Check for
updates

Forum of Mathematics, Sigma (2024), Vol. 12:¢124 1-44
doi:10.1017/fms.2024.70 CAMBRIDGE

UNIVERSITY PRESS

RESEARCH ARTICLE

Bounded Littlewood identity related to alternating
sign matrices

Ilse Fischer

Fakultit fiir Mathematik, Universitdt Wien, Oskar-Morgenstern-Platz 1, 1090 Vienna, Austria; E-mail: ilse.fischer@univie.ac.at.
Received: 15 March 2023; Revised: 30 April 2024; Accepted: 25 June 2024
2020 Mathematics Subject Classification: Primary—05A19, 05E05; Secondary —05A05, 05A15, 05B20, 05E10, 82B20, 82B23

Abstract

Anidentity that is reminiscent of the Littlewood identity plays a fundamental role in recent proofs of the facts that
alternating sign triangles are equinumerous with totally symmetric self-complementary plane partitions and that
alternating sign trapezoids are equinumerous with holey cyclically symmetric lozenge tilings of a hexagon. We
establish a bounded version of a generalization of this identity. Further, we provide combinatorial interpretations of
both sides of the identity. The ultimate goal would be to construct a combinatorial proof of this identity (possibly via
an appropriate variant of the Robinson-Schensted-Knuth correspondence) and its unbounded version, as this would
improve the understanding of the mysterious relation between alternating sign trapezoids and plane partition objects.

1. Introduction

Littlewood’s identity reads as

Zsﬁ(xl,... ,,)_]_ll_X ]_[ %% (1.1)

a ' <i<js<n

where 5, (X1, ..., X,) denotes the Schur polynomial associated with the partition A and the sum is over
all partitions A. In fact, the identity was already known to Schur (see [26, p. 163] or [27, p. 456]) and
written down by Littlewood in [21, p. 238]. This identity has a beautiful combinatorial proof that is
based on the Robinson-Schensted-Knuth correspondence and exploits its symmetry; see Appendix A
and, for example, [28] for details.

In recent papers [10, 11, 17], where ‘alternating sign matrix objects’ (namely, alternating sign trian-
gles and alternating sign trapezoids) have been connected to certain ‘plane partition objects’ (namely,
totally symmetric self-complementary plane partitions and column strict shifted plane partitions of fixed
class, which generalize the better known descending plane partitions), a very similar identity played
the crucial role to establish this still mysterious [12] connection. All these proofs are not of a combi-
natorial nature and involve rather complicated calculations, and so the study of the combinatorics of
our Littlewood-type identity is very likely to lead to a better understanding of the combinatorics of this
relation.

In order to formulate the identity, we rewrite (1.1) using the bialternant formula for the Schur
polynomial [28, 7.15.1]
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deti<ijen (X)) ASymy, . [T X0
HlSi<an(Xi_Xj) B nlsi<an(Xi_Xj) '

Sty (X1, X)) =

allowing zeros at the end section of (41, ...,4,), with

XXt X)) = ) sene s fXoqys - Xom)

oeS,

.....

as follows:

.....

ki yk ky,
Xn 205k1<k2<...<kn Xl 1X22 X ] 1_[ 1—[ |
[Ti<icj<n(Xj - Xi) 1- X - XX,

Xi I<i<j<n

Note that we have permuted the variables X1, ..., X,, in the denominator and numerator compared to
the above definition of Schur functions as we are using the transformation k; = A,,41—; +i — 1. We have
used the following identity in [10, 11]:

.....

n]5i<j$n(Xj —X,)

I+X; +X;
_HI—X [ T-XX, (1.2)

Yl<i<js<n

In that paper, the formula was proved by induction with respect to n. In [17], an additional parameter
has been introduced, which has to be set to 1 to obtain (1.2). The formula reads as

~~~~~~

) 3\ ki
[Ti<icj<n(Q@+(Q = DXi + X + Xi X)) Do<k, <ky<...<kn lef:l(%) ]
[Th<icj<n(X; — Xi)
Q+X l—l Q(1+Xl)(1+X])—X,X]
Lo-x? (Q - XiX;)

i 1<i<j<n

(1.3)

While (1.2) does not generalize (1.1), (1.3) does generalize the classical Littlewood identity: after setting
Q =2, wecanpullout [T, ;. ;,(Q +(Q — 1)X; + X; + X; X;) since it is symmetric in X, .. ., X, and
then (1.2) is obtained by an appropriate change of variables. Among other things, we will see in this
paper that we can also introduce another parameter in (1.2) as follows:

ki vk kn
[Ticicijen(M+ WX + X; + Xi X;) Xo<ky<ky<..<kp X| X5 7+ Xn
[Ti<icj<n(X; = Xi)

=1 H 1+ X +X; +wX; X,

1- X 1-X.X;

i=1 I 1<i<j<n

------

(1.4)
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In fact, there is even the following common generalization of (1.3) and (1.4):

.....

k.
Xi (1+X; t
X, H]Si<j£n(Q + WX[ + Xj + XzXJ) 20$k1<k2<...<kn l_[;:l:l( Q(_:)-(i )) :|

[Ticicj<n(X; — Xi)

Q+X Q+0X;+0X; +wX;X;
_l_[ l—[ 0 - X:X; ’

i 1<i<j<n

The latter identity is equivalent to

ki
X[ 1 X[ '
ASymy, ¢ [[Ticicjen(q+wXi + X; + qXiX}) X<y <ko<...<kn [11=] (%) ]
[Ticicj<n(X; — Xi)
1+q7'X; 1+gX;+qX; +wX;X;
_n q : 1_[ q ll quX i ], (15)
1-X; 1<i<j<n T
when performing the following replacements Q — ¢ and X; — ¢X;, fori = 1,2, ..., n, and this is the

version of the identity we consider in this paper. For what follows, it is crucial that the right-hand side
of (1.5) can be written as

deti<i j<n (g7 X" (g + X)) (gX7 "+ w)" (1 +¢X;)7 1)
[T<ici<n(1 = XiX)) [Ti<icj<n(X; — Xi)

s

which follows from the Vandermonde determinant evaluation.

The main purpose of this paper is to derive bounded versions of these identities and to provide
combinatorial interpretations of the identities that would allow us to approach them with a combinatorial
proof, possibly by a variant of the Robinson-Schensted-Knuth correspondence that mimics the proof
for the classical Littlewood identity. By bounded version we mean that the sums o<z, <x,<.. <k, are
restricted to, say, Xo<k, <k,<...<k, <m- Macdonald [22] has provided such a bounded version of the
classical identity (1.1) — namely,

Z S/l(Xl,...,Xn) = Z S(kn,kn,l ..... k])(Xl’--~,Xn)

AC(m™) 0<k|<kr<...<kp<m

deti< j<n (X;F] - lem-znij)
= — s (1.6)
i (1= Xi) [Th<icj<n (X5 — X)) (1 = Xi Xj)

which he used to prove MacMahon’s conjecture. Very recent work on bounded Littlewood identities
can be found in [24].
More specifically, we will prove the following.
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Theorem 1.1. For n > 1, we have

ASmel _____ X, |: l_[ (6] + WXl' + XJ' + leX])

l<i<j<n

1
M X;-X)

1<i<j<n

y Xi(1 +qX1))k‘ (Xz(l +6]X2))k2 N (Xn(l +qxn>)k"]

0<k1<k2<...<kn<m( q+X q+X> q+X,

_ deti<i j<n (aj,m,n(Q’W;Xi)) (1.7)
M 0-xX,) I (X;-X) '

1<i<j<n I<i<j<n

with
ajmn(g:w:X) =g X" (1+¢X)™ (g + X)
><((qX‘1 + W) (1 4+ gX) ™2 = (gX +w)" I (1 + qX_l)j_m_z),

Setting g = 1, we obtain, after simplifying the right-hand side, the following corollary.

Corollary 1.2. For n > 1, we have

1 ki yk Fon
o (Xj_Xi)ASmeI ..... X, ]—[ (1+wX; + Xj + X X) Z xhixk .. xk

1<i<j<n 1<i<j<n 0<k|<ky<...<kp<m

det,si,js,,(x{“(l + X)L+ wX) = X (L4 XD+ wX;l)"-f)
= . (1.8
n
[ 1-X) II (0-XX)(X;-Xi)

1 1<i<j<n

13

In the second part of the paper, we will then provide combinatorial interpretations for both sides of
the identity in the corollary.

Outline

In Section 2, we give a proof of (1.1). In Appendix A, we discuss a point of view on the combinatorics
of the classical Littlewood identity (1.1) and its bounded version (1.6) that is beneficial for possible
combinatorial proofs of the Littlewood-type identities that we establish in this paper. Recall that this is of
interest because such identities have been used several times [11, 10, 17] to establish connections between
alternating sign matrix objects and plane partition objects. To approach this, we offer combinatorial
interpretations of the left-hand sides of (1.4) and (1.8) in Section 3 and in Appendix B. Then, in Section 4,
we offer a combinatorial interpretation of the right-hand sides of (1.4) and (1.8). These interpretations
are nicest in the cases w = 0, 1. In Section 5, we offer an outlook on related work on the cases w = 0, —1,
which will appear in a forthcoming paper with Florian Schreier-Aigner.

2. Proof of Theorem 1.1

Bressoud’s elementary proof [2] of (1.6) turned out to be useful to obtain the following (still elementary,
but admittedly very complicated) proof of Theorem 1.1 provided here. Conceptually, the proof is not
difficult: We use induction with respect to n and show that both sides satisfy the same recursion.
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Using the following three functions

X(1+gX X(1+gX X)e(X) X!
f(xLM ¢(0) = g wX, () = XU _ JORO0X ) )
X g+X XXX
it is easy to see that (1.7) is equivalent to
1 (f(X7N) = F(X))e(Xg(X7H X3
ﬁASymxl ..... x l_[ J oy J
1Sil<_Ian( 7 i) 1<i<j<n C]( ) j)
det1<ij<n(ajmn(q,w;Xi))
g 2 nh(x)k ToXX) . 2
0<k|<kr<...<kn<m i= lsil;ljgn(l _Xin)lsil;Ian(Xj - X))
with

ajmn(gsws X) = g X" F(X)™ g (0™ F(X g (X7
x (X—n+m+2f(X)j—m—2g(X)n—m—Z _ Xn—m—2f(X—1 )j—m—Zg(X—] )n—m—Z). (23)

2.1. The case m — .

We start by proving the m — oo case of Theorem 1.1. We first show that this is equivalent to

(F(X7) - f(Xi)g(Xn)g(X;HXT 1
Xn H q(1 - X:X,) Hh(x) l_[1 h(X)

.....

[T <icjen (f(X) = f(Xj))g(Xi)g(Xj)
HISiSanQ(l_Xin) ’

=] [rxihs(x;hx? (2.4)
i=1

which is just (1.5) multiplied on both sides with []; <;;<,(X; — X;). To see this, we rewrite the left-
hand side of (1.7) by using the summation formula for the geometric series n times. As m — oo,
aj.mn(Q,r;X;) simplifies to

X2 (X)) e (X" F(XTHe(Xh
in a formal power series sense, and
det (XZFO6) ()" PG
1<i,j<n

can be computed using the Vandermonde determinant evaluation, we are led to the right-hand side of
(2.4) eventually.

We denote by L, (X1, ..., X,) the left-hand side of (2.4) and observe that the following recursion is
satisfied:

Ln(Xl’ X)_Z( l)kl nl(Xl""v)/(;"'-vxl’L)

h(X)
f(Xf)g(Xj)g(Xk)(l - f(X;l)—lf(Xk))
" llf_[ q(1—X;Xy) , (2.5)
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where )/(; means that we omit X;. Indeed, suppose more generally that

P(Xi,...,X,) = ASymy, _y. 1_[ s(Xl,X)l_[t(X)lll—I1 ]‘[" el

1<i<j<n
then
z 1
P(Xy,...,X,) = sgng——r——— s( Xk, X;)H(X;)
;é; é;%;: 1 - [1?:] M(}(j) 11;;L.
o(1)=k jk

x o [_[ s(X,,X)Ht(X)’2n1 M(X)

2<i<j<n (2.6)
— k— 1 v
Z( 1) (X)P(Xl,...,Xk,...,X,,)
x |1 s(xk,xjn(xj),

1<j<n,
Jj#k

where we use the notation

O'[f(Xl, e ,Xn)] = f(Xo-(l),Xo—(z), . on-(n))-

The last equality in (2.6) follows from the fact that the sign of o is the product of (—1)*~! and the sign
of the restriction of o to {2, 3, ..., n}, assuming o (1) = k and ‘identifying’ the preimage {2,3,...,n}
as well as the image {1,...,n} \ {k} with {1,2,...,n — 1} in the natural way.

We show (2.4) by induction with respect to n. The case n = 1 is easy to check. It suffices to show

that the right-hand side of (2.4) satisfies the recursion (2.5) — that is,

[Th<icjen (F(X)) = f(Xi))g(X)g (X))
Hlsisjsn q(1 - X;Xj)
FXNS(XNZ (X (X0 (£ (Xe) - FOXGH) X2
q(1 - X;Xk)

[ [rexhexihx?
i=1

-2 i ]

1<j<n,
J#k

y [Micicjeni ek (F (X)) = f(Xi)8(X)g(X;)
[Ti<icj<ni,jzr a1 — XiX;) .

We multiply by (1 — [T, 2(X)) [1i<i<j<n (1 — X; X;) and obtain

[Traxhexhx? -[[rxosxo| [] (F(X) - FXe(Xg (X))

i=1 i=1 l<i<j<n
FXNEXT(F(Xp) - F(X7))X2
FX0) - F (X)) ‘

= |] & -raxexex; )Zq(l -xp [ ]

1<i<j<n I<j<n
Jj#k

2.7)

Note that the sign (—1)**! in the sum has disappeared as we have pulled out the factor [ ; jen(f(X)) -

f (X))
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By the definitions of f(X) and g(X), this is

(l_[(q +X;) - l_[Xi(l +qu)) l_[ q(Xj = X)) (1 +gX; +gX; +wX; X;)
i-1 i=1

I<i<j<n

= [] e -x)0+aXi+gX; +wXiX;)

1<i<j<n

in:(q_xz) H Xj(1+qu)(l_Xij)(q+Xj+WXk+quXk).
1<j<n (Xj_Xk)(1+qu+qu +WXij)
J#k

Foreach s € {1,2,...,n}, both sides are polynomials in X; of degree not greater than 2n. It is not hard
to see that both sides vanish for X; = X; and X = q;:f;(’) for any ¢ € {1 2,...,n}\ {s}. Moreover,

it is also not hard to see that the evaluations also agree for Xy = 0,—¢~ 1 which gives a total of 2n
evaluations for each X: due to the factors X; and 1 + ¢ X, all summands on the right-hand side vanish
when setting X = 0, —g~!, except for the one for k = s. This summand can easily be seen to coincide
with the specialization of the left-hand side.

It follows that the difference of the left-hand side and the right-hand side is up to a constant in Q(g, w)
equal to

nX(1+qX) 1_[ (X; = X)) (1 +gX; +qX; + wXiX;). (2.8)

i=1 1<i<j<n
To show that this constant is indeed zero, we consider the following specialization

1 1
X1,X0, X3, X4,...)=|X1, —, X3, —,...].
(X1, X2, X3, X4, ...) ( xR

Note first that (2.8) does not vanish at this specialization, and therefore, it suffices to show that the left-
hand side and the right-hand side of (2.7) agree on this specialization. If n is even, this is particularly
easy to see because both sides vanish (on the right-hand side, all summands vanish, which is due to the
factor 1 — X;Xy). If n is odd, then only the last summand on the right-hand side remains, and it is not
hard to see that it is equal to the left-hand side.

2.2. The general case

In order to prove Theorem 1.1, we need to show
1<c113_t<n(aj,m’n(q, w; X)) = ASymy,  x F(m;Xy,...,X,), (2.9)
where

F(m; X, ... X)—]‘[(l—x2> [T a'¢egh - Fxane(xne(x;Hx;

I<i<j<n

x> RXDMR(R) (X

0<ki<k<...<kp,<m
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See also (2.2). Observe that we have the following recursion:

F(m; X1, %) = (1= xD) [ [a7' (F(XH) = £(X0)g(X)g (X7 X3

j=2
><ih(xl>‘l ]l[h(xi)
1=0 i=1

1+1
Fim-1-01X5,...,Xy).

We set
Alm; Xy,...,X,) = ASme1 x. F(m; X1, ...,Xy)

and observe that

1+1

ﬁ h(X;)

i=1

A(m X1, Xn) = Z i(—l)"”(l - XDh(Xi)™!

k=1 1=0
XAm—1-1;X1,..., X5, Xpn)
x ] a'Cah - Fxs(xog(xHx?,

1<i<n,i#k

by the same argument that has led to (2.6). By the induction hypothesis, we have

Am=1=1X1, o Xy Xo) = det (agmmi-1,0-1(g w3 X0)).
1<j<n-1

Therefore, the right-hand side of (2.9) is

n

DEna-xp [ a7 o) - Fx)(Xog (XX}

k=1 1<i<n,i+k

m
x 3 h(X)! | det (A(X) ™ aj i ni(gws X)), 2.10)

=0 1<j<n-1

and we need to show that it is equal to det; <; j <n (aj.m.n(q, w; X;)).
Using (2.1) and (2.3), we note that

BOO™ a1 (@ w3 X) = g7 (FOOT 0™ hCO! = X272 F(X) g (x 7)™ h (™),
and thus, we can write the determinant in (2.10) as
DS o O X2 £ (x7 )7 O (x7 = h(x)™! | 147 @ £(X0) ™D (X" h(X),
o,S ieS ieS

where the sum is over all bijections o : {1,2,...,n} \ {k} — {1,2,...,n — 1}, all subsets S of
{1,2,...,n} \ {k} and I(o) is the number of all inversions (i.e., pairs i, j € {1,2,...,n} \ {k} with
i < jand o(i) > o (j)). Moreover, S denotes the complement of S in {1,2,...,n} \ {k}. Also note
that (—=1)7(?) is just the sign of the permutation as it appears in the Leibniz formula of the determinant
when expanding it over all permutations. Comparing with (2.10), we multiply by /(X;)! and take the
sum over /. We obtain
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Z( 1)1(0’)+|S|l_l —o'(t)X2n 2f(X l)a(t)g(X l)n lh(X )m+1 l_lq—a'(z)f(x)a'(z)g(x )n 1

ieS ieS

x Z h(Xp)! ]_[ h(X;).

ieS

We evaluate the sum and rearrange some terms:

Z(_l)|5|q—n+1 - HieEU{k} h(Xi)mH HXZn zf(X 1)g(X 1)n lh(X )m+1 l_[f(X )g(X )n 1
S 1- Hiefu{k} h(Xi) icS
_ o(i)-1 _ o(i)-1
xZ( DTl o™ [ [la rexn] 707
ieS ieS
The inner sum is a Vandermonde determinant, which we evaluate. We obtain
1 =TT, 501y RCX)™!
Z(_l)lSlq—nH eSu{k} nx2n Zf(X l)g(X l)n lh(X)m+11_[f(X)g(X)n 1
1-T1. < h(X;)
S ieSU{k} ieS

x |1 a'con-ro,

1<i<j<n,i,j#k

withY; = X; if i € Sand ¥; = X, ifi € S.

From (2.10), we add the remaining factors and the sum over all k and finally have the full right-hand
side of (2.9). We exchange the sum over k and S: now we sum over all proper subsets S C [n] and all &
not in S. If we write i ¢ S, then we mean i € {1,2,...,n} \ S. This gives

et L= Tigs h(X)™! 2 e Clyne _
-1 S| —n+l [ XZn 2 X: 1 X~] n lh X; m+1 X; X; n—1
20 T S [ e o) L—S[f( )8(X:)

=D -xD x0T T o T - FX)g (X XE

k¢S 1<i<n,i#k

<[] a'vop-ron. @

1<i<j<n,i,j#k

We rearrange (2.11) slightly as follows

_ h(X;)™! _ _ _
|S| n+1 l¢S 2n -1 -yn m+l n-1
Z( ) 1—n[¢5h<xl> HSX FOGH (X R ™ [ ] 8(X0)

i¢S
x DD A-x) [ Fxoe(xHx?
k¢S igSU{k}
x[1a'(roch-rx0)  [] o' -rm).
I<i<n 1<i<j<n,i,j+k

izk
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This is further equal to

et 1= Tligs h(Xp)™! _ _ _
-1 |S| —n+l1 i¢S 2n -1 -lynp ] m+1 )" 1
2O T ey [ hs g e L‘S[gm

< [ a'rap-ran ] a'rx) -
B L
5 FXDg(XTH(f(Xi) - £(X71))X?
O -xh [ FXe) — 7 (X)) '

(2.12)
k¢S i€SU{k}

We divide (2.7) by g [T1<i<j<n (f(X;) — f(Xi))g(X;i)g(X;) and obtain
g ( [ [rexhexhx? - ﬂf(xi)g<xi))
i=1 i=1

:i(l - X}
k=1

l_[ FXNg(XTH(f(Xi) = F(X;)X3
1sj<n f(Xk)_f(Xj) .

J#k

By applying this to the variables (X;);cs, we can use this to replace the sum over all £ ¢ S in (2.12) by
something simpler:

_ . m+1
1y g L e MR T gy ] s

5 1= ligs h(Xi) [ g ies
x [ a'crap-ray [ a'r&x)-rx)
P i

< ([ [raxihexihxz - | r(xe (x|

i¢S i¢S

We rearrange terms and take into account that ¥; = X; if i ¢ S (extending the definition slightly by
setting Y = Xy). After some cancellation, we obtain

g Y DS - [rcamH ] | xm rx e
N

i¢S i=1

x [ [xr eyt [ [ X exom™ [ a7 (ro) = £,

ieS i¢S l<i<j<n

Using the Vandermonde determinant formula and the fact that ¥; = X VifieSand¥; = X; ifi ¢ S,
this is equal to

n

g () Y DI @ QT TroamH [ Txr rochs e,
S,o

i¢S i=1

% 1_[ Xin_lf(Xl-_l)O_(i)_lg(xi_l)n_l]’l(X[)m+l l_l Xi—n+1f(Xi)0'(i)—lg(Xi)n—l,
ieS i¢S

https://doi.org/10.1017/fms.2024.70 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.70

Forum of Mathematics, Sigma 11

which we expand as follows:
_(n+l n _ _
q 3 Z(_1)|S|+I(a') l_[Xin+1f(Xi l)g(Xi 1)
S,o i=1
% 1_[ Xin—lf(Xi—l)cr(i)—lg(Xi—l)n—lh(Xi)mH 1_[ Xi—n+1f(Xi)cr(i)—1g(Xi)n—l
ieS i¢S
_(n+l _ _
—g U [ xm r (e Hnx™!

2 DO T O e | [ X ) O e ()" 2113)
S,o

ieS i¢S

for reasons that become clear next. Recall that the sums are over all proper subsets S, but since the sums

are equal for S = {1,2,...,n}, we can also sum over all subsets S. The sum in the second term can be
written as
Z(_])|S|+I(0’) 1_[ X'nflf(Xfl)O'(i)flg(Xl—l)nfl l—[an+1f(xi)(r(i)flg(xi)nfl
13 1 15 1
S,o ieS i¢S

= g (Xi_"”g(Xi)"_lf(Xi)H - X{“lg(Xi‘l)"‘lf(xi—l)j—l)_

1<i,j<n

By the definitions of f(X) and g(X), this is equal to

n
l_[ Xl-_"+1 det (Xl.]_l(q +wX) (1 +gX)/ ™ = Xl."_] (gX; +w)" I (X; + q)j_l).
i=1

1<i,j<n

The determinant can be seen to vanish as follows: First, observe that it is a polynomial in Xi, ..., X},
of degree no greater than 2n — 2 in each X;. For 1 < i < j < n, the i-th row and the j-th row of the
underlying matrix are collinear when setting X; = X; or X; = XJT]. Moreover, the i-th row vanishes
when setting Xl2 = 1. It follows that [ (Xl.2 = DI licicj<n(Xj = Xi)(1 = X;X;) is a divisor of the
determinant, but since it is of degree 2n in each X;, the determinant vanishes. The first expression in
(2.13) is obviously equal to

det (g7 X2 PO A (X0 = g X OGN (XY h(X)™ ),
<i,j<n

and this is equal to det| <; j<n (@} m.n(g, w; X;)); see (2.3) as well as the expression for ~(X) in terms
of f(X) and g(X). This concludes the proof of Theorem 1.1.

3. Combinatorial interpretations of the left-hand sides
3.1. Arrowed Gelfand-Tsetlin patterns

To continue the analogy with the ordinary Littlewood identity (1.1) and Macdonald’s bounded version
(1.6) of it, both sides of the identities (1.4) and (1.8) will be interpreted combinatorially. For the left-
hand side, this was accomplished in another recent paper [13], and we will describe the result and adjust
to our context next.

In order to motivate the definition for the combinatorial objects, recall the combinatorial interpretation
of the left-hand sides of (1.1) and (1.6) in terms of Gelfand-Tsetlin patterns, which is described in
Appendix A.3. We need to extend the discussion from there insofar that there is also a sensible extension
of the definition of Gelfand-Tsetlin patterns to arbitrary integers sequences (A1, . .., 4,). The notion of
signed intervals is crucial for this:

https://doi.org/10.1017/fms.2024.70 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.70

12 L. Fischer

[a, b], a<b
[a’b]z 0, b=a—1.
[b+1,a-1], b<a-1

If we are in the last case, then the interval is said to be negative. The condition that defines a Gelfand-
Tsetlin pattern can also be written as a; ; € [ait1,j, @is1,j+1]. If the bottom row is weakly increasing,
we can replace this condition also by a; ; € [ai41,}, @i+1,j+1] (since we then have a;41,; < a4 j41 as
can be seen inductively with respect to n).

We use this now as the definition for arbitrary bottom rows: A (generalized) Gelfand-Tsetlin pattern
is a triangular array A = (a; ;)1<j<i<n Of integers with a; ; € [a;41,j, ai41,j+1] for all i, j. Then the sign
of a Gelfand-Tsetlin pattern A is

(_1)# of negative intervals[a;1, j,ai+1,j+1] = sgnA.
Then
NS a -y
Sy, (X1, X)) = Z sgnA | | X7 R 3.1
A:(“id')lgjgigl i=1
where the sum is over all Gelfand-Tsetlin patterns A = (a;, )1 < <i<n With bottomrow (d,,, A1, . .., A1)
and

en
detlsi,an(X i ])

i
- H1§i<an(Xi —Xj) '

This result is a special case of Theorem 3.4 below that will also cover the combinatorial interpretation
of the left-hand side of (1.4) and (1.8). However, this special case appeared essentially also earlier in
[8] (with some details missing).

Sy (Xt, o0, Xn)

Definition 3.1. An arrowed Gelfand-Tsetlin pattern (AGTP)! is a triangular array of the following form:

ai,i
az azn

an-2,1 . .. aAp-2.n-2
an-1,1 an-1,2 . . An-1,n—-1
an,1 Aan,2 an3 ce e An,n,

where each entry a; ; is an integer decorated with an element from {\, /', >, 0} and the following
is satisfied for each entry a not in the bottom row: Suppose b is the ,/-neighbor of a and c is the
\,-neighbor of a, respectively — that is,

a
b ¢’

Depending on the decoration of b, ¢, denoted by decor(b) and decor(c), respectively, we need to consider
four cases:

o (decor(b),decor(c)) € {N\,0} x{,7,0}:a € [b,c].
o (decor(b),decor(c)) € {N\,0} x{\,X}:a€e|b,c—1].

IThey appeared first in [13] as extended arrowed monotone triangles.
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o (decor(b),decor(c)) € { 7,} x {0} ae [b+1,c].

o (decor(b),decor(c)) € { ", x{\,YW}ac|b+1,c—-1].

An example is provided next. We write e, e, e/, e if the entry e is decorated with \, 7, %<, 0,

respectively.
N2
2 N3/
N2 2/ 3/
3 N2 N3/ N3/
27 4 N2/ 37 2
N6 o/ 5 17 g NS
We define the sign of an AGTP A = (a;;)i<j<i<n as follows: Each negative interval

[@iv1,j(+1),ai41,j41(=1)] withi > 1 and j < i contributes a multiplicative —1, choosing a; ; + 1 iff
decor(ai.1,;) € {,/,"'} and a;41,; otherwise, and choosing a1 j+1 — 1 iff decor(a;1 j+1) € {N\, X'}
and a;41, j+1 otherwise. There are no negative intervals in rows 1,2, 3, two in rows 4, 5 and three in row
6, so that the sign of the pattern is —1.

We associate the following weight to a given arrowed Gelfand-Tsetlin pattern A = (a; j)1<j<i<n:

n i i . . . .
W(A) _ Sgn(A)t#wu#/v#\w#y l—[ XiZj:] ai,jfzjzll a;_1,j+#,/'in rowi—#\(in rowt.

i=1
The weight of our example is
LUV wOX X3 X5 X, XS XE.

For this paper, only arrowed Gelfand-Tsetlin patterns with weakly increasing bottom row are relevant,
and in this case, the description of the objects can be simplified considerably as follows.

Proposition 3.2. An arrowed Gelfand-Tsetlin pattern with weakly increasing bottom row is an ordinary
Gelfand-Tsetlin pattern (i.e., with weakly increasing rows), where each entry is decorated with an
element from {\, /", ™, 0} such that the following is satisfied.

o Suppose an entry a is equal to its /-neighbor and a is decorated with either /" or “ (i.e., an arrow
is pointing from a to its /" -neighbor). Then the entry right of a in the same row is also equal to a and
decorated with \_or .

o Suppose an entry a is equal to its "\ -neighbor and a is decorated with either \\_or © (i.e., an arrow
is pointing from a to its \ -neighbor). Then the entry left of a in the same row is also equal to a and
decorated with /" or <.

The sign is —1 to the number of entries a that are equal to their / -neighbor b as well as to their
N\ -neighbor ¢, and b is decorated with /" or ' or c is decorated with \_and .

Proof. Suppose (a; j)i<j<i<n is an AGTP. If a;y1 ; < a;41 j41 for particular i, j, then a1 < a;; <
ais1,j+1.- The first inequality has to be strict if the decoration of a;4,; contains an arrow pointing toward
a;i ; (i.e., decor(a;s1,5) € {7, }), while the second inequality has to be strict if a;,1,j+1 contains an

arrow pointing toward a; ; (i.e., decor(a;+1,j+1) € {\,X'}).
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However, if a;41,; = a;41,j4+1 for particular i, j, then a;41,; = a; j = a;;1,j+1. In this case,

(decor(ajy1,), decor(aiyn,j+1)) € {0,\} x {0, '}

or

(decor(ai4,j), decor(ai,j+1)) € {7, X {\, X}, (3.2)

where in the second case, there is a contribution of —1 to the sign of the object.

These observations imply that if the bottom row is weakly increasing, then the underlying undecorated
triangular array is an ordinary Gelfand-Tsetlin pattern and that the properties on the decoration stated
in the proposition are satisfied. The only instance when we have a contribution to the sign is in the case
of (3.2).

Conversely, a decoration of a given Gelfand-Tsetlin pattern that follows the rule as given in
the statement of the proposition is eligible for an arrowed Gelfand-Tsetlin pattern according to
Definition 3.1. O

Remark 3.3. In the case that the bottom row of an arrowed Gelfand-Tsetlin pattern is strictly increasing
and we forbid the decoration (), we have that all rows are strictly increasing, and we obtain a monotone
triangle. Recall that monotone triangles are defined as Gelfand-Tsetlin patterns with strictly increasing
rows; their significance comes from the fact that monotone triangles with bottom row 1,2, ...,n are
in easy bijective correspondence with n X n alternating sign matrices; see, for example, [3]. In such a
case, there is no instance where we gain a —1 that contributes to the sign. These objects were used in
[13] to study alternating sign matrices. Among other things, the generating function of these decorated
monotone triangles can be interpreted as a generating function of (undecorated) monotone triangles,
and thus of alternating sign matrices.

The following explicit formula for the generating function of arrowed Gelfand-Tsetlin patterns with
fixed bottom row ki, ko, . .., k, is proved in [13].

Theorem 3.4. The generating function of arrowed Gelfand-Tsetlin patterns with bottom row
ki,...,k,is
n
l_[(t +uX; +vX; ! +w) l_[ (t +uEy, + vE;,1 + WEk,:EZJ.l)S(k,,,kn,l,...,k]) (X1,....Xn),

i=1 I<i<js<n

where E denotes the shift operator, defined as Exp(x) = p(x + 1).

The formula has to be applied as follows: First interpret ki, ..., k, as variables and apply the
operator [];<icj<, (t +uEy, + vE;; + wEk,.E;;) t0 Sk kot k) (X1, .., Xpp). This will result in a
linear combination of expressions of the form sk, +i, .k, +in_1,....k;+i) (X1, - - ., X)) for some (varying)

integers i;. The k; are only specialized to the actual integers after that. Note that we do not necessarily
have k, +i,, > k1 +i,_1 > ... > ky+i;evenifk, > k,_1 > ... > ki, so that the extension of the
Schur polynomial in (3.1) is necessary.

Example 3.5. We illustrate the theorem on the example (k1, k2, k3) = (1,2,3). We list the 8 Gelfand-
Tsetlin pattern with bottom row 1,2, 3 and indicate the possible decorations (one will be listed twice
with a disjoint set of decorations), where L = {0, }, R = {0, /} and LR = {0, /", "X}, and
on the right, we indicate the generating function restricted to the particular underlying Gelfand-Tsetlin
patterns with the indicated decorations, where we use

LX)=t+vX L, R(X)=t+uX and LR(X)=t+uX+vX ' +w.
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LR
1
H LR X1 X3X3LR(X1)L(X2) LR(X2)L(X3)?LR(X3)
L L LR
1 2 3
LR
2
e 8 XPXo X3 LR(X1) LR(X2) R(X2) L(X3)*LR(X3)
L L LR
1 2 3
LR
1
L LR X1 X3 X3 LR(X1)L(X2) LR(X2) L(X3)LR(X3)R(X3)
L LR R
1 2 3
LR
2
LR LR X2X2X2LR(X1)LR(X>)*L(X3)LR(X3)R(X3)
L LR R
1 2 3
LR
3
LR R X} XoXFLR(X1)LR(X2)R(X2)L(X3)LR(X3)R(X3)
L LR R
1 2 3
LR
2
L LR X2X3X3LR(X1)L(X2)LR(X2)LR(X3)R(X3)?
LR R R
1 2 3
LR
3
LR 2 X3X2X3LR(X1)LR(X2)R(X2)LR(X3)R(X3)?
LR R R
1 2 3
LR
2
L R X2XZXZLR(X))L(X2)R(X2)tLR(X3)?
LR 0 LR
1 2 3
LR
2
71 5,1 —X2X2X2LR(X1)(w + uXa)(w + vX; )tLR(X3)?
LR 0 LR
1 2 3

It is convenient for us to rewrite the formula from Theorem 3.4 as follows.

Corollary 3.6. The generating function of arrowed Gelfand-Tsetlin patterns with bottom row
ki,...,kuis

. (3.3)
[i<icj<n(Xj = Xi)
Proof. Observe that

n
[To+uxivvx+w) ] (t +uEy, +VE + wELE;! )S<kn,k,,_1,...,k1> (X1, ..., X)

i=1 1<i<j<n
ki+i—1
n | | \ASymy, X,,[ i-1 X' ]
=| |t +uX;+vX] +w) 1—1 (t +uBEg, + vE;j + wEkiE;j ) ~ %
i |<i<j<n [h<icjen(Xj = Xi)
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This is further equal to

ﬁ | ASymy, [Hlsi<j5n (t +uEy, + vE;} +WEkiE;jl) " Xl_ki+i—1]
(t+uXi+vX; +w)

il [Ti<icj<n(Xj - Xi)
n Asymxl

.....

.....

_ _ ki+i—1
| X, [H]S[<j§n(t+uxi + Vle +WX[XJ_1) ?:1 Xi +i ]
(t+uX; +vX " +w)
. ' ! [Ti<icj<n(X; — Xi)

ASymy, x| [Ticicon (v + WX+ 0 +uX:X) TTL, X[ |
B [Ticicj<n(X; — Xi) |
and the assertion follows. O
Remark 3.7. Suppose (k;—1,ky—1, ..., k,—1) is a partition (allowing zero parts). Then, when setting

u=v=0andw = 1, and replacing 7 by — in (3.3), we obtain the Hall-Littlewood polynomials [22] up
to a factor that is a rational function in 7.

3.2. Generating function with respect to a Schur polynomial weight

We are now ready to obtain our first interpretation. Multiplying (1.4) and (1.8) with [}, (Xl.‘1 +1+w+X;)

gives
AS ki—1 vy k-1 k-1
ymy oy |[licicjen(1+wWXi + X5 + XiX5) Do<iy<kre..<kn X1 X5° -+ X
[Ticicj<n(X; — Xi)
n n
1 1+Xi+Xj+WXin
= X '+1l+w+X; —_— , 34
[ ] w ’)HI—X,- [ X, (3.4
i=1 i=1 1<i<j<n
and
AS . ki—1y k-1 kn—1
meI ,,,,, X, Hlsiﬁan(l +WX1 +Xj+Xin) 20§k1<k2<...<kngm X1 X2 Xn

[Ti<icj<n(X; — X0)
n
=H(X{1+1+W+X,-)
i=1

4

ety cijen( X7 (14 X077 (L w X" = X2 (1 XD~ (L w1
X

n , (3.5
E(]_Xi) I a-XX)(X;-X;)

1<i<j<n

respectively, and we can now interpret the left-hand sides as the generating function of arrowed Gelfand-
Tsetlin patterns with non-negative strictly increasing bottom row, where we need to specialize t = u =
v = 1 in the weight, and in the second case, the entries in the bottom row are less than or equal to m.

Remark 3.8.

1. ForX = (X1,...,X,),let AGTP(t,u, v, w; K; X) denote the generating function of arrowed Gelfand-
Tsetlin patterns with bottom row k = (ky,...,k,). Then, using (3.3), it follows by changing
(Xl, . ,Xn) to (Xn,Xn—l, ... ,Xl) that

AGTP(t,u,v,w;k;X) = (=1) (g)AQTP(w, u,v, 1 k: X),
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where k = (ky, . . ., k). Therefore, the left-hand sides are up to the sign (—l)(rzl) also the generating
function of AGTPs with strictly decreasing bottom row of non-negative integers, where we need to
setu =v = w = 1 and replace ¢ by w in the weight, and, in the case of (1.8), the entries in the bottom
row are less than or equal to m.

2. For the case t = 0, there is worked out a possibility in [13] to get around the multiplication with the
extra factor [T, (X '+ 1+w+X;) by working with ‘down arrows’ as decorations. In our application,
this can be used in combination with our second combinatorial interpretation concerning AGTPs
with strictly decreasing bottom row to give combinatorial interpretations of the left-hand sides of
(1.4) and (1.8) in the special case w = 0. It is an open problem to explore whether the down-arrowed
array can be extended to general ¢.

In Appendix B, we develop some other (maybe less interesting) combinatorial interpretations of the
left-hand sides, which we include for the sake of completeness.

4. Combinatorial interpretations of the right-hand sides of (3.4) and (3.5)
4.1. Right-hand side of (3.4)
For the right-hand side of (3.4), which is
ﬁ X +1+w+X 1—[ 1+ X+ X; +wX; X;
1-X; 1-X;X;

, “4.1)

i=1 I1<i<j<n

it is straightforward to give a combinatorial interpretation as a generating function. Recall that, in the
ordinary case (1.1), the right-hand side [, ﬁ [Ticicj<n ﬁ is interpreted as two-line arrays with
entries in {1,2,...,n}, ordered lexicographically, with the top element of each column being greater
than or equal to its bottom element. The exponent of X; in the weight is computed by subtracting from
the total number of i’s in the two-line array the number of columns with i as top and bottom element.
To extend this to an interpretation of (4.1), we have one additional column ({ ) for all pairs i < j,

which are either overlined, underlined, both or neither. An overlined column ({) with i < j contributes
an additional multiplicative X; to the weight, while an underlined column with i as bottom element
contributes an additional X;, and if a column is overlined and underlined, then such a column contributes,
in addition to X; X, w. Moreover, an overlined column (i) contributes an additional X; to the weight,
and if it is underlined, then it contributes X 1 to the weight, and, again, if the column is overlined and
underlined, then it contributes also w. In both cases, if the column is neither underlined nor overlined,

it contributes nothing in addition.

4.2. Right-hand side of (3.5)

The following theorem provides an interpretation of the right-hand side of (3.5) as a weighted count of
(partly non-intersecting) lattice paths. This right-hand side differs from the right-hand side of (1.8) by a
simple multiplicative factor. We work as long as possible with general w; however, it will turn out that
we need to specialize to w = 0, 1 at some point to obtain a nicer interpretation. We present two different
proofs to obtain the result, where the second one is only sketched.

Figure 1 seeks to illustrate the theorem in the case that m is odd.

Theorem 4.1. (1) Assume that m = 21 + 1. Then the right-hand side of (3.5) has the following interpre-
tation as weighted count of families of n lattice paths.

o Thei-th lattice path starts in one point in the set A; = {(=3i+1, —i+1), (=i+1,-3i+1)},i =1,2,...,n,
and the end points of the paths are E; = (n— j+1+1,j-1-2), j=1,2,...,n

o Below and on the line x +y = 0, the step set is {(1, 1), (=1, 1)} for steps that start in (=3i + 1, —i + 1),
anditis {(1,1), (1, 1)} for steps that start in (=i + 1, =3i + 1). Steps of type (-1, 1) and (1, —1) with
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.AG

Ag/
4
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" /\/
Figure 1. An example of families of lattice paths in Theorem 4.1.

distance 0,2,4, ... from x +y = 0 are equipped with the weights X1, X5, X3, . . ., respectively, while
such steps with distance 1, 3,5, ... are equipped with the weights X7 1 X5 1 X3 Lo, respectively.

o Above the line x +y = 0, the step set is {(1,0), (0, 1)}. Above the line x + y = j — 1, horizontal steps
of the path that ends in E; are equipped with the weight w.

o The paths can be assumed to be non-intersecting below the line x +y = 0. In case w = 1, we can
also assume them to be non-intersecting above the line x +y = 0. In case w = 0, E; can be replaced
by E; =(n—j+1+1,2j—n-1-2),j=1,2,...,n, and then we can also assume the paths to be
non-intersecting above the line x +y = Q.

o The sign of family of paths is the sign of the permutation o with the property that the i-th path connects
A; to E ;) with an extra contribution of —1 if we choose (=i + 1, =3i + 1) from A;. Moreover, we
have an overall factor of

(-1)(") nxl?(xi" +1+w+X)(1+X;).
i=1

o In case w = 0, 1, when restricting to non-intersecting paths, let 1 < iy < ip,... < i, < n be the

indices for which we chose (=3i + 1, —i + 1) from A;. Then the sign can assumed to be (—1)"1*+*im,
and the overall factor is

n
l_[Xl.l(Xi‘1 +1+w+X)(1+X)).
i=1

(2) Assume that m = 21. Then, to obtain an interpretation for the right-hand side of (3.5), we only need
to replace E; by a set of two possible endpoints Ej = {(n—j+1+1,j-1-2),(n—j+1,j-1-1)}
The overall factor is
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n
(3 1—[ XX+ 14w+ X))
i=1

in the case when we do not specialize w. The endpoints are replaced by EJ’ ={(n-j+I1+1,2j—n-
[-2),(n—j+1,2j—n—-1-1)}ifw=0.Incase w =0, 1 if we restrict to non-intersecting paths and
the sign is taken care of as above, then the overall factor is

n
]_[X}(X;‘ +1+w+X,).
i=1

We discuss the weight and the sign on the example in Figure 1. The weights that come from the
individual paths are

XXX Xi X XX X5,

where the factors are arranged in a manner that the i-th factor is the weight of the path that starts in the
set A;. To compute the sign, observe that o = (65432 1) in one-line notation so that sgn o~ = —1 and
that we choose the second starting point in A; except for i = 1, so that the total sign is (=1) - (=1)° = 1.

In the case that m is odd, we always need to choose the second lattice point in A; if [ > n — 2 because
then all E; have a non-positive y-coordinate, and this implies that they cannot be reached by any of the
first lattice points in A; since any lattice path starting from the first lattice point in A; intersects the line
x +y = 0in a lattice point with positive y-coordinate. This implies that, in the non-intersecting case,
the sign is always 1. In the case that m is even, the conditionis / > n — 1.

In theses cases and when we have in addition w = 0, we can translate the lattice paths easily into pairs
of plane partitions. The case m = 2/ + 1 is illustrated in Figure 2, while the case m = 21 is illustrated in
Figure 3. A similar result can in principle be derived for the case w = 1, but we omit this here.

Corollary 4.2. Let w = 0.

(1) Assume that m = 21+ 1. In case | > n—?2, the right-hand side of (3.5) is the generating function of
plane partitions (P, Q) of shapes A, u, respectively, where i is the complement of A in the nX l-rectangle,
P is a column-strict plane partition such that the entries in the i-th row are bounded by 2n + 2 — 2i, and
Q is a row-strict plane partition of positive integers such that the entries in the i-th row are bounded by
n —i. The weight is

n
[ [X G+ 14 Xy (14 X x[ P2ty herzim?

i
i=1

(2) Assume that m = 21. In case | > n— 1, the right-hand side of (3.5) is the generating function of plane
partitions (P, Q) of (straight) shape A and skew shape u, respectively, such that u is the complement
of din the n X (I — 1)-rectangle after possibly deleting the first column of u, P is a column strict plane
partition such that the entries in the i-th row are bounded by 2n + 2 — 2i, and Q is a row-strict plane
partition such that the entries in the i-th row are bounded by n — i. The weight is

n
HXLI(X;I +1 +Xi)X?0f21_l znPXi—#ont znP.
i=1

Proof. We consider the case m is odd. Assume that 1 < k; < k» < ... < k, are chosen such that
(ki, —k;) is the last point in the intersection of the line x + y = 0 with the path that connects A; to E’

n+l-i
when traversing the path from A; to E; , .. Note that the portion of the path from A; to (k;, —k;) has

k; —isteps of type (1, —1) and 2/ — 1 steps of type (1, 1). These portions correspond to the plane partition
P is follows: The i-th path corresponds to the (n + 1 — i)-th row where the (1, —1)-steps correspond to
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9

8

9
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8

12(12|12|12(12|12[12(11| 9

11(11|11|11|11|11]10(10]| 8

10{10|10|10|10| 8

Tandl =12.

Figure 2. Illustration of Corollary 4.2 (1) for n

the parts, where we fill the cells in the Ferrers diagram from left to right when traversing the path from

0 gives the entry d + 1. It follows that the

length of row i is k,+1—; —n — 1 +i and that the entries in row i are bounded by 2n + 2 — 2i.

A; to (ki,—k;),and a (1, —1)-step at distance d from x + y

corresponds to the i-th row of the plane partition

n+l—i

4

Now the portion of the path from (k;, —k;) to E
Q. More precisely, the horizontal steps correspond to the parts, where we fill the cells in the Ferrers

., where the j-th step gives

n+l-i’

’

diagram from right to left when traversing the path from (k;, —k;) to E

the entry j. Note that there are i — k; + [ steps of type (1, 0) in this portion, while there are n — i steps in
total, so that the length of the i-th row is i — k; + [, and the entries in row i are bounded by n — i.

The case m is even is very similar, and it is therefore omitted here.
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9

8

8

12(12(12|12|12|12|12|11| 9

11(11(11|11|{11|11|10[10| 8

10{10|10|10|10| 8

Tandl =13.

Figure 3. I[llustration of Corollary 4.2 (1) for n

-Tsetlin into symplectic characters.

as defined in [19, Section 4]. Also the weight is up to an overall multiplicative factor essentially just the
weight that is used for symplectic tableaux. As a consequence, the corollary can be interpreted as to

provide the expansion of the generating function of arrowed Gelfand

Remark 4.3. (1) The plane partitions P in the corollary are in easy bijection with symplectic tableaux
This is in the vein of main results in [14] and in [7, Remark 2.6].

(2) In the case m is odd, the plane partitions Q are in easy bijective correspondence with 2n X 2n X 2n
totally symmetric self-complementary plane partitions. The bijection is provided in [7, Remark 2.6]. In

the case m is even, we place the part n+ 1 —i into the cell in the i-th row of the inner shape, and that way,
we obtain plane partitions that are in easy bijective correspondence with (2n+2) X (2n+2) X (2n+2)

totally symmetric self-complementary plane partitions.
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4.3. Thecasesn=2and m = 2,3

In this section, we give a list of all objects for the left-hand side and right-hand side of (3.5) in the case
n =2 and m = 2,3. We start with the case that m = 3, since this is easier on the right-hand side.

Note that m = 3 implies [ = 1. The arrowed monotone triangles are as follows, using the notation
from Section 3.

LR LR LR LR LR LR
0 1 0 1 2 0
L LR > LR R> L LR > LR LR > LR R> L LR >
0 1 0 1 0 2 0 2 0 2 0 3
LR LR LR LR LR LR
1 1 1
LR LR » LR LR » LR R> L LR > LR R> L LR >
0 3 0 3 0 3 1 2 1 2 1 3
LR LR LR LR
LR 2 LR > L 3 LR > L 2 LR > LR 3 R
1 3 1 3 2 3 2 3

The weights are

X +X), X (1+X), X5 (1+ X ), Xi X (X, + 1+ w+ X2), X7 (1+X2), X5 (1+ X5,
XX+ 1+w+ X)), XiXo (X5 + T+ w+ X0), X3 (1+ X2), X1 X5 (1+ X5, X Xo (1 + Xa),
XX+ X, XI5 (X + 1+ w+X0), X3 Xo(1+ X0), Xi X5 (1+ X5, 1), X X5 (1+ Xp),  (4.2)

up to the overall factor LR(X{)LR(X;), settingt =u=v = 1.
The corresponding paths from Theorem 4.1 are as follows.
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The weights are
—w, =X, =X =X, =X X = X, XTI -1 X X, - X0 XS 4.3)
up to the overall factor

X1 X1+ XD+ X)X+ T+w+ X)X +1+w+ X)
=-X1X5(1+X;)(1+X,)LR(X|)LR(X>),

and, as can easily be seen, the sum of weights agrees with those for the arrowed Gelfand-Tsetlin
patterns.
Now we consider the case m = 2. We have / = 1. The arrowed monotone triangles are as follows:

LR LR LR LR LR LR LR

0 1 0 1 2 1 2
L LR » LR R> L LR > LR LR > LR R> L LR > LR R
1 0 2 0 2 0 2 1 2 1 2.

The weights are

X(1+X"), X1 (1+X2), X3(1+ X, 1), X1 Xa (X, + 1+ w+ X2), X7 (1+X2), Xi X5 (1+ X5 1),

X2X(1+ Xa),

up to the overall factor LR(X|)LR(X;), settingt =u =v = 1.

As for the lattice paths, the situation is very similar to the case m = 3,1 = 1, only E; = (3,-2) is
replaced by the set E; = {(2,-1), (3,-2)} and E; = (2, —1) isreplaced by the set E; = {(1,0), (2,-1)}.
It follows that all the families of paths from the case m = 3 and [/ = 1 also appear here. In addition, we
have the following families of lattice paths.
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Thus, in addition to the weights in (4.3), these families of lattice paths give

w,

! _X2» _X_17 _17

1 »

_19_W7 _Xla_

up to the overall factor

"4 1+w+X) = -X1 X2 LR(X))LR(X>),

2

Tfl+w+ X)X

1

-X1 X (X

where the last two weights come from the last picture, first by interpreting the endpoint of the path that

starts in A; as element of £, and second as element of E;.
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4.4. First proof of Theorem 4.1

The approach of the first proof of Theorem 4.1 is closely related to the approach we used in the proof
of Theorem 2.2 in [7].
We consider the following bases for Laurent polynomials in X that are invariant under the transfor-
mation X — X~ !: let
Xi _ X—i 1
ql(X)Zm and bt(X)Z(X+X )l.

Then (¢;(X));>0 and (b;(X));>0 are two such bases. It is not hard to verify that

(mD)/2 m—r—1
am(0= 3, 1| Jonr-a 0. @4
r
r=0
In order to derive a combinatorial interpretation of the right-hand side of (3.5), consider
| det (37 X (X = X X (L ewX ) @)
<i,j<n

We start by considering the case where m is odd: We set m = 21+ 1, and pull out [T, X l.l+”, and obtain

[]xt det (x{"‘"‘1 (1+ X))~ (1 wXp)™™7 = X7 (g X711 4 wxi—l)"-f). (4.6)
i=1

1<i,j<n

The entry in the i-th row and j-th column of the matrix underlying the determinant is obtained from

XS4 X) 7 (1 + wX)" T = X (4 XN (L wX )
X-Xx!

j 1\ (n- J qxj—l—n+p+q—l _ X—j+l+n—p—q+1
= w
2, ( p )( q ) X-x

P-q=0

by multiplying with X — X~! and then setting X = X;. Note that this expression is invariant under
replacing X by X~!. From (4.4), it follows that this is further equal to

> st -t-neprq-nenw ) ()

P.q,r=0 q
|j=l-n+p+q-1|-1-2r=0

j—l-n+p+g-1-r-1
><(IJ n+p+q-1{-r
r

)bljln+p+ql [-1-2r (X).

We apply the following lemma. A proof can be found in [13, Lemma 7.2]. Note that the lemma also
involves complete homogeneous symmetric polynomials sz with negative k as defined in [ 13, Section 5].
Concretely, we define hy(Xy,...,X,) =0fork =-1,-2,...,-n+1and

he(Xts oo X)) = (D" X X e (XY XY 4.7

n
for k < —n. Note that a consequence of this definition is that the latter relation is true for any k.

Lemma 4.4. Let f;(Y) be formal Laurent series for 1 < j < n, and define

[V Y] = Y 0 GO i (VLX)

keZ
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where (Yk)fj(Y) denotes the coefficient of Y* in fi(Y) and hi_i.1 denotes the complete homogeneous
symmetric polynomial of degree k —i + 1. Then

det;<; (Y;
sl e (g, ).
[Tcicj<n(Yj=Yi) 1<ij<n

Noting that a Laurent polynomial in X that is invariant under the replacement X — X~! can be
written as a polynomial in X + X!, we use the lemma to basically rewrite (4.6) as follows:

detlg,-,jgn(x{*’*"*‘ (14 X1 (1 wXp)md = X7 (g 1)1 4 wx;l)"-f)

Micicjn(X; + X7 = X; = X71)

n =1 —J
[T - x5 det D Sgn(j_l_n+p+q—1)(—1)rwq(1 )(n ])
i=1 I<i.j<n P-q,r20 d !

|j-l-n+p+q-1|-i-2r=0
—l-n+p+g-1]-r-1 - -
X (U ’ rq | )h|j—l—n+P+q—1|—i—2r(X1 +X 1""’Xi+Xi 1))

Now, as X ; +X71-X; —Xl._l =(Xi—-X;)(1 —XiXJ-)Xi_lXjT1 ,in order to find a combinatorial interpretation
for the right-hand side of (3.5), we need to find a combinatorial interpretation of

CDOTTx O+ 1+w+ X0 (X - X7 (1= X))
i=1

. 1 7
X det Z sen(j -l —n+p+q-1)(=1)wi|’ "
1<i,j<n pgrs0 P 1

|j-l-n+p+q-1|-i-2r=0

[ —l-n+p+g-1|-r—-1
><(IJ n+p+q-1{-r

- )h|j—l—n+p+q—l|—i—2r(xl + XL X+ X

= (=) l_le(Xi‘l +1l+w+X)(1+X;)

i=1
N\ i
x det > sen(j—l—n+p+q—-1)(=1)"wi|’ "
1<i,j<n a0 p q
|j=l-n+p+g-1|-i-2r=0

[ —l-n+p+qg-1-r-1
><(IJ n+p+q-1{-r
r

)hljln+p+q1|i2r(X1 + X_la . Xl‘_]) .

For this purpose, we find a combinatorial interpretation of the entry of the underlying matrix — that is,

i —1\(n—j\(li-l-n+p+q—-1-r-1
E Sgn(j—l—n+p+q—1)(—1)’wq(J )(” J)(U n+p+q-1-r
p-q.r=0 P q r
|j-l-n+p+q-1|-i-2r>0

-1 -1
X hlj—l—n+p+q—1|—i—2r(Xl + X, Xt Xi )
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in terms of a lattice paths generating function. We simplify the expression using the transformation
q—on-j-gq

>, selp-gq-i- 1)(—1)rwn—f—q(1; 1)(n—j)(|p —g-1-1]-r-1

P.q.r=0 q r
|p—q-1-1]-i-2r=0

X hipogoi-tj—icr (X1 + X7 X+ X)), (48)

We simplify the expression further using the following lemma. A combinatorial proof of it using a
sign-reversing involution is provided in [7, Lemma 7.7].

Lemma 4.5. Let a,i be positive integers with i < a. Then

(a=)/2
a-r-1 _ _ _ _
Z (_l)r( r )hal2r(Xl+Xll7'aXl+Xl 1):ha*i(X17X117"~9Xi’X[ 1)
r=0

Therefore, the sum in (4.8) is equal to

g =W\ (n—J _ _
ngn(p—q—l—l)w" / q(] )( J)hpql1|i(X1aX11,~--,Xi»Xi h. 4.9)
v p q

We claim the following: If p —q¢ — 1 — 1 > 0, then (4.9) is the generating function of lattice paths
from (=3i+1,—-i+1)to (n—j+1+1,j—1-2) such that the following is satisfied.

o Below and on the line x + y = 0, the step set is {(1, 1), (=1, 1)}. Steps of type (-1, 1) with distances
0,2,4,... from x + y = n are equipped with the weights X, X5, X3, .. ., respectively, while steps of
type (—1, 1) with distances 1, 3, 5, . .. are equipped with the weights Xl‘l, X2_1, X3‘1, ..., respectively.

o Above the line x + y = 0, the step set is {(1,0), (0, 1)}. Above the line x + y = j — 1, horizontal steps
are equipped with the weight w.

Namely, if we assume that there are g steps of type (0, 1) above the line x + y = j — 1, and therefore,
n— j — q steps of type (1,0), then the path intersects the line x + y = j — 1 in the lattice point
(Il+1+q,j—1-2-gq), assuming that the endpoint of the path is (n — j + [+ 1, j — [ — 2), and there
are (";" ) of such paths each of them contributing w"~/~4 to the weight. Note that this weight depends
onjif w # 0, 1, and this causes complications when applying the Lindstrém-Gessel-Viennot lemma.

If we further assume that there are p steps of type (1,0) below the line x + y = j — 1, and therefore,
J — p steps of type (0, 1), then the last lattice point of such a path on the line x + y = O when traversing
the path from (-3i+1,—-i+1)to(n—j+[+1,j—-1-2)is(-p+q+1+1,p—q—1—1). Note that
by the assumption p — g — [ — 1 > 0, the lattice point (-p +q+[+ 1,p — g — [ — 1) is in the second
quadrant — that is, {(x, y)|x < 0,y > 0}.

Finally, lattice paths from (=3i+1,—i+1) to (-p+q+I+1,p—qg—1-1) withstep set {(1, 1), (-1, 1)}
have p —q — 1 — 1 — i steps of type (-1, 1) and 2i — 1 steps of type (1, 1). The generating function of
such paths is clearly /p,_g-1—1-; (X1, Xl_l, oL X Xl.‘l) = h|P_q_l_1‘_i(X1,X1_1, . € Xl._l).

The situation is very similar if p — g — 1 — 1 < 0, except that we need to replace the starting point
(=3i+1,-i+1) by (—i+1,-3i+1), and the step setis {(1, 1), (1, —1) } below the line x+y = 0. Again, we
can assume that (—-p+qg+[1+1, p—qg—1—-1) is the last lattice point on the line x + y = 0 when traversing
the path from (—i+1,-3i+1)to (-p+qg+Il+1,p—g—1-1).Inthiscase, (-p+g+I+1,p—g—-1-1)
lies in the fourth quadrant {(x,y)|x < 0,y < 0}. Wehave —p+qg+Il+1—-i=|p—-qg-1-1| -1
steps of type (1, —1) and 2i — 1 steps of type (1, 1); thus, the generating function in this segment is also
Rip-g-1-11-i (X1, X7 X X7,

Consequently, we can conclude that the right-hand side of (3.5) has the following combinatorial
interpretation: We consider families of n lattice paths from A; = {(-3i+1,-i+ 1), (=i + 1,-3i+ 1)},
i=12,...,nt0E; =(n—j+1+1,j-1-2),j=12,...,n, with steps sets and weights as
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described above. By the Lindstrom-Gessel-Viennot lemma [20, 15, 16], the paths can be assumed to be
non-intersecting on and below the line x + y = 0.

In case w = 0, 1, we can also assume them to be non-intersecting. This is clear for w = 1. In case
w = 0, we can assume that there are no steps of type (1,0) above the line x + y = j — 1, and, therefore,
we can alsohave (n— j+[+1,2j —n—1[1-2) onthe line x + y = j — 1 as endpoint since above the line
all the n — j steps have to be of type (0, 1). Whenever we choose (—i + 1, =3¢ + 1), this contributes —1
to the weight.

In the non-intersecting setting, suppose we choose (—i+1,—-3i+1) from A; for1 <i; < ... <i, <n,
then the sign of the permutation o such that A; is connected to E ;) via the paths is (—1) ¥+ +m=m,
This gives a total sign of (=1)#1+2++m Recall also that we have an additional overall weight of

(_1)("31) ﬁ XX 1+ w+ X)) (1 + X)),
i=i

Combining the sign from above with (—1) ("3 = (=1)!*2+-+7 the sign can also be computed as follows:
suppose we choose (=3i + 1, —i + 1) from A; precisely for iy, ..., i,. Then the sign is (=1)i+i2*+im
and in this setting, the overall weight is

l_IXf(Xi‘1 +1+w+X;)(1+X;).

i=1

This concludes the proof of the first part of Theorem 4.1.
Now we consider the case where m is even: We set m = 21 in (4.5), pull out [T, Xf"" and obtain

n

[Txt det (X{"‘"‘l(l F X (1 wXe) " = X X7 (1 in_l)"‘j).

i=1 1<i,j<n
The entry in the i-th row of the j-th column of the matrix underlying the determinant is obtained from

XIn1 (4 4+ X)I 1 (14 wX)T = XTI (14 XD (14 wX 1)
1-Xx-!

j- 1\ (n—- j Xj—l—n+p+q—1 _ X—j+l+n—p—q
= Z Wq .
p q 1-Xx-1

P-q=20

when multiplying with 1 — X~! and then setting X = X;. Now note that

Xm _ X—m—l
T —x1 - qme1 (X) + qm(X)

for any integer m, so that we obtain

Z (] . 1) (n ; j)wq (@j-1-n+p+qg (X) + @ j-1-n+pg-1(X)).

pagzo\ P q

It follows from (4.4) that this is

2 sgn(j—l—n+p+q><—1)’wq(j;1)

P.q.r=0
|j=l-n+p+q|-1-2r=0

)b|j—l—n+p+q|—1—2r (X)

« n—j\flj-l—-n+p+q|l-r-1
q r
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+ Z sgn(j—l—n+p+q—1)(—1)rw"(j;1)(n_j)

P.q.r=0 q
|j=l-n+p+q-1|-1-2r>=0

i —l-n+p+qg-1|-r—-1
><(IJ n+p+q-1|-r

r )b|j—l—n+p+q—l|—l—2r(x)'

Also, here we simplify the expression using the replacement ¢ — n — j — g and obtain

Z sgn(=l+p—q)(=1)'w" 74 (j - 1)(n - j)(' “irpmal-re 1)b|—l+p—q|—l—2r(x)
P q r

P.q.r=0
|~l+p-q|-1-2r=0

+ Z sgn(—l+p—q_1)(_1)rwn—j—q J-W\(mn=-,(l-l+p-g-1]-r-1
p q r

P.q,r20
|-l+p-g-1|-1-2r>0

X b|—l+p—q—l |-1-2r (X)

This implies the following:

ety cijen (X (1 X0)I7 (U wX) ) = X (L XD (1w
[Ti<icj<n(X; +X]] - Xi - X"

= 1—[(1 —Xl-_l) det (al-,j),
i=1

1<i,j<n

with

aj= Y, sen(p-q-D(=D"w (j » 1) (n . j)

P.q.,r=0
|p—q-1-1-2r>0

lp—q-1ll-r-1 _ _
X(p a , h|p—q—l|—i—2r(X1+X l,...,Xi+Xil)
_ 1 .
v sea(p-q-i- 1)(—1)’W"M(’ )(” ’)
P.q.r20 p 4q
Ip-g—1-1|-1-2r20
lp-g-1-1-r-1 - -
X( . h|p_q_1_1|_,~_2r(X1+X 1,...,Xi+Xl-l).

Using Lemma 4.5, we see that this is equal to

=N\ [n—] _ -
bij = Z sgn(p —q —Hw"™’ q(J )( J)h|p—q—l|—i(X1,X11,-.-,Xi,X,-1)

S )\ q
nei-alJ =W\ (n—17J _ _
+ > sgn(p—q—1- 1w q(’ )( J)h“,_q_l_”_,»(Xl,Xl',...,Xl-,Xi1). (4.10)
r-q20 p 1

Here we need to find a combinatorial interpretation of

<i,j<n

DD Xt +1 twtX;) det (bij).
i=1
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The only modification compared to the odd case is that the endpoints have to be replaced by the following
set of two endpoints E; = {(n—j+1+1,j-1-2),(n—j+1,j—1—1)} and that the overall factor is

n
loy-1
HXi(Xi +1+w+ X)),
i=1
given that the sign is taken care of as above.

This concludes the proof of Theorem 4.1.

4.5. Right-hand side of (3.5), second proof

In this section, we sketch a second proof of Theorem 4. 1. It is closely related to the proof of Theorem 2.4
in [7]. We only study the case m = 2[ + 1. Again, we need to consider

det (xi.""‘"‘l (14 X)L+ wX)"™ = X7 (e XN (1 + in_l)”_j). (4.11)

1<i,j<n
We have the following lemma.
Lemma 4.6. Forn > 1 and | € Z, we have

1
H1§i<an(Xj - Xi)(XJTl - Xl_l) HZ,’:l(XJTI - Xi)
X det (XA XN+ wX)" = X X (w1

1<i,j<n

X det (X{"‘"‘l(l + X T (1 wXo) " X X (14 in_l)"_j)

1<i,j<n

) -1 n—j
=( 2) det Zq( J )( q])wq(hk—i+l_hk+i—l—2n)

I<i,j<n| € —j+k+l+n—-qg+1
J-1 n—j
x det E D hggicton + hi—is1-n) |.
1<ien kq(—j+k+l+n—q+l)( q )w (Micrizt-n + Ri—ivi=n)

Proof. We use

A-B| B A-B|B A|B
det (A - B) det(A + B) = det( 0 A+ B) = det(m‘j) = det(ﬂ?)

to see that the product of determinants on the left-hand side in the assertion of the lemma is equal to

(Xij—l—n—l(1+xi)j_1(1 +in)n—j) Xi—j+l+n+1(1+Xi—1)j—1(1 +in_l)"_j)

1<i,j<n ‘(
—jH+n+1 “1\j-1 _1\n—j
X (T+X7) (A +wX; )™/

L

1<i,j<n

* ( (x{*’*"*l(l +X:)7 (1 + in)”_f)

1<i,j<n 1<i,j<n

Setting X,,4; = Xl.‘l fori =1,2,...,n, we can also write this is as

1<i<2n
I<j<n

det ( (X;"l‘"‘l (1+X)7-1(1 + wX,-)"—f) XLy X114 wx;l)"—f) o )
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We apply Lemma 4.4 to

da((ij””%1+ng4(1+wxng)

1<i<2n
I<j<n

1

—j#ln+l —1yj- “lyn=j
(X JH+n+ (1 +Xi 1)] 1(1 +WXi l)n J)ISL<27L )

[Ti<icj<on(Xj — Xi)

and obtain

J-1 n-j
det E Thi—iv1 (X150, X
¢ q(—j+k+l+n—q+1)( q )W k-ivt (1 2

k, 1<i<2n
1<j<n
1 n i
Z (_ k _'_Jl o 1)( J)thk—iH(Xb ce Xi)
k,q J n—q q llsi_52n
<js<n
We multiply from the left with the following matrix:
(hji (X, Xjats ..o, Xon)i<i,j<on
with determinant 1. For this purpose, note that
2n
Z i (X3, Xig1s - Xon) b1 (X0, -, Xp) = hiin (X0, .00, Xon),s
=1
and therefore, the multiplication results in
. .
dee| (> .., )] W (X X)
—Jj+k+l+n—-qg+1 q _
k,q 1<i<2n
1<j<n
J-1 n-j
Z(—'—k+l+n— +1)( )thk—m(Xl,-.-,in)
k,q J 4 4 llsi_SZH
<jsn

We set X;yn = Xi‘1 fori = 1,2,...,n (so that the arguments of all complete symmetric functions
are (X1,...,X,, Xl‘l, R X,;l)) and omit the X;’s now. Also note that, under this specialization, the
denominator []; <;; <, (X; — X;) specializes to the denominator on the left-hand side in the assertion
of the lemma. We obtain

det ( (Zk,q (—j+k4{l:-11—q+1)(n;j)wqhk_i"']) 1<i<2n

1<j<n

(St i g (3wt ) o, )

I1<j<n

With this specialization, we have hy = —h_g_», using (4.7). Therefore, the above is

(=)™ det ( (Zk,q (_.j+kflzi,—q+1)(n;j)wqhk—m) \<i<om

1<j<n

1<j<n

1 .
(Zk,q (—j—k41-1+n—q+l) (nqj)wqh—k+i—l—2n) 1<i<2n )

= (=1)" det ( (Sha Craadionged) (W hicir) o,

1<j<n

1 .
(Zk;q (—j+k4{l+n—q+1)(nqj)wqhk*'i—l—z") 1<i<on )
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Now, for j = 1,2, ...,n, we subtract the (j + n)-th column from the j-th column, and this gives
(~1)" det /! " N hicror = i -2n)
s —j+k+l+l’l—6]+1 q k—i+ k+i—1-2n L

Z j—l n—j wlhy o
—j+k+l+n—qg+1)\ ¢ kpi=l=an

k,q 1<i<2n
1<j<n
Fori=n+2,n+3,...,2n, we add the (2n + 2 — i)-th row to the i-th row. This gives a zero block for
{(i,j)|[n+1<i<2n,1<j<n},since
1 n i
Z ( ) / )( ])Wq(hk—i+1 — Nirict-2n + Mi—@na2-iy+1 = hir@ne2—i)—1-2n) = 0.
o —Jj+k+l+n—-qg+1 q
The lower right block is
1 n i .
det Z . / TN (hisicron + [0 % 1+ 1 hisansa—io1-2n)
mEE\ —jt+k+l+n—-qg+1 q
Jj-1 n—j .
= det D(hgyici-on + [P #n+1]hg;
"756'}3" kz;l(—j+k+l+n—q+l)( g )W (Mgsici—on+[i #n 1hk—is1)
:l et Z j=1 n_jwfI(h . +hy_: )
2isijel\ L \=j+k+l+n—q+1]\ g kizlon T Bkoivdon)
This concludes the proof of the lemma. O

The identity in the lemma involves, up to factors, a product of two determinants on the left-hand side
and also a product of two determinants on the right-hand side. This suggests that each of the determinants
on the left-hand side equals up to factors a determinant on the right-hand side. This is indeed the case.

More specifically, one can show that (4.11) is up to factors equal to

n

(-n" l_[(l +X;)X! 1 det Z{; ( J=1 )(n ; j)wq(hk+i—1—n + Ngivi-n) |-

i <i,jsn| £ —j+k+l+n—-qg+1

This can be shown by induction with respect to n as suggested in [7, Remark 7.4]. Thus, Lemma 4.6
would actually not have been necessary; however, it explains how the expression was obtained much
better than the proof by induction.

Using Lemma 7.5 from [7], we can conclude further that the expression is equal to

(-0 [ Ja+xox!
i=1

Jj—=1 n—j -1 -1
x det i1 (X1, X7 oo Xumiv, X .
lsi,ejsn qu:(—j+k+l+n—q+ ])( g )W k+i-1-n (X1 1 n—i+l n—z+1)

Also, this formula can be proven directly by induction with respect to n.
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Our next goal would be to give a combinatorial interpretation of

_1 n— . ~ ~
Z ( . J )( q J)Wq(hk+l]l1(X19X1 17 e 9Xn*i+19Xn_ll‘+1)'

o~ —j+k+l+n—-g+1

We replace i by n —i + 1 and g by n — j — g, and then we get rid of k by setting p = k +/+ g + 1:

1\ (- i o ) )
Z(‘]p )( q'])wn J th_q_l_l_i(xl’xl1""7Xi,Xl- 1).

p.q

This is equal to (4.9) when taking into account the definition of complete symmetric functions 4y for
negative k’s as given in (4.7).

5. Explicit product formulas in case (X;,...,X,) =(1,...,1)andw =0, -1

When evaluating the specializations of the LHS or RHS of (1.8) at (X1,...,X,) = (1,...,1) in the
cases w = 0, —1 for small values of n, one observes that the numbers involve only small prime factors,
and therefore, it is likely that they are expressible by product formulas. (A similar observation is true
for the case w = 1, but there the explanation is simple, since []; <;<;<,(1 +wX; + X; + X;X;) on the
left-hand side of (1.8) is symmetric then.) For the LHS and the case m = n — 1, these are unpublished
conjectures of Florian Schreier-Aigner from 2018. For instance, in the case w = =l and m = n — 1, we
obtain the numbers

4j +2)!
1,4,60,3328,678912, ... = 2"(n- 1>/2]_[ ( (+12+ +)1)'
n+2j

that have also appeared in recent work of Di Francesco [4].

Related conjectures for arbitrary m have now been proven and will appear in forthcoming work with
Florian Schreier-Aigner. The approach we have been successful with involves the transformation of
the bialternant formula on the RHS of (1.8) into a Jacobi-Trudi type determinant. Then we can easily
set X; = 1, and we were able to guess the LU-decompositions of the relevant matrices. Proving these
guesses involves the evaluation of certain triple sums, which is possible using Sister Celine’s algorithm
[5] and the fabulous Mathematica packages provided by RISC [25]. We state the results next. First, we
deal with the case w = 0.

Theorem 5.1. The specialization of the generating function of arrowed Gelfand-Tsetlin patterns with
n rows and strictly increasing non-negative bottom row where the entries are bounded by m at
X1,..., X)) =0,...,),u=v=t=1and w =0 is equal to

wy o7 (20 +m + 2 = 30);
GO O

Now we turn to the case w = —1.

Theorem 5.2. The specialization of the generating function of arrowed Gelfand-Tsetlin patterns with
n rows and strictly increasing non-negative bottom row where the entries are bounded by m at
X1,....X)=0,...,1),u=v=t=1and w = —1 is equal to

2nﬁ (m=-n+3i+1)i.y(m—n+i+1)
( m—n+i+2 ) (l) '
2 i

Other future work concerns extending results that have been obtained using (1.2) by replacing this
identity by Theorem 1.1 or specializations thereof.
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A. Aspects of the combinatorics of the classical Littlewood identity and its bounded version
A.l1. The combinatorics of the classical Littlewood identity (1.1)

We start by reviewing the classical combinatorial proof of (1.1): one can interpret the Schur polynomial
sa(X1,...,X,) as the (multivariate) generating function of semistandard Young tableaux of shape A
with entries in {1,2,...,n}, where the exponent of X; is just the number of occurrences of i in a
given semistandard Young tableau. Then the left-hand side of (1.1) is simply the generating function
of all such semistandard Young tableaux of any shape 1. The right-hand side can be interpreted as the
generating function of symmetric n X n matrices with non-negative integer entries: expanding ﬁ =
Y, >0(XiX;)“ corresponds to the entries a; ; = a;,; fori < j, while expanding 1= = Y, 50 X"
corresponds to the diagonal entries a; ;. Then such a matrix determines a two-line array with a; ;

occurrences of the pair ( ;) such that the pairs are ordered lexicographically. The semistandard Young

tableau P is simply obtained by applying the Robinson-Schensted-Knuth (RSK) algorithm to the bottom
row of the two-line array. It suffices to construct the so-called insertion tableau because by the symmetry
of the RSK algorithm, it is equal to the recording tableau. Thus, to reconstruct the two-line array, we
apply the inverse Robinson-Schensted-Knuth algorithm to (P, P).

A.2. Simpler description of the classical bijection

Now we discuss a related but simpler bijective proof of (1.1) that does not invoke the symmetry of
the RSK algorithm. After its description, we will actually discover that ‘only’ the description of the
algorithm is simpler as we will show that the bijection agrees with the classical one. However, this
second version could be of interest for developing the combinatorics of (1.4) and (1.8).

As discussed above, the right-hand side of (1.1) can be interpreted as the generating function of
symmetric n X n matrices A = (a; j)1<i,j<n» With non-negative integer entries. They are also equivalent
to lexicographically ordered two-line arrays with the property that the upper entry in each column is no
smaller than the lower entry: Fori < j,leta; ; = a;; be the number of columns of type ({ ) Comparing
to the two-line array from the classical proof, we just have to delete all columns ({ ) withi > j.

Now we apply the following variant of RSK, which transforms a lexicographically ordered two-line
array such that no upper element is smaller than the corresponding lower element into a semistandard
Young tableau.

o As usual, we work through the columns of the two-line array from left to right.

o Suppose ({ ), i < j, is our current column. We use the usual RSK algorithm to insert i in to the

current tableau.

o Ifi < j, we additionally place j into the tableau as follows: Suppose that the insertion of i ends with
adding an entry to row r. Then we add j to row r + 1 in the leftmost column where there is no entry
so far.

Example A.1. To give an example, observe that the symmetric matrix

0
0
1
4

—_— N O =
SN =N
[ I N,

is equivalent to the two-line array

33444444

1333
111233122224
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and that the algorithm results in the following semistandard Young tableau:

11112222|4\
2333

344

4

Well-definedness of the algorithm. We argue that the resulting tableau is always a semistandard Young
tableau. For this, we need an observation that can be deduced from [28, Lemma 7.11.2 (b)], which says
that if we insert a weakly increasing sequence of positive integers i; < i, < ... < i, from left to right
into a semistandard Young tableau, then the ‘insertion path’ of an earlier element lies strictly to the left
of a later element. Moreover, for p < ¢, the insertion path of 7,, ends in a row below and to the left of
the end of the insertion path of i, or in the same row to the left of the end of the insertion path of i,.
This implies that if the iy ’s are the bottom elements of the columns with top element j in the two line
array, then, if the insertion path of an iy with ix < j ends in row r, the elements inrow 1,2, ...,r are in
{1,2,...,j -1}

We show by induction on the number of elements in the tableau that our algorithm always leads to a

semistandard Young tableau. Now, if we insert the element i of the column ({ ) using the classical RSK

algorithm into the current semistandard Young tableau, then we obtain another semistandard Young
tableau; see [28, Lemma 7.11.3]. Placing the top element j in case j > i into the next row will also not
destroy the columnstrictness, as the elements above the row of j are in {1,2,...,j — 1}, as discussed in
the previous paragraph.

Remark A.2. Note that from the proof of well-definedness it follows that we may also add all top ;’s at
once after we have inserted the bottom entries of columns that have j’s as top entries in our algorithm:
Consider the skew shape A/u, where  is the shape of the tableau that we had before the insertion of all
these bottom entries and A is the shape of the tableau we obtain after the insertion (but not yet adding the
J’s from the top row of the two-line array) except that we exclude in the latter tableau all j’s that come
from the bottom of the two-line array. Now, if there are ¢ cells in row r of the skew shape, then we add
cj’s in row r + 1 to the semistandard Young tableaux with the bottom entries inserted, now including

also those that come from columns (j) This is because the cells of the skew shape are added to the
tableau in the course of insertion from bottom to top and within a row from left to right.

Reverse algorithm. We construct the inverse algorithm inductively, where the induction is with respect
to the largest element in the tableau. Suppose # is the largest element in the semistandard Young tableau.
Then we want to recover the part of the two-line array that has » in the top row (which is an ending
section of the array). Suppose

(i 102 ... is)

is this section, which implies i; < i, < ... < iy, and let r be maximal with i, < nsothati,,; =i,y =
... =1y = n. Now, from the algorithm it follows that s — r is just the number n’s in the top row of the
tableau, and we can delete these elements. Again, it follows from [28, Lemma 7.11.2 (b)] that we need
to determine the number u of »n’s in the second row, remove them and the apply the inverse bumping
algorithm to the last u element in the first row, from right to left (which means that we just remove them
and put them in the bottom row of the two-line array). We continue by counting (and removing) the n’s
in the third row, and, if v is this number, apply the inverse bumping to the last v elements in the second
row, from right to left. We work through the rows from top to bottom in this way.
Finally, we discover that this algorithm is just another description of the classical bijection.
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Proposition A.3. The algorithm just described establishes the same bijection between symmetric
n X n matrices A with non-negative integer entries and semistandard Young tableaux with entries in
{1,2,...,n} as the classical one.

Sketch of proof. The proof is by induction with respect to n. For n = 1, there is nothing to prove since
the two algorithms coincide in this case.

We perform the step from n — 1 to n. We can assume a,,_,, = 0 since increasing a, , has the same
effect in both algorithms, as in both cases, we just add a;, ,, columns (Z) at the end of the two-line arrays
and apply the same procedure to these columns, in both cases at the end of the algorithm.

Suppose B is the restriction of A to the first n — 1 rows and the first n — 1 columns. By the induction
hypothesis, we know that B is transformed into the same semistandard Young tableau P under both
algorithms. Moreover, let a be the two-line array that corresponds to A in the classical algorithm and
a’ be the initial section that disregards all columns with an » in the top row. Clearly, we can obtain P
also by applying RSK to the bottom row of a” and then deleting all n’s because the two-line array b that
corresponds to B under the classical algorithm is obtained from a’ by deleting all columns that have an
n in the bottom row, and the n’s will never bump an element, but at most be bumped in final steps of
insertions. Let Q denote the semistandard Young tableau where the n’s are kept (i.e., what we obtain
after applying RSK to the bottom row of a”).

Now note that the final sections of the two-line array with » in the top row agree for both two-line
arrays, and denote it by s. Since we assume a,,_, = 0, the bottom row of s does not contain any n. It is
also clear that we will obtain the same tableau if we apply the following two different procedures: Insert
the bottom row of s to P or insert the bottom row of s to Q and then delete the n’s. This is because P
and Q agree on all entries different from n, and n’s are at most bumped in final steps in the second case.

This implies that the two procedures (namely, the ‘classical’ one and the one that is the subject of this
section) result in the same two tableaux when disregarding the n’s. Therefore, it remains to show that
they also agree on the n’s. Now we use the fact that the positions of the n’s (as for any other entry) can
also be determined by considering the recording tableau (which is due to the symmetry of the classical
RSK algorithm); in particular, we need to study how the recording tableau is built up when adding s
since this is the only time when n’s are added to the recording tableau. These »’s are added in the final
cells of the insertion paths when inserting the bottom row of s into Q. Such an insertion path can either
agree with the corresponding insertion path in P or it has one additional step where an n gets bumped.
As we already know that up to the n’s, we obtain the same tableaux in both cases, we are always in the
case that n’s are bumped, and this proves the assertion.

A.3. RSK in terms of Gelfand-Tsetlin patterns

It is well known that semistandard Young tableaux can be replaced by Gelfand-Tsetlin patterns in the
definition of Schur polynomials (and thus in the combinatorial interpretation of the left-hand sides
of (1.1) and (1.6)) as there is an easy bijective correspondence, which will be described next. This
point of view is valuable for us because the left-hand sides of our Littlewood-type identities can
also be interpreted combinatorially as generating functions of Gelfand-Tsetlin-pattern-type objects (see
Section 3). The purpose of the current section is to indicate how the classical RSK algorithm works
on (classical) Gelfand-Tsetlin patterns, with the hope that something similar can be established for our
variant (i.e., arrowed Gelfand-Tsetlin patterns; see Section 3.1).
A Gelfand-Tsetlin pattern is a finite triangular array of integers with centered rows as follows:

at,i
az i azn

an,l ap2 An.n
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such that we have a weak increase in ,”-direction as well as in \-direction (i.e., aj+1,j < @i j < Qi1 j+1,
forall 1 < j <i < n—1). The bijection between semistandard Young tableaux of shape (41, A2, ..., 4,)
(we allow zero entries here) and parts in {1,2,...,n}, and Gelfand-Tsetlin patterns with bottom row
(An, Ay=1,...,A41) is as follows: reading the i-th row of a Gelfand-Tsetlin pattern in reverse order gives
a partition, and this is precisely the shape constituted by the entries less than or equal to i in the
corresponding semistandard Young tableau. Under this bijection, the number of entries equal to i in the
semistandard Young tableau is equal to the difference of the i-th row sum and the (i — 1)-st row sum in
the Gelfand-Tsetlin pattern. Therefore,

where the sum is over all Gelfand-Tsetlin patterns (a; ;)1 <;<i<n With bottom row (4,,, Ap—1, ..., d1).
To give an example, observe that the Gelfand-Tsetlin pattern corresponding to the following semis-
tandard Young tableaux:

1112 5\ AD)
2021415
4557
51668
718
is
3
25
0 2 6
0 1 3 6

0O 0 0 2 4 5 6 7

Now suppose we use the RSK algorithm to insert the integer m into a semistandard Young tableau.
On the corresponding Gelfand-Tsetlin pattern, we have to do the following.

o If the number n of rows of the pattern is less than m and the bottom row of the pattern is ki, . . ., kp,
then we add rows of the form O, ...,0, k1, ..., k,, with the appropriate number of 0’s until we have
m rows.

o Now we start a path in the pattern that starts at the last entry in row m with (unit) steps in \,-direction
or /-direction progressing from one entry to a neighboring entry in this direction. The rule is as
follows: Whenever the \ -neighbor of the current entry is equal to the current entry, we extend our
path to the next entry in \,-direction; otherwise, we go to the next entry in ,/-direction. We continue
with this path until we reach the bottom row.

o Finally, we add 1 to all entries in the path.

To give an example, if we use RSK to insert 3 into the semistandard Young tableau from (A.1), we
obtain the following tableau, where the insertion path is indicated in red:
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111122 3
21214|5]|5
415|577
5/6/6|8|8

718

On the corresponding Gelfand-Tsetlin pattern, we obtain the following:

0O 0 0 2 5 5 6 7

It corresponds to the tableau with the 3 inserted.
Now suppose in our simplified algorithm to prove (1.1), we ‘insert’ the column ({ ) into the Gelfand-

Tsetlin pattern. At this point, the Gelfand-Tsetlin pattern should have j rows. Then we apply the algorithm
just described to insert 7 into the pattern. To insert also j (in case j # i), add 1 to the entry immediately
left of the entry that is the end of the path that is induced by the insertion of i. Whenever we progress
to the first column with j as top element in the two-line array, we add one row to the Gelfand-Tsetlin by
copying the current bottom row and adding one 0 at the beginning.

A.4. The right-hand side of the bounded Littlewood identity (1.6)
The irreducible characters of the special orthogonal group SO, (C) associated with the partition
A= (A1,...,4,) are

" detlsi,jsn (Xi—/lj—n+j—l/2 _ Xi/l_,-+n—j+1/2)

5o (xy, .. X, = [ [ x1? ;
1 (X n) 1_[ P (I [ = 0D TTL (1 = X0) TTh<icjn (X — Xi) (1 — XiX;)

i=1

see [6, Eq. (24.28)]. These characters can be seen as generating functions of certain halved Gelfand-
Tsetlin patterns that are defined next. This can even be extended to so-called half-integer partitions
as will be explained also. A half-integer partition is a finite, weakly decreasing sequence of positive
half-integers.

Definition A.4. For a positive integer n, a 2n-split orthogonal (Gelfand-Tsetlin) pattern is an array of
non-negative integers or non-negative half-integers with 2n rows of lengths 1,1,2,2,...,n,n, which
are aligned as follows for n = 3:

ap,l
a1
as,| as;n
as, asp
as,1 asn as;
ae,1 ae2 ae,3
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such that the entries are weakly increasing along ”-diagonals and \,-diagonals, and in which the
entries, except for the first entries in the odd rows (called odd starters), are either all non-negative
integers or all non-negative half-integers. Each starter is independently either a non-negative integer or
a non-negative half-integer. The weight of a 2n-split orthogonal pattern is

n
X" =2ri-14ri-2
i b
i=1

where r; is the sum of entries in row i and r¢ = 0.
The following theorem is the first part of Theorem 7.1 in [23].

Theorem A.5. Let A = (A4,...,4,) be a partition (allowing zero entries) or a half-integer partition.
Then the generating function of 2n-split orthogonal patterns with respect to the above weight that have
A as bottom row, written in increasing order, is

—Aj-n+j-1/2 Aj+n—j+1/2
n detléi,/ﬁn(xi ! = _Xl'J ! /)

n—1/2
[1[ ([ = 0D T (1= X) Thi<icjen (X = X) (1 = X;X)

Now the right-hand side of (1.6) can be written as

detl <i,j<n ()(i]-_1 - Xl-rn+2n_j)

[T (1= X)) [Th<icjen(Xj = X)) (1 = Xi X )

det; <ij<n (Xii—n—(m+l)/2 _ Xi—j+n+(m+1)/2)

— ﬁxﬁm—l)/2+n
A [T (1= X0) [hcicjen (X = X)) (1 = X; X;)

so that we can deduce from Theorem A.5 that it is equal to

n

m/2 odd
]—[Xl. S0 s imyny (X1s o X,
i=1

From (1.6), it now follows that

n
2
Do saXi e Xa) = [ X500 sy (X1 X, (A2)
i=1

AC(m™)

A combinatorial proof of this fact can be found in [29, Corollary 7.4].

It would be interesting to see whether there is a bijective proof of (A.2) that uses RSK. More concretely,
under the bijection that is used in the classical bijective proof of (1.1), semistandard Young tableaux
whose shape is in (m™) correspond to two-line arrays such that the longest increasing subsequence of
the bottom row has at most m elements; see [28, Proposition 7.23.10].

Next, we argue that we can also read off the m from the two-line array we use for our simplified proof
of (1.1), in the following sense. The longest increasing subsequence of the bottom row of the ‘classical’
two-line array can be read off the corresponding matrix A with non-negative integers as follows: we
consider walks through the matrix with unit —-steps and unit |-steps and add up the entries we traverse.
The maximal sum we can achieve with such a path is the length of the longest increasing subsequence
of the bottom row of the classical two-line array. Now, if the matrix A is symmetric, we can confine
such walks to be weakly above the main diagonal, and the two-line array of the simplified algorithm is
constituted by this part of the matrix.
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Finally, we give a bijective proof of (A.2) in the case n = 2. The left-hand side can be seen as the
generating function of semistandard Young tableaux with entries in {1, 2}, with the weight

# of s y# of2’
xHofl's y# ol

Such tableaux have at most 2 rows and can be encoded by three non-negative integers x, y, z: let y be
the number of 2’s in the second row, z be the number of 2’s in the first row and x + y be the number of
1’s, which are necessarily in the first row. The two-line array that corresponds to such a tableau under
our simplified algorithm is constituted by x columns (i), y columns (%) and z columns (% ), ordered

lexicograhpically. The corresponding 4-split pattern can be obtained as follows: Add % to all entries

of the following 4-split pattern:
—x—y-min(x,z)
2

—min(x, z)
—y—z-min(x,z)
—= 0

0 0.

B. Further combinatorial interpretations of the left-hand sides

B.1. Generating function of AGTPs with respect to the bottom row

Setting X; = X» = ... = X, = 1 in Theorem 3.4, we see that the generating function of AGTPs with
bottom row k1, ..., k, and with respect to the weight
sgn(A)tu”"v S wX (B.1)

is

ki—ki+j—i
n -1 -1 J !
(t+u+v+w) 1_[ (t+uEki+kaj+wEkiEkj) l—l —
1<i<j<n 1<i<j<n
L kj—ki+j—i
B n —j+l j ki
=(t+u+v+w) l_[ (tEkj+uEkiEkj+v+wEki)nEkj l_[ —j—i
1<i<j<n Jj=1 1<i<j<n
kj— ki
=(rurvew ] (zEk,. + uEy By, +v+wEki) [T = (B.2)
L ’ 1 Jj—i
1<i<j<n 1<i<j<n
using the fact sk, k... (1 -+ 1) = [Tj<i<jcn r=, which follows from [28, (7.105)] when

taking the limit ¢ — 1.

Generalizing a computation in Section 6 of [9] slightly, it can be seen that the coefficient of
XX Xy in

) n

n

(t+u+v+w)" ]_[ X1 - X)) ]_[ (Xj = Xo)(u+1X; + wX; +vXiX;)

i=1 I<i<j<n
is the generating function of AGTPs with bottom row k1, ko, . . ., k, as given in (B.2), when interpreting
the rational function as a formal Laurent series in Xy, X», ..., X,, with (1 — X,-)‘l = k>0 Xlk and
assuming (ki, k2, ...,k,) = 0. Phrased differently, for any (ky,...,k,), (my,...,m,) € Z" with
(ki +my, ... .k, +my) >0, the coefficient of X|"' --- X, in

n
(t+u+v+w) l_[Xl._"”_ki(l —X)™" ]—[ (Xj = Xo)(u+1X; + wX; + X X;)

i=1 1<i<j<n
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is the generating function of AGTPs with bottom (k; + my, ..., k, + m,). Therefore, the coefficient of

XM X in

(t+u+v+w)"

n
X, ]_[ Xk () H (Xj = Xo)(u+1X; + wX; +vX:X;)

i=1 I<i<j<n

.....

is the generating function of pairs of AGTPs and permutations o, where the difference of the bottom
row and (ky, ..., k,) is the permutation of {m,...,m,} given by o, assuming (k| + mq(1),..., k, +
Mg (n)) = 0 for every permutation o-. The latter is always satisfied if (ky, ..., k), (m1,...,m,) > 0.
The above expression is equal to

n

(I+M+V+W)n]_[(1—Xi)_n ]_[ (Xi_Xi)

i=1 1<i<j<n
x ASymy, ﬂx"‘ [T G+wxit+ex;t+uxi'xh|.
1<i<j<n
Wesumoverall 0 < ky <ky <...<k, <m.
(t+u+v+w)"n(1—X) " ﬂ (Xj - X))
1<i<j<n
_ _ S —ki y—k ~kn
xASymy, x| || +wXi' Xyt ux X > x;hxk. . x,
1<i<j<n 0<ki<kr<...<kp<m
For (my,...,m,) > 0, the coefficient of X;"‘ .-+ X" is the generating function of pairs of AGTPs

A and permutations o of {1,2,...,n} such that if (ms(1),...,Mme(n)) is added to the bottom row of
A, we obtain a strictly increasing sequence of non-negative integers. In particular, the constant term is
the generating function of AGTPs (with respect to the weight (B.1)), whose bottom row is a strictly
increasing sequence of non-negative integers, multiplied by n!. Setting t = u = v = 1, this is by (1.8)
equal to

(3+w)"l_[(1—X)" [] & -x)
i=1 1<i<j<n

detls,-,jsn(xi‘f“ (14 X707 (1 wX1)n=d = X772 (14 X1 (1 + le-)"_j)
X

Ma-x M (1-x7'x7
i=1

I1<i<j<n

—(3+w)"1_[(1—X)" [] &x;-x)

I<i<j<n

det; <;. ,S,,(x;-'“(l + X)) o + X)) = X (14 X)L wXg) )
X .

EII(Xi - I XX;-1)

I<i<j<n
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B.2. Generating function of alternating sign triangles with respect to the positions of the 1-columns

Alternating sign triangles have been introduced recently in [1].

Definition B.1. An alternating sign triangle (AST) with n > 1 rows is a triangular array with n centered
rows of the following shape:

a1 ar2 <o e e ai2n-1
a2 ... ... ... d22p-2

Qp,n

such that a; ; € {0, 1, -1}, nonzero entries alternate in each row and column, all rows sum to 1 and the
topmost nonzero entry (if any) in each column is 1.

Next, we give an example of an AST with 5 rows:

0001000
01-101
001
1.

It is known that there is the same number of n X n ASMs as there is of ASTs with n rows, but no
bijection is known so far. It has even been possible to identify certain equidistributed statistics; see
[11,10,1].

The columns of an AST sum to 0 or 1. A column that sums to 1 is said to be a 1-column. The central
column is always a 1-column. Since the sum of all entries in an AST with n rows is n, there are precisely
n — 1 other 1-columns. A certain type of generating function with respect to the 1-columns has been
derived in [11, Theorem 7]. It involves one other statistic, which we introduce next: A 11-column is a
1-column with 1 as bottom element, while a 10-column is a 1-column with O as bottom element. For an
AST, T we define

p(T) = #11-columns left of the central column

+ #10-columns right of the central column + 1.

Theorem B.2. Let n be a positive integer, 0 <r <n—-1and0 < ji < jo < ... < juo1 £2n—3.The
coefficient of "' X' XJ* -+ - X! in

n-1
l_[(l+Xi) l_[ (1+Xi+Xin)(Xj —Xi) (B3)
i=1 1<i<j<n-1

is the number of ASTs T with n rows, p(T) = r and 1-columns in positions ji, j2, ..., jn-1, where we

exclude the central column and count from the left starting with 0.

For what follows, the crucial question is whether we can give the coefficient of ™' X 1’ ! Xf e Xr{'fll
of (B.3) also a meaning if (ji, ..., jn—1) is not strictly increasing. Such an interpretation does not exist
so far.
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Phrased differently, the theorem states that the coefficient of X{"' XJ* --- X" in

n-1

n—1
[le+xhxl [] a+x7+x7'xhaG" - x7)
i=1

1<i<j<n-1

n-1
:ﬂ(lﬂxi)xg"‘z"*‘ 1—[ (1+X; + X X)) (X; - X;)
i=1

I1<i<j<n-1

is the generating function of ASTs with 1-columns in positions j; — my, jo —ma, ..., ju—1 —m,_1 With
respect to p(T) — 1, provided that j; —m; < jo —mp < -+ < j,—1 —m,_1. Therefore, the coefficient of

myymz . yMn-1 ;
XX, X, in

.....

n—1
x| JA+X0X20 T (4 X5+ X X)) (X = X))
i=1

1<i<j<n-1

is the generating function of pairs of ASTs and permutations of {1,2,...,n — 1}, such that
J1=Mg(1y, J2 = M), s jnm1 — M (n—1) are the positions of 1-columns, provided that (ji — m (1),
J2 = Mg2),. .., jn-1 — Mg(n-1)) is strictly increasing for all o. Note that it is possible to satisfy the
strictly increasing condition — for instance, if (ji, ..., jn—1) is strictly increasing and the differences
between consecutive j; are large while the m; are small.

The expression is equal to

n-1 n—1

[Ja+oxoxt ] i-xpasymy s |[[XF [] 0+x+xx)].

i=1 l<i<j<n-1 i=1 I<i<j<n-1

We sumoverall p < j; < jo» <...< jy-1 £ g and obtain

n—1
]_[(1 + X)X P ]_[ (Xi - X;)

i=1 l<i<j<n-1

xASymy, x| [] (+Xi+xx)) > X/ xi (B4
1<i<j<n-1 0<j1<j2<<jn-159-p

Now, the coefficient of le‘ X;"z e X;"_"I‘ ' in this expression is the generating function of pairs of, let
us say, extended ASTs and permutations of {1,2,...,n — 1} such that if ms(1y, ..., My n-1) is added
to the positions of the 1-columns, we obtain a strictly increasing sequence of integers between p and q.
Extended refers to the fact that we now would need an extended version of Theorem B.2 as indicated
above, as we cannot guarantee that (ji — " (1), j2 = Mo (2), - - - » Ju-1 = M (n—1)) are strictly increasing
when we sumoverall p < j; < jop <...< ju-1 < q.

An exception in this respect is the case when all m; = 0. It follows that the constant term of (B.4) is
the generating function of ASTs with n rows whose 1-columns are between p and g. Using (1.8), this is

equal to
n—1 —2n+1+p
1+tX;)X. X — X; - ) B . .
]_[( M, SSL det (X)X - XTI (1 )T ).
il 1-X; \<isjonoy L~ XiXj 1sijsn-1
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