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CUBIC ANALOGUES
OF THE JACOBIAN THETA FUNCTION 6(z, q)

MICHAEL HIRSCHHORN, FRANK GARVAN AND JON BORWEIN

ABSTRACT  There are three modular forms a(g), b(q), c(g) involved n the param-
etrization of the hypergeometric function , F; (§ , ? , ) analogous to the classical 6,(g),

03(g), 04(q) and the hypergeometric function ,F 1(%, 17 ) We give elliptic function
generalizations of a(g), b(g), c(q) analogous to the classical theta-function 6(z, q) A
number of 1dentities are proved The proofs are self-contained, relying on nothing more
than the Jacob triple product identity

1. Introduction and statement of results. In a recent paper, Borwein, Borwein
and Garvan [B-B-G] introduce three functions,

a(q) — qu2+mn+n2’
b(q) — Zwm—nqm%mwn2 (w3 =1lw ?4 )

and (essentially)
2 2
C(q) z :qm +mn+n +m+n.

These play a role for the hypergeometric function ,F G, % ; ) analogous to that of the
classical 6,, 83, 84 for the hypergeometric function , F ( 3, ?I ;) [B-B2].

They prove many results concerning a(g), b(g) and c(g), culminating in a result of
Ramanujan’s ((1.9) below), which we cast as

n(q"’))3 (n(q'g))3 (n(cf)n(qﬁ))“
1.1 1+9| = 1+9| =2 | =1+9 22
(b ( ¥ (n(q) U U@
where 1(q) = q2]7(q; ¢)o, and yielding on the way the classical result
@)N\"” @'Y
(1.2) 1+27(M—) - 1+9(M) .
n(q) n(q)

Throughout this paper we use the standard g-notation:

o0

@@= 10 —ag"™", |q <1

n=1
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Both (1 1) and (1 2) appear 1n Ramanujan’s second notebook [R] (1 1) 1s equivalent to
the first equation on page 259, and (1 2) 1s Entry 1(1v) of Chapter 20 [Be, p 354] The
principal results of [B-B-G] are

(13) a(q) = a(g®) +2qc(q?),
(14) b(q) = a(q’) — qc(q?),
3n 2 3n 1
_ q 4
s al@) =146 (s~ )
(16) b(q) = ((z qi)m
i
(17 o) = 3%
(g Doo
(18) a(g)® = b(g)’ + qc(g)’,
and
(19 a(@)a(g*) = b(g)b(g®) + qc(q)c(g?)

Other proofs of some of these and related results may be found in [Be]

Our object 1n writing this paper 1s to provide stmple proofs of all these results Indeed,
we give generalisations (“z-analogs”) of (1 3)—(1 9) We also give some further results
obtained 1n the course of our investigations In all of this we use nothing more than the
triple product identity,

(1 10) (—aq, oo(—a 'q.6)0(@*. 400 = Y d"q"

[B-B1,(311)p 62],[W-W, p 469] [Note that here, and throughout this paper, unless
otherwise stated, 1t 1s understood that the summation 1ndex or indices range over all
integer values ]

Thus, let
(1 11) a(qu)_qu +mn+n? n
(1 12) a(qu) — qu +mn+n’ Zm n’
(l 13) b(q, Z) — Zwm nqm +mn+n2zn’
(114) clg.2) = qurxz+mn+n2+m+nzm n
Then
(115) d'(q,2) = 22¢°d (q. 2¢°),
(116) a(g,z) = 22 qa(q.zq),
(117) b(q.2) = 24°b(q.29),
(118) c(q.2) = 2qc(g.29),
(119) d'(q.2) = alg’,2) + 2qc(q, 2),
(120) b(q,2) = a(q’,z) — qe(q’, 2),
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3n~2 q3nfl
1+6Z( T R 7)}

3=l
>l q"

1
(1.21) a(q.)= 31 +z+27") D)

@9k @500 ¢ )
(@M% (24 D@ 'q: 9o

1 (7:9)3,
NI T e G LTSGR I
. -1 .

@5 ooz P5 P
@7 P ¢
(24 Doo(27'q5 @)oo

b(q,2)c(q.2)  bl@c@) (g9

(1.23) @.2) = (1+2+ 27 G Poo(@: oo

’

1.24 = = .
(1.24) b(q*, )@ 2)  b(@P)(d) (9%
(1.25) a(q,2)’ = b(q)*b(q,7") + qc(q, 2)°
and
(1.26) alq, 2alq*, %) = b(gHb(q, 2°) + qe(q, 2)e(q?, 7).

We show also that, although a(g) is not a simple product, a(q) can be written in several
ways as the difference of two products. Thus

4 %@k 1@a(—4" ¢

1.27 _ 2
(129 a(q) 3= (@ P 3 (4 3@ oo
_4b(g) 1)
T3 b(g)  3b(gY
(—4; 9)5(q: 903 (4 Dol @5 )3
(.28 “(@) (P @) (@ Poo(—a3 673
Moy
bg) (g’
34 D(@ ) 1@ 9l(—a% )
1.29 !
(1.29) alq) = 2 Do~ Ve 2 (3G 3P
_le@?  1b(g)
T 2cgd)  2b(@?)
and
6. 6\3 (_ 2. 2 C N3 2. 2\3
(1.30) a(q):3(q 56875039 )0 o (@ D5(—9739)%

(—4%99% @ P (@5 67)(—4% ¢®) o
U Y C) LT )
c(g*) b(g®)
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Indeed we prove that

(—4: D% D3y
(—4*4%%.(@% )

1 ; 3 _33;300—733;300
) (qq)<206 (=2'q q)(zw‘q q)

3 (=4 Doo(@% %00 (—2G3 Poo{—27"'q5 @0

(1.31) a(q,2) = %(2+z+z*‘) (—2: %= ' @)%,

(—4: 9%(q: )3,
(=% ¢*)%(3% P
(0% @)oo @ 8o (BT )30 )

(=43 ¢33, (29 D275 @)oo

(1.32) a(g,2)=Q+z+z Y (—2q:9)%(—2 '3 )%,

—(l+z+7hH

)

and

(%9083 oo @05 6@ a5 )0
(=% 43, (20 D)ooz ¢3 o
(@D (—22¢% )oo(—23¢%:¢))o0
(=4 D0(@% 400 (=23 Doo(—27'q: @00

(1.33) a(g,2) = %(1 +z+7

1
+ 5(1 “Z_Z-l)

We also observe that

(1.34) a(q) = a(g*) +64(—a% ¢9)2(a% 4)oo(—4% ¢°)2(q% @)oo,
(—4% 492,(% 490 (@*; ¢
1.35 b(q) = b(ghH — 3 o0 ,
(1.35) (@) = blq") — 3q % P
2. N3 (2.2 6. 6
(1.36) oq) = qc(q4)+3( 94 )zo(qﬁ,zézoo(q 14 )00
—q; 00

There are two routes to the proof of most of these results: a direct manipulative ap-
proach in the style of some of Jacobi’s work and a function theoretic approach. We choose
the former but in the final section illustrate the latter to re-prove (1.26).

2. Proofs of (1.1), (1.2). We begin by showing how (1.1) and (1.2) follow from

(1.3)=(1.9).
Thus
3yy 12 3
2.1 1+27(——-7Z’(Z]))) :1+q(z—((‘;—))) by (1.6) and (1.7)
_ b(@)* +gc@)’
b(g)?
a(g)?
= by (1.8
b(q) y (1.8)
_ (@)
b(q)
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B a(q)—b(q))3
—(H b(q)

3qc(q )
blg

9
(1 ("(q ))) by (1.6) and (1.7),

) by (1.3) and (1.4)

which is (1.2), and
(2.2)
n(q3)n(q6))4 c(q) co(dh)
9 —————==1] =1
* (n(q)n(cf) ") blgd)
_ b@b(g®) + qe(g)c(q’)
b(@)b(g?)
_ algalg®)
b(g)b(g?)
_ a(q)-zb(q))(1 a(qz)_b(qz))
(“ b@) M

(q ) 2¢(q®)

n(q9)) (n(q'8>)3
1+9 1+9| ————= by (1.6 d(1.7),
( " (n(q) )( " n(q?) y (16)and (1.7)

3. Proofs of (1.15)-(1.18). From (1.11),

3.1) qu3al(q’ Zq3) — Z qm2+mn+n2+3n+3zn+2
_ Z q(m—])2+(m—l)(n+2)+(n+2)2Zn+2

— Z qm2+mn+n2 &
=d'(q,2),

by (1.6) and (1.7)

by (1.9)

which is (1.1).

which is (1.15).
From (1.12),

(3.2) aq.2) =3 q(m—n)2+3(m—n)n+3nzzm—n
— Z q3m2+3mn+n2 7,
SO
(3.3) Pqa(q,2q) =3 q3m2+3mn+n2+n+lzn+2
_ Z q3(m~ D*3(m—1)(n+2)+(n+2)? 72
— Z q3m2+3mn+n2 7
= a(g,2),
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which is (1.16).
Similarly, from (1.14),

(3.4) c(q,2) = Z q3m2+3mn+nz+2m+nzn’
SO
3.5 quc(q’ q) = }: q3m2+3mn+n2+2m+2n+lzn+2

=% q3(m—l)2+3(m7l)(n+2)+(n+2)2+2(m7l)+(n+2)zn+2

— Z q3m2+3mn+n2+2m+nzn
= (q,2),
which is (1.18), and finally, from (1.13),
(3.6) zqub(q, zq3) - Z wm*nqm2+m"+n2+3n+3zn+2

_ Z w(m-l)A(n+2)q(m-l)2+(m-l)(n+2)+(n+2)zzn+2
— Zwmfnqm2+mn+nzzn
= b(q,2),

which is (1.17).

4. Proofs of (1.19), (1.20). From (1.11) we have
“.1)

a(q,z) = z '+

m—n=0mod 3 m—n=1mod3 m—n=—1mod3

m*+mn+n® _n m?+mn+n? _n m+mn+n® _n
q + q q z.

In the first sum, set m + 2n = 3r, m — n = 3s, in the second, set m + 2n — 1 = 3r,
m—n—1=3s,and in the thirdsetm+2n+1 = —3s,m —n+ 1 = —3r, and we find

4.2) a'(q,z) _ Z q(r+2x)z+(r+23)(rfs)+(rfs)zzr—s
2 e
+Zq(r+2x+l) +H(r+2s+1)(r—s)+(r—s) Zr K

+ Z q(2r+x+1)2—(2r+s+l)(r—s)+(rfs)zzrfs
— Z q3)2+3rs+3s2ZrAs + 2q Z q3r2+3rs+332+3r+3xzr75
= a(q®,2) +2qc(q’,2) by (1.12) and (1.14),

which is (1.19).
Similarly, from (1.13),

“4.3) b(g,2) = Z qm2+mn+n2 I +w Z qm:+mn+nzzn

m—n=0mod3 m—n=1mod3

+ w2 Z qm-+mn+n‘ Zn

m—n=—1mod3
= a(q’,2) + (w+ wHge(q’, 2)
= a(¢®,z) — ge(g®,2) by (1.12) and (1.14),

which is (1.20).
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5. Proofs of (1.21) and (1.23). We start by showing that
G (—azgt@)eo(—az 7 ¢%; ool —ag¥; @)oo
(=77 g ool —a " 207 Doo(—a ' g7 Q)ool s 9,
= co(~a¢%; ¢ )oo(—a 3} )o@ oo
+1(a(—a*q7 1 oo —a 7471 %)o@ €)oo
+a (—q%: )= 431 )o@’ oo ).

where
_ . q3n~2 q3n—l

(5.2) = —(1+z+z ){1+6’;< e 1—q3n~1)]

(9% @75 8)@ ¢ ¢

(@85 @@ Pxz'q:9)

1 (4: 9%

+§(24zvz )( Dy (3 D% ¢ @)%

and
. 3 o ~3 3 o

(5.3) ¢l = (1+z+z“)qf(q;q)oo(q3;q3)oo(z 400 q)

(29; 9)oo(z7 g5 q)oo
Thus, let f(a) denote the left side of (5.1). Then
(+alz7 g z)(1+a 9 z)(1+a q z)
(1+azq?)(1 +az~'q7)(1 + aq?)
= a7 ()
If we let f(a) = 3" c,a”, it follows that

flaq) = f(a)

,, 3
qCh =g 2Cp43.

Also, f(a™!) = f(a), so

Cop =0y
It is an easy induction to show that
3n?)2
3 =q" e,
2
canet = g% "%¢; and

2 2
(3n 2n)/2c¥ 3n 2n)/2cl’

Cin—1 = (¢ =4q

and so
f(a) _ 00203" 3n? /2 +Claza3nq(3n +2n)/2 +cia lza:’m (3n2—2n)/2
= co(—a* 4% oo —a720%1 )o@ oo
+c1{a(=a* g% ook —a 2% )o@’ oo
+a7 (=@ oo~ 431 )o@ )0
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which 1s (5 1), and where we have used (1 10) to sum the three series
We now determine ¢ and ¢; In (5 1), set a®q? for a, then multiply by @, and we
obtain

(54) (a+a 'Pa+a 'z Ya+a )
(—a’24. oo —%2 4. oo —*q. @)oo~ 2 9. 9)
(—a 2¢. @)o(—a *q, Poo(q, @2,
=co(@ +a )—a’q’,¢)oo(—a °T . q)oo(q’ q7)n0
+a1g 2 (a(—a°q%, ¢)so—a °9. 4ol 4))u0
+a '(=a°q, )oo(—a °¢*. )o@’ . @)
/6

Seta =e¢ n (5 4) and after a little simplification we obtain

@@, oz 3¢, D)0
(29, ooz 'q, @)oo

e = +2+2 N9 (4 Dol oo

which 1s (5 3)
We can write (5 4) as
(55 (@+(+z+z Dar(l+z+2 Na '+a ?)
(—a*24, Poo(—a"2 4, @)oo(—a"q, @)oo
(—a °z 'q.9)o(—a 24, @)oo~ *4.9)o(q- )2
=co(@ +a )=’ . ¢)o(—a °¢ . q)oo(q ¢ )0
+c1q *(a(=a®q% ¥oo(—a °q.q1)n(@ 4P
+a (=a%q,¢")(—a °T. )o@’ 4))0)

If we apply the operator 6, = a% to (5 5) and substitute a = 1, we obtain, atter some

simplification,
B 1 ; (Qaq)oo q"m 2 q"ﬁn 1
(5 6) CO*SClq (qg,q3)[3)0{1+6nzl(liq3n 2 l%q%" l)}
1 N @3 2 1 2
+3(2-2-2") @ DA 4D

which, by (5 3),15 (5 2)
Now we turn to establishing (1 21)

By CT, we will mean the operator which operates on the series 3_ c,a” to pick out the
“Constant Term”, that 1s,

CT.(3_ cnd") = o
We have, from (1 12),

(5 7) a(q’ Z) — Z q(m2+n2+p )/2Zm n

m+n+p O
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—CT, {Z amzmqmz/z 3 a"zf"q”z/z 5 aﬁq[)2/2}
= CT {(—azq%; @)oo(—a 'z ¢ 1 @oo(—az ' q7: @)oo
(=a 29 Poo(—aq? @)ool —a % Pool @i )}
= CT(f(a))
= CT, (Z c,,a")

(40]

Il

which, by (5.2), is (1.21).
In similar fashion, from (1.14),

(5.8) C(q, 7)) = Z q(mz+m+"2+n+p2*p)/2szn

m+n+p=0
_ CT {Zam m _(m*+m)/2 Zan —n (n 24n) /2 Zapq(pl—P)/Z}
= CTo{(—azg; )oo(—a 'z "; @)oo(—az ' q; @)ool —a "2 @)
(= Poo(—a G Dol @3 92}
= CTy(af(aq?))
=CT, (a > q"/zc,,a”)
=g ey =g ta

which, by (5.3), is (1.23).

6. Proofs of (1.22), (1.24), (1.25). We have, from (1.13),

6.1)
b(q,2)
Z wm n m +mn+n n + Z wm nqm +mn+n Z’l
neven nodd

2 2
— Z wm —2k m 24 2km+4k> 2k + Z wm (2k+l)qm +(2k+1)m+4k +4k+lZ2k+1
_ Zwm+k (m+k)2+3k ZZk

+ Z Wil q(m+k)~+(m+k)+3k2+3k+l Z2k+l

_ Zwmqm S gk 2
tw (]ZZUJ m+mz 3k2+3kz2k
= (G oo G P)oo(@ Foo(—2 7% §%)oo(—2 203 4)o0(4%; )0
+ 0 gz(—wg”; @)oo~ 400 )0 (=226 4%)oo(—2 7% )00 4o
_ (4%14950(4% 47)0(9% 4%
(—4: %)

1 (=% 4)00(@% )oo(G%; 4o
G+ % P

(¢ ¢%o0(—22¢% )0

(~226% ¢%)oo(—2 2% )0
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Now let

(249: Doz ¢ @)oo
o) = (2% 40743 ¢Po0
Then
G(q3 7) = 272q73G(z).
If we let G(z) = ¥ cp2", then ¢*'c, = g 3cpan.
It follows that
G(z) = COEanZZZn + Clzzq3n2+3nZ2n’

or

(2q; Doz 43 @)oo
(28% @)ooz ' ¢ ¢*)oo

(6.2) = co(—224% 4%)oo(—22q% 4%)o0(q°% ¢%)o0
+c1@+ 2 )(=24% 4%)o0(—2 4% 4°)0(q% )0
Putting z = i in (6.2) gives, after a little manipulation,

(5 P)oo(—4 )0
cy =

(6.3)
(@ 4)
Putting z = iq‘% in (6.2) gives
e n2Y (B 6
©6.4) o = —g TP q )0

(@ ¢
Combining (6.2), (6.3) and (6.4) yields

(29; oo 4 Poo
(24% 412714 ¢*)oo
P 45005 )0
a (@)oo
(=45 oo(—%; 42)(q°%; )0
CRTR

(6.5)

(—22¢% 4% oo(—2 2% )0

—qz+z ") (—226% 4 oo(—2 4% ¢%)w.
From (6.1) and (6.5) it follows that

(245 Doz ' ¢ Do
(28% )07 ' )0

(6.6) b(4,2) = (@ Doolq; oo

which is (1.22).
If in (1.20) we put g, wq, w*q for ¢ in turn, multiply the results, use the fact that

6.7) b(q, 2)b(wq, 2)b(w*q,2) = b(g*)*b(q>, )

which follows from (1.22) and (1.6), then put g for q>, we obtain (1.25).
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Finally, from (1.22) and (1.23), (1.6) and (1.7) we have

@ )@ )00
(243 4¥)o0(z 7' ¢ ¢¥) oo
@@ )o@ 0% )00
(2% 430271 ¢% 4% o0

(6.8)  b(g,2)c(g,2) = (1 +z2+2 ' Ng; 2@’ ¢

= 10+ 24 b@eta)

and

3)2 (45 D)ooz G5 @)oo
% (2¢; 9oo(z27' 43 P

(2% Doo(2739; @)oo

(24 @)ooz g5 Qoo

6.9  b(g,2)c(q,2) = (1 +z2+7 Ng: 924G q

- %(1 +2+2 Hb(g)c(q)

From (6.8) and (6.9), (1.6) and (1.7), we have

b(g,2)c(g,2) b(g)c(q)

b(g®, 2)c(q?,2)  b(gP)c(q)
_ 3@93@s )%
3@ )@ )%
(9%
(@)%

(6.10)

which is (1.24).

7. Proof of (1.26). We start by giving, for the sake of completeness, the companion
identities to (6.1) for a(q, z) and c(q, z).
From (3.2), we have
(7.1)
2 2 2. 2
a(q, Z) — Z qu +3mn+n Zn + Z q3m +3mn+n Zn

neven nodd

<

3m2+6mn+4n® _2n 3m*+6mn+4n’+3m+dn+1_2n+1
2.4 Z"+2q

- qu#(m+n)2+n2z2n + Zq3(m+n)2+3(m+n)+n2+n+lz2n+1

— Zq3m2 anzz2n + Zq3m2+3m an2+n+122n+l
= (=4 ¢9%.(4% 4°)o0(@%; 4o~ 05 Poo(—7 243 §Poo
+2q(z+ 27 )(—¢% ¢9%(0% ¢®)oo(@% 4Doo(—72 0% 4Poo(—2 2475 ¢

(Note that when z = 1, this gives a(q) = 93((])03(5]3) + Oz(q)Hz(q3) [B-B-G,
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Lemma (2.1)(i)(a)]).
Similarly, from (3.4),
(7.2)
c(q,2)
= (=4 4)o0(—4"3 §°)0(q% ) o0(@%5 §Poo(—22 4 ) oo(—2 2 @5 ¢P)o0
+ @+ 2 (=% 4%00(—q" 4°)50(0% 4%)00(@%s 4P)oo(—224% 4P)oo(—2 20 4P)oe
We now turn to the proof of (1.26).

Let f(g,2) = a(g,2)a(g*, 2%).
From (1.16) it follows that

(1.3) 24°f(q,92) = f(q.2)
and from (1.12),
(7.4) flg.z7 " = f(g,2).

Hence, if we set f(q,2) = > fu(q)Z",

(1.5) a(g.Da(q’,2") = Y ful@)"
= fo@(—2°q%; 400 (=2 0% 4°)o0(d%: 4°)oo
+1@)(2(=2°0% 42)oo(—2°0%: §%)0(q%: §%)c0
+ 27 (—2°6% 4% 00(—2 %4%; 4%)00(0% 4%)x)
+ A (2 (=20 4")oo(—7 4 4D)00(@%; 4o
+ 27 (=241 4%)oo(—2°0°: 4°)0(q"% 4%)0)
+(@E +27)(=2°4% 4%)o0(—2%4% 4%)00(4% ¢°)co-
On the other hand, from (3.2),

2 2 2 2
d(q, Z)a(qZ’ Z2) — Zq3m +3mn+n Zn 3 qun +6rs+25 ZZY’

SO
(7.6) folq) = Z q3m2+3mn+n3+6r2+6rs+232
n+2s=0

— Z qu:—6ms+6r2+6rs+6x2

_ Z q3(mfs)2+3(s+r)z+3rz

_ Zq3z:2+3b2+3c2

= (—=¢’;¢"%(¢% ¢°)2..
Similarly
7.7 F@) = 29(=4% 4)2(q% 4%
(7.8) @) = 4(—=4: 425 "),
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and

(7.9) £ = 84°(—4% ¢%5.(a% ¢®)..
Combining (7.5), (7.6), (7.7), (7.8) and (7.9), we obtain

(7.10)

a(g, 2a(@*, ) = (—¢*:¢"%.(@% a®)%. (=2 a%; ®)oo(—2 005 ¥
+24(—=4% 430" 4% (2=2°4" 4%)oo(—7°4% 4)w
+2 1 (=2°4% 4%)oo(—2 %" ¢%)c0)
+ (=4 42" 4% (F(—2°4%: §%)oo(—2 43 ¢)
+2 (24400247 4°)0)
+84°(—4°% ¢°)5.(@% g2 (2 + 273 )(—2°4% %00 (—2 %% ¢%) o
In precisely similar fashion, we can show from (1.18), (1.14) and (3.4) that

(7.11)
c(q,2)c(q*, 7%)

= (44— 436(6% 402 (—2°0: 4%)oo(—2 471 4%)os
+2(—4%45(4% 493 (2(—24% ¢D)oo(—7 0% ¢%)co
+27' (2% 4007 4% 40
+(—=q: 4)%(q% 403 (20 4D)oo(—2 %91 4)x
+7 (2241 4%)00(—2 41 4)0)
+ (=% 092 (=% 49)20(% ¢°)% (@ + ) (—2°¢% 4%)oo(—2 4% ¢°)co
It follows from (7.10) and (7.11) that

1.12)
alg, 2a(q’, 2 — qe(q, 2)c(q’, 7°)

= Co()(—2°¢%: 4%)oo(—2 4% 4%)00(@%: ¢%)oo
—qC3(@)(@ + 2 )26 4%)oo(—2 4% 4%)o0(4%; 4o

where
(7.13) Co(@) = (=473 4")%,(@% 4% — 4(=4:4°)2(—=4"; 43 (@%: 4%
and
(714 @ = (—4"99%(—4% 4%@% 4% — 8¢° (4% 4°)% (4% ¢°)%-
Now
(7.15) Colg) = q3a2+3b2+3c2 —qY q3a2+2a+3b2+2b+3c2+2c
L@ +b?+c? L@ +b*+c?
- a=b=c=0mod3 1 ! - aEbECZ:_:—l mod 3 qJ( )
a L(a?+b*+c?
B azhg:modfiw @ )
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L2 2 2
— Z wa q‘(a +(a+3k)*+(a+31)%)
— Z waqa2+2ka+3k2+2la+312
=YW q(a+k+l)2+2k272kl+212
— Z wa+k+l q(a+k+l)2 . Z w—kfl q2k272kl+212
2 2 2
_ Z B qa Z wk—l qZk +2kl+21
_ 3405 q)
(_CI, q )OO

and

a? 2+b+3c2+c 3a243a+3b243b+3c2 43¢
(7.16)  Cs(g) = 3 gerardvisbadcee _ o IV it aci

1@ +b +cP+atb+e) _ q§(a2+b2+c2+a+b+c)

a=b=c=0mod 3 a=b=c=1mod3
1 La2apec? .
_ Z W 1 q](a +b*+c* +a+b+c)

a=b=cmod3

=-3 WAl q;(a2+(a+3k)2+(a+31)2+a+(a+3k)+(a+31))

I

1 22 2 2
o Z o 1 qa +2ak+3k*+2al+31°+a+k+l

- 2 2_ 2
_ Z oA 1 q(a+k+l) Ha+k+D)+2k* —2kl+21

— ! S uf qa2+a Z Wkt q2k2~2kl+212
(4% 4%)00(d% 4o
(%)
It follows from (7.12), (7.15), (7.16) and (6.1) that
(7.17)
a(g, 2)a(q’, %) — qe(q. 2)c(q?, )
(—4%4%00(@% 4Poo
B (—4: Moo
(—4°% 4°)o0(q% 670
(—4% )
= b(g))b(q.2),
which 1s (1.26).

b(g?).

b (¢ 4o (—7 04 400 (@ )0

b@)@ +27) (26" 4D00(=2 4" 4%)0(q 40

8. Proofs of (1.27)—(1.33). We begin by writing (5.5) as follows

(a3 +(I+z4z Da+(U+z+z2 Ha ' + a_3)
(023 Poo — @7 @ Poo —@* G5 Qoo —a 227 G Poo
(—a 7243 oo~ 2@ D)oo )2
= a(q, (@ +a )N=a°q’; T)oo(=a°q"; T)oo(q: )
+ (g, D(a(—a°q*; ¢ )oo(—a ¢ )o@ 4o

8. 1)

+a ' (=a°q: 4)oo(—a °G%:4")oo(q "3 ¢P)0).
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Here we have used (5.7) and (5.8). If we set @ = 1 and divide by 2, we obtain
(8.2)
Q42+ )4 %@ D24 D2~ G 9%
= a(q, (4" (@ @)oo + (4. D=4 4 )oo(—47: )o@ oo

if we set a = ¢™/3 we obtain
(8.3)
(1—z— z’])(_q3; )o@ D (=20 )oo(—2 ¢ 1 ¢')o0

(—4 Do (=29 Poo(—27'9; P
=249, (=% 7@’ oo — (0, (@3 §)oo(— 7% 6)o0(@: ¢ oo
while if we set a = ¢'™/6 and divide by \/3, we obtain

3.3..3 -3.3. .3
B4 (rzrz gty g, T A
(245 ooz 43 Do

= c(q,2)(q; @)

(which is (1.23)).
From (8.2) and (8.3) we deduce

(8.5) a(q,2)(—¢% )@ 6o

1
=3 {(2 +2+ 2 )4 2@ Doo(—20: D~ G %

+(1—-z— z")(_ql’ )o@ D3 (205400 (—2 ¢’ ¢7)0 }

(=4 Poo (=24 Poo(—27'4: Qoo
which is (1.31), and

(8.6) (4, 2)(—4; 0 )oo(—a% 6)o(q’3 7)o

|
=3 {2(2 + 242 N~ %@ D324 P2 (2 3 9)%

—(1=—z—zh

(—4% @)ool @ D2 (2P 0o~ oo }
(=4 Doo (=24 Doo(—27'¢: P |’
Comparing (8.4) and (8.6), we find
8.7)
¢ 000 )0
(295 Doo(Z7' 45 oo

(1 + 242G )2 @ Doo(— T P )oo(—0% ¢

1 _
= 3{2@+z+2 N~q; Q%@ D2 (—2q; @)% (—2 ' P2

(—4% 0)oo(@: D30 (220 ) oo(—2 0% oo

—(1l=7—=71
(1~z~27) (—4; @) (—2¢; Poo(—27'¢; Qoo

From (8.5) and (8.7) we deduce

(8.8)
a(q, (4% ¢ 2@ 6o

G aE &) I Camt/ AR/
(2q; Doz 45 oo

+(1+2+2 9 %@ Do~ oo ¢V)oo

= 24242 )G T D24 D7 0
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which is (1.32), and
(8.9)
2a(q,2)(—q"; )2 (@ 6o
@ )30 4o
(295 Do G5 Do
(@ )o@ D3 27 )21 4o
(=4 P (—2¢: @)oo(—27'q: @)oo

2@ Dol =45 )05 )0

—(+z+7 Y% q

=(1—-z—-2zYH

which is (1.33).
If we putz = 1in (1.31), (1.32) and (1.33), we obtain (1.27), (1.28) and (1.29).
All that remains is to establish (1.30).
We have, from (1.12) and (1.21)
(8.10)
F? 3n—1 1

Sy - mn _ L {1+6Z( e lzqszl)}.

n>1

(@)%
(=243 @)oo= ™37 @)ool @ oo
(=32 Qoo =27 43 @)ool @5 @)oo

1
3 ((Z q§)3 @G Do 5 Dol @5 Do Do @5 Dol @5 D)0

3n—2 3n—1
q 1

{1+6,§1( g2 1—43"*‘>} (@ 9¥%

X t7r/3 Z(enr/3)mzmq(m2+m)/2 Z(e—m'/B)nan(nZ_n)/Z

1 (q lI) m (m2+m) [2 1 (n 711)/2

Applying CT, to this, we find after some simplification that

(8.11)
3nf2 3n—1 6. 6 2. .2
3. 632 (6.6 q (—9":4")oo(q" 4 )0
a0 {1+6,12>:1( g2 1—q3"*‘)}(q3;q3)§o(—q2;q2)oo
2@ (4% 4547 4o
3 (@93 '
or,
(8.12)

n72 q3n—1
1+6 ( )
nz>:l 3n 2 1— q3n—1

(—4% ool )% { P s — 2 & D3o(—4% 454" 4P
(4% 41)o(—4% ¢%)c0 1400l 00 T g (@ 4%)3, '

which by (1.5) simplifies to (1.30).
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9. Proofs of (1.34)—(1.36). We have

(9 l) a(q) — qu2+mn+n2
— Z qm2+mn+n2 +2 Z qm2+mn+n2 + Z qm2+mn+n2

m=0mod?2 m=1mod?2 m=1mod 2
n=0mod2 n=0mod2 n=1mod?2
The first sum is
2 2 2 2
(9 2) Z qm +mn+n® __ Z q(2k) +(2k)(2D)+(21)
m=0mod?2
n=0mod2
_ A +4kl+412
=29
4y.
=a(g");
the second sum is
(9.3)
m*+mn+n?
> 4
m=! mod2
n=0mod2
_ Z q(2k+] V+2k+1)Q2D+21)?
— Z q4k2+4kl+412+4k+2l+1
_ (k—D2+3(k+0)?+(k—D+3(k+1)
=434
W +u+3v2 43y
=q 3 q
u=vmod?2
_ Wut3vi43v Wu+3v2 3y
—of ¥ q .
u=v=0mod?2 u=v=1mod?2

— q{zq(2r)2+(2r)+3(2s)2+3(2s) + Zq(2r71)2+(2r71)+3(2x71)2+3(2s~1)}

¥- “'2 5 — LI~ ‘2* S
_ q{2q4'2+2 +125246 +Zq4;2 2r+125 6 }
= 24(~q"; 5)o0(—4°%; 4%)0(4%; 800~ % I*)oo(—4"%: 4% oo (@®*; 4o
= 24(—¢% ¢M)oo(—q* §"50(@* 6950 (—6% ' Do0(—4"%; 4" H0('% D)oo
= 29(—4% ¢)2(@% 4 oo(—4°% 4% 0% )

the third sum is

2 2 2k+1)24+(2k+1)(21+1)+H21+1)?
(9. 4) Z qm +mn+nT Z‘I(
m=1mod2
n=lmod2
— Z q4k2+4kl+412+6k+6l+3

= 3 gkt 2
u?+3v?

u#vmod?2

Now, points («, v) with u Z vmod 2 are given eitherby u+v =4r+ 1, u —3v =4s+1
oru+v=4r—1,u—3v=4s— 1 (as is easily seen from a graph of 7?).
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So the third sum is

2430 Br+s+1)243(r—s)? Br+s—1)243(r—s)?
©.5) 2 47 =24 +2.4
u#vmod?2

_ Zq12ﬁ+6r+4s2+2s+l + Zq12976r+4s272s+l

= 29(—4% 492G 4)oo(—q°% 4% (4% ¢%) o
Thus we have
9.6) a(q) = alg®) + 64(—q% 4)%(@%; 4o (—4% 492 (@% )0
which is (1.34).

From (1.3), (1.4) and (1.34) we have
9.7

3 1 3
b(g) = 50013) - 3a(q) = -2—[a(q‘2) +64° (=% 49)2(% 4% (—4"%: 62 (3" ') )
1 5
— 51ag") +6a(~4% 4°15(@*; 4*)oo(—4"5 4°)5(q"; 4]
= b(g") — 39(—q% ¢°)* (4% 4®)oo{ (=% 42 (@*: o
—34%(—q"% 4", (4" 4" -

Now the expression in braces is
(9.8)

Zq4n2f2n _ 3q2 Zq_z(mkls'z — Zq4(3n)272(3n) + Zq4(3n+l)3—2(3n+l)
+ Z q4(3n— 12=23n—1) o 3q2 Z q36n:+18n
— Zq36n276n +q6 Zq36n2—30n o 2q2 Zq36"2 -18n
= 2cos ((2n + l)§>q4"2‘2"
— Z(aer-l + a4(2n+l))q411272n Where o = eih’/’}
1 _
= (a+ (—){)(—azqz;cf)oo(—a 4740 o

= (4% 4)(d": )0/ (—47; 470
Combining (9.7) and (9.8), we have

9.9) b(q) = b(g") — 39(—4% 4°)2(q°%; 4%)oo(q%: 47V oo | (— 4% )0
which is (1.35).
Also, from (1.3), (1.4) and (1.34),

1 1
(9.10)ge(q”) = Fa(g) — 5a(q")
|
=3 la(g*) + 6(—% 4°)2(q% G)oo(—4% 4% (6% ¢%) o)
1 5
- Ela(q'z) +64°(—4% ¢°)%.(4% %) oo(—q'%: 4'®2. ("% ¢"%) )

= g*c(q") +39(—4% ¢°)2(0% ¢l (—4%; 4% (@5 oo
— ¢ (—q"% 4" (@'% ¢}
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The expression in braces is

2_ 2_ _ 2
©.11) Zq4n 2n q2 Zq36rl 18n _ Zq4(3")2 2Gn) Zq4(3n+l) 2(3n+1)
+ Z q4(3n~1)2—2(3n~1) _ qz Z q36n2+18n
— Zq36n2~6n + q6Zq36n2—30n

Z q9n2~3n+ Z q9n2~3n

neven nodd
— Z q9n2-3n
=(—4%9")00(—9'% ¢"*)(g"% ¢'*)c0
= (4% 49" ") / ("% ¢'®)c0.

I

Combining (9.10) and (9.11), we have
912)  qelq’) = 4'c(q™) +39(=4"14°)%(4" 4°)00(@"* 4" )0 / (—4"%:4")ce.
If we divide by ¢, then replace ¢° by ¢, we find
©.13) (@) = 4c(@") +3(=4"14°13(@”: 4")00(d%: 400 | (— 4% 4 ),
which is (1.36).
10. A function theoretic proof of (1.26) and a quintic identity. We now illustrate

a function theoretic approach to proving our z-analogs. We need the following result due
to Atkin and Swinnerton-Dyer [A-SD, Lemma 2].

LEMMA 1. Let 0 < |q| < 1 be fixed and suppose f(z) is an analytic function of z,
except for a finite number of poles, in every region 0 < z; < |z| < zp. If

f(zq) = AZf(2)

for some integer k (positive, zero or negative) and constant A, then either f(z) has just k
more poles than zeros in the region

lgl <lz <1,
or f(z) vanishes identically.
Let 0 < g < 1 be fixed and consider
F(z) = a(q,2)a(g’.z) — b(g*)b(g. 7)) — qc(q. e(q". D).

From (1.16)—(1.18) we have

1
F(zq) = @F(z).

Our goal is to prove
F(z) =0.
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In view of Lemma 1 1t suffices to show that F(z) vanishes for at least seven distinct values
of z 1 the region ¢ < |z| < 1 In fact, we shall do this for eight distinct values From
(123) c(g,w) = c(g,w?) = 0 Since a(g,w) = b(g) 1t follows that F(z) = 0 for z = w,
w? From (1 22) b(q,q) = b(q,q*) = 0 Combimng this with (1 20) implies F(z) = O for
7= g5 fork = 0,1,2,m = 1,2 This gives a total of eight values of z Thus the
identity holds for all g withz # 0 and 0 < ¢ < 1 The general result holds for all |¢| < 1
by analytic continuation This completes the proof It 1s interesting to note that we did
not need the value at z = 1
Ramanujan [R, p 259] has a quintic analog of (1 9),

(10 1) a(@aq®) = b@b() + ¢’ c(@)e(q®) + 3g\/b(@b(a*)c(q)c(gd)
We note that
(10 2) aVb@b(@)e@)eld®) = 3n@n@ @'

Below 1n (10 7) we give a z-analog of this 1dentity For k € Z we define

(10 3) bu(g,2) = Zq6m2+km212m+k
Let
(104) a(q) = (@@ mq@ n(q"),
n(g"*n(@>n(g®)n(g")
105 = ,
(10) i) n(g*)n(g'?)
(g’ n(gn(g®)’n(g")
106 Y(g) =
(196) @ n(@n(g>n(g*m(g'?)
Then
(10 7)

2a(q,2)a(q’,2°) — a(q, w2)a(q’, w*2’) — a(q, w’2)a(q’, wz’)
—24%c(q, Dc(q’, ) + (g, w)elq, WD) + gPelg, wia)elg’, wD)
(61(.2) + $-1(q.2))

=3(ag) + 8(@) oY
+ % () +7(q) el ;)2;%1 )2(‘1’ 2,
M %(a(q) —(@) (¢4(q’;1 :q"ﬁl')“(q’ 2)
+3(alg) - 8(@) (9t ;)S:Z’I—;(q’ 2)

Since a(g,w) = al(g, W) = b(q), c(g,w) = c(q, w?) = 0 and the right side of (107)
simplifies to 18a(g) when z = 1, this 1s a z-analog of (10 1) 1n view of (10 2)
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We briefly indicate how (10.7) may be proved. Each term on the left side (and on the
right side for that matter) satisfies the functional equation

(10.8) Fl(zq) =

F(z).
Zigh (@)

Thus to apply the method above would require verifying the 1dentity for at least 13 values
of z. In principle, this would require verifying at least 13 g-series identities. We can
reduce the size of the problem as follows. The functional equation (10.8) and an analysis
analogous to (7.5) reveals that the left side of (10.7) can be written as

a1(q)(¢1(9.2) + ¢1(q, 2)) + 22(q) (624, 2) + $2(q, 2))
+ a4(q)($4(g,2) + ¢4, 2)) + as5(q)(65(9.2) + ¢-5(4.2))

for some functions «,(q).

We may proceed as in (7.6) but instead of being able to write each «,(g) as a product
of three #- functions it is possible to write each as the sum of two such products. Thus
the problem is reduced to verifying four g-series identities.

The left side of each such identity involves §-functions and the right side involves
n-functions with all functions involved being modular forms on some congruence sub-
group. As in [B-B-G] verifying such identities 1s a computable task. It would be desirable
to find a more transparent proof. Finding a z-analog for a(g) may prove useful.

We describe another application of our z-analogs. At the bottom of page 257 of Ra-
manujan’s second notebook [R] there is an identity which gives the Fourier series of
the inverse function of a cubic analog of the incomplete elliptic integral of the first kind
[W-W, p. 494]. One of us, 1n joint work with Bruce Berndt and S. Bhargava, has been
able to prove this 1dentity [Be-Bh-G]. The proof depends crucially on identities for b(g, z)
and other z-analogs.
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