Theorem 3.3], we have
J = H n M, in R*, with w € J being equal to &(w). Moreover, the pair (H, M,)
is evidently also compatible. It was proved in [4, Theorem 3.7] using the reiteration
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theorem that for 1 < p < 2, we have C2_,(H, M) = L?(M)\ef; in the simplest sense
r
that they are equal as vector subspaces of R* and have the same norm.

Definition 3.1 Let G be a LCQG. For 1 < p < oo, we define L?(G)jeft to
be LP (L (G))jefr, calculated with respect to the left Haar weight ¢. We identify
LP(G)left with LP(G) for p =1,2, oo.

The following generalization of [4, Theorem 6.4 (i)-(iii)] is proved in the same
way, with obvious modifications. For completeness, we give full details. Handling
the last part of the theorem, relating convolutions and the Fourier transform on non-
commutative L?-spaces, requires too much background and is not needed in this pa-
per. It is thus left to the reader. A special case of this construction was developed by
Forrest, Lee, and Samei [16, Subsection 6.2].

Theorem 3.2 Let G be a LCQG, p € C§(G)* and 1 < p < 2. Consider the maps
px! € B(LNG)), L'(G) 3 w = p * w, and ux* = 1*(u) € B(L*(G)). Then these
maps are compatible, and the resulting induced operator pyx? € B(L?(G)jest) satisfies
[P < el

Proof Fix w € J. For @ € J, write y := A(@) € Co(G) n Ny, and calculate
(u*w)(y") = (e )(W (1o y)W) = (e w)(W (le (idev)(W))W)

(U@ w® @) (WHLWa W) = (4®we @) (Wi Was)

o[(p®id)(W) - (0 @id)(W)] = @ [(A*(1)A(@))"]

= (A" (1)Mw)), A()) = (A" (1)A(A(@)), A(7)).

As A(7) is a core for A, we deduce that y + @ € Jand &(u * 0) = A*(u)é(w) (a
slight generalization of [55, Lemma 4.8]). This means precisely that g*! and p+? are
compatible.

Since C%_I(LZ(G),LI(G)) = L?(G)ere and since Cy is an exact interpolation
functor of exponent 6, we have the existence of yx**, and

B et VR Rl P e O VIR

la ] <+

Remark 3.3 For p > 2 it may be generally impossible to give a proper meaning to
y P wwhen py € C§(G)* and w € LP (G )jefr.

3.1 Duality

For1 < p,q < oo with % + % = 1, Izumi, generalizing the classical duality of

LP-spaces, proved that LP(G)j,q = L?(G)iee via a natural sesquilinear form (-[-),
over L?(G) et x LI(G)jete ([24, Theorem 6.1]; as usual, we assume o = —% through-
out). For x, y € L, we have (I?(x)|I1(y)), = x¢(y*) = ¢(y*x) [24, Theorem 2.5].
If1<p<2,wed=LY(G)nL*(G)and ye L, then (w|l%(y)), = w(y*). Indeed,
endow J with the natural norm |w[s := max(||w| (), [§(@)]12(z))> w € J. The
embedding L < J, L > x + _¢, is contractive with dense range [4, Proposition 3.4].
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If (x,) is a sequence in L such that | ¢ — w inJ, then [?(x,) — w in L? (G )sefr, and
so (@[l1(y))p < (P (xu)11(¥))p = 2,0 (") = @(¥7).

4 Comparison of Topologies on the Unit Sphere of Cj(G)*

In this section we generalize the main results of Granirer and Leinert [18], and in
particular obtain a result (Theorem 4.8) about positive-definite functions over LCQGs
extending [40,57].

Definition 4.1 Let G be a LCQG. We define several topologies on Cy(G)* as fol-
lows.

(i)  The strict topology is the one induced by the semi-norms y + [w * y1() and
peurolpe) wel'(G).

(ii) For p € [1,2], the p-strict topology is the one induced by the semi-norms y —
| *F | p, @ € LP (G et

(iii) For p € [1,2], anet (ug) in Cyj(G)* converges to u € Cg(G)* in the weak p-
strict topology if ug +¥ w — u +f w in the w-topology o (L? (G )efe, LP(G) g,
for every w € L (G)jefy.

(iv) Anet (ug)in Cyj(G)* convergesto u € Cy(G)* in 7,,,« if pg LN pand |pg| -

il
(v)  Anet (up) in C§(G)* converges to y € Cg(G)* in Ty« if g 2, pand (up)
is bounded.

We now generalize [18, Theorem A], answering affirmatively a question raised by
Hu, Neufang, and Ruan [22, p. 140].

Theorem 4.2  Let G be a LCQG. On Ci(G)*, the strict topology is weaker than T .

Lemma 4.3 Let A be a C*-algebra and (e, ) be an approximate identity for A. Let

(up) be anetin A* and y € A* be such that g s wand lugl = ). Then for every
& > 0 there are ag, o such that ||eq, g — pg| < € (resp., | ppgea, — pgl| < €) for every
B> Bo and |lea,pt — || <& (resp, || = pea, | < ).

Proof If M is a von Neumann algebra (e.g., A**), recall that the “absolute value” of
v € M, can be defined in two ways, as the unique |v| € M with ||v||| = || v|| satisfying
either [v(x)[*> < |v] - |[v|(x*x) or [v(x)* < |v] - |[v|(xx*) for all x € M. We will use
the first way to establish half of the lemma’s assertion, the other half being established
similarly using the second way.

For every v € A* and a € A we have, writing 1 for 1 ;(4),

|(v = eav) (@) = [p(a(L - e))* < V] IVI[(L - ea)a”a(1 - eq)]
< [vllalWI((1 - ea)®) < [v[lal*[vI(L - eq).

Hence |v — eqv|* < |[v]|v|(1 - e4). Since (e, ) is an approximate identity for A, we
have |v|(1 - e,) — 0 by strict continuity. Let a be such that | u||g|(1 - eq,) < €.
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Since pg 2 pand lpgll = [lull, we have |ug| 2> |u| (see Effros [11, Lemma 3.5] or
[45, Proposition II1.4.11]). Therefore,

g = eaopl” < g gl (1~ eay) 5 Il (T = eay) < &,
so we can choose f3¢ as asserted. ]

Lemma 4.4 Let a,b e Cj(G). The map
(Co(G)*, Tpur) = (Co(G)™, strict topology)

given by y — aub is continuous.

Proof Let (ug)beabounded netin Cj(G)* and u € Cj(G)* be such that g o
Representing Cg(G) faithfully on a Hilbert space H,, we view the operator W ¢
M(CE(G) ®min Co(G)) as an element of B(H, ® L%(G)). Recall [29, Proposition
8.3 and its proof] that for every v € Cj (G)* and w € Cy(G)*, the functional v * w €
Cg(G)* corresponds to the element of Co(G)* given by

Co(G)sx~ (veow) (W' (1®x)W),
which makes sense because W*(1® x)W € M(C§(G) ®min Co(G)).

Fix 0 € L'(G), write w = wg,, for {, € L*(G) (this is possible as L= (G) is in
standard form on L*(G)), and let e, e, € K(L*(G)) be the projections of L*(G) onto
C{, Cn, respectively. Then for v € Cf (G)*, the functional (avb) * w corresponds to

Co(G)sx—(ve® “’(,11)( (bel)W'(1lex)W(a®1l))
=(vewy,)((bee,) W (Lex)W(ase)).
Since W ¢ M( C3(G) ®min iK(LZ(G))) ,both W(a®e;)and (b®e,)W* belong to
C8(G) ®min K(L*(G)). As a result, approximating them in norm by elements of the

corresponding algebraic tensor product, we see that (45 ) being bounded and the fact

that pg >, w imply that (apgb) + w LR (aub) * w. By using the universal version

of the unitary antipode R,: C§ (G) — C§(G) and its properties [29, Proposition 7.2],

we conclude that also w * (apugb) MR w * (aub). [ |

Proof of Theorem 4.2 Let (up) be a net in Cj(G)* and 4 € Cj(G)* be such that

g 2, u,andlet w € L'(G) and & > 0. Fix an approximate identity (e, ) for C3(G).
By invoking Lemma 4.3 twice, we find &y, a3, 8 such that |eq, pgea, — pg| < & for
every 3 > 81 and |eq, peq, — || < €. From Lemma 4.4, there is 8, such that

H(eoq[‘lieaz) *w - (eal.“eocz) * |, |w* (ealﬂﬁeaz) —w* (ealﬂeaz)” <&

for every f3 > ,. We conclude that the strict topology is weaker than 7,,,,+. ]

We now generalize most of [18, Theorem D] for 1< p < 2.

Corollary 4.5 Let1< p <2. On Cy(G)* the p-strict topology is weaker than Ty«
and on bounded sets,the w*-topology is weaker than the weak p-strict topology.
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Proof Let (ug) beanetin Cj(G)* and u € Cj(G)*. We use Theorem 3.2 and its

notation. Let ug 2, 4 LetweJand & := &(w) (so w = & in R*). By Theorem 4.2,
(ug — ) *' @ > 0in L'(G). Moreover, (ug — p) +* &= 1*(up — u)é - 0in L*(G)
(see Theorem 4.6, (vii) = (ii) below). Since the canonical embedding (7, |- [l5) <
(LP(G)1efrs | - | p) is contractive, we infer that (ug — 4) *? @ — 0 in L?(G)1eq. That
embedding has dense range and ((up — p)*”)p is bounded in B(L? (G )ief:); hence
(up —u) *P @ - 0 forall w € LP (G )1ef;.

For the second statement, suppose that (yg) is bounded and that g — u in the
weak p-strict topology. We claim that (yg — ) * w — 0 in the w*-topology for every
w € L'(G). Assume for the moment that p > 1 and let g € [2, o0) be the conjugate of
p-LetweJand ye L. If (ug — u) *P w — 0 weakly, then by Subsection 3.1, we have

(41) (Cup—u) x @) () = ((ug =) ** 0l1(y)) , = 0.

Denoting by T,, the Tomita algebra of ¢, the set { ab:a,b e ‘.T(p} is contained in L
by [23, Proposition 2.3]. As ¢|¢,(g), is a C*-algebraic KMS weight on Co(G) whose
modular automorphism group is the restriction of that of ¢ to Co(G) [31, Proposition
1.6 and its proof], T, N Co(G) is norm dense in Co(G). Hence L n Cy(G) is norm
dense in Co(G), and 7' (L n Cy(G)) is norm dense in C§(G). Consequently, (4.1)
implies that as elements of Cj(G)*, (4g — ¢) * w — 0 pointwise on a norm dense
subset of Cfj (G), which by the boundedness of () implies that (ug — ) * 0 — 0
in the w*-topology. By density of J in L'(G) and boundedness again, this holds for
every w € L'(G) as claimed. In the case that p = 1 we have the same result, since the
assumption that (ug — ) * @ — 0 in the w-topology o (L'(G), L= (G)) is formally

stronger.
Since { (id ® @)(W*(1® b)W) : w € L'(G), b € Cy(G)} is dense in Cj(G) and
(up) is bounded, we infer from the claim that g — y in the w*-topology. ]

Let G be alocally compact group. If (gs) is a bounded net in B(G) and g € B(G),
then gg — g uniformly on the compact subsets of G if and only if fgz — fg¢ in the
Co(G) norm for every f € Co(G). Indeed, one direction is trivial, and for the other,
notice that (gg) is bounded in Cy (G) since | - | ¢,(6) < | - | 5(s)- Hence, the following
result generalizes [18, Theorem B,].

Theorem 4.6 Let G be a LCQG and let S denote the unit sphere of Cg(G)*. If (up)

isanetinS and y € S, then the following are equivalent:

(i) pp — uinthe w*-topology,

(i) A%(up) = A%(u) in the strict topology on M(Co(G)),

(iii) pp-a—p-aanda-pug— a-puin Co(G) forevery a € Co(G) (see Lemma1.3),

(iv) pp-a—p-aanda-pug— a-pinthe w*-topology o (L™ (G),L'(G)) for every
a € L(G), thatis: yg * w - p* w and w * g — w * y in the w-topology
o(LY(G),L>(G)) for every w € L'(G),

) (pprw)a— (p*w)aanda(ug*w) - a(px*w)in L'(G) forevery a € Co(G),
weLY(G),

(vi) foreverya e Co(G) and w € L'(G), (ug * w)a — (y * w)a and a(up * w)
a(u * w) in the w-topology o (L'(G), L= (G)),
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(vii) ppg — p in the strict topology,
(viii) for somel< p <2, ug — u in the p-strict topology,
(ix) forsomel< p <2, ug — y in the weak p-strict topology.

Proof From Theorem 4.2 and Corollary 4.5, conditions (i), (iv), (vii), (viii), and (ix)
are equivalent. It is clear that ((vii)) = (v) = (vi). (vii) = (ii). Since A" is a homo-
morphism, we have A" (u)A(w) = A" (4)A(w) and A(w)A"(up) = A(w)A"(u) for
every w € L'(G). As {A(w) : w € L'(G)} is norm dense in Co(G) and (A%(up)) is
bounded, we conclude that A*(ug) — A" () in the strict topology on M(C, (G)).

(ii) = (i). Since A"(upg) — A"(u) in the strict topology on M(Co(G)) and
(A%(up)) is bounded, this convergence holds in the ultraweak topology as well. So
for all @ € L'(G), we have (up — w)((id ® @)(W)) = @(A"(up — u)) — 0. As
{(id® @)(W) : @ € L'(G)} is dense in CY(G) and (up) is bounded, we infer that
g — @ in the w*-topology.

(vii) = (iii). We may assume that a = w - b for some w € L'(G) and b € Co(G),
because the set of these elements spans a dense subset of Cy(G). Hence

(upg—p)-a=(up—p) (0-b)=((up—p) *w) b0,
and similarly a - (ug — ) — 0.

The proofs of (iii) = (i) and (vi) = (i) are left to the reader (see the proof of Corol-
lary 4.5, and use that Co(G)? = Co(G)). [ |

Remark 4.7 Inview of Theorem 4.6, the following is noteworthy. Let G be a com-
pact quantum group. Generalizing a classical result about discrete groups, Kyed [32,
Theorem 3.1] proved that the discrete dual G has property (T) if and only if every net
of states of C*(G), converging in the w*-topology to the co-unit, converges in norm.

A classical result [40,57] says that if G is a locally compact group, then on the set
of positive-definite functions of L (G)-norm 1, the w*-topology ¢(L*(G), L'(G))
and the topology of uniform convergence on compact subsets coincide. The following
generalizes this to LCQGs.

Theorem 4.8  Assume that G is a co-amenable LCQG. On the subset S of M(Cy(G))
consisting of all positive-definite elements of norm 1, the strict topology induced by
Co(G) coincides with the weak and the strong operator topologies on L*(G).

Proof By co-amenability, the map & ~ A" () is an isometric isomorphism between
the unit sphere of C2(G)* and S (Theorem 1.5 and Remark 1.6). Now apply Theorem
4.6, (i) if and only if (ii), to G in place of G, and notice that for a bounded net in
CY(G)*, w*-convergence is equivalent to convergence in the weak operator topology

of its image under A". Moreover, on bounded sets the strict topology on M(Cy(G))
is finer than the strong operator topology. ]

Remark 4.9 Attempting to prove Theorem 4.8 by generalizing the proof of [10,
Theorem 13.5.2] was only partially successful: we were able to establish that on S, the
weak operator topology coincides with the topology on M(Co(G)) in which a net
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(xg) converges to x if and only if yxgz — yxz for every y, z € Co(G). This topology
evidently coincides with the strict one when G is commutative, but not generally.

However, it is worth noting that taking this approach, one encounters a straight-
forward generalization of a very useful inequality, namely that if ¢ is a (continu-
ous) positive definite-function on a locally compact group G, then |¢(s) — ¢(¢)|* <
2¢(e)(p(e)—Rep(s't)) foreverys, t € G [10, Proposition 13.4.7]. As ¢(s™') = ¢(s),
this is equivalent to |p(st) — ¢(¢)|* < 2¢(e)(¢(e) — Rep(s)) forevery s, t € G. If G
is a co-amenable LCQG and y is positive definite over G, write y = (id® @) (W*) for
a suitable 7 € C3(G)*. Now A(y) -1 ® y = (id®id ® @) (W3, (W5 - 1)), and as
id ® id ® @7’ is a completely positive map of cb-norm || = | |, the Kadison-Schwarz
inequality implies that

(42) [A(y)-Tey]'[A(y)-1ey]
<|yl(id@id® @) (W — 1) W o3 55 (W {5 - 1))
= |yl(ide®id® @) (21 - W; - W)
=yI2IyIt- (O +y)] el

5 A Characterization of Co-amenability of the Dual

Related to the notion of a positive-definite function is the notion of a (generally un-
bounded) positive-definite measure ([17], [10, Section 13.7]). The purpose of this sec-
tion is to generalize a classical result of Godement connecting amenability to positive
definiteness ([10, Proposition 18.3.6], originally [17, pp. 76-77], see also Valette [53]).

Definition 5.1 Anelement y € Co(G)* is called a bounded positive-definite measure
on G if A(p) is positive in M(Co(G)).

Theorem 5.2 Let G be a co-amenable LCQG. The following conditions are equivalent.

(G) G is co-amenable.

(ii)  Every positive-definite function on G is the strict limit in M(Co(G)) of a bounded
net of positive-definite functions in A(L'(G),) n No.

(iii) Every positive-definite function on G is the strict limit in M(Co(G)) of a bounded
net of positive-definite functions in A(L'(G)..).

(iv) u(x*) > 0 for every bounded positive-definite measure y on G and every positive-
definite function x on G.

) #(Lpcy(c))) 2 0 for every bounded positive-definite measure p on G.

Lemma 5.3 Let G be a co-amenable LCQG. Then the cone Q = A(Co(G)*) is
ultraweakly closed in L*° (G).

Proof By the Krein-Smulian theorem, it suffices to prove that Qi, the intersection
of Q with the closed unit ball of L*(G), is ultraweakly closed. Let (x,) be a net in
Qi converging ultraweakly to some x € L (G). Write x, = A(f ), Za € Co(G)*, for
every a. By Remark 1.6, (}i ) is bounded by one, and so it has a subnet converging in
the w*-topology to some 7 € Co(G)*. Hence x = A"(%) € Qy. [ |
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Proof of Theorem 5.2 (i) = (ii): every positive-definite function has the form ’/Y(’v\)
for some 7 € CI(G)* = Co(G)* by co-amenability of G (Theorem 1.5). Now ¥ is
the w*-limit of a bounded net (@) in L' (G).. Since each element of L'(G), can be
approximated in norm by elements of 7, of the same norm [55, Lemma 4.7], we may
assume that g € 7, and hence :1\((’5/;) € N, for every . From Theorem 4.6 applied
to G, we infer that A( wp) — A(@) strictly in M(Co(G)).

(ii) = (iii): clear.

(iii) = (iv): let u be a bounded positive-definite measure on G. For every @ €
LY(G),,

HA(@)) = (g @)(W") =0(A(u)") 2 0.

If x is a positive-definite function on G and (@) is a net in LY(G), such that
71\(@;) — x strictly in M(Cy(G)), then ﬁ(;\\(@;)) - u(x) = u(x*). Hence pu(x*),
or equivalently y(x*), is non-negative.

(iv) = (v): trivial, as 1 := T pr¢cy(c)) = v (€) is positive definite.

(v) = (i): as A is injective, we should establish that 1 belongs to Q. By Lemma 5.3,
Q is an ultraweakly closed cone, so it is enough to show that 1 belongs to the bipolar
of Q. Here we are using the version of the bipolar theorem in which the pre-polar of
Qisgivenby Qo := {w € L'(G) : (Vx € Q) 0 <Rew(x)},and its polar is defined
similarly. Note that Q is invariant under the scaling group, as 7;(A(f)) = A(# o 7_¢)
for every @ € Co(G)*, t € R [30, Propositions 8.23 and 8.25]. Consequently,

V= Qon D((74)-is2)

is norm dense in Q. by a standard smearing argument (see [30, proof of Proposi-
tion 5.26]). So picking wo € V, we should show that 0 < Rewq(1). For every
Ve Co(G); we have

0 < Re wo(A(7)) = Re wo(A(3)) = Re(@y ® 7) (W) = ReT(A(@p)).

Thus 0 < A(wg) + A(wg)* = AM(wg + @, "), that is, @y + wo " as an element of L'(G) —
Co(G)*, isabounded positive-definite measure. By assumption, 0 < (wo+w@o " )(1) =
(wo + wo)(1) =2Rewp(L) as 1 € D(S) and S(1) = 1. In conclusion, 1 belongs to
the bipolar of Q. ]

6 The Separation Property
6.1 Preliminaries

Definition 6.1 (Lau and Losert [34], Kaniuth and Lau [26]) Let G be alocally com-
pact group and H be a closed subgroup of G. We say that G has the H-separation
property if for every ¢ € G\H there exists a positive-definite function ¢ on G with

¢ln =1but 9(g) # 1.

It was first observed in [34] that G has the H-separation property if H is either
normal, compact or open. Generalizing a result of Forrest [15], it was proved that
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G has the H-separation property provided that G has small H-invariant neighbor-
hoods [26, Proposition 2.2]. The property was subsequently explored further in sev-
eral papers, including [27,28]. It is somewhat related to another property connecting
positive-definite functions and closed subgroups, namely the extension property.

In this section we introduce the separation property for LCQGs and obtain a first
result about it. To this end, we continue with some background on closed quantum
subgroups of LCQGs. To simplify the notation a little, throughout this section we will
use 7 for the surjection 7,: C§(G) - Co(G), G being a LCQG.

Definition 6.2 (Meyer, Roy, and Woronowicz [36]) Let G,H be LCQGs. A
strong quantum homomorphism from H to G is a nondegenerate *-homomorphism
®:C3(G) - M(Cg(H)) such that (© ® @) o AE = A o D.

Every such @ has a dual object [36, Proposition 3.9 and Theorem 4.8], which is the
(unique) strong quantum homomorphism ® from G to H that satisfies

(6.1) (D ®id)(Wg) = (id® ) (Wy).

(Here and in the sequel we use the left version of this theory, in contrast to [7, 36],
which use the right one.) Asis customary, we will also write @ for its unique extension
to a *-homomorphism M(C§(G)) — M(C§(H)).

Definition 6.3 (Daws, Kasprzak, Skalski, and Soltan [7, Definitions 3.1, 3.2 and The-
orems 3.3,3.6]) Let G, H be LCQGs.

(i) We say that H is a closed quantum subgroup of G in the sense of Vaes if there
exists a faithful normal *-homomorphism y : L (H) — L (G) such that (y ®
y)oAg=Agoy.

(ii) We say that H is a closed quantum subgroup of G in the sense of Woronow-
icz if there exists a strong quantum homomorphism ® from H to G such that
O(CY(G)) = CA(H).

A fundamental result [7, Theorem 3.5] is that if H is a closed quantum subgroup of
G in the sense of Vaes, then it is also a closed quantum subgroup of G in the sense of
Woronowicz. In this case, the maps y and @ are related by the identity y|, (@) ° '\ =
nig o @. The converse is true if G is either commutative, co-commutative or discrete,
or if H is compact [7, Sections 4-6].

6.2 The Separation Property for LCQGs

Definition 6.4 Let G beaLCQG and H be a closed quantum subgroup of G in the
sense of Woronowicz via a strong quantum homomorphism @: C3 (G) — Cg (H). We
say that G has the H-separation property if whenever y € Cj(G)} is a state such that
(p@id)(Wg) ¢ 5( M(Cg(ﬁ))) ,thereis @ € C2(G)* so that ®((ide®)(Wg)) =
]lM(Cg(]H[)) but /,l((ld ® 6) (W({;)) ?é L.

If G (thus H) is commutative, this definition reduces to the classical one. Generally,
for @ € C§(G)7, note that ©((id ® @) (W¢)) = (id® (@ o @)) (W) by (6.1) and
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(id ®€m) (W) = Lyg(ca () hence the equality @((id ® @)(Wg)) = Lyco(my) is

equivalent to @ o ® = &.

Theorem 6.5 Let G be a LCQG and H a compact quantum subgroup of G. Let D be
the central minimal projection in €° (H) with @p = € (@) P = pa for every @ € €= (H),
and assume that the following condition holds:

(62)  foreveryZe M(Co(Q)), if Ac(2)(y(p) ® 1) = y(p) ® ZthenZ € Im y.
Then G has the H-separation property.

It will be clear from the proof of Theorem 6.5 that a condition weaker than (6.2) is
enough. However, (6.2) is often easier to check.
Before proving the theorem, observe that each Z € Im y indeed satisfies

Ac(@D(y(P)®1) =y(p) ®Z
(see [54, Proposition 3.1]). Also, if Z € L™ (@) satisfies this identity, then taking @ €
LY(G) with @(y(p)) = 1, we get (y(P)@ ® id)Ag(Z) = Z so in the terminology of
[42], we have Z € LUC(G), thus Z € M(Co(G)) [42, Theorem 2.4]. Furthermore, if
G is commutative or co-commutative, then (6.2) holds automatically by [7, Sections
4, 5]; we prove the former case below, and the second one, in which G = G for some
locally compact group G and H = 5/74 for an open normal subgroup A of G, is a
simple observation. At the moment it is unclear whether (6.2) always holds, but we
will show in Subsection 6.3 that it holds in an abundance of examples in which closed
quantum subgroups appear naturally, namely via the bicrossed product construction,

and in Subsection 6.4 that it holds for T as a closed quantum subgroup of quantum
E(2).

Proposition 6.6 Condition (6.2) holds when G is commutative.

Proof Let G be a locally compact group and H a compact subgroup of G. The
embedding y: VN(H) — M(C;(G)) ¢ VN(G) is the natural one, mapping Aj, €
VN(H), h € H,to A5 in VN(G). Also y(p) = [;; Ar dh. Replacing Z by its adjoint in
(6.2), suppose that 7€ VN(G) and (y(p) ® 1)A(Z) = y(p) ® Z. Denote by &, t € G,
the left shift operators over A(G). For all w;, w, € A(G) and t € G, one calculates that
(01 02)[(A; ® 1)A(Z)] = (¢41(w1) - w3)(Z), and thus

(00 [(FEDEE)] = [ (er(w)-w)@ dh = (( [ (@) dh)wz) @)
(the second integral is in the norm of A(G)), and by assumption it is equal to
(018 w)(y(F) ©2) = [ wi(h) dh-ws(@).

Fix a closed set C with Cn H = @ and w, € A(G) that is supported by C. Noticing
that HCn H = @, let w; € A(G) be such that w;|g = 1and w|gc = 0 [14, Lemme 3.2].
We have

o:((fHehﬂ(wl)dh).wz)(z):[le(h)dh.wz(i):wz(z).
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Consequently, the support of Z (see [14, Définition 4.5 and Proposition 4.8]) is con-
tained in H. Consequently, by Takesaki and Tatsuuma [47], Z belongs to y(VN(H)),
as desired. [ |

Proof of Theorem 6.5 Let y € Cj(G)] be a state such that

(4 ®id)(Wg) ¢ D(M(co(H))).
We should prove that there exists @ € C3(G)* so that @ o ® = € but u((id ®
w)(Wq;,)) # 1. Assume by contradiction that p((id ® w)(Wq;,)) 1 for every
@ e CY(G)* such that @ o ® = . Representing M(C0 (G)) faithfully on some
Hilbert space, every unit vector { € Im ®(p) satisfies @, W o ® = €. Hence

wr[(n®id)(We)] =1
for every such vector, and as | (¢ ® id) (W )| =1, we obtain

(4 ®1d)(W5)D(p) = ©(p) = D(p)(n ®id)(W).
Denote 7 := (u®id)(W¢) € M(CE(G)). Since u is a state, a variant of (4.2) implies
that
[ZE(T/) ~1eyl [At(7) -1ey<[21- (7 +7)] el
Multiplying by ®(p) ® 1 on both sides we get [A% () — 1 ® 7](®(p) ® 1) = 0, that
is, A&(y)(CD(p) ® 1) = (p) ® 7. Applying 5 ® 715 to both sides and using that
mg 0 ® = y, we get A (5(7)) (y(P) ® 1) = y(P) ® 15(3)- By (6.2),

(4 ®@id)(Wg) = n5(7) € (5 0 B)(M(co(H))).
From Lemma 6.7 we obtain (4 ® id)(VWg) € ®(M(co(H))), a contradiction. M

Lemma 6.7 Let G be a LCQG and H be a compact quantum subgroup of G. If
p € CY(G)* is such that X := (u ®id) (W g) satisfies ng (%) € (g 0 @) (M(co(H))),
then X € ®(M (co(H))).

Proof Recall that up to isomorphism, cg (]ﬁl) decomposes as co ~ Dyerrred (i) Mn(a)-
For each a € Irred(H), write p, € co(H) for the identity of My (ay> and let wy €
C"(H)* be such that p, = (w, ® id)(Wy) (which exists by the Peter-Weyl theory
for compact quantum groups [56]). Then (7g o D) (Po) = ((wq 0 D) ®id)(Wg) by
(6.1), and

(1 ®id) (We) - (5 0 B)(F) € (5 0 B) ( M(co(D))).
If o € M,(4) is such that (u ®id)(W¢) - (ng o D) (Py) = (ngo ®)(Jy ), there exists
pa € C*(H)* with ¥, = (py ® id)(Wyg). Thus

((u* (wa0®)) ®id) (We) = ((pa 0 ®) ®id)(We).
Hence p * (wq 0 @) = py o @ as A is injective, and we can replace W¢ by W to
obtain (¢ ® id)(Wg) - ®(py) € P(M(co(H))). But > aelrred(H) O(py) = 1 strictly
in M(C3(G)) since ¥ yerrreaqmy Pa = 1 strictly in M(co (H)) and @ is nondegenerate,
so we conclude that _ _

(1 ®id)(Wg) € D(M(co(H))). u

https://doi.org/10.4153/CJM-2015-019-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-019-0

On Positive Definiteness Over Locally Compact Quantum Groups 1087

Remark 6.8 For u € Ci(G)*, the condition (u ® id)(Wg) ¢ O(M(CL(H)))
from Definition 6.4 implies that u ¢ ®*(C(H)*), because if 4 = v o ® for some
v e Ci(H)*, then (4 ® id) (W) = ®((v®id)(Wy)) € D(M(CE(H))) by (6.1).
Moreover, if G is commutative, the two conditions are equivalent. We do not know
whether Theorem 6.5 holds with this weaker condition as well.

6.3 Examples Arising From the Bicrossed Product Construction

A natural way to construct a closed quantum subgroup of a LCQG is the bicrossed
product [50]. Let G, G, be LCQGs. We say that (Gy,G,) is a matched pair [50,
Definition 2.1] if it admits a cocycle matching (7, %, ¥"), which means that

7:L%(G1)®L"(G;,) — L*(G1)®L*"(G,)
is a faithful, normal, unital *-homomorphism and % € L= (G;)®L*(G;)®L*(G,),
¥ € L=(G1)®L=(G,)®L>(G,) are unitaries such that the *-homomorphisms
(XZLOO(Gz) i Lw(Gl)ng(Gz), ﬁ:Lw(Gl) nd Lw(Gl)ng(Gz)
givenby a(y) :=17(1 ® y), y € L°(Gy), and B(x) := 1(x ® 1), x € L=(Gy), satisfy
the following conditions:

(i) (&, %) isaleft cocycle action of Gy on L*°(Gy), i.e.,

(ide ) (a(y) = % (M ©id) (@)% (VyeL™(Ga)),
(doidea)(Z)(A1®ideid)(Z)=(10%)(id® A, ®id)(%);

(i) (0B, ¥321) is a left cocycle action of G, on L= (Gy), i.e.,
(Boid)(B(x) = #(id@ APYB() V" (VxeL™(Gy)),
(Beideid)(¥)(i[de®ide ASP)(¥) = (¥ ®1)(id® AP ®id)(7);

(iii) (&, %) and (B, ') are matched, i.e.,

Ti3(a ®id)(A2(y)) = 71x2(id ® A2)(a(y)) 13, (Vy e L™(Gr)),
723023 (B ®1d) (A1(x)) = Z (A1 ©1d) (B(x)) % ™ (Vx € L= (Gy)),
(6.3) (Ay@ideid)(¥)(ild®id® AP ) (%)
=(7*el)(ideroeid) [(feideid)(Z*)(ideid® a)(¥)] (1 ¥).

Suppose that such a matched pair is given. For convenience, write J; := L*(G;),

i =12andlet W= (W, ® 1)%* € L(G,)®B(H,)®L>(G,). Recall that

the cocycle crossed product G, , 5, xL*(G) is the von Neumann subalgebra of

B(3,)®L>(G,) generated by a(L>(G;)) and {(w ® id ® id)(W) : w € L}(G,)}.

Letting H := H; ® H,, define unitaries W, W e B(H®H) by

W= (feideid)[(Wel)Z*|(deidea)[ V(Lo W,)], W :=o(W").

By [50, Theorem 2.13], there is a LCQG G with L (G) = Gy, 4, xL®(G3), L*(G) =

H, and W being its left regular co-representation. Defining 7 := 070, U = V33 and

¥ = Uy, one checks that (7,%,7 ) isa cocycle matching making (G;, G;) into a

matched pair. Its ambient LCQG is, up to flipping from H, ® H; to H; ® H,, precisely
the dual G. In what follows we use a subscript to indicate that a symbol relates to G;;,
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i = 1,2, and a lack of subscript if it relates to G. For instance, J;, J», and J are the
modular conjugations of L*(G1), L*°(G;), and L*°(G), respectively.

Since Aoa = (a®a) o A, [50, Proposition 2.4], we see that G, isaclosed quantum
subgroup of G in the sense of Vaes, thus also in the sense of Woronowicz.

It is proved in [50, Section 3] that there is a bijection between (cocycle) bicrossed
products and cleft extensions of LCQGs. To elaborate, consider the unitary

Zy:= (he)(ide ) (W) (h ).
Then the formula 8(z) := Z,(1®2z)Z; definesamap 6: L=(G) — L= (G,)®L>(G),

which is an action of G{* on G. The exactness of the sequence at G is manifested by
the following characterization of the fixed-point algebra of 6:

(6.4) L=(G)? = a(L™(Gn)).

The proof of this is by no means technical: it strongly relies on the structure of G and
its dual.

Example 6.9  Assume henceforth that G, is discrete and, denoting by p the central
minimal projection in L*(G,) with yp = €,(y)p = py for every y € L*°(G,), that

(6.5) a(p) =1i=c,) ®p,
(6.6) (id®ey)B =id,
(6.7) (ideid®e)(¥) = I~ g,) ® L1=(g,) = (Id®e; ®1d) (7).

Condition (6.5) means essentially that G, is “connected”, while (6.6) and (6.7) are
natural as G, is discrete (see Vaes and Vergnioux [52, Definition 1.24] and Packer and
Raeburn [37, Definition 2.1]).

For starters, notice that

(6.8) (deide®e) (%) = e (c) ® Li(g,)-

Indeed, denote the left-hand side by U. Applying the *-homomorphism id®id®id®e,
to (6.3) and using (6.7), we obtain

=" (ide10)[(f®id)(U)([deid® (id®e2)a)(¥)],

and since id ® 70 is faithful, (f ® id)(U) = (id ® id ® (id ® €;)a)(?"). Applying
id® e, ®id and using (6.6) and (6.7), we get U = (id® (id®€;)a) (1) = 1, as desired.
We claim that for every z € L*°(G),

AR)(a(p)@li~@g) =a(p)®z = zea(L™(Gy)).
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Indeed, suppose that the assumption is met. Then A% (2) (11~ ® Lg(s,) ® p) =
z® L p(g,) ® p by (6.5). From [50, Lemma 2.3] we get

AP (2)(I=(c) ® Lpsc) @ P)
=(Beideid)(W)[(id®id® a) (¥ (id® AP)(2)¥*)]
x (Bid®id)(W*)(11=(c) ® L) ® p)
= (Boid®id)(W)[(id®id® a)(¥ (id® AS)(2) (Lr=(c) ® p) ¥ )]
x (B®id®id)(W*)
= (Boideid)(W)[(deid® a) (¥ (ze p)¥*)](f®id®id)(W™).
By (6.7) and (6.5) we thus have
A% (2)(Lr=(G) ® Lp(sc,) ® P)
= (feideid)(W)[(ideid® a)(z® p)]|(Beid®id)(W*)
= (B®id®id)(W)(z® L) ® p)(B@id®id)(W™).
The assumption hence implies that
(B®id®id)(W)(z® L) ® p)(B@id®id)(W*) = 2® L3, ® p.
Applying id ® id ® id ® €, to both sides, we deduce from (6.8) that
(B@id)(W1)(z® Lp(s)) (B @id) (W) = 2@ Tp(sq,)-

Writing w := JzJ and recalling that w = R(z*) € L*(G) where R is the unitary
antipode of G, the last equation is equivalent to 8(w) = 1 ® w, thatis, w € L™ (G)?.
By (6.4), R(z*) belongs to the image of a. By the von Neumann algebraic version of
[30, Corollary 5.46], we have R o & = « o R,. Therefore z belongs to the image of «,
and the proof is complete.

Remark 6.10 'The LCQG G constructed in Example 6.9 and its dual are neither
necessarily amenable nor necessarily co-amenable [9, Theorems 13 and 15].

Remark 6.11 The last part of the reasoning in Example 6.9 uses in an essential
way the exactness of the short exact sequence of LCQGs. As mentioned above, bi-
crossed products are characterized as cleft extensions. By [50, Propositions 1.22 and
1.24], this amounts to the structure of L>°(G) as a cocycle crossed product. Examin-
ing the argument in Example 6.9, this structure is used mainly in the simplification
of A°?(2)(1 ® 1 ® p). It is not clear at the moment whether this argument general-
izes further, thus leaving open the general case of compact (or, even more generally,
closed) normal quantum subgroups (see Vaes and Vainerman [51]).

6.4 Example: Quantum E(2) Group

We prove that the complex unit circle T, as a closed quantum subgroup of E(2), has
the separation property. Considering the quantum groups E(2) and E(2), we es-
sentially follow the notation of Jacobs [25] although it does not always agree with
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ours; further details can be found there. Fix 0 < y < 1. Set R¥ := {u* : k € Z},
R' = R U (0}, R(u2) = (4% : k € 2} and R(u1/?) = R(p2) U {0},

The following is taken from [25, Section 2.3]. Let (ej ) kez be an orthonormal basis
of £,(Z). Denote by s the unitary operator over £,(Z) which is the shift given by
sex = ekx41, k € Z. Denote by m the strictly positive (unbounded) operator over
¢,(Z) that acts on its core span{ey : k € Z} by mey. := u*ey, k € Z.

Set H := £,(Z) ® £,(Z) and e := ex ® ¢; for k, I € Z. Consider the unbounded
operators over H defined by a := m™/2 @ m and b := m'/? ® 5. Then a is strictly
positive, b has polar decomposition b = ulb| with u := 1 ® s and |b| = m'/? ® 1,
and o(a) = R(u"/?) = o(b). Since a, |b| commute, they have a joint Borel functional
calculus. As observed in [25, Remark 2.5.20], the joint continuous functional calculus
of a, |b| is determined by the values of the functions on

E:={(p,q) e R(u"?) xR(4"*) : pg e R"}.

Similarly, as |b|, just like a, is injective, the joint Borel functional calculus of a, |b] is
determined by F := {(p, q) € R(u/?) x R(u"/?) : pq € R#}. Writing B(F) for the
algebra of all bounded complex-valued functions over F, we get an injection B(F) 3
g~ g(a,|b) € B(H).

The operator W € B(H ® () is the unitary that satisfies

(6.9)  ((wWerepy ®1d)(W))emn =B(q—Lk~1-n+1)8k pem ki2gn-k+ltq
(Vk,1,p,g,m,neZ),

where (B(k, 1)) .z are special scalars in the complex unit disc.

The right, resp. left, leg of W norm-spans a C*-algebra A, resp. A\, which is the
reduced C*-algebra underlying the LCQG E(2), resp. E(2), and W € M(A ®pin A)
[25, Sections 2.4, 2.5]. The co-multiplications A: A — M(A ®mpin A), resp. A:A —
M(A ®pmin A) of E(2), resp. E(2), is given by A(x) = W(x ® 1)W* for x € A,
resp. A(y) := W*(1 ® y)W for y € A. The duality relation between E(2) and E(2) is
opposite: E(2) = E’(Z\)OP [25, Proposition 2.8.21], but since T is commutative, that is
meaningless for our purposes.

The unbounded operators a, a™, b are affiliated with A in the sense of C*-algebras,
and a is “group like’, that is, A(a) = a ® a, where the left-hand side is interpreted as
a nondegenerate *-homomorphism acting on an affiliated element. This makes T a
closed quantum subgroup of E(2): identifying £, (Z) = { f(a) : f € Cy(R(4"/?))}
(recall that a is injective), the embedding y: €., (Z) < M(A) is given by mapping
g€ 2(Z) to f(a), where f(u*/?) := g(k), k € Z [25, Subsection 2.8.5]. Denote by p
the projection k — 8y ¢ in £o (Z). Then y(p) is the projection onto {e,;; : | € Z}.

To establish the separation property, consider all y € M(A) satisfying A(y)(y(p)®
1) = (y(p) ® y). This means that 1 ® y commutes with W (y(p) ®1), or equivalently,
that y commutes with (w¢,, ® id)(W) for every { € Im y(p) and € I(. Substituting
q — I for t in (6.9), this amounts to y commuting with each of the operators x; ; €
B(K),1,t € Z, given by x; s€m,, := B(t,] = n+1)emsat,nst for m,n e Z.
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Let I, t € Z. Clearly, x; ; commutes with a. For m,n € Z and s € R,

|b|isxl,tem,n =B(t,l-n+ 1)|b|isem+2t,n+t = .”is(m“t)/zB(t’ L=n+1)emsatnees

ism/2 ism/[2

xl,t|b‘isem,n =y X1,t€m,n = Y B(t> I-n+ l)em+2t,n+t>

so that |b|**x;; = p™'x;,|b|"* for every s € R, or formally |b|x;; = p'x;|b|. This
implies that for every g € B(F) we have

(6.10) g(a[bl)x1,e = x1,e8:(a, b)),
where g; € B(F) is defined by g;(«, ) := g(a, u' ). Moreover, for k, m,n € Z,

(611)  u*x) emn = B(t,1—n+1)u emizinee = B(t, 1 = n+1)emsat nsrsks

k
X1, tU €mn = X tCmn+k = B(t, l-n-k+ l)em+2t,n+t+k.

Lemma 6.12 Let g € B(F) and k € 7. Assume that u*g(a,|b|) commutes with the
operators (x1,¢)1,tez- If k # 0, then g(a, |b]) = 0; if k = O, then g is the restriction of
h ® 1 for some h € B(R(u'/?)).

Proof Both cases will use the following computation. Let t, m, n € Z. Since Ce,, , is
invariant under both a and |b|, it is invariant under g(a, |b|) and g;(a, |b]). Let y, y; €
C be such that g(a, |b|)em,n = yem,n and g¢(a,|b|)em,n = Ytem,n- By assumption, for
all I € Z we have x; ,u*g(a,|b|) = u¥g(a,|b|)x;,, = u*x;,g:(a,|b|) from (6.10), so
using (6.11), x;,,u*g(a,|b|)emn = yxi.u¥emn = yB(t,1 = n — k +1)emiztnsrek is
equal to u¥x; ;g;(a,|b])emn = Yiti* X1 semn = YiB(t, ] — 1+ 1)emiasnirsk thatis,

(6.12) yB(t,1-n-k+1)=yB(t,1 —n+1).

Suppose that k = 0. Let t,m, n € Z and let y,y; € C be as above. Then for every
I € Z, we have yB(t,1 - n +1) = y,B(¢t,] — n +1) from (6.12). Choosing ! such that
B(t,1 - n+1) # 0, which is possible by [25, Corollary A.11], we get y = y;. As m, n
were arbitrary, we deduce that g(a,|b|) = g:(a,|b|), hence g = g;. By the definition
of F, as t was arbitrary, g is of the form h ® 1.

Suppose that k # 0. Since (B(t,0))sz are the Fourier coefficients of a non-
constant function [25, Definition A.4], we can fix 0 # ¢t € Z with B(¢,0) # 0. As-
suming that g(a, |b|]) # 0, fix m,n € Z such that g(a, |b])em,» # 0. Let y,y; € C
be as above; then y # 0. Replacing I — n + 1 by I in (6.12) for convenience, we get
yB(t,1 - k) = y¢B(¢,1) for all | € Z, and in particular, y; # 0 (take I = k). Hence
B(t,sk) = (y:/y)~°B(t,0) for all s € Z. From [25, Proposition A.9], since t # 0, we
have B(t,1) —— 0, a contradiction. [ |

[l|>o0

Let M be the strong closure of A in B(J(). We need a certain expansion of elements
of M.

Lemma 6.13  Every y € M possesses a (unique) sequence of functions (gi ) ez in B(F)
such that
3 K]

k k
= strong-lim 1- u a,lb
y N g k; ( N 1) gk( | |)
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Proof For each A € T, define a unitary w) € B(€2(Z)) by wy(e;) := Ale; (I € Z),
and a unitary W) € B(H) by W, := 1® w,. Then W) commutes with a, |b| and
WiuW," = Au. For every k € N and gi € B(F) we thus get

(6.13) Ad(Wy) (u*gi(a, b)) = A uFgi(a,|b]).
Given n € Z, define the “Fourier coefficient” contraction Y, € B(B(%)) by

()= 5o [AT AW (e BEO),

where the integral converges strongly. The operator Y, is continuous in the bounded
strong operator topology. Letting {Ky}%.; denote Fejér’s kernel, we have for y €
B(H)and N €N,

z (1- )%0) = [ S KnMAW) (A

N+1 )Y (y)} , isbounded by || y[, and it converges

Thus, the sequence { PO
strongly to y.
On account of (6.13), if y has the form Y3 u*gi(a, |b|), then

Y, (y) = u"gn(a,|bl)

for -N < n < N and 0 otherwise. Every element y of M is the strong limit of a

bounded net (y;) of elements of the form y; = Y7 u*gxi(a,|b|), where gi; # 0

for only finitely-many values of k for every i [25, Theorem 2.5.21]. Consequently,

Y. (yi) = u"gni(a,|b]) - Y,(y) strongly for all n. As u is unitary, we infer that

the net (g,;(a,|b|)); converges strongly for all n, necessarily to g,(a, |b|) for some
|n]

gn € B(F). By the foregoing, y = limy ¥ (1 - ~2-)u"g,(a,|b|) strongly. For

- N+1
uniqueness, have Y,, act on both sides of the equation. ]

Lemma 6.14 Let y € M, and let (gi) be the functions corresponding to y as in
Lemma 6.13. If y commutes with all the operators x;; € B(H), 1, t € Z, then so does
u*gi(a, |b|) for every k € Z.

Proof For m,n € Z, denote by p,, . the projection of H onto Ce,, ,. Fix I,t € Z.
Clearly, g(a,|b|) commutes with p,, , for every g € B(F), upmn = Pm,ns1t, and
X1,tPm,n = Pm+2t,n+¢X1,¢. By assumption, we have

> | > |k|

. I L k — . _
z&gﬂok;N(l N ) K g D) z&gﬂok;\,(l N+1

) u* gk (a, [b])x1,e0
both limits being in the strong operator topology. Fix k¢ € Z. For every m, n € Z, we
get
G ,
llm Z (1 )Pm+2t n+t+koX1,tU gk(a | |)Pm n

N
S 5 gkt g )L

N—oo ke-N
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As a result, with z == x; ,u* g (a, |b]) — u¥o gy, (a, |b])x1,;, we have

me,n = pm+2t,n+t+kozpm,n =0.

Summing over all m, n € Z, we get the desired commutation relation. ]

We are now ready to prove that T has the separation property in E(2). If y € M
with corresponding functions (g ) as in Lemma 6.13 commutes with all the operators
(X1.¢)1.1ez» then by Lemma 6.14, u* g; (a, |b|) commutes with (x; )7,z for every k €
Z. Lemma 6.12 implies that gx (a, |b|) = 0 for k # 0 and that gy = h ® 1 for a suitable
h. This precisely means that y is a function of a, namely y € Im y. So we established
(6.2) in our setting, and the proof is complete.
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