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INDUCED REPRESENTATIONS TWISTED BY COCYCLES

Huu HunG Bul

We define a notion of representation induced from cocycles which encompasses
the case of Kawakami’s generalised induced representation. Our purpose is to
formulate Kawakami’s construction within the context of Rieffel’s formalism of
induced representations of C*-algebras.

1. INTRODUCTION

Rieffel developed in [5] an elegant method of inducing representations of C*-
algebras, and showed that Mackey’s induced representations can be obtained through
this process. On the other hand, Kawakami presented in [3] a notion of induced rep-
resentation under a very general situation: through a double transformation group
(G, X, H) and twisted by a cocycle v of (G,X,H).

Our purpose is to formulate Kawakami’s construction within the context of Rieffel’s
formalism of induced representations of C*-algebras. In Section 2, we establish a bijec-
tive corresponding between G-invariant cocycles on X x H and cocycles of (G, X, H)
extending the result of Kawakami, and then define a notion of representation induced
from G-invarant cocycles on X X H. In Section 3, we show that Kawakami’s generalised
induced representations can be also obtained through Rieffel’s process.

In this paper G and H will be separable locally compact groups, and X will be
a separable locally compact space. We suppose that G (respectively, H) acts continu-
ously on X by the map (s,z) — sz with s € G and z € X (respectively, (z,t) — =zt
with z € X and t € H). We denote by £¢ and £y the left Haar measures on G and
H, and by Ag and Ay the modular functions of G and H. All Hilbert spaces are
assumed to be separable. We shall denote by S a unital C*-subalgebra of the algebra
B(H) of all bounded operators on a Hilbert space H, and by S* the set of all uni-
tary elements of S equipped with the Borel structure generated by the weak operator
topology.
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2. COCYCLES AND INDUCED REPRESENTATIONS

A S*-valued cocycle on X x H is a Borel function C : X x H — S* such that
C(z,rt) = C(z,7)C(zr,1), VzeX,Vrtec H.

Two cocycles C and D are said to be (G-invariant) cohomologous if there is a { G-
invariant) Borel function f: X — S* such that

(2.1) C(z,t) = f(z)D(z,t) f(zt)", Vee X,Vte H

We denote by Z5(X; H) the set of all S®-valued cocycles on X x H. The quotient set
of ZS(X; H) by the relation of being cohomologous is denoted by H5(X; H).
If (G,X,H) is a double transformation group, we define S*-valued cocycles of
(G,X,H), Z5(G; X; H) and H5(G; X; H) in the same way as in [3, Definition 1.4].
For each x € Z5(G; X; H), we put

(2.2) x(z,t) = x(z) " x(=t), YVze X, Vte H.

Then X is a G-invariant cocycle on X x H. If x and v are cohomologous, then so are
X and 7.

We say that (X, H) is smooth if each orbit is locally closed in X, and say that
(X, H) is effective if each stability group is trivial.

The following result is a generalisation of [3, Proposition 1.5].

THEOREM 2.1. Let (G,X,H) be adouble transformation group. Suppose that
(X, H) is smooth and effective. Then for each G-invariant S*-valued cocycle C on
X x H, thereis a x € Z5(G; X; H) such that C = X. Furthermore, if (G, X) is smooth
then there is a bijective corresponding between H(G; X;H) and H5(G\X; H).

PRrOOF: Since (X, H) is smooth, the quotient map q : X — X/H has a Borel
cross section d : X/H — X . For each ¢ € X, we have z = d(q(z))b(z) for some
b{z) € H. The map ¢ : X/H x H — X, defined by ¢(q(z).t) = d(g(z))t, is Borel.
Since (X, H) is effective, ¢ is surjective. Observe that ¢~!(z) = (g¢(z),b(z)). Since
X/H x H is a standard space, ¢~ ' is Borel (see [4, p.72]), and hence b is Borel. If C
is a G-invariant S¥-valued cocycle on X x H and if we put x(z) = C(d(q(z)),b(z)),
then x € Z5(G; X; H).

Now if (G, X) is smooth, the quotient map p : X — G\X has a Borel cross
section ¢: G\X — X. If x € Z5(G; X; H) and if we put

x(p(z),t) = x(c(p(2)), t) = X(z,1),
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then X : G\X x H — 8" is Borel. If x and v are cohomologous, then so are X and 5.
Therefore the map [x] — [X] from HS(G;X; H) into H5(G\X; H) is well-defined.
By the first part this map is surjective. Suppose that ¥ and 5 are cohomologous, that
is, there is a Borel map f : G\X — S* such that

X(p(z),t) = f(p(z)F(p(2),) f(p()t)", Vz€X,VieH.
If we put N(z) = f(p(z))" and M(z) = x(z)N(z)*v(z)", then x(z) = M(z)y(z)N(z).
Therefore this map is also injective. 0

From now on we suppose that there is a positive measure g on X/H such that for
each s € G, the measure y,, defined by

ws(F) = /x/H F(s7'z)dp(z), VFeC(X/H),

is equivalent to u. We also suppose that H acts properly on X. By [1, Chapter VII
Section 2, Proposition 4], there is a positive measure v on X such that

o(f) = /X ) /H f(at)deu(t), ¥ feC(X).

We deduce from {6, Theorem 5.10] that there is a H-invariant g ® v-measurable
function p: G x X — (0,00) such that for each s € G, the function z — p(s,z) is
a Radon-Nikodym derivative of v, with respect to v.

Let C be a G-invariant S*-valued cocycle on X x H. We denote by HC the set
of (equivalence classes of) all v-measurable maps ¢ : X — H such that for v-almost
all z € X we have ¢(zt) = C(z,t)"¢(z) forall t € H, and

| 61 6@)du(z) < .
X/H
Then HC is a separable Hilbert space with the inner product given by
@19)= [ (6le) 19()du(3).
X/H

For each s € G we define a unitary operator US on HC by

(UCH)(z) = p(s™,2) "#(s7'2), VgeHC.
PROPOSITION 2.2. (U, H°) is a continuous unitary representation of G. If
C and D are G-invariant cohomologous then (UC,'HC) and (UD,'HD) are unitarily

equivalent.

PROOF: The first assertion follows from routine arguments. Let f: X — S* be
a G-invariant Borel map satisfying (2.1). We define

(T¢)(z) = f(=)"¢(z), VoeHC.
Then T defines a unitary intertwining operator between (UC,'HC) and (UD, 'HD). 0
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REMARK 2.3. Suppose that (L, H) is a continuous unitary representation of H. Put
M={L,:te H}. Pick vy € ZM(G; X; H), and put

C(z,t) = v(z)"v(zt) L, Vze X, Vte H.

Then C is a G-invariant M*-valued cocycle, and (U C,’HC) is just Kawakami’s gen-
eralised induced representation (U7, H") from L through (G,X, H) twisted by v as
defined in [3, p.676].

3. INDUCING CONSTRUCTION WITHIN RIEFFEL’S FRAMEWORK

In this section we bring Kawakami’s construction of generalised induced represen-
tations into Rieffel’s framework of induced representations of C*-algebras.

We denote by ¢ the trival action of H on §. Put B = C*(S, H,.), B, = C.(H,S),
A= C*G) and A. = C(G). Let V denote the subspace of L?(X,v;S) consisting of
maps vanishing outside a compact subset of X .

Let C be a G-invariant S*-valued cocycle on X x H. By Theorem 2.1 there is
a cocycle x of (G,X,H) such that C = x. We shall suppose that x : X — & is
v-measurable. This hypothesis will be satisfied if S is a separable C*-algebra, see [2,
Theorem 10.10]. We define

(F - &)(z) = /G F(s)p(s™,2) (s 2) dta(s),
(ﬁMﬂ=Lﬂ%%WkMﬂ%ﬁ%
mmuurﬁémwwwwwmwux

for all f € A., €&,m € V. and g € B.. We denote by VC the vector space V equipped
with the above operations.

THEOREM 3.1. VC is a prehermitian right B.-rigged left A.-module.
The proof of this theorem will follow from the next lemma.
LEMMa 3.2.

(i) Forany ¢ € VC, (¢ | &), is a positive element of B;
(i) Forany f € A. and £ € V, we have '

(f- €1 f- &b, SfI%X(E16s,  inB;

(iti) The linear span of {f - £ : f € A, £ € V} is dense in V with respect to
the norm induced from (- | -)g, .
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PROOF: (1) Choose a covariant representation (m, L) of the system (S, H,¢) such
that the integrated form = x L is faithful. Put

e(€,v)(z) = /H‘lr(f(z,t){(:ct))llgv déy(t).
Then we have

((m x L)({n | &)s.)v | w) = /X @) e, w)(e)dn)

Therefore (w x L)({¢ | é)B.) is a positive operator, and then (¢ | £)s, is a positive
element of B.
(i) Fix a state w of C*(S,H,¢). Put
(mln)e=w((nln)s.), Va7 eVC
Let N, = {n € V®:(n|n)w =0}, and g, : V¢ — VC/N,, the quotient map, and H,,
the Hilbert space obtained by completing the space VC/N,,. For each s € G, we define

(s:m)(z) = p(s7%,2) *n(s7%2), Ve Ve

Let W be a compact neighbourhood of the identity e € G. Suppose that 5 € V€ and
suppose that 7 vanishes outside a compact subset K,. Since H acts properly on X,
the set

K={te H:WK,t n WK, # ¢}

is compact. It then follows that

—-1/2
s n=nls-n=mall, < |AZ x| s n=nl}, vsew

Define
La(qw(n)) = qu-v(s -1), Ve Ve.

We have
lim || Z4(gu(n)) = gu(mI* < lim |[{s -7 —n | s -7 = n)s|l, = 0.

Therefore L defines a continuous unitary representation of G in H,,.
Let K, be a compact set such that £ vanishes outside K¢, and put P = supp(f)Ke.
Since s +— f(s)s- ¢ is a £g-measurable map from G into L%(P,v;S8), it follows that

f-€=/cf(5)s-£d£c(s) in L3(P,u;5).
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Observe that the restriction of g, to L*(P,v;S) is continuous with respect to the
L?-norm. Therefore we get

aol(f €)= /G £(5) La(2u(€)) d2a(s) = L(F)au().
It then follows that
w((f-€1f-€5.) = llauw(f- 6

< A% llgu N = IFII% w((€ 1 €)s.)-
Since this is true for all states of B, we get the desired inequality.
(iii) For each neighbourhood V of e, we choose a positive function f,, € Cc(G)
such that supp(fv) CV and ”fv ||1 = 1. Fix a compact neighbourhood W of e. Let

¢ € V°. By arguments similar to those in (ii), there is a constant x (depending on W

and ¢) such that
(fy €—€1F, €= Erl,<x|f, €—¢5, VYVCW

With similar arguments to those in [2, Proposition 24.47], we can show that
lim, ||f, - &€ — &||3 = 0, and hence

lim|[(f, -€~€1f, €~

|5 =0 0
CorROLLARY 3.3. Let v and C be defined as in Remark 2.3. Then the induced
representation obtained by Rieffel’s process through the bimodule VC is unitarily equiv-

alent to (Uc,'HC).
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