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TAMING WILD SIMPLE CLOSED CURVES WITH
MONOTONE MAPS

W. S. BOYD AND A. H. WRIGHT

1. Introduction. Hempel [6, Theorem 2] proved that if S is a tame 2-sphere
in E3 and f is a map of E? onto itself such that f |S is a homeomorphism and
f(E? —S) = E? — f(S), then f(S) is tame. Boyd [4] has shown that the
converse is false; in fact, if S is any 2-sphere in E?, then there is a monotone
map f of E3 onto itself such that f|S is a homeomorphism, f(E* — S) =
E? — £(S), and f(S) is tame.

It is the purpose of this paper to prove that the corresponding converse for
simple closed curves in E? is also false. We show in Theorem 4 that if J is any
simple closed curve in a closed orientable 3-manifold M3, then there is a
monotone map f: M? — S? such that f |J is a homeomorphism, f(J) is tame
and unknotted, and f(M3 — J) = .S — f(J).

In Theorem 1 of § 2, we construct a cube-with-handles neighbourhood of a
simple closed curve in an orientable 3-manifold. This neighbourhood is a solid
torus, sectioned into 3-cells, with a small cube-with-handles attached to each
section to cover a small subarc of J associated with that section.

Theorem 1’ constructs an analogous neighbourhood for finite graphs.

In § 3 we extend the construction given in § 2 to give a cube-with-handles
neighbourhood of a simple closed curve in which the simple closed curve is
homotopic to a simple closed curve lying in the boundary of the solid torus
portion of the neighbourhood. Similar extensions are given for neighbourhoods
of finite graphs.

Sections 4 and 5 construct an infinite sequence of cube-with-handles neigh-
bourhoods similar to those of Theorem 1, each lying “nicely’’ in the previous one.
In the process of constructing these neighbourhoods, it is shown that if J is
homologous to zero, then J bounds an open surface.

In § 6, the infinite sequence of neighbourhoods is used to construct the
monotone map of the 3-manifold onto .S* which carries a simple closed curve
in the manifold onto a tame unknotted simple closed curve. In the case that
the simple closed curve J has a solid torus neighbourhood in which it is homo-
logous to a centreline, there is a monotone map of the manifold onto itself
which tames J and which is the identity outside the solid torus neighbourhood.

In § 7, we show that any knot, link, or wedge of simple closed curves in an
orientable 3-manifold which is homologous to zero (respectively, contractible
to a point) in the 3-manifold, is homologous to zero (respectively, contractible
to a point) in a cube-with-handles in the 3-manifold.
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By a map or mapping we will mean a continuous function. If each point
inverse of a map is compact and connected, then the map will be called
monotone.

A surface is a 2-manifold. An open manifold is a noncompact manifold with-
out boundary, and a closed manifold is a compact manifold without boundary.
We will denote the boundary of a manifold M by M, and the interior of M
by Int M. A surface S will be said to be properly embedded in a 3-manifold M
if S C oM and IntS C Int M. We will assume that any manifold has a
given metric, and we will denote this metric by the symbol p. The diameter of
a set X will be denoted by diam (X).

A punctured disk is a disk D minus the interior of the union of a finite
mutually disjoint collection of subdisks of the interior of D.

By a graph, we will mean a finite connected 1-complex. A vertex or 1-simplex
v of a graph G has order # if v is a face of # 1-simplexes of G. The star of a vertexv
of G is the closure of the union of the simplexes of G which have v as a face.
An n-frame is the union of » arcs all intersecting at a common end point.

Let .S be a 2-sided polyhedral surface in a 3-manifold M3, and let A be an
oriented polyhedral arc or simple closed curve which pierces .S at each of its
points of intersection with S. If 4 pierces S #» more times in one direction than
in the other, we call # the (unsigned) algebraic intersection number of A and S.

We use the fact that a polygonal simple closed curve in a 3-manifold M3,
which is homologous to zero in M3, bounds a polyhedral orientable surface in
M3, Also, if two disjoint polygonal simple closed curves are homologous in
M3, then they bound a polyhedral orientable surface in /3.

2. Neighbourhoods of finite graphs. In this section we construct neigh-
bourhoods of finite graphs topologically embedded in a 3-manifold which are
as close as we can make them to a regular neighbourhood. This neighbourhood
is in fact the regular neighbourhood of a polygonal approximation to the graph
with small cubes-with-handles attached along disks in the boundary of this
regular neighbourhood to give a cube-with-handles neighbourhood of the
topologically embedded graph. Near points where the topologically embedded
graph is tame we do not need to attach the small cubes-with-handles. If the
graph is polygonal our neighbourhood is, in fact, a regular neighbourhood of
the graph. This neighbourhood will be used in §§ 4 and 5 to construct an
infinite sequence of neighbourhoods of a simple closed curve which will in
turn be applied in § 6 to define a monotone mapping carrying the simple
closed curve to a tame unknotted simple closed curve in S3.

THEOREM 1. Let J be a simple closed curve topologically embedded in the
interior of an orientable 3-manifold M?3. For any € > 0, J has a cube-with-handles
neighbourhood N with the following structure:

(1) There is a solid torus T with n meridional spanning disks D1, D, . .., D,

which divide T into n 3-cells Ty, Ts, ..., Ty such that D; = T;MN T 14
and D, = T, N\ T1.
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(2) There are m points pi1, pay ..., pn on J which divide J into n closed
subarcs J1, Joy . .., Ty such that p; = J; O\ Jip1and p, = J, (M J1.

(3) p: € Int Dy, for each 1.

(4) Each 3-cell T'; has an associated cube-with-handles H ; such that T M H; =
T NH;,=(@T;—D; — D,;_y) N\ 0H; is a disk F,.

(5) JiCT I (T JH) U Tt

6) diam(T;,.,J (I, UH)UT 1) < e

() N=TVU (UH,).

(8) If J 1s locally tame at each point J;, then T\ J = J; is an unknotted
spanning arc of T'; (hence there is no need for H,).

Remark. 1f M? is non-orientable, the same theorem is true except that T°
may be a solid Klein bottle, so NV is a cube with (possibly) non-orientable
handles.

Proof of Theorem 1. Let 6 < ¢/25. Choose points p1, ps, - - . , p, of J dividing
J into subarcs Jy, Jo, . . ., J, of diameter less than 6/3 such that

pi=JiNJy, t=1,...,n

(subscripts are understood to be integers mod #), and J,NJ; =@ if
j#1— 1,4, 0r ¢+ 1. The arcs Jy, Jo, . .., J, form the 2-skeleton of a curvi-
linear triangulation of J with vertices p1, p2, - - - , Pn.

Let J’ be a polygonal approximation to J, where J' = J, U J, U ... UJ/
is a simple closed curve with J,/ §/3-homotopic to J; by a homotopy keeping
the endpoints of J; fixed. By [9, Lemma 3], J,/ can be adjusted slightly near
J/NCIJT — (Ji21 I T U Ji41)) so that J/ is disjoint from

Cl(J — (it Y T, U T i10)).

Thus we will assume that J’ has this property for each subarc J,.

Take a polygonal solid torus neighbourhood 7" of J’ and a disjoint collection
of meridional disks Dy, D, ..., D,suchthat D, J' = {p,},i =1,2,..., =,
and p; € Int D,. If T, is the closure of the component of 7" — U {D;: 17 =
1,2, ..., n} containing D, ; \U D, then T;isa 3-cell foreach7 = 1,2, ..., n.
The D/s and T may be chosen so that diam(7';) < 6/3, and because

J/NCJ = (Jaa YT U J)) = 0,
we may assume that 7" and the D,'s were chosen so that
' NClJ — (Jiua VT, UJy)) =0, 1=1,2,...,n.

The latter condition insures that J, \ CI(T" — (T",.; I T, \U T'41)) = 0 for
each <.

Consider the collection of sets J, M o1, JoM a1, ...,J, M d7T. This is a
collection of mutually exclusive compact subsets of 7" such that no component
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of any J; M 987 separates a neighbourhood of itself in 7. Hence, there is a
collection

9=91U92U.U@n

of mutually exclusive disks in 7" such that &, is a mutually exclusive collec-
tion of disks containing J;/M 87 in the union of their interiors and
D,ND,;=Pif 15 j. Furthermore, &, can be chosen so that the union 2 *
of the disks in &, lies in (7,1 \JU T;\U T;41) missing the two end disks
D; o and D1, and since J; M 87 is a §/3-set we may assume that each disk
of &, has diameter less than §/3.

By ‘sliding” each 9D; along 67 we may adjust U D; so that
(U D;) N D* = @, no point of D; is moved more than §/3, and Z * lies in
Ti-1\U T;\U Ty1. We do this adjustment so close to each component of &
that p; is still in the adjusted D; and the resulting T';’s retain the property
that J; does not meet any 7' ;unless j = 7 — 1, 4, or 7 + 1, and diam(7";) < 8.

As in [7, Lemma 2], let ©2*, ; denote the set 2.* N\ T, for j =1 — 1, 1,
i + 1. There are three mutually disjoint disks on 47 ; — D,_; — D;, namely
Bj.1,;, By By, so that 9%, ;, C IntB,., 92*,,C IntB;; and
9*j+1,j C Int Bj.,_l’j. ThLIS gi* C Bi,i—l U Bij U Bi,i+1 and Bi,i—l C aT,;_l,
B, C 8T, Bi,ix1 C 37T 141. There are two arcs, one joining B, ;—1 to B, ;
intersecting D;_; precisely once, and one joining B; ; to B;, ;1 intersecting D
precisely once; both arcs are disjoint from any other B,;’s and lie in
(T:—1\J Ty)and (T ;\J T41), respectively.

It is easy to see that there is a disjoint collection of such arcs in 7 such that
each arc intersects \U 9D, precisely once and joins some B; ; to B; ;_1 or some
B, to B; 1 and each B, ; is joined to B, ;1 by one such arc and to B, 41
by one. Replacing these arcs by thin disks we obtain disks Fy, Fe, ..., F, on
o7 such that

91* C Bi,i—] UBi.iUBi,H-l C Fi9
F, C a(Ti—lu T\ Ti+1) — Dy — Dy, and F;N Fj =40
if 7 5 j. We now adjust the disks Dy, Do, ..., D, near 97 to slip them off
U F;so that F; C 01"y — D;_y — D,. This adjusts T, T, . .., T, also. We
now have the structure of (1), (2), and (3) of the conclusions to the theorem.

Since
diam (F,) é dlam (Ti—l U ]‘i U T'H-l) < 36

before this last adjustment, then
diam 7T'; < 6 + 2(38) = 75

after pushing the D/'s off the F's.

Let M/ be a compact 3-manifold with connected boundary intersecting 7°
in a collection of punctured disks in the boundary of each of M and 7', with
M{iNTCF;, J,—TClntM/, dlam(M/) <§/3, and M/ \NM;/ =@
if ¢ 5 j. Fatten the disk F; slightly into the complement of 7" and add the
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resulting cell to M to obtain a compact 3-manifold with connected boundary
M ; intersecting 7" in exactly the disk F;.

There is a collection .%&7; of arcs in M, such that each arc lies in Int M;
except that its endpoints lie in dM; — F; and such that M; minus a small
tubular neighbourhood of every arc of &7, is a cube-with-handles. Such arcs
exist by [9, Lemma 1]. By [9, Lemma 3], the collection of arcs .%/; may be
adjusted near & * N J; so that J, N/ * = @. Let H,; be the cube-with-
handles obtained by removing small tubular neighbourhoods of these adjusted
arcs of &7 ; from M ;. Then H; \ T = F; and

diam(H,;) £ diam (M) 4+ diam (F,)
< §/3 4+ 38 = 33s.

The cube-with-handles H; is the one promised in (4); and (5) follows. We let
N = T\U (U H,) and note that

diam(T,_, Y (T, U H) U T1y4) £ diam T + diam T'; + diam H,
+ diam 74,
<764+ 76+ 3%+ 768
=241 < e

To obtain (8) we assume without loss of generality by [3, Theorem 9] that
J is locally polyhedral mod its set of wild points. If J is locally tame at each
point of J;, then J; is polyhedral and we can choose J;/ = J,. It then follows
that 7°, T';, D; and D, can be so chosen as in (8). This completes the proof
of Theorem 1.

Remark. Let p be a point of a (possibly wild) simple closed curve J and let U
be a neighbourhood of . Then there is a disk D in U such that D N J = @
and any polygonal approximation of J which is homotopic to J in the comple-
ment of 4D intersects D algebraically once. Just choose D to be a D; of a
sufficiently close neighbourhood N of J as constructed in Theorem 1.

A special decomposition P of a graph G is a decomposition of G into vertices,
1-simplexes, and n-frames obtained as follows from a triangulation of the graph
which is so fine that the star of two vertices of order greater than 2 do not
intersect: At each vertex v of order # > 2, replace v and each 1-simplex con-
taining v with the n-frame star of v. The 1l-simplexes and n-frames of the
decomposition will be called 1-elements. The special decomposition P’ of the
graph G is a subdivision of P if each vertex of P is also a vertex of P’.

THEOREM 1'. Let G be a finite graph topologically embedded in an orientable
3-manifold M?. For any ¢ > 0, G has a cube-with-handles neighbourhood N with
the following structure:

(1) There is a special decomposition P of G and a cube-with-handles

T = U\{T,: o is a l-element of P}, where each T, is a 3-cell associated
with o.
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2) T, NTy =0ifoNe =0and T,N Ty = D,, where D, is a disk in
the boundary of each of T, and Ty if 7 = o M\ o’ is a vertex P. In this
case, r € Int D,.

(3) Each 3-cell T, has an associated cube-with-handles H, such that
TNH,=T,NH, = (8T, — U {D;: 7 1s a vertex of ¢}) M 0H, is a
disk F,.

(4) If o is a l-element of P, then ¢ C T.\J H,\J (U {T : o’ is a 1-element
of P and o' M o # B}).

(5) If o is a 1-element of P, then diam (\J {7, \JU H, : o’ is a 1-element of P
and ¢’ Mo #= B}) < e

6) N=T\U (U H,).

(7) If G is locally tame at each point of the 1-element o, then T, N G = ¢ and
o lies in T, as the cone from an interior point of the 3-cell T, to a finite
collection of points of 81 ,. In this case, there is no H,.

Remark. 1f M3 is non-orientable, 7' (and hence N) may be a cube with
non-orientable handles; with this exception Theorem 1’ holds for a non-
orientable 3.

Proof of Theorem 1'. The proof is essentially the same as that of Theorem 1,
except at the vertices of G of order » > 2. We indicate here how to modify
the proof of Theorem 1. We take first of all a special decomposition P of the
graph G instead of the triangulation of J. We choose a polygonal approxima-
tion G’ of G §/3-homotopic to G keeping the vertices of P fixed; in particular,
each vertex of G is also a vertex of G’. Instead of a solid torus neighbourhood
of J', as in Theorem 1, we choose a regular neighbourhood 7" of G’ and a
collection of spanning disks D, of T, one for each vertex 7 of P, which divides
T into 3-cells satisfying (1) and (2). Note that there is a 3-cell 7, for each
1-element ¢ of P and each 7, is separated from ‘“‘adjacent” 7T,.’s by a disk D..
If ¢ is an n-frame, note that 7, is “‘adjacent” to more than two 7T,.’s, and is
separated from them by a collection of disks {D, : 7 is a vertex of ¢}, where
there is one D, for each T,.

The rest of the proof is the same as the proof for Theorem 1 with the
appropriate change in notation.

3. In this section we take the neighbourhood N of Theorem 1 and modify
it so that the simple closed curve J (respectively, graph G) is homotopic in V
to a homeomorphic copy of itself in dN. As a consequence we can rename
subsets of the new neighbourhood so that it satisfies the conclusion of
Theorem 1 (respectively, Theorem 1’) except that possibly (5) holds in a
slightly weaker form, but in which J (respectively, G) is homotopic in N to a
spine of 7. There is a corresponding version of each theorem for non-orientable
3-manifolds, which holds with little or no change in proof.

THEOREM 2. Let J be a simple closed curve in the interior of an orientable
3-manifold M3. For any ¢ > 0, J has a cube-with-handles neighbourhood
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N=TVUH\UH,\JU...UH, as given in Theorem 1 with the additional
property that J is e-homotopic in N lo a simple closed curve L on N which
crosses each D precisely once and has no other points of intersection with \J D;.

Proof. Let N be a cube-with-handles neighbourhood of J as given by
Theorem 1 for ¢/3. Denote 7;\J H; by N;. Then J, C T:.1\U N, U T4,
diam(T.1 U N, U Ti1) < €/3, piey € Int Dy, p; € Int D;, where p_1, P4
are the endpoints of J,, and D, is the disk NN\ N1 = TN Tiya.

Letusconsider V; = T;,\U H,.Let Ey, E,, ..., E; be a collection of handles
for H;. That is, E, E,, ..., E; is a mutually exclusive collection of disks
properly embedded in H; such that the closure of H; minus a sufficiently close
regular neighbourhood of U E; is a 3-cell. By choosing the E; to miss the disk
F,=T,MN H;, we ensure that \U E; is a collection of handles for the cubes-
with-handles 7,y \JU N, \U T, 1 and also for the cube-with-handles V.

Let 6 > 0 be less than half the distance between any two of the disks
Ey, Es, ..., E;. Let J” be any polygonal arc which is §-homotopic to J; in
Ti-1\J N;\JU T;41 by a homotopy keeping p,_1 and p; fixed. Suppose that J;
and J,;” are oriented from p,_; to p, and that each E; is oriented. Suppose
further that J,”” pierces each disk E; at each point of intersection.

We assign a letter to each crossing of J,// with one of the disks E; as follows:

e; 1s a positive crossing through the disk E;,
e; 7 is a negative crossing through the disk E,.

Using this convention we can write out a word in the letters ej, es, ...,
representing J,//. For example, if J,” were represented by the word eie; e, it
would mean that proceeding along J,” from p,_4 to p;, J,// crosses E; in the
positive direction, then E; in the negative direction, then E, in the positive
direction and that there are no other intersections of J,/” with any E,.

If J;/ is represented by the word

X1¢1x0%2 , . . x ;¢!
where ¢; = =1 and x; = ¢, for some r € {1,2,...,k}, we can obtain
(uniquely) a reduced word

QMo . L L ™

where n; = +1, @, is some ¢,, and no symbol « ;" 417+ is of the form o~ !« or
ac~!. We do this by successively deleting such combinations from the word
X191%2¢2 . . . x,;¢t until none occur. (If J;/' were a closed curve at p,_; this
procedure would yield the reduced word of J,”” in the fundamental group
based at p,_; of the cube-with-handles 7";,_; \J N, \U T ;4 in a presentation of
this group.) Note that for any two approximations to J; such as J,/” we obtain
the same reduced word which we will refer to as the word of J,. This follows
from our choice of .

Now suppose that ay™as" . . . @, is the (reduced) word of J,. We emphasize
that this word is unique. We would like to construct an arc on
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ON; — (D41 \J D;) whose word is also a;mas™ . ..a,™. In general, this is
not possible. However, there is an oriented polygonal curve L’ in dN; running
from a point p’;_; in dD,_; to a point p, in 9D, with Int L’ C 9N, —
(Di-1\U D;) such that the word of L’ is the same as that of J;, and L’ has a
finite number of self-intersections, all crossing points. We may assume that
each such crossing is a double point and that none of the double points lies in
the boundary of one of the disks E;, 7 = 1,2, ...,k We will drill out holes
in N; to make a new cube-with-handles in N; for which it is possible to find
an L’ with no self-intersections.

Let ¢ denote one of the double points of L’ and let A”, A" be two subarcs of
L’ which cross at ¢ and contain no other singularities of L. Let 4’ and 4"
have the orientations inherited from L’. If E is a small disk in N, with
EMNJIN, =0ENIN, =A4" and EN (\J E;) = @, then we could drill out
a tube in N, along the arc A = dE — Int A’ and obtain a new cube-with-
handles N/ C N; in place of N;. By replacing the subarc 4’ of L’ with the
arc A on the tube we can reduce the number of singularities of L’ by one.
However, the new curve L so obtained would have a different word in N,/
because of the crossing of A’/ through the disk E, which must now be taken
as a handle of T',_; \U N/ U T'; along with E,, E,, ..., E;.

To compensate for this we choose E so that J; also has this letter in its
(reduced) word. Suppose that the new letter e corresponding to passage of L’
through E is between a7 and a 17+ in the word of L’. The word of L, then,
is the word of L’ with e inserted between a7 and ay17+1:

artMae™ ..o 1Mt L L L ag ™

J; can be divided into 3 subarcs Bj, Bs, Bz such that the word of B; is
a;May™ . . . ", the word of B, is the identity (i.e., B, does not intersect any
of the disks Ey, Es, ..., E;), and the word of Bj is agp 17t . .. ap™™.

To obtain the arcs B, By and B; we first take a regular neighbourhood U
of U E;in N;missing the endpoints of J;. There is a finite collection of mutually
disjoint closed subintervals of J;, the union of the interiors of which cover
J: M\ (U E;), such that each interval lies in U. We can read a word for J;
from these intervals as follows: If the endpoints of an interval are separated
in U by some Ey, then that interval represents a (net) crossing of J; through
E, in either a positive direction or a negative direction. In the first case we
associate the letter e, with the interval; in the second case, the letter e;~!.
If the endpoints of the interval are not separated in U by any Ej, then that
interval represents a (net) crossing of J; through U E; of zero. If the interval
intersects some E, (it can intersect at most one), associate the letter ¢ with
that interval; otherwise, just eliminate it from the collection. The word for J;
is the word obtained by traversing J; from p;_; to p, writing down the letter
associated with each interval as we come to it. It follows that, if we treat ¢
as equal to the trivial word, then this word reduces to the (reduced) word of J,
obtained before. Furthermore, reduction can be accomplished geometrically
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by replacing the two intervals corresponding to an ege;~! (or an e, 'e;) by a
longer interval equal to the union of these two intervals with the subinterval
of J; lying between them, associating the letter ¢ with it (and ignoring it,
henceforth, in the reduction as it represents the trivial word). It follows that
the (reduced) word of J; is represented by some subcollection of the original
collection of intervals. We now have a collection .7 of closed intervals of J;
remaining (including the intervals associated with letter £). Now eliminate
from .7 any interval which is contained in some other interval in .%7. Note
that each of these eliminated intervals has the letter ¢ associated with it.
Then 7 is a collection of mutually disjoint closed intervals and the union of
the interiors of these intervals covers J; M (U E;). Furthermore, the
(reduced) word of J; can be read directly from the intervals of &7 if letter ¢
is ignored in each occurrence. Therefore there is a point x of J; such that the

. . ¢ -
disk E = D union “narrow disk”

FI1GURrE 1
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word of J; from p,_; up to x is the word @;"* . . . a,7 and x does not lie in any
of the intervals of .&7. Let B; be a subarc of J; containing x which is disjoint
from each interval of 27. Let B; and B; be the closures of the appropriate
components of J; — Ba.

Let D be a small disk in Int N; missing U E;\J (J — Int B;) such that
any sufficiently close polygonal approximation to J intersects D algebraically
once. Let B be a polygonal arc joining 8D to ¢(=A4’MN A") with
IntB C IntN; — (J\U (U E;)). That 8 can be chosen to miss U E, follows
because N; — U E; is homeomorphic to a 3-cell less a finite disjoint collection
of disks in its boundary. Replace 8 with a narrow disk (see Figure 1) inter-
secting L’ in the subarc 4’ and D in a subarc of dD. Let the disk E be the
union of D and the narrow disk. Drill a small tubular hole out of N; along the
arc dE — A’ to obtain the cube-with-handles IV,/. A set of handles for N, is
E,Ey, ..., E; Let L' be the arc obtained from L’ by replacing the subarc 4’
with an arc running along the tube and not intersecting E. If the narrow disk
is given the appropriate “‘twist” before attaching to D to form E, then J; has
the same word

alﬂla2ﬂ2 .. asﬂseas+l7ls+l . amﬂm

in N/ as does L”.

It is clear that we can apply the above technique at each point of singularity
of L’ and obtain a cube-with-handles N,/ C N; by drilling out small tubular
holes in IV;. We can replace the singular arc L’ by a non-singular arc L; lying
in N/ — (D._1\JU D;) except for its endpoints p’;_; € dD;_1 and p;/ € aD.,.
Furthermore, the construction gives a set of handles E;?, E.?, ..., E;;* for N/
consisting of the handles for IV, together with the handles such as E introduced
at the points of singularity of L’. The word of L; in N/ is the same as the
word of J;. Notice also that J — Int J; is disjoint from each handle E;

Let L=U{L;:41=1,2,...,n}. Then L is a simple closed curve on
AN’ = 9(U N/). All that remains is to show that L and J are e-homotopic
in N = U N/.

Join p; to p/ by anarcl;in D;and orient/,; from p; to p,/. Then J ;L 1; 171
is an oriented loop in N';_1 \U N/ \U N’ ;1 based at p;. Because this loop does
not intersect the handles of N’;_; or of N';;; and its word in N/ is zero, this
loop represents the trivial word in N';_; U N,/ U N’;;; and thus bounds a
singular disk in this cube-with-handles. By piecing together these singular
disks, we obtain an e-homotopy in N’ from J to L.

Dropping the primes, we have the structure required in Theorem 2.

CoOROLLARY 1. Let J be a simple closed curve in the interior of an orientable
3-manifold M3. For amy € > 0, J has a cube-with-handles neighbourhood
N=TUH\JUH,\U...\UH, as given in Theorem 1, except that conclusion
(5) becomes:

(5) there are 3-cells C; C N; with C;MN\ dN; D D1 \J D; and

JiCCiii UN; U Ciyq (where N, = T,\U H,),
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and with the additional property that J is e-homotopic in N to a geometric centre-
line of T.

Proof. Let N = N;\UN,; U ...\UN, be the neighbourhood constructed
in Theorem 2 for J. Let 7T; be a regular neighbourhood in N, of
L,UD,;\UD;andlet H;be theclosureof N; — T ;. Let T = \UT,.

Let the 3-cells C; be N; minus a regular neighbourhood of U E;* which is
so close to \U E,! that it is disjoint from J — Int J,.

THEOREM 2. Let G be a finite graph topologically embedded in the interior of
an orientable 3-manifold M?3. For any € > 0, G has a cube-with-handles neigh-
bourhood N = T \J (\J H,) as given by Theorem 1" with the additional property
that J is e-homotopic in N to a polygonal finite graph L in AN which is homeo-
morphic to G.

Proof. The proof is essentially the same as that of Theorem 2. If P is the
special decomposition of G used in constructing a neighbourhood N as in
Theorem 1/, each 1l-element ¢ of P has an associated cube-with-handles
N, = T,\U H,. We drill tubes out of each N, to form an N, which is a
cube-with-handles and construct a homotopy of ¢ in U {N, : ¢’ is a 1-element
of P and ¢’ M ¢ # B} onto a copy of ¢ in dN,’ as in the proof of Theorem 2.
The main difference occurs when ¢ is an n-frame.

Suppose that ¢ is an #-frame of P with # > 2. That is, ¢ is a 1-element of P
containing a point v of G of order greater than 2. Let 74, 79, ..., 7, be the
vertices of o. Let Ey, E,, ..., E; be a set of handles for V,. Choose an arc vy
in N, — (G — {v}) — U E, joining v to a point v’ of

ON — U (D, :i=1,2,...,m}.

The n-frame ¢ is the union of 1-simplexes ¢, 72 = 1,2, ..., m, such that one
vertex of o, is v and the other is 7,. Construct, as in Theorem 2, singular arcs
L’,; on 4N, — \U Int D,, joining ¢’ to a point 7,/ € dD,,, such that the word
of L’,; is the (reduced) word of ¢, in N,. Each L’,, may cross itself and other
L's;’s as well. We can drill tubes in N, as before to obtain a new N,” on which
each L',; can be replaced by a non-singular L,, such that L,; M L,; is the point
v’ and the word of L,; in IV, is the same as the word of ¢; in N,/. To do this
involves only a simple generalization of the technique of Theorem 2 to the
case of a finite collection of arcs.

If I, is an arc in D,; from 7; to 7,/ which misses G — {7}, then ¢;/,L,, 147!
is a simple loop which lies in N,” except for part of ¢;. The part of ¢, outside
of N,/ does not intersect any handles of any N’,., ¢’ # o, so the word of
oL,y 1in

U (N, 6’ Mo = B}

is the same as its word in N,’, namely zero. Thus it bounds a singular disk in
U {N'e 1 ¢/ M o # B}. Plecing together along v all the singular disks obtained
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in this way (one for each ¢/;L,;7'y~!), we obtain an e-homotopy in N, of
c=Uo;onto UL, in dN,”. Let L, = U L,,.

By piecing together all the L,’s, we obtain a homeomorphic copy L of G on
the boundary of N’ = U {N, : ¢ is a 1-element of P}. By piecing together the
homotopies, we obtain an e-homotopy of G onto L in N'.

COROLLARY 2. Let G be a finite graph topologically embedded in the interior
of an orientable 3-manifold M3. For any e¢ > 0, G has a cube-with-handles
neighbourhood N = T'\U (U H,) as given in Theorem 1’ except that conclusion
(5) becomes:

(5) there exist 3-cells C, C N, with Co M N, D U {D, : 7 is a vertex of o}
and ¢ C N, \J (U {Co : 0" is a l-element of P and o' M o = B})
(where N, = T, \J H,),

and with the additional property that G is e-homotopic in N to a 1-spine of T.

Proof. Let N = \U N, be the neighbourhood constructed in Theorem 2’
for G. Let T, be a regular neighbourhood of L, \U (U {D, : 7 is a vertex of ¢})
in NV, and let H, be the closure of N, — 7,. Let T = U {1, : ¢ is a 1-element
of P}. Then the T, and H, give N the required structure.

The 3-cell C, is N, minus a regular neighbourhood of the handles of N,
which is sufficiently close to these handles to not intersect G — Int 0.

4. A second smaller neighbourhood. Let M3 be an orientable 3-manifold,
and let J be a simple closed curve in Int M3 which is homologous to zero in 3.
In this section, we will take the neighbourhood N of J given in Theorem 1,
and construct a smaller neighbourhood N' which lies ‘“‘nicely” in N. We will
also construct a spanning surface S in V. — Int N, This will be the inductive
step in constructing an infinite sequence of neighbourhoods in the next section.

Let S be a polyhedral surface in a 3-manifold, and let § be a polydehral arc
which intersects S only in its endpoints. There is a 3-cell B such that BN .S
consists of two disks D; and D, on 9B, Int § C Int B, and the endpoints of 8
are in Int D; and Int D,, respectively. We can now add a handle to S by
replacing (Int D;) \U (Int D,) with B — (D;\U D5). We call this operation
adding a handle to S along 5. Note that if S is orientable and two-sided, and if §
approaches S on the same side at both endpoints of §, then the handle added
to S is orientable.

Step 1. Let N be a cube-with-handles neighbourhood of J as given in Theorem 1.
Then there is an orientable surface S° C M3 — Int N where S\ N = 3S° = L
is a simple closed curve which is homologous to J in N. Furthermore, S° can be
chosen so that 3S° = L intersects every disk D ; exactly once.

Remark. 1f J is not homologous to zero in M3, there is still a simple closed
curve L on dN so that J is homologous to L in N and such that L intersects
each D; exactly once.
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Proof. As in the proof of Theorem 1, we can choose a poiygonal approxi-
mation J’ to J which is homotopic to J in Int V. Furthermore, we can assume
that the points pi, P2, . . ., P, are on J’ and that they divide J’ into subarcs
J T, T where 7/ C T, VT, \UH;\UT,; (mod#), and where J’
pierces the disk D; at the point p;. It is now easy to see that J’ intersects each
D, algebraically once.

Since J' is homologous to zero in M3, J’ bounds an orientable (and hence
two-sided) surface S’ in Int M3. Suppose that S’ is in general position with
respect to 0V and each D ;. Then S’ M 9N is a 1-cycle in 9NV which intersects
each dD; algebraically once on dN. If S’ M 4D, contains more than one point,
there is a subarc §; of dD; which intersects S” only in its endpoints. Further-
more, §; can be chosen so that it approaches S’ on the same side at both end-
points. Thus, we can add an orientable handle to S’ along 6;. By adding
handles of this type, we can insure that S’ M\ dN intersects each D, exactly
once.

Let N, = 17, \U H,. Then each N, is a cube-with-handles, N = U N,, and
N;N\ Ny =D, Thus S’ "\ dN; M IN is now an arc &; from 9D ;_; to 4D,
plus a finite collection of simple closed curves missing D;_; and D,. If there
are any such simple curves in .S’ M dN,; M 3N, there is an arc §,” from one of
them to £, on dN; /M dN. The arc §;/ can be chosen so that it approaches .S’
on the same side at both endpoints. Then we can add an orientable handle to S’
along &/, and this will reduce the number of simple closed curves of
S"M N, M N by one. In this way, we can insure S’ M dN is one simple
closed curve which intersects each D; exactly once. Let

St =8"MN (M?* — Int N).

Step 2. Let N be a neighbourhood of J as given in Theorem 1 and let ¢ > 0.
Then there is a neighbourhood N*' of J in Int N with

N = (UTHVY(UH?

where T, H, T34, pt, and Dt are as described in Theorem 1. Furthermore, if
pi=JiMN Ju1 (mod ), then for somej = 1,2,... ,m1,p; = p;t =T 21N J
(mod 71). Also, each D; can be adjusted in a neighbourhood of a1 so that

pe=p, CIntD} C D C IntD,.

Proof. We repeat the construction of Theorem 1 to construct N'. The points
1Y, . .., Pt can be chosen so that each p,is a p,'. Thus, if p,! = p,, the disk
D! can be chosen initially so that it is a subdisk of D;. For each adjustment
of D' near 97" in the construction of Theorem 1, D; can also be adjusted in
the same way near 977 so that D, remains a subdisk of D,.

Step 3. Given neighbourhoods N and N as in Step 2, there is a disjoint collection
of orientable surfaces En, . .., E, such that E; M\ dN = dD;, and E, N\ N =
dD 1 (where D' is the special subdisk of D, defined in Step 2). Each E,; can be
obtained by adding handles to the annulus D; — Int DL
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Proof. Let J' be a polyhedral centreline for 71 C N? so that each p; € J’
and is in general position with respect to each D;. As in § 2, we can associate
a word with the intersections of J’ and Dy, Dy, . . ., D,. Thus for each disk D;
we have a letter e;. Each time J’ crosses D; in a positive direction, the letter e;
appears in the words, and for each negative crossing of D;, the letter e¢;!
appears. We consider this word a cyclic word; in other words, it is equivalent
to any of its cyclic permutations. Since J’ is homotopic in NV to a simple closed
curve which pierces each D, exactly once, this word freely reduces to the word
eies . . . ¢,. Corresponding to each free reduction e,e;~! (or e;~'e;) we can add
an orientable handle to D;. In this way, we obtain new surfaces, also called
Dy, Dy, ...,D, so that J' M\ D; = p,;. Since J’ is a spine for 7, there is an
isotopy of N onto itself, fixed on dN, which pushes each D; off 77, except for
the disks D ;! C D, (where D! is the meridional disk of 7 containing p ;' = p;).

For eachj = 1,2,...,n there is a wedge of simple closed curves in H,! so
that this wedge is a spine of H,;'. We can assume that the wedge lies in the
interior of H ', except for the wedge point which lies in the interior of the disk
Fji = H M T Again, we can add orientable handles to the D/’s so that they
do not intersect the wedge. Then there is an isotopy of IV onto itself which
pushes the D/'s off H,'. Therefore, we can assume that D, M N' = D, Let

E;=D,— IntD.

If N' is chosen sufficiently close to J, we can insure that each annulus with
handles E; constructed in this step lies in the union of the sections NV,;_;, N,
Niy1, and Ny of the original neighbourhood N.

Step. 4. Let N and N* be neighbourhoods of J as in Steps 2 and 3. Let L be a
simple closed curve in N which is homologous to J in N. Then there is an orien-
table surface S C N — Int Nt such that SN N = L, SN N is a simple
closed curve L' which is homologous to J in N, and 0S = L \J L. Furthermore,
S can be chosen so that S M E; is an arc joining L to L.

Proof. Let J' be a polyhedral simple closed curve in N* which is homologous
to J in N1 Then L is homologous to J”' in NV, so there is a surface S’ such that
3S’ = L\JU J”. By the proof of Step 1 we can assume that S’ M IN! is a
simple closed curve L! which intersects each D;' exactly once. Let
S =5 N (N — Int NY).

For each 7, SN E, is an arc £; joining the two boundary components of E;,
plus a finite number of simple closed curves. If this number of simple closed
curves in .S M E; is non-zero, there is an arc §, joining one of them to the arc ¢;.
The arc 6, can be chosen so that it approaches .S on the same side at both
endpoints. We can add an orientable handle to S along §;, and this will reduce
the number of simple closed curves in S E; by one. Thus, we can assume
that for each 7, S/ E; is an arc joining L to L.

Step 5. Let K, be the closure of the component of N — (N*'\U (U'=1E;))
such that E;_y\J E; C CI(K;). Then K ; 1s a 3-manifold with connected boundary,
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and S; = SN K, is an orientable surface with connected boundary which is
properly embedded in K, and 9S; does mot separate 0K, Furthermore,
diam Kl < e

Proof. This step just restates the results of the previous steps.

5. An infinite sequence of neighbourhoods. In Theorem 3 we construct
an infinite sequence of cubes-with-handles neighbourhoods of the simple
closed curve J, and an open surface .S whose closure is S \U J. In Theorem 3’,
we construct a similar sequence of neighbourhoods for a finite graph.

The proof of Theorem 3 is contained in Steps 1-5 of the previous section.

THEOREM 3. Let M? be an orientable 3-manifold, and let J be a simple closed
curve in Int M3 which is homologous to zero in M?3. Then there exist cubes-with-
handles N', N2, N3, . .. and an open surface S such that:

M IntM3EDN' DIntN'DN2DIntN2D...DJand J = NN~

(2) N¥ — Int N¥1 = K*\U ... \U K¥%,, where each K ¥ is a cube-with-holes.

(3) K*y1 N\ K/ = EF where EF is an annulus with orientable handles with
one boundary component contained in IN* and the other boundary com-
ponent contained in JN*+1,

4) K+ M ON* = of where af is an annulus with orientable handles.

(B) KX M ON¥L = 3.5 where B* is an annulus with orientable handles.

(6) OK* = E*, s \UEFUaf\UBE

7)) S=80USTtUS2US*U ..., where, for each k # 0, S*C Nt —
Int N**1 is an annulus with orientable handles. One boundary component
of S¥ is contained in AN* and one boundary component of S* is contained
in ON*1. The surface S C M3 — Int N is a disk with handles, and
asS® C aNL.

8) S*M K/ =S/ is a disk with orientable handles properly embedded in
K *. Furthermore, 0S/* is made up of a spanning arc of E*,_, a spanning
arc of a*, a spamning arc of EF, and a spanning arc of B*. (Thus, dSF*
does not separate IK }*.)

(9) There exist points p X, . . ., Py on J dividing J into segments Ji¥, . .., J*,
with p* = JF M J*1 (mod ny).

(10) Each J f+1 s contained in some J ¥, and each o 1 is contained in some B *.
(A1) If pf = p 1, then EF M\ E 1 is a simple closed curve in dN*+1,
(12) diam (K /*\U J*) < 1/k.

Definition. Let Ji, Jo, . .., J, be a collection of mutually exclusive simple
closed curves in a space X. Let .S be an open orientable surface in X with
SN (UJ;) =0and CIS =SV (U J,). We say that U J, bounds the open
surface S if there is a sequence hy, hs, . . . of disjoint disks with handles in S
with the following properties:

(1) diamk; —>0as7—
(2) S — U k; contains no non-separating simple closed curves.
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Note that if %y, ks, ... is a finite sequence, then CI(S) is a surface whose
boundary is U J ;.

COROLLARY 3. Let J be a simple closed curve topologically embedded in the
interior of a 3-manifold M3, and suppose that J is homologous to zero in M?3.
Then J bounds an open surface S in M?3.

Proof. 1f M? is orientable this is part of Theorem 3. The required open
surface is S =35"US1US?U ... and the null sequence of disks with
handles are the S;* with a small annulus about 4S5, removed to make them
disjoint. If M? is non-orientable, Theorem 1 still is valid if 7 is allowed to be
a solid Klein bottle. The construction of the sequence of neighbourhoods and
the surface proceeds analogously as in Steps 1-5 of § 3 and Theorem 3.

Question. What are necessary and sufhcient conditions for a simple closed
curve to be the boundary of a compact surface?

COROLLARY 4. Let Ji and J, be disjoint simple closed curves topologically
embedded in the interior of a 3-manifold M? with J, homologous to J, tn M?3.
Then J1\J J; bounds an open surface S in M:3.

Remark. By virtue of Conclusion (8) of Theorem 1, .S may be chosen so that
if p € J (respectively, p € Jyor p € J,) is a point at which the simple closed
curve is locally tame, then the null sequence %y, k2, . . . of disks with handles
of S does not cluster at p. In fact, lim, 4, lies in the set of wild points of J
(respectively, J;\U Js). Thus if J (respectively, J;\U J,) is tame, then
ki, ke, . .. is a finite sequence and Cl.S is a surface whose boundary is J
(respectively, J; U J»).

COROLLARY 5. Let J be a simple closed curve in the interior of a 3-manifold M?
and let p € J. Then there is a connected non-compact surface E with one simple
closed curve boundary component such that CI(E) = E\Up, ENJ = @, and
CI(E) locally separates J at p.

Proof. In the construction of the neighbourhood sequence in § 3, choose p
to be a p*. By Conclusion 11 of Theorem 3, E = U {E;': p;' = pF, 1 = k}
is the required non-compact surface.

TaEOREM 3'. Let G be a finite graph topologically embedded in an orientable
3-manifold M?. Then there exist cubes-with-handles N', N*, N3, ... such that:

W) It MEDON DIt N DN D Int N2 D ... DG and G = NN,

(2) There is a sequence P!, P?, P3, ... of special decompositions of G so that
each P* is a subdivision of P*1.

(3) For each 1-element o of P*, there is an associated cube-with-holes K,*.

(4) N¥ — Int N¥1 = U {K,*: o is a 1-clement of P*}.

(5) If o and o' are two one elements of P* which intersect in a vertex 7, there is
an annulus with orientable handles E.* so that K, N K,* = EX. If
e Mo =0, then KN K% = 0.
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(6) E* is properly embedded in N¥ — Int N*1. One component of IE.* is
contained in IN*, and one component is contained in I N*+1,

(7) If 7 1s a vertex of both P* and P*t1, then E.* M E 1 C dN*'11s a simple
closed curve.

(8) If o is a 1-element of P¥, then diam (K,*\U ¢) < 1/k.

(9) If 7 is a vertex of P* \UTiE." is a noncompact surface E, with one
boundary component in IN*, and whose closure is E, \J 7.

Proof. The proof of Theorem 3’ is analogous to the proof of Theorem 3.

6. Constructing the monotone map which tames J.

LeEmMa 1. Let K be an orientable compact 3-manifold with connected
boundary, and let S be a disk with orientable handles properly embedded in K so
that 3S does not separate IK. Let H be a solid torus, and let F be a handle for H
(1.e., F is a non-separating properly embedded disk in H). Let f, be a monotone
map of K onto dH and f1 be a monotone map of S onto F where each of the
finite number of nondegenerate point inverses of fo and fi is a finite 1-complex
missing 39S, and where f,|dS = f1|3S. Then fo and f1 can be extended to a mono-
tone map f from K onto H such that f(Int K) = Int H. Furthermore, suppose X
1s @ compact set i Int K — S with the following property: For each open set
UC IntK, either U— (UM X) is connected or (Bd U) N\ X = @. Then f
can be constructed so that each component of X 1s a point inverse.

Remark. A similar result could be proved for any cube-with-handles H.
This lemma will be used to construct a monotone mapping from each K /*
constructed in Theorem 3 onto a solid torus.

Proof. Let R(S) be an embedding of S X [—1, 1] in K with S X 0 identified
with S and lying so close to S that it is disjoint from the non-degenerate point
inverses of f,. Let R(F) be an embedding of F X [—1, 1] in H such that
fo(@K M R(S)) = dH M R(F). By using the product structures of R(S) and
R(F), we extend f, and f1 to a ‘‘level preserving’’ monotone map

f: 9K \UR(S) — 0H U R(F).

Let K; = CI(K — R(S)) and H, = CI(H — R(F)). Then f|0K is a mono-
tone map onto 0H;.

Finitely many point inverses of f lie in dK; and each is a finite 1-complex.
Using [4, Lemma 4], we can extend f to take a collar (missing X) of 0K in K;
onto a collar of dH, in H, so that f has precisely one point inverse on the inside
of this collar in K; and each point inverse of f is a connected finite 1-complex.
As in the proofs of [2, Theorems 6.2 and 7.6], f can be extended to carry K;
minus this collar onto the 3-cell H; minus the collar of dH; so that f has each
component of X as a point inverse. Thus f is the required monotone map of
K onto H extending fo and fi.

https://doi.org/10.4153/CJM-1972-074-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1972-074-4

TAMING WILD CURVES 785

THEOREM 4. Let M? be a closed orientable 3-manifold, and let J be a simple
closed curve topologically embedded in M3. If J is homologous to zero in M3, then
there is a monotone map f of M? onto S® such that:

(1) f(J) is a tame unknotied simple closed curve in S3.

(2) f|J is a homeomorphism.

3) f(M3 — T) = 5% — ().

Furthermore, suppose X is a compact set in M3 — J so that if U is any connected
open set in M3, either (Bd U)X =@ or U — (X N U) s connected. If J
1is homologous to zero in M?* — X, then the map f can be chosen so that each com-
ponent of X is a point inverse.

Remark. The point inverse of f form an upper semi-continuous decomposition
of AM? whose decomposition space is .S° and whose natural quotient map is f.

Proof. Regard S* as E? union a point at infinity. Let f |J be a homeomor-
phism of J onto the unit simple closed curve {(x,v,2) € E*:z =0 and
x? 4 92 = 1} in the xy-plane. Let 4 = {p € E3: (p,f(J)) < 1/2} be a
solid torus with centreline f(J). If we write the torus d4 as J X S, then we
can regard the solid torus 4 as the quotient space of J X St X [0, 1] obtained
by collapsing the circles {p} X S X {0} to the points f(p) of the centreline
f(J) of A. Then we have a quotient map & : J X St X [0, 1] — A4 such that

1) R(J X St X {1}) = 94,

(2) h|J X St X (0, 1] is a homeomorphism onto 4 — f(J),

@) if p € J,h({p} X St X {0}) = f(p) € f(U).

Furthermore, we can choose % such that, for so € S, A(J X {so} X [0, 1]) is
an annulus lying to the inside of J in the xy-plane.

Now we suppose we have the neighbourhoods N, N2, N3, ... of J con-
structed in Theorem 3, and we suppose X C M? — (N*\U S?). Since each
Si* is a disk with handles (see (7) and (8) of Theorem 3), f can be extended
to a map, also called f, from S \U J onto the disk {(x,y,0) : 2 + y> = 1} so
that S° goes to the disk { (x, v, 0) : x2 4+ 92 < 1/2} and S/* goes onto the disk
h(J¥ X {so} X [1/k, 1/k 4+ 1]). Furthermore, f can be chosen so that each
nondegenerate point inverse of f is a 1-complex lying either in the interior of
an S/ or in the interior of S°

Since dN* = U4, and each «;f is an annulus with handles (see (4) of
Theorem 3), f can be extended to take dN* onto & (J X S* X {1/k}) such that
fla®) = h(JF X S X {1/k}) and such that each nondegenerate point inverse
of f|dN* is a finite 1-complex in the interior of some a* missing S.*.

Each E/* is an annulus with handles and f has been defined on 6E/* and on
the spanning arc S* M E *. Thus f can be extended to take E;* onto & ({p/*} X
St X [1/k,1/k 4+ 1]) so that f|E® has at most one nondegenerate point
inverse, which is a 1-complex in Int E*.

Since f has already been defined on the boundary of each K;* and on the
spanning surface S.*, then f can be extended to take K;* monotonically onto
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the solid torus 2 (J* X St X [1/k, 1/k 4+ 1]) as in Lemma 1. Thus we have
defined f to take N! onto 4 as well as to take the spanning surface S° of
M3 — Int N' onto the spanning disk {(x, v, 0) : x2 4+ y2 < 1/2} of the solid
torus S* — Int A. By Lemma 1, f can now be extended to M3 — Int N to
give the required map of M? onto .S%. This completes the proof of Theorem 4.

It follows from our use of Bing's results [2], that each nondegenerate point
inverse of the map f constructed in Theorem 4 is either a component of X or
is a finite 1-complex in M3 — J. Using results of Armentrout [1] as restated in
[12, Lemma 5], one can see that there is no such map f : M? — S which tames
a wild simple closed curve J if each point inverse of f in some neighbourhood
of J is cellular. If each point inverse of f in a neighbourhood of J is strongly
acyclic over Z or Z, or has trivial Cech cohomology with coefficients Z or Zs, it
follows from [12, Corollaries 1 and 3] that each point inverse of f in some
neighbourhood of J is cellular. Also, if the image of the nondegenerate point
inverses is 0-dimensional in S3, then it follows from [12, Theorem 7] that each
point inverse of f in some neighbourhood of J is cellular.

COROLLARY 6. Let J be a simple closed curve which is topologically embedded in
the interior of a 3-manifold M?. Suppose that J has a solid torus neighbourhood N
in M3 so that J is homologous to a centreline of N. Then there 1s a monotone map
f from M?3 onto itself such that:

(1) f|J is a homeomorphism.

(2) f|M? — Int N is @ homeomorphism.

(3) f(M3 = J) = M?* — f(J).

4) f(J) is tame in M3.

Proof. There is a neighbourhood N of J in Int N satisfying the requirements
of Theorem 1. By the techniques of Steps 2 and 3 of § 3, there is an annulus
with orientable handles E properly embedded in N — Int N!so that E M N
is a simple closed curve in dE, and E M dN' is a simple closed curve in 0E
which bounds a disk in N'. Using the techniques of Step 4, there is an annulus
with orientable handles .S properly embedded in N — Int N! so that .S has
one boundary component in each of 4V and dN', and so that SN E is a
spanning arc of both .S and E. Thus the proof of Theorem 4 can be carried
through to produce a map f: N — N with f |0N = identity.

Question. Let G be a graph which is embedded in the interior of a 3-manifold
M3, and let NV be a neighbourhood of G in M?. Is there a monotone mapping f
from M3 onto itself with the following properties:

(1) f|G is a homeomorphism,

(2) f|M?* — N is a homeomorphism,

@) F(M? = G) = M? — f(G),

(4) f(G) is tame?

7. In this section, we give an alternative proof of Smythe’s result [11] that
any knot, link, or wedge of circles G, which is homologous to zero in an orient-

https://doi.org/10.4153/CJM-1972-074-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1972-074-4

TAMiING WILD CURVES 787

able 3-manifold M3, is homologous to zero in a cube-with-handles K C M3.
We do not require, as Smythe does, that G be polyhedrally embedded. Smythe
can obtain that if G bounds a singular surface of genus g in M3, then it bounds
a singular surface of the same genus in K. Our proof, however, gives no such
bound on the genus of a surface S bounded by G in K.

COROLLARY 7. Let G be a finite 1-complex topologically embedded in the interior
of an orientable 3-manifold M?3. Suppose that each 1-simplex of G is oriented, and
that G s a 1-cycle if each 1-simplex has coefficient 41 according to orientation.
(Thus, for each vertex v of G, the number of edges of G pointing into v is the same
as the number of edges pointing out from v.) If G, considered as a 1-cycle, is
homologous to zero in M3, then there is a compact 3-manifold K C Int M3,
where each component of K is a cube-with-handles, such that G is homologous to
gero in Int K.

Remark. As special cases, G can be taken to be a simple closed curve, an
oriented link, or an oriented wedge of simple closed curves.

Proof. We apply Theorem 1’ to each component of G to obtain a neighbour-
hood N of G where each component of N is a cube-with-handles. There is a
collection Ji, Jo, . .., Jn of oriented polyhedral simple closed curves in NV so
that J = J, U J, U ...\UJ, is homologous to G in N. Then J bounds a
compact, orientable surface S (not necessarily connected). Recall from
Theorem 1’ that for each vertex 7 of some special decomposition P of G, there
is a spanning disk D, of V. Using the techniques of Step 1 of § 4, we can assume
that the surface S intersects the boundary of each disk D, exactly once. For
each l-element o of P, there is a corresponding section N, = 7, \U H, of N.
Using the techniques of Step 1 again, we can assume that S/M (N, M dN)
contains no simple closed curve.

Let U be a regular neighbourhood of the surface S in Int M3 — Int V.
Then each component of U is a cube-with-handles. For each vertex = of the
special decomposition P, let V, be a regular neighbourhood of the disk D, in N
which is so close to D, that UM V,isa disk. Then U' = UU (U {V.:7isa
vertex of P}) is homeomorphic to U.

Each component of N — U {V,: 7 is a vertex of P} is a cube-with-handles
whose intersection with U’ is a finite number of disks. Thus each component
of K = NU U is a cube-with-handles, and G is homologous to zero in Int K.

COROLLARY 8. Let G be a finite 1-complex topologically embedded in the interior
of a 3-manifold M?3. If G is inessential in M3, then there is a compact 3-manifold
K C Int M3, where each component of K is a cube-with-handles, so that G 1is
inessential in Int K.

Proof. Since G is an ANR, there is a neighbourhood N of G which is inessen-
tial in M3. By Theorem 1/, V can be chosen so that it is compact and each
component of N is a cube-with-handles. The required 3-manifold K can now
be produced by the Corollary of [11] or the techniques of [6, § 2].

https://doi.org/10.4153/CJM-1972-074-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1972-074-4

788

oo

10.

11.
12.

W. S. BOYD AND A. H. WRIGHT

REFERENCES

. Steve Armentrout, Cellular decompositions of 3-manifolds that yield 3-manifolds, Bull.

Amer. Math. Soc. 75 (1969), 453-456.

. R. H. Bing, Extending monotone decompositions of 3-manifolds, Trans. Amer. Math. Soc.

149 (1970), 351-369.
Locally tame sets are tame, Ann. of Math. 69 (1954), 145-158.

. William S. Boyd, ]Jr., Repairing embeddings of 3-cells with monotone maps of E3, Trans.

Amer. Math. Soc. 161 (1971), 123-144.

. Wolfgang Haken, Trivial loops in homotopy 3-spheres, lllinois J. Math. 11 (1967), 547-554.
. J. P. Hempel, 4 surface is tame if it can be deformed into each complementary domain, Trans.

Amer. Math. Soc. 111 (1964), 273-287.

. F. M. Lister, Simplifying intersections of disks in Bing's approximation theorem, Pacific J.

Math. 22 (1967), 281-295.

. D. R. McMillan, Jr., Acyclicity in 3-manifolds, Bull. Amer. Math. Soc. 76 (1970), 942-964.

A criterion for cellularity in a manifold. 11, Trans. Amer. Math. Soc. 126 (1967),
217-224.

E. E. Moise, Affine structures in 3-manifolds. V111, Invariance of the knot-type; local tame
imbedding, Ann. of Math. 59 (1954), 159-170.

N. Smythe, Handlebodies in 8-manifolds, Proc. Amer. Math. Soc. 26 (1970), 534-538.

Alden Wright, Mappings from 3-manifolds onto 3-manifolds, Trans. Amer. Math. Soc.
167 (1972), 479-501.

Western Michigan University,
Kalamazoo, Michigan

https://doi.org/10.4153/C)

M-1972-074-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1972-074-4

