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INDUCED REPRESENTATIONS TWISTED BY COCYCLES

Huu HUNG BUI

We define a notion of representation induced from cocycles which encompasses
the case of Kawakami's generalised induced representation. Our purpose is to
formulate Kawakami's construction within the context of Rieffel's formalism of
induced representations of C*-algebras.

1. INTRODUCTION

Rieffel developed in [5] an elegant method of inducing representations of C*-
algebras, and showed that Mackey's induced representations can be obtained through
this process. On the other hand, Kawakami presented in [3] a notion of induced rep-
resentation under a very general situation: through a double transformation group
(G,X,H) and twisted by a cocycle 7 of (G,X,H).

Our purpose is to formulate Kawakami's construction within the context of Rieffel's
formalism of induced representations of C*-algebras. In Section 2, we establish a bijec-
tive corresponding between G-invariant cocycles on X x H and cocycles of (G,X,H)
extending the result of Kawakami, and then define a notion of representation induced
from G-invariant cocycles on X x H. In Section 3, we show that Kawakami's generalised
induced representations can be also obtained through RiefFel's process.

In this paper G and H will be separable locally compact groups, and X will be
a separable locally compact space. We suppose that G (respectively, H) acts continu-
ously on X by the map (s,x) 1—> sx with s £ G and x € X (respectively, (x,t) 1—> xt
with x £ X and t € H). We denote by £Q and £fj the left Haar measures on G and
H, and by AQ and A// the modular functions of G and H. All Hilbert spaces are
assumed to be separable. We shall denote by S a unital G*-subalgebra of the algebra
B(7i) of all bounded operators on a Hilbert space 7i, and by <S" the set of all uni-
tary elements of S equipped with the Borel structure generated by the weak operator
topology.
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2. COCYCLES AND INDUCED REPRESENTATIONS

A <Su-valued cocycle on X x H is a Borel function C : X x H —> Su such that

C{x,rt) = C{x,r)C(xr,t), V i £ l , Vr,( £ H.

Two cocycles C and D are said to be (G-invariant) cohomologous if there is a (G-
invariant) Borel function / : X » Su such that

(2.1) C{x,t) = f(x)D(x,t)f(xt)*, VxEX,Vt6H

We denote by ZS(X; H) the set of all <Su-valued cocycles on X x H. The quotient set

of ZS(X; H) by the relation of being cohomologous is denoted by HS(X; H).

If (G,X,H) is a double transformation group, we define <Su-valued cocycles of
(G,X,H), ZS(G;X;H) and HS(G;X;H) in the same way as in [3, Definition 1.4].

For each X G ZS(G; X; H), we put

(2.2) x(*,t) = X ( * ) * X ( * O . Vx€X,VteH.

Then £ i sa G-invariant cocycle on X x H. If x and 7 are cohomologous, then so are

X and 7.

We say that (X, H) is smooth if each orbit is locally closed in X, and say that

(X, H) is effective if each stability group is trivial.

The following result is a generalisation of [3, Proposition 1.5].

THEOREM 2 . 1 . Let (G,X,H) be a double transformation group. Suppose that

(X,H) is smooth and effective. Then for each G-invariant Su-valued cocycle C on

XxH, there is a x G ZS(G; X; H) such that C = x • Furthermore, if (G, X) is smooth

then there is a bijective corresponding between HS(G;X;H) and HS(G\X;H).

PROOF: Since (X,H) is smooth, the quotient map q : X —> X/H has a Borel
cross section d : X/H —> X. For each x £ X, we have x = d(q(x))b(x) for some
b(x) e H. The map <j) : X/H x H —> X, defined by <j>{q{x).t) = d{q(x))t, is Borel.
Since (X,H) is effective, <f> is surjective. Observe that <f>~1(x) = (q(x),b(x)). Since
X/H x H is a standard space, <j>~1 is Borel (see [4, p.72]), and hence b is Borel. If C
is a G-invariant 5u-valued cocycle on X x H and if we put x{x) — C'(d(q(x)), b(x)),
then X e ZS(G;X;H).

Now if (G,X) is smooth, the quotient map p : X —> G\X has a Borel cross
section c : G\X —» X. If x S ZS(G; X; H) and if we put

,t) = X(c(p(x)),t) = x(x,t),
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then x '• G\X x H —» <S" is Borel. If x and 7 are cohomologous, then so are x a n ^ 7-
Therefore the map [X] •—> [x] from HS(G;X;H) into HS(G\X;H) is well-defined.
By the first part this map is surjective. Suppose that x a nd 7 are cohomologous, that
is, there is a Borel map / : G\X —> 5" such that

x ( P ( x ) , o = f{p(xm(P(x),t)f(p(x)t)*, Vxex,vteH.

If we put N(x) = f(p(x))* and M{x) = X{x)N(x)*-/(x)* , then X(x) = M(x)-y(x)N(x).
Therefore this map is also injective. U

From now on we suppose that there is a positive measure /x on X/H such that for
each s 6 G, the measure fi,, defined by

/ i ^ , V F G CC(X/H),
X/H

is equivalent to fi. We also suppose that H acts properly on X. By [1, Chapter VII
Section 2, Proposition 4], there is a positive measure v on X such that

!/(/) = / dfx(x) f f(xt)diH(t), V / G C7e(Jr).

We deduce from [6, Theorem 5.10] that there is a .ff-invariant IQ ® t'-measurable
function p : G x X ——> (0,oo) such that for each s G G, the function x 1—> p(s,x) is
a Radon-Nikodym derivative of v, with respect to v.

Let C be a G-invariant iS"-valued cocycle on X x H. We denote by "H the set
of (equivalence classes of) all immeasurable maps <j> : X —• "H such that for i/-almost
all x £ X we have <j>(xt) = C(x,t)*<f>(x) for all < € H, and

*) I 4>{x))dp(x) < 00.

Then Up is a separable Hilbert space with the inner product given by

For each s G G we define a unitary operator Uf on K c by

{vf4>){x) = pis-1,*)1'2^-^), v<j>eHc.

PROPOSITION 2 . 2 . (UC,HC) is a continuous unitary representation of G. If
C and D are G-invariant cohomologous then (Uc,"HC) and (UD,7iD) are unitarily
equivalent.

PROOF: The first assertion follows from routine arguments. Let / : X —> <S" be
a G-invariant Borel map satisfying (2.1). We define

Then T defines a unitary intertwining operator between (Uc,HC) and (UD,HD). D
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REMARK 2.3. Suppose that (L,T-C) is a continuous unitary representation of H. Put

M={Lt:teH}'. Pick 7 £ ZM(G; X; H), and put

C{x,t) = 1{x)*1{xt)Lu Vx£X,VteH.

Then C is a G-invariant A'C-valued cocycle, and (Uc,HC) is just Kawakami's gen-

eralised induced representation (W, lHy) from L through (G,X,H) twisted by j as

denned in [3, p.676].

3. INDUCING CONSTRUCTION WITHIN RIEFFEL'S FRAMEWORK

In this section we bring Kawakami's construction of generalised induced represen-

tations into Rieffel's framework of induced representations of C*-algebras.

We denote by i the trival action of H on 5 . Put B = C*{S,H,L),BC = CC(H,<S),

A = C*{G) and Ac = CC{G). Let V denote the subspace of L2(X,u;S) consisting of

maps vanishing outside a compact subset of X.

Let C be a G-invariant .S^-valued cocycle on X x H. By Theorem 2.1 there is

a cocycle \ °f (G,X,H) such that C = x- We shall suppose that x '• X —> S is

immeasurable. This hypothesis will be satisfied if S is a separable C*-algebra, see [2,

Theorem 10.10]. We define

/
G

/
H

(V I 0Bc(t) =

for all / £ Ac, i,rj G Vc and g £ Bc. We denote by Vc the vector space V equipped

with the above operations.

THEOREM 3 . 1 . Vc is a prehermitian right Bc-rigged left Ac-module.

The proof of this theorem will follow from the next lemma.

LEMMA 3 . 2 .

(i) For any £ £ V c , (£ | £)BC is a positive element of B;

(ii) For any / £ Ac and £ £ V, we have

(f-t\f- 0» e < VWA (t I 0B« ^ B;

(iii) The linear span of {/ • £ : / £ ,4C, £ £ V} is dense in V witi respect to

the norm induced from {• \ -)BC •
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PROOF: (i) Choose a covariant representation (TT,L) of the system (S,H,i) such
that the integrated form n x L is faithful. Put

Then we have

s(£,v)(x)= I w(x(x,t)({xt))Ltv diH(t).
JH

i\t)Be)v\w)= [ {e{t,v){x)\e(7,,w)\
JX/HX/H

Therefore [w x £)((£ | V)BC) ls a positive operator, and then (£ | £)BC 'S a positive
element of B.

(ii) Fix a state w of C*(S,H,L). Put

Let iVu = {77 6 V° : {rj | J?)u = 0}, and gw : Vc —» Vc/Nu the quotient map, and ^
the Hilbert space obtained by completing the space Vc/Nu. For each s £ G, we define

Let W be a compact neighbourhood of the identity e G G. Suppose that 77 6 Vc and
suppose that 77 vanishes outside a compact subset Kv. Since H acts properly on X,
the set

K = {teH : WKvt n WKV ± <f>}

is compact. It then follows that

\\{s-7,-7,1 a •T,-T,)BC\\1<\\A£'2XK\\I\\..T,-T,\\1, VstW.

Define
*-(«• 17), Vr ,6V c .

We have

Um | | ia(9o,(T7)) - 9U,(T7) | | 2 ^ l i m | |(a • T, - 7/ | 5 • r, - r,)Bc \\x = 0.
5—»e 3—*e5—»e

Therefore L defines a continuous unitary representation of G in 7i.u.

Let / Q be a compact set such that ( vanishes outside K^ , and put P — supp(f)K{ .

Since s 1—> f(s)s • £ is a ^o-measurable map from G into L2(P, f,S), it follows that

/ • * = f f(s)s(diG(s) in £2(P,t,;S).
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Observe that the restriction of qu to L2(P,u;S) is continuous with respect to the
L2-norm. Therefore we get

0 = / f(*)L.
JG

It then follows that

Since this is true for all states of B, we get the desired inequality.

(iii) For each neighbourhood V of e, we choose a positive function fv £ CC(G)

such that supp(fv) C V and U/vHj = 1- Fix a compact neighbourhood W of e. Let
£ €E V c . By arguments similar to those in (ii), there is a constant /c (depending on W

and £ ) such that

With similar arguments to those in [2, Proposition 24.47], we can show that

limv | | /v • £ - t\\l = 0, and hence

l i m | | ( / v . £ - * | / v - * - O B e | | B = 0.

COROLLARY 3 . 3 . Let 7 and C be defined as in .Remark 2.3. TAen the induced

representation obtained by Rieffel's process through the bimodule Vc is unitarily equiv-

alent to (uc,nc).

REFERENCES

[1] N. Bourbaki, Integration (Hermann, Paris, Chapter 1-4(1965), Chapter 5(1967), Chapter
7-8(1963)).

[2] N. Dinculeanu, Integration on locally compact spaces (Noordhoff International Publishing,
Leyden, 1974).

[3] S. Kawakami, 'Irreducible representations^ of non-regular semi-direct product groups',
Math. Japon. 26 (1981), 667-693.

[4] G.W. Mackey, The theory of unitary group representations (The University of Chicago
press, 1976).

[5] M.A. Rieffel, 'Induced representations of C*-algebras', Adv. Math. 13 (1974), 176-257.
[6] V.S. Varadarajan, Geometry of quantum theory (Springer-Verlag, Berlin, Heidelberg, New

York, 1985).

School of Mathematics, Physics,
Computing and Electronics

Macquarie University
New South Wales 2109
Australia

https://doi.org/10.1017/S0004972700013514 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700013514

