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CUBIC ANALOGUES 
OF THE JACOBIAN THETA FUNCTION 6(z, q) 

MICHAEL HIRSCHHORN, FRANK GARVAN AND JON BORWEIN 

ABSTRACT. There are three modular forms a(q), b(q), c(q) involved in the param-

etrization of the hypergeometric function 2F\ (?, | ; •) analogous to the classical 02{q), 
l I 

#3(#X Q^iq) a nd the hypergeometric function 2^i(2 , \ ', •)• We give elliptic function 
generalizations of a(q), b(q), c(q) analogous to the classical theta-function 0(z, q). A 
number of identities are proved. The proofs are self-contained, relying on nothing more 
than the Jacobi triple product identity. 

1. Introduction and statement of results. In a recent paper, Borwein, Borwein 
and Garvan [B-B-G] introduce three functions, 

a(q) = Z<lm2+mn+n2> 

b(q) = J2 cum~nqm2+mn+n2 (u? = 1, u ± 1) 

and (essentially) 
/ \ V~̂  m2+mn+n2+m+n 

l 2 

These play a role for the hypergeometric function 2^1 (3, ]',-) analogous to that of the 

classical 82, #3, Ô4 for the hypergeometric function 2^1 (2, \ ; •) [B-B2]. 
They prove many results concerning a(q), b(q) and c(q), culminating in a result of 

Ramanujan's ((1.9) below), which we cast as 

(1.1) U+91^1 „i+9f^VUl+9f^^^4 

where rj(q) = q^(q; q)^ and yielding on the way the classical result 

Throughout this paper we use the standard ^-notation: 

00 

(a;q)oo= I l a - f l r t k l < L 
w = l 
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Both (1.1) and (1.2) appear in Ramanujan's second notebook [R]. (1.1) is equivalent to 
the first equation on page 259, and (1.2) is Entry l(iv) of Chapter 20 [Be, p. 354]. The 
principal results of [B-B-G] are 

(1.3) 

(1.4) 

(1-5) 

(1.6) 

(1.7) 

(1.8) 

and 

(1.9) 

a(q) = a(q3) + 2qc(q\ 

b(q) = a{qy) - qc(q\ 

«>iv l q l q 

(q\ q)oo 
a(q? = b(q)3 + qc(q)\ 

a(q)a(q2) = b(q)b(q2) + qc(q)c(q2). 

Other proofs of some of these and related results may be found in [Be]. 
Our object in writing this paper is to provide simple proofs of all these results. Indeed, 

we give generalisations ("^-analogs") of (1.3)—(1.9). We also give some further results 
obtained in the course of our investigations. In all of this we use nothing more than the 
triple product identity, 

(1. 10) (-aqrf)oo(-a-W,tf)ootf;<?)oo = J2anqn2 

[B-Bl, (3.1.1) p. 62], [W-W, p. 469]. [Note that here, and throughout this paper, unless 
otherwise stated, it is understood that the summation index or indices range over all 
integer values.] 

Thus, let 

(l .H) 

(1-12) 

(1.13) 

(1.14) 

Then 

(1.15) 

(1.16) 

(1.17) 

(1.18) 

(1.19) 

(1.20) 

a'(q,z) = ^2qm2+mn+n2Zn, 

a(<?,z) = 5>m2+m"+"2Zm-'\ 

%,Z)^^Y"+"V. 
c(q,z) = Yjq

mHmn+nl+m+n7m-' 

a'(q,z) = Z2q3a'(q,zqi), 

a{q, z) - z2qa(q, zq), 

b(q,z) = zWHq,zq3), 

c{q, z) = Z2qc(q, zq), 

a'{q, z) = a(q3, z) + 2qc(q3, z) 

b{q, z) = a(q3, z) - qc(q3, z), 
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3«-2 , ,3n- l 

(1.21) a(q,z)=\(l+z + z-l)\l+6Y,(. q \ „ - . 2 -

(g ;^ (zV-Afe-VA 
(<73 ; tf3)2* fe<?i 4)oo(z~ lq;q)oo 

3 (r;r); + - ( 2 - Z ~ Z ) , 3 . 3,3 feg;<?)oofe «.9)oo. 

, , ~-, , , . , . , 3 3x (z<7i<7)oo(z lq;q)o 
(1-22) Z?(<?,z) = (q;q)co(q ,q )o \zq3;q3)oo(z-lq3;q3), 

(1.23) c(<?,z) = ( l + z + z )(q;q)oo(q ,q )o 
(zq;q)oo(z~lq;q)o 

b(q,z)c(q,z) b(q)c(q) (qiq)2^ 
( 1 ' 2 4 ) ft^.zW.Z) % 3 M ( ? 3 ) ( ^ 9 ) 2 ^ 

(1.25) a ^ z ) 3 = b(q)2b(q,z3) + qc(q,zf 

and 

(1.26) a ^ z M c V ) - b(q2)b(q,z3) + qc(q,z)c(q2,z2)-

We show also that, although a(q) is not a simple product, a(g) can be written in several 

ways as the difference of two products. Thus 

(1.27) a(q)=-
4 (-q;q)6oo(q;q)lo \ (q;q)U-q3;q3\ 

3 (-<73i ^3)2oo(<?3i <73)oo 3 (-q; q)Uq3;q3h 

4 % 2 ) 2 1 b(q)2 

3 % ) 3 % 2 ) ' 

(1.28) a(q) = 4 {~q'ffq\q)\ - 3 ( ^ ^ ; ^ 
(-tfrfW-.&oo (q;q)oo(-q3;q3)lo 
b(q2)2 c{q)2 

b(q) c(q2)' 

3 (-<?;<7)oo(<73;^)3oo l ( ? ; g ) 3 ^ - ? 3 ; <73)oo 

= 4 

(1.29) o ( 9 ) : 

and 

2 (<?; q)oo(-q3; q3)lo 2 (-<?; q)3
œ(q3;q3)o 

1 c(g)2 1 fr(<?)2 

2c(92) 2fc(<72)' 

tfi&U-tf-.q2)*, „ tetf^-rV)» 
(1.30) «(<?) = 3 J V £ ,V , ~ 2 

(-qtrf&iq2; q2)oo (<73i <73)oo(-<76i q6)o 

c(q2)2
 2Kq)b(q4) 

c(q4) b(q2) 

https://doi.org/10.4153/CJM-1993-038-2 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1993-038-2


676 M. HIRSCHHORN, F. GARVAN AND J. BORWEIN 

Indeed we prove that 

(1.31) a(q,z)=\(2 + z + z ' 1 ) . ^ ; f ^ \ q \ (~zg ;éU- f 'g;q)l 
3 \ Q Ie! )oo\(l » # >°o 

+ - ( l - z - z ) 
3 V y (-<?; <?)oo(<76; <76)oo (-zq\l)oo(-z yq\q) 

(-g; g)^o(g; g)3^ , . ,2 (1.32) fl(9,z) = (2 + Z + 2 - 1 ) - ^ l ^ | 2 i 2 i ^ 2 2 _ ( - Z ? ; ^ ( - 2 - ' 9 W ) 2 
3-73)2oo(g3;g3) 

n ^ ^ -K(g2;g2)co(93;g3)ook393;g3)oo(z-V;<?3)o 
— (1 + Z + Z ) - (-<73;g3)œ (zq;q)oo(z xq\q)oo 

and 

(i 33) j(g ; ) J ( i l ; i _-i)(g
2;g2)°o(g3;g3)0o(z3g3;g3)°o(z~V;g3)oo 

2 (-g3;?3)3» (2g;g)oo(z_1<7;g)oo 

i „ _K (9;«)L (-zV;^)oo(-z-V;?3)o 
+ —(1 — Z — Z ) -2 {-q;q)oo(q6; q6)oo (-£<?; <?)oo(-z '<?;<?): 

We also observe that 

(1.34) a(q) = a(qA) + 6q(~q2; q2)2^2; q2)oo(-q6; q6)2^6; q6)oo, 

(1.35) m = b(&-^*W^*^ 
(-<?W)oo 

< i ™ ^ „ , ^ ̂ , (-g2;g2)L(g2;g2)°o(g6;g6)oo 
(1.36) cfa) = qc(q ) + 3 . 

There are two routes to the proof of most of these results: a direct manipulative ap­
proach in the style of some of Jacobi's work and a function theoretic approach. We choose 
the former but in the final section illustrate the latter to re-prove (1.26). 

2. Proofs of (1.1), (1.2). We begin by showing how (1.1) and (1.2) follow from 
(1.3H1.9). 

Thus 

«•» '•n(w)"=,+«(i)''»(1*-<'"-7> 
_ biqf + qciqf 

Kq)3 

a{qf 
b{q? 

(ajq))3 

{b(q)J 

by (1.8) 
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b(q) 

1 + ^ ) 3 by (1.3) and (1.4) 

-H$) 
3 \ 3 

by (1.6) and (1.7), 

which is (1.2), and 
(2.2) 

V n(q)n(q2) J b{q) b(q2) 
b{q)b(q2) + qc{q)c(q2) 

b{q)b(q2) 

a(q)a(q2) 

b(q)b(q2) 
by (1.9) 

t | a(q)-b(q)\f | a(g2) - fr(<?2) 

%) A"' M<72) 
, 3 Ï W „ ^ 6 \ 

•(-(^)1(-(^)>«'«-'^ 
which is (1.1). 

3. Proofs of (1.15)-(1.18). From (1.11), 

(3. 1) Z2q3a'(q, zq3) = £ qm2+mn+n2+3n+3f+2 

= Y^^ m ~ 1 ) 2 + ( m - 1 ) («+2)+(n+2) 2 n+2 

v~^ m2+mn+n2 _n 

= a\q,z), 

which is (1.15). 
From (1.12), 

(3. 2) a(q, Z) = YJ q(m^2+iim~^n+3"2f~n 

E 3m2+3mn+n2 n q z , 

so 

(3. 3) z2qa(q, zq) = £ ^ + 3 , W + „ + y + 2 

= V (7
3(m-1)2+3(m-l)(n+2)+(/7+2)2 n+2 

V~"v 3m2+3mn+n2 n 

= a(q,z), 
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which is (1.16). 
Similarly, from (1.14), 

(3.4) c(q, z) = J2 q3m2+3mn+n2+2m+n
z\ 

so 

(3.5) z2qc(q, zq) = £ q3m2+3mn+n2+2m+2n+l
 z

n+2 

__ y > ^3(m-l)2+3(m-l)(n+2)+(n+2)2+2(m-l)+(n+2) n+2 

ST^ 3m2+3mn+n2+2m+n n 

which is (1.18), and finally, from (1.13), 

(3 . 6) Z2q3b(q, Zq3) = £ jn-n^Hmn+n^n^^l 

= Y a;(
m-1)-^+2Um-1)2+(m-1)^+2)^n+2)2

z
n+2 

v ^ m—nm2+mn+n2 n 

= Kq,z), 

which is (1.17). 

4. Proofs of (1.19), (1.20). From (1.11) we have 
(4.1) 

a'(q,z)= E q
m2+mn+"2z"+ £ ^ + m „ + „ y + ^ ^ + m „ + n ^ 

m—«=0mod3 m—n=lmod3 ra—n=—lmod3 

In the first sum, set m + In = 3r, m — n = 3s, in the second, set m + 2n — 1 = 3r, 
m — n — \ = 3s, and in the third set m + 2rc + 1 = —3s, m — n + 1 = —3r, and we find 

(4.2) a'fo, z) = £ ^ ^ ^ ^ x ^ w r - , ) 2 ^ - . 

+ V g(r+2^)2H<r+2s+l)(r--s)+(r--s)2^-s 

, y ^ (2r+s+l)2-(2r+s+l)(r-s)+(r-s)2 r-s 

= E <^+3ra+3sY-s + 2? E ^ + w + 3 r + 3 Y -
= a(^3,z) + 2<?c(?

3,z) by (1.12) and (1.14), 

which is (1.19). 
Similarly, from (1.13), 

(4.3) Kq,z) = E qml+mn+n2Zn+to E qm2+mn+n2
Z

n 

m—n=0mod3 ra—n=lmod3 

+ oj2 E q
m2+mn+n2f 

m—n=— lmod3 

= a(q3, z) + (a; + u2)qc(q3, z) 

= a(q3,z) - qc(q3,z) by (1.12) and (1.14), 

which is (1.20). 

https://doi.org/10.4153/CJM-1993-038-2 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1993-038-2


ANALOGUES OF THE THETA FUNCTION 

5. Proofs of (1.21) and (1.23). We start by showing that 

(5. 1) (-azqî\q)oo(-az~lq~2\q)oo(-aq~2\q)oo 

• (~a~lz~lq~2 ; q)oo(-a~lzqi ; 0)oo(-0~ V ; q)oo(q\ q)lo 

= c0(-a
3qï ; q3)oo(-a~3qi ; q3)oo(q3\ q3)oo 

+ d (a(-a3q~2 ; q^^-a^q^ ; q3)oo(q3\q3)oo 

+ a~\-a3q^ ; q3)oo(-a~3q^ ; q3)oo(q3\ q3)oo), 

where 

n3n-2 T>n-\ 
(5-2) C ° = 3 ( 1 + ^ ^ M I + ^ Ç / T ^ - T ^ T ) ; 

ta?)» (z3q3;q3)oo(z~3q3;q3)oo 

+ - ( 2 - z - z ) , 3.' 3^ (zq><i)oo(z ^q)o 

C^3;^3)^ (zq',q)oo(z Xq\q)o 

3 U Z Z V;<73)3 

and 

, r ^ / , ^ ^ - n i . w 3 3x {z3q3\q3)oo{z~3q3\q3)oo 
(5.3) ci = ( l + z + z )q2(q;q)oo(q \q )oo—7 —7—; . 

Thus, le t / (a) denote the left side of (5.1). Then 

f(aq) = — T i r^ r 1 " ^ — s — f ( a ) 

(1 +azqi)(l +az lqi)(\+ aq^) 

= a~3q~ïf(a). 

If we let f(a) = E c / , it follows that 

qncn = q~ïcn+3. 

Also, f(a~l) =f(a), so 
C—n — £«• 

It is an easy induction to show that 

cin = g3n2/2c0, 

c3n+1=^(3 '!2+2")/2c1and 

c3 f l_1=^-2-2»>/2c_1=^»2-2-)/2c1 , 

and so 

/ ( A ) = co £ a3Vn2/2 + cifl £ a 3 V 3 " 2 + 2 n ) / 2 + c ^ - 1 £ a 3 y 3 " 2 ~ 2 n ) / 2 

= c 0 ( - a V ; q3)œ(-a~3q~2 ; q3)oo(q3', q3)oo 

+ ci (a(-a3q* ; ^3)o o(_ f l-
3^2 ; q3)^3; q3)^ 

+ Û T ^ - G V ; ^3)oo(-a-3^f ; ^3)oo(^3; 43)oo) 

https://doi.org/10.4153/CJM-1993-038-2 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1993-038-2


680 M. HIRSCHHORN, F. GARVAN AND J. BORWEIN 

which is (5.1), and where we have used (1.10) to sum the three series. 
We now determine CQ and c\. In (5.1), set a2qî for a, then multiply by a3, and we 

obtain 

(5.4) (a + a-lz)(a + a-xz-l)(a + a-1) 

• {-a2zq\ q)oo(-a2z~lq; q)oo(-a2q\ q)oo(-a~ 2Z~Xq\ q)oo 

• {-oT2zq\ q)oo(-a~2q; q)oo(q', q)3^ 

= c0(a
3 + a~3)(-a6q3; q3)œ(-a~6q3; q3)oo(q3', q3)oo 

+ c\q~2 (a(-a6q2; q3)œ(-a'6q\ q3)oo{q3', q3)oo 

+ a-\-a6q- $3)oo(-<T Y ; q3)oo(q3', q3)oo)-

Set a = e171/6 in (5.4) and after a little simplification we obtain 

K i , v , 3. 3x ( z V Y ) o o ( z ~ V Y ) o 
cx=(\+z + Z )q~2(q;q)oo(q ;q)o 

o 

which is (5.3). 
We can write (5.4) as 

(5.5) (a3 + (1 + z + z~l)a+(l + z + z~x)cTx + a~3) 

• (~a2zq\ q)oo(-a2z~lq\ q)oo{-a2q\ q)oo 

• (-a~2z~Xq\ q)oo(-a~2zq\ q)oo{-oT2q\ q)oo(q\ q)3^ 

= c0(a
3 + a'3)(-a6q3\q3)0O(-a-6q3\q3)00(q

3',q3)oo 

+ c{q~2 (a(-a6q2\ q3)oo(-a~6q\ q3)oo(q3\ q3)oo 

+ a'x(-a6q\ q3)oo(~a~6q2\q3)oo(q3', q3)oo). 

If we apply the operator 6a = aj^ to (5.5) and substitute a — i, we obtain, after some 
simplification, 

1 _i (q;q)oo ft , W <73n~2 ^3n"1 
(5-6) C0 = 3Cl92^^l1+6S(n^ -2 1 _ f l 3 n - l 

1 /- _ n (̂ ;<7)o 
+ ^ ( 2 - z - z - 1 ) 7 ^ 2 2 - ( z 9 ; 9 ) L ( z - , ? ; ? ) L 

•̂  yq ->q Joo 

which, by (5.3), is (5.2). 
Now we turn to establishing (1.21). 
By CTa we will mean the operator which operates on the series E cna

n to pick out the 
"Constant Term", that is, 

CTa(J2c„an) = c0. 

We have, from (1.12), 

(5.7) a(q,z)= £ q(m2+"2+"2)/2f-" 
m+n+p—0 
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- cTfl (£ ûvy^2 • £ avv2/2 • E ^ 2 / 2 

= CTa{(-azq~2 ; <?)oo(-ûT V V ; q)oo{~az~Xq2\ q)oo 

• ( - Û T 1 ^ 5
 ; q)œ(-aq2 ; q)oo(-a~lq2 ; 4)oo(#; ^ )L) 

= CTfl(f(a)) 

= CTa ( ]>>„</) 

which, by (5.2), is (1.21). 

In similar fashion, from (1.14), 

(5.8) c(q,z)= E ^ ( m 2 + m + n 2 +^2^ ) /2 zm-« 

= CTa[YJa
mzmq(m2+m)l2 • J2a"z-nq{n2+n)/2 • E ^ " ' " 2 ) 

= CT a {(-azg; g)oo(-a~ 'z - 1 ; g)oo(-az~ V> <7)oo(-a~'z; <?)oo 

• (-a; tf)oo(-a~y, <?)oo(<?; q)3
œ} 

= CTa(a/(fl?2)) 

= CT a (aE<7" / 2 c„a") 

which, by (5.3), is (1.23). 

6. Proofs of (1.22), (1-24), (1.25). We have, from (1.13), 

(6.1) 

E m—nm2+mn+n2 n , v ^ m—nm2+mn+n2 n uj q z + } ^ u q z 
n even n odd 

_ y ^ m-2k m2+2km+4k2 2k , y ^ #n-(2*+l) m2+(2£+l)m+4&2+4A:+l 2k+\ 

_ V , ,m+k(m+k)2+3k2^2k 

+ V^ ^ + ^ - } ^(^+^)2+(^+^)+3^2+3A:+l 2&+1 

= E^<r 2 E<7 3 *V* 
+or V E a/"<?m2+m E </3*2+3V* 

= (-uq; q^ooi-LU-'q; <?)«>{<?; <72)oo(-zV ; <76)oo(-Z~V ; (futf; q6)oo 

+ u^qzi-uq2; ^ « . ( - o r 1 ; <?2)oo(<72; ^ W - z V ; ^ W - z ' 2 ; <z6U<z6; ^6)o 
-,3. „ 6 \ c_2. _2\ r „ 6 . „6\ ( - < ? , <?b)oo(<? , r )oo(g & ; g")oo, 2 3 . ^ , - 2 ; . ^ 

5- ( - z q ,q )oo(~Z q ,q)o 
(-q;ql)oo 

S-q6;q6)oo(q2;q2)oo(q6;q&), 

(~q2;q2)~ 
q(z + z l) — j—y: (-rq ,q)oo(~z V W W 
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Now let 
c 

(Kz) = 
(z<7W)oo(z-y;<73)oo' 

Then 

G(q3z) = z-2q-3G(z). 

If we let G(z) = Ec„z", then q3ncn = q~3cn+2. 
It follows that 

G(z) = C0J: q3n\2n + c, z £ ^ " z 2 " , 

or 

/ / : o\ ^ ' ^oo(Z q\ q)oo , 2 3 6\ / - 2 3 6\ / 6 6\ 
(6-2) (^ ; 9

3 )oo(e-V;9 3 )oo = C o ( "^ ; 0 o o ( " z q'q)^q'q)-
+ ci (z + z^X-zV; ^6)oo(-z-V; ̂ 6)oo(̂ 6; <?6)c 

Putting z = / in (6.2) gives, after a little manipulation, 

,,~ ( V ; g \ o ( - g 3 ; g 6 ) o o (6.3) c0 = 3 3 . 

Putting z = /<7~2 in (6.2) gives 

( 6 - 4 > ^ ^ ^ . „ 3 
(-q',q2)oo(-q6\q6)c 

(q3\q3)oo 

Combining (6.2), (6.3) and (6.4) yields 

,r c, (zq;q)oo(z^[q;q) OO 
(z^3;<?3)oo(z"1^3;<73)oo 

(-q2\q2)oo(-q3',q6)oo(q6',q6)oor 2 3 6, , -2 3 6x 
(r;r)oo 

„,_ . . - K C - ^ ^ o o C - ^ 6 ; ^ 6 ) ^ ^ 6 ; ^ 6 ) ^ , 2 6. 6, , -2 6. fix 
-<?(z + Z ) 3J 3 {-zq\q)oo(-Z q\q)oo-

{q » <? /c» 
From (6.1) and (6.5) it follows that 

^ *\ ^ A / \ / 3 3x (zq;q)oo(z~Xq\q)oo 
(6.6) M.,,) = (*.«)«,(* ;* S ^ ^ - y . ^ 

which is (1.22). 
If in (1.20) we put q, uq, oj2q for q in turn, multiply the results, use the fact that 

(6.7) b(q, Z)b(uq, z)b{u?q, z) = b(q3)2b(q3, z3) 

which follows from (1.22) and (1.6), then put q for g3, we obtain (1.25). 
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Finally, from (1.22) and (1.23), (1.6) and (1.7) we have 

K/ . x2 / 3. 3^2 (z3q3;q3)oo(Z V;<? 3 )oo 
( 6 . 8 ) % , Z ) C ( ^ , Z ) = ( 1 + Z + Z ' K ^ ^ t o ; r ) o o , 3. 3x , _i 3. 3 

i , t - i ^ w ^ ( ^VWz" 3 * 3 ; * 3 ) . 
3 ^ 3 . „ 3 \ ^ - 3 „ 3 . 3̂>> 

= ^ ( l + z + z - 1 )%)c te ) , / 

(^WWz-V;?3), 

and 

//c n \ / / 3\ / \ / i , . - 1 \ / \2 / 3 3\2 (^ <}'•> <])oo{Z q\ q)o 

(zq;q)oo(z l q\q)oc 
ln^ ^ -Uur ^ / dz3q;q)oo(z~3q;q)oo = "(1+Z + Z [)b(q)c(q)- ——j — . 

From (6.8) and (6.9), (1.6) and (1.7), we have 

b(q,z)c(q,z) b(q)c(q) 
(6. 10) 

£(43,z3M<73,z) %3M<73) 

3(^)2
00(<73;<73)2

00 

3(^;^)iote9^9)?o 

•9.„9\2 ' (*W)i 

which is (1.24). 

7. Proof of (1.26). We start by giving, for the sake of completeness, the companion 
identities to (6.1) for a(q, z) and c(q, z). 

From (3.2), we have 

(7.1) 
a(q,z)= E q3m2+3mn+n2zn+ £ q3m2+3mn+n2zn 

neven n odd 

v~^ 3m2+6mn+4n2 In , V^ 3m2+6mn+4n2+3m+4n+l 2n+l 

_ v ^ 3(m+n)2+n2 In , V ^ 3{m+n)2+3(m+n)+n2+n+l 2n+\ 

= E <?3m2 E <7"V" + E <7w + 3 m E ç"2+B+1z2,,+I 

= (-<?3; <76);L(<76; <?6)co(<72; <?2)oo(-z2<7; <72)oo(-z~2<7; <?2)co 

+ 2q(z + z - ' ) ( - « 6 ; ?6)L(96; <?6)oo(<?2; « ' W - z V ; ^ W - z - V ; <72)oo. 

(Note that when z = 1, this gives a(q) = 63(q)63(q
3) + e2(q)ô2(q

3) [B-B-G, 
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Lemma(2.1)(i)(a)]). 
Similarly, from (3.4), 

(7.2) 
c(q, z) 

= (-q; q6)oo(-q5',q6)oo(q6', q6)oo(q2\ q2)oo(-Z2q\ ?2)oo(-Z~2*; q2)oo 

+ (z + z'X){-q2\ q6)oo(~q4\ q6)oo(q6', q6)oo{q2\ q2)oo(-Z2q2\ ?2)oo(-Z~ V ; q \ 

We now turn to the proof of ( 1.26). 
Let/(tf,z) = a(q,z)a(q2,z2). 
From (1.16) it follows that 

(7.3) z6q3f{q,qz)=f{q,z) 

and from (1.12), 

(7.4) f{q,z-X)=f(q,z\ 

Hence, if we set f(q,z) = Efn(q)zn, 

(7.5) a{q,z)a{q\z2) = Y.fn(qY 

= Mq)(-Z6q3;q6)oo(-Z-6q3; q6)oo(q6', q6)oo 

+Mq){z(-Z6q4; <76)oo(-Z-y ; q6)oo(q6; q6)oo 

+ Z-\-Z6q2; q6)oo(~Z- V ; q6)oo{q6\ q6)oo) 

+fl{q){z2(-Z6q5\ 46)oo(-Z-~V, <f)oo{q6\ q6)oo 

+ z'2(-z6^; 46)oo(-^ Y ; ^6)oo(^6; ^6)oo) 

+/3(^)(z3 + Z'3)(-Z6q6; q6)oo(-z-6q6', q6)oo(q6', q6)oo-

On the other hand, from (3.2), 

a(q,z)a(q2,z2) = E ^ 3 " ^ " .J-q6f2+6rs+2s2
Z

2\ 

so 

n+2s=0 

3m2—ôms+ô^+ôrs+ôs2 

1 

= £«3 
£<?3 

^3(m-^)2+3(^+r)2+3r2 

= V n3a2+3b2+3c2 

= (-?V&>(*V)L-
Similarly 

(7.7) /,(*) - 2 ^ ( - ^ 2
W

2 ) ^ 6
W

6 ) ^ 

(7-8) f1{q) = q{-q-q2)2
00(q

b-q(')l0 
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and 

(7-9) f3(q) = *qi(-q6;q6&,(q6;q6)l. 

Combining (7.5), (7.6), (7.7), (7.8) and (7.9), we obtain 
(7.10) 

a(q,z)a(q2,z2) = ( - t f V ^ M ^ - A V W - Z ^ Y Y ) -

+ 2q{-q2; q2)Uq6; ? 6 t (z(-zY; <76)oo(-z"Y; <?6)°° 
+ Z-\-fq2;q6)00(-Z-6q4;q6)00) 

+ q{-q; ffaq6; ^ ( z V z Y Y ) o o ( - Z _ Y q6)oo 

+ Z-2(-Z6q;q(,)00(-Z-6q5;q6)oo) 

+ 8q\-q6; q6)%,(q6; q6)^ + Z~3){-Z6q6; <?6)oo(-Z^Y; q6)^ 

In precisely similar fashion, we can show from (1.18), (1.14) and (3.4) that 
(7.11) 

c(q,z)c(q2,z2) 

= (-q;q6)U-q5; q6)l(q6;<76t(-zY;<76)oo(-z^Y; A o 
+ 2{-q2- q2)Uq6; <?% ( z ( - z Y ; <?6)oo(-Z~Y; <76)oo 

+ Z-\-Z6q2\q6)oo{-Z-6qA\q6)O0) 

+ i-q\ q2foo(q6; 9 % (z2(-Z6q5; ^ ( - ^ Y q6)oo 

+ Z-2(-Z6q;q6)oo(-Z-6q5;q6)oo) 

+ (-q2;q6)U-q4;q6)lo(q6->q6)Uz3 +z - 3 ) ( -^V)oo( -z _ VY)oo . 
It follows from (7.10) and (7.11) that 
(7.12) 

a(q, z)a(q2, z2) - qc{q, z)c(q2, z2) 

= c0(q)(-z6q3;q6)oo(-z-6qi;q6)oo(q6;q6)co 
- qC3(q)(z3 + Z'3)(-Z6q6; <76)co(-^Y; q6)oo(q6; q6)oo 

where 

(7. 13) Co(tf) = (-q3;q6t(q6; q6)l - q(~q; q6)l(~q5; q6)l(q6; q't 

and 

(7.14) C3(q) = (-q2; fiU-q4: « t ( ? 6 ; <?6)œ - 8q2(~q6; <?6t Y q6)l-

Now 

(7.15) C, . y ^ 3a2+3b2+3c2 _ 

a=b=c=0mod3 

a=/?=cmod3 

- a V /73«2 + 2 f l + 3 Z ? 2 + 2 Z ? + 3 c 2 + 2 c 

(a2+fc2+c2) 

(a2+£2+c2) 

- E qi(a 

a=b=c=lmod3 

2+b2+c2) 
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= Y ujaq^{a2+{a^k)2+{a^l)2) 

E a n2+2ka+3k2+2la+3l2 

LU q 

E , a ( a+k+l)2+2k2-2kl+2l2 

LU q 

_ v ^ , a+k+l Ja+k+l)2 Y ^ , -k-l2k2-2kl+2l2 

— l^LO q • 2_^LO q 

= E^/E^"V" 2 + 2 " / + 2 / 2 

= (-q3',q6)oo(q2',q2)oob{ 2 ) 

i-q\ q2)oo 

and 

(H \f\ f (n\ — V ^ 3a2+a+3b2+b+3c2+c _ 2 \ p 3a2+3a+3b2+3b+3c2+3c 

V~̂  \{a2+b2+c2+a+b+c) v ^ \{a2+b2+c2+a+b+c) 

<2=b=c=0mod3 a=b=c=\ mod 3 

E , ,<3-l „\{a2+b2+c2+a+b+c) 
tu qi 

a=b=c mod 3 

_ _ y ^ ^a-X \{a2+(a+3kj2+(a+3l)2+a+{a+3k)+(a+3l)) 

sr^ ,a-\ a2+2ak+3k2+2al+3l2+a+k+l 

- -z^u q 
E , a-1 (a+k+l)2+(a+k+l)+2k2-2kl+2l2 

uo q 

(-q6;q6)oo(q2;q\ 

{~q2\q2)o 
-Hqz). 

It follows from (7.12), (7.15), (7.16) and (6.1) that 
(7.17) 

a(q, z)a(q2, z2) - qc(q, z)c(q2, z2) 

(—g \q )oo(q \q ) Q Q ^ „ 2 W i j . ^ / - 6 j . 6 x (j>.j>\ 
= ; ~r b{q )(—z q ,q )oo\~Z q ,<? )oo(q ,q )o 

{-q\ ql )oo 
(~q6\q6)oo(q2',q2)oour 2 v 3 , - 3 W 6 6 

(-<?W)o 
- ? v " ( 7 V r ^ " ^Hqz)(z" + rj)(-^6i^6)oo(-z-6^6;^6)oo(^6;<76)oo-

which is (1.26). 

8. Proofs of (1.27)-(1.33). We begin by writing (5.5) as follows 

(<33 + (1 + Z+Z_1)fl + (1 + Z + Z~1)fl"1 + tf~3) 

• (-a2zq\ q)oo{-a2z~lq\ q)OQ(-a2q\ q)oo{-a~2z~Xq\ q)oo 

• (~a'2zq\ q)oo(-a~2q- q)oo(q\ q)lo 

= a(^,z)(«3 + a-3)(-aV;^3)oo(-«_V;^3)oo(^3;^3)o 

+ c(<?, z)(a(-a6q2\ q3)oo(~a~6q; q3)ooiq3', q3)oo 

+ a~\-a\\ q^ooi-a-tq2; <?3 W ; q3)^). 
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Here we have used (5.7) and (5.8). If we set a = 1 and divide by 2, we obtain 

(8.2) 

(2 + z + Z l)(-q\q)2
00(q;q)l0(-zq;q)2

00(-Z
 lq\q)lo 

= a(q, z)(-q3;q3)2
œ(q3; q3)oo + c{q, z)(-q\ q3)oo{~q2', q3)oo{q3\ q3)oo, 

if we set a — el1T^ we obtain 

(8.3) 

(l-z-z~[)-
_-u(-q3\q3)oo(q\q)lo ( - * V ;q3)oo{-Z~3q3\q3)o 

(-q\q)oo (-zq;q)oo(-Z lq;q)oo 

= 2a(q,z)(-q3\q3)2
OQ(q3\q3)oo - c{q,z)(-q\q3)oo{-q2\q3)oo(q3\q3)o 

while if we set a — e™/6 and divide by y/3, we obtain 

(8.4) ( 1 + z + Z ){q '.q^iq'.qYoo—z ——z\ : = c(q,z)(q\q)oo 
(zq;q)oo(z [q\q)oo 

(which is (1.23)). 

From (8.2) and (8.3) we deduce 

(8.5) tf(4,z)(-4V)L(4V)oo 

= 3 r 2 + Z + Z l^~q; q ^ q ; tiloi-zq'* q)lo(-z~lq; q)2
œ 

+ (i _ z _ z - 1 ) - ( ~^ 3 ; *3)oo(*; *& (~z^3; 43)oo(-z" V ; ^3)oo 1 
{-q\q)oo (~zq\q)oo(-z xq\q) 

which is (1.31), and 

(8.6) c(q, z){-q\ q3)oo(~q2\ q3)oo{q3\ q3)oo 

= 3 2 ( 2 + z + z l^~q;^°(<7;#)L(-^;^)L(-^-1^;?& 

(1 - z - z" 1 ) 
! A~q3\ q3)oo(q\ q)lo (~Z3q3; q3)oo(-Z 3q3',q3)o 

{-q\q)oo (-zq;q)oo(-Z xq',q)o 

Comparing (8.4) and (8.6), we find 

(8.7) 

/ i - K / 3 3\2 / \ / 3\ / 2 3\ v^ ^ » 4 )oo(Z *7 » <7 )oo 
(1 + z + z x ) 0 r ; r & t e ; q ) o o ( - q \ q ) o o ( - q \ q ) o o — ~ y ~ j : 

(zq\q)oo(z {q\q)oo 

= i {2(2 + z + z-1)(-^; ̂ ^ ; ^ ( - z ^ ; ^( -z" 1 ^; ?& 

( 1 - z - z " 1 ) 
i, ( V ; ^3)oo(^; 4)3oo ( - * V ; *3)oo(-z-V; <?3)o 

(-q\q)oo (—zq\q)ooi—z lq\q)oo 

From (8.5) and (8.7) we deduce 

(8.8) 

^ , z ) ( - ^ 3 ; ^ 3 ) ^ ( ^ 3 ; ^ 3 ) o o 

I M I i - i v 3 3 x 2 , x / 3 W 2 3̂  {z3q3\q3)oo{z~3q3\q3)o 
+ (1+Z + Z )(q ;q)oo(q;q)oo(-q',q)oo(-q \q )o (zq\q)oo(z Aq\q)o 

(2 + z + Z X)(-q\q)lQ(q\q)lQ(-zq\q)2
OQ(-Z lq\q)lo 
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which is (1.32), and 
(8.9) 

2^,z)(V;^3)L(^3^3)oo 

n ^ ^ - l v 3 3 x 2 , w 3 W 2 3, (z3q3\ q3)oo(z'3q3', q \ 

- (i + z + z )(q , r)oo(^; q)oo(-q\ q )<x>(-q ; ? )oo— — — n — ; — 
= (l-Z-Z-1) 

xA-q3\q3)oo(q\ q)lo {-Z3q3\q3)oo{~Z 3q3\ q \ 

{-q\q)oo (-zq;q)oo(-Z lq\q\ 

which is (1.33). 

If we put z = 1 in (1.31), (1.32) and (1.33), we obtain (1.27), (1.28) and (1.29). 

All that remains is to establish (1.30). 

We have, from (1.12) and (1.21) 

(8.10) 

E m2+mn+n2 m—n I 1 , ^ V^ I ^ ^ \ \ 

q z =3{l + %{T^^~rr^))-^77Z 

• é^l\-eilTl\q; ^ ( - e " ' ^ V ; q)Uq; <?)oo 

• K ^ î W - ^ z " 1 ? ; q)oo(q\q)oo 
00-(zq;q)o0(z~x\q)o3(q;q)oo(z;q)rK,(z~^q\q)oo(q\q)o 

3(^3;^)L 
3n-2 „ 3 n - l 

31 „ V A l - ^ - 2 x_qm-i))- {q,,qy)lo 

• e'*!3 V(e''r/3)m
z
mfl(m2+m>/2 V^e-'*/3)"^^"2-")/2 

+ ? , ( , ; g & E(-Dm^g(m2+"'>/2E(-i)^V"2"")/2. 
3 Or;?3)3» 

Applying CTZ to this, we find after some simplification that 

(8.11) 
i 3 6 ,2 ,6 6, i f , , . W <?3"~2 g3""1 M(-g6;g6)oo(g2;«72)o 

3 to3;*3)3» 

or, 
(8.12) 

1 + 6 M T 
„3n—2 ^ n — 1 

3n—2 ^ #3«— 1 

(-q2',q2)oo(q3;q3)loL 3. 6 ,2 ,6 . 6, 2 (?;$&(V;*2&(*V). 
3 / 2 7 V . (-^;^Too(^;9°), 

tf\tf)oo(-tf\tf)oo P * ' * J°°^ ' * ' °° 3 ( t f W ^ o 

which by (1.5) simplifies to (1.30). 
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9. Proofs of (1.34H1.36). We have 

(9.1) a(q) = ^4 

= E 
m +mn+nz 

^irf+mn+n' 

m=0 mod 2 
«=0mod2 

+ 2 £ „m^+mn+n" 

m=\ mod2 
n=0mod2 

E _wr+mn+n* 

m=\ mod 2 
«=lmod2 

The first sum is 

(9.2) E „m^+mn+n 

m=0 mod 2 
n=0mod2 

2 = E«' ,(2À:)2+(2À:)(2/)+(2/)2 

4k2+4kMI2 

the second sum is 
(9.3) 

E ^ m +mn+n 

m=\ mod2 
/7=0mod2 

= V ^(2 Â : + 1 )2 + (2 Â : + 1 ) (2 / )+ (2 / )2 

= y^ /7 4 Â : 2 + 4 A : / + 4 / 2 + 4 Â : + 2 / + 1 

= q y q(k~l)2+3(k+l)2+(k~l)+3(k+l) 

v ^ w2+w+3v2+3v 

w=vmod2 

= q{ E /+"+3"2+3v
+ £ 9' 

w=v=0 mod 2 w=v= 1 mod 2 

„(2r)2+(2r)+3(2s)2+3(2s) . 

«2+w+3v2+3v | 

(2r-l)2+(2r-l)+3(2s-l)2+3(2s-l) = q l Y q{2rr+{2r)+3{2sY+3{2s) + \ ^ ^ - 1 ) z + ( 2 r - l ) + 3 ( 2 ^ - i r + 3 ( 2 5 - l ) l 

= tf! y^^4^+2r+1252+65 , y ^ 4 ^ - 2 ^ 1 2 J 2 - 6 J 1 

= 24(-<72; q8)oo(-q6; q*)oo(q*\ q*)oo(-q6; q24)oo(-qlS\q24)oo(q2\ q2\ 

= 2q(-q2' qA)oo{-qA\ q*)oo(qA\ qA)oo(~q6\ ql2)oo(-qU\ ql2)oo(ql2\ q l \ 
2. 2x2 / 2 . 2 

2q(-q^ <fyjtf\ qz)oo(-q°', q*YM\ 1 °)«>; 
6. 6x2 / 6. 6x 

the third sum is 

(9.4) E <f 
m—1 mod 2 
/2=1 mod 2 

= £*• 
,(2*+1 )2+(2£+1 )(2/+1 )+(2/+1 )2 

= V / 7 4 ^ 2 + 4 Â : / + 4 / 2 + 6 y t + 6 / + 3 

_ y (k-i)2+3(k+i+\)2 

w^vmod2 

Now, points (w, v) with u ^ v mod 2 are given either byw + v = 4 r+ l ,w — 3v = 4 s + l 
or u + v = \r — 1, u — 3v = 4s — 1 (as is easily seen from a graph of Z2). 
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So the third sum is 

s g $\ y ^ u2+3v2 _yp (3r+s+\)2+3(r-s)2 _^sp (3r+s-\)2+3(r--s)2 

w^vmod2 

_ y> \2r2+6r+4s2+2s+\ , y ^ \2r2-6r+4s2-2s+\ 

= 2q(-q2; q2)l(q2- q2)^-^6)2^6; q6)^ 

Thus we have 

(9. 6) a(q) = a(q4) + 6q(-q2; q2)2^2; q2)oo(-q6; q6)Uq6; qb)oo 

which is (1.34). 
From (1.3), (1.4) and (1.34) we have 

(9.7) 

b(q) = ^aiq3) - l-a(q) = ^[a(qn)+ 6q\-q6;q6)l(q6;q6)00(-q
l*;q[*)Uq^q]S)ool 

- l-[a(q4) + 6q(-q2; q2)Uq2\ q2)oo(-qb\ qb)Uqb\ <76)oo] 

= b(q4) - 3q(-q6; q6)2^6; q6U{(-q2; q2)2^2; q2)oo 

-3q2(-q>WVjq^ql*)oo}. 
Now the expression in braces is 
(9.8) 

y ^ 4n 2 -2n_ 3 2 y ^ 36«2-18n _ y ^ 4(3n)2-2(3«) + y ^ 4(3«+1)2-2(3«+l) 

+ V g4(3n-l)2-2(3n-l) _ j 2 y 36«2+18n 

= y j ^36n2-6« + q6 y j ^ d n ' - t t n _ 2q2 y j ^36«2-18„ 

= E2cos ( (2n+l )^ )^ 4 " 2 - 2 " 

= £ ( a 2 n + 1 + cr(2"+1 V 2 " 2 " where a = e"^ 

a + -)(-a2q2; q^^-aT 2q2; q2)oo(q2; q2)oo 
a) 

= (-q6;q6)oo(q2;q2)oo/(-q2;q2)oo. 

Combining (9.7) and (9.8), we have 

(9.9) b{q) = b(q4) - 3q(-q6; q^iq6; q6)oo(q2;q2)oo/(-q2\ «?2)oo 

which is (1.35). 
Also, from (1.3), (1.4) and (1.34), 

(9AO)qc(q3)=^a(q)-^a(q3) 

= ± [a(q4) + 6q(~q2; q2)2
œ(q2; q^i-q6^6)2^6; q6)^] 

- l-[a{qn) + 6q\-q6; q6)Uq6; qb)oo(-qX%\ f ? ' 8 ) 2 ^ ' 8 ; O o o ] 

= q4c(qn) + 3q(-q6- q6)2^6; q6)oo{(-q2; q2)l(q2; <?2)oo 
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The expression in braces is 

(9. 11) V n4n2~2n - q2 V q36n2~lSn = V q
AOn)2-20n) + y^ 4(3«+l)2-2(3«+l) 

+ V ^ 4 ( 3 / I - 1 ) 2 - 2 ( 3 / I - 1 ) - q 2 Y q26n2+\8n 

_ y ^ 36n2-6n + 6 y ^ 36/22-30« 

= Y^ a9n2~3n + Y^ a9n2~3n 

n even n odd 

= V n9n2~3n 

= i-q6\ glS)oo(-ql2\ qlS)oo(qlS\ qlS)oo 

= (-<?6; <?6 W 8 ; qls)oo/(-qls; qls)oo-

Combining (9.10) and (9.11), we have 

(9. 12) qc(q3) = < ? W 2 ) + 3^( -^ 6 ; < ? 6 ) ^ 6 ; < 7 6 W 8 ; qlS)oo/(-qlS; ?18)oc 

If we divide by q, then replace g3 by q, we find 

(9. 13) c(q) = qc(q4) + 3(-q2; q2)3^2; q2)oo(q6;q6)oo/(~q6; q6)oo, 

which is (1.36). 

10. A function theoretic proof of (1.26) and a quintic identity. We now illustrate 

a function theoretic approach to proving our z-analogs. We need the following result due 

to Atkin and Swinnerton-Dyer [A-SD, Lemma 2]. 

LEMMA 1. Let 0 < \q\ < 1 be fixed and suppose f(z) is an analytic function of z, 

except for a finite number of poles, in every region 0 < z\ < |z| < zi- if 

f(zq)=Azkf(z) 

for some integer k (positive, zero or negative) and constant A, then either f(z) has just k 

more poles than zeros in the region 

\q\ < \z\ < i, 

orf(z) vanishes identically. 

Let 0 < q < 1 be fixed and consider 

F(z) = a{q,z)a{q2,z2) - b(q2)b(q,z3) - qc(q, z)c(q2, z2). 

From (1.16)-(1.18) we have 

F{zq) = ~^F(z). 

Our goal is to prove 

F(z) = 0. 
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In view of Lemma l it suffices to show that F(z) vanishes for at least seven distinct values 
of z in the region q < \z\ < 1. In fact, we shall do this for eight distinct values. From 
(1.23) c(q,u) = c(q,u2) = 0. Since a{q,u) — b(q) it follows that F(z) — 0 for z — UJ, 
UJ2. From (1.22) b(q, q) = b(q, q2) = 0. Combining this with (1.20) implies F(z) = 0 for 
z — ufiq^ for k — 0, 1, 2, m = 1,2. This gives a total of eight values of z. Thus the 
identity holds for all q with z ^ 0 and 0 < q < 1. The general result holds for all \q\ < 1 
by analytic continuation. This completes the proof. It is interesting to note that we did 
not need the value at z = 1. 

Ramanujan [R, p. 259] has a quintic analog of (1.9), 

(10. 1) a(q)a(q5) = b(q)b(q5) + q2c(q)c(q5) + ?>q4b{q)b{^)c{q)c{^). 

We note that 

(10.2) q/b(q)b(q5)c(q)c(cf) = 3ri(q)ri(q3)ri(<f)ri(q15). 

Below in (10.7) we give a z-analog of this identity. For k G Z we define 

(10.3) <t>k(q,z) = Z<l6m2+kmzl2m+k-

Let 

(10.4) a(q) = V(q)l(ï)ri(qlri(qv*l 

ri(q4)3ri(q5)ri(q6Mq15) 
(10.5) /3(q) = 

(10.6) l(q) = 

r](q2Mqn) 

riiq^riiq'Mq6)3^15) 
l(q)rj(q3Mq4)ri(qn) 

Then 
(10.7) 

2a(q, z)a(q5,z5) — a(q, cuz)a(q5, LU2Z5) - a(q, u2z)a(q5, LUZ5) 

- 2q2c(q, z)c(q\z5) + q2c(q, uz)c(q\uj2z5) + q2c(q, uo2z)c(q5,uuz5) 

v y </>i(<?, 1 ) 

+ 2(°<«) + 7(«))- £feï) ' 

v y 05(<7,1) 

Since a(#, CJ) = a(q,uj2) = b(q),c(q,u) = c(q,uo2) = 0 and the right side of (10.7) 
simplifies to \Sa(q) when z = 1, this is a z-analog of (10.1) in view of (10.2). 
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We briefly indicate how (10.7) may be proved. Each term on the left side (and on the 
right side for that matter) satisfies the functional equation 

(10.8) F(zq) = -^F(z). 
Zuqb 

Thus to apply the method above would require verifying the identity for at least 13 values 
of z. In principle, this would require verifying at least 13 ^-series identities. We can 
reduce the size of the problem as follows. The functional equation (10.8) and an analysis 
analogous to (7.5) reveals that the left side of (10.7) can be written as 

ax (q) [<t>\(q, z) + <t>-\ (q, zj) + a2(q) (<t>2(q, z) + <t>-i(q, z)) 

+ <X4(q)(<l>4(q, z) + </>-407> zj) + a5(q){<l>5(q9 z) + <t>s(q, zj), 

for some functions at(q). 

We may proceed as in (7.6) but instead of being able to write each a^q) as a product 
of three 0- functions it is possible to write each as the sum of two such products. Thus 
the problem is reduced to verifying four ^-series identities. 

The left side of each such identity involves ^-functions and the right side involves 
77-functions with all functions involved being modular forms on some congruence sub­
group. As in [B-B-G] verifying such identities is a computable task. It would be desirable 
to find a more transparent proof. Finding a z-analog for a(q) may prove useful. 

We describe another application of our z-analogs. At the bottom of page 257 of Ra-
manujan's second notebook [R] there is an identity which gives the Fourier series of 
the inverse function of a cubic analog of the incomplete elliptic integral of the first kind 
[W-W, p. 494]. One of us, in joint work with Bruce Berndt and S. Bhargava, has been 
able to prove this identity [Be-Bh-G]. The proof depends crucially on identities for b(q, zj 
and other z-analogs. 
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