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1. Introduction. Let ¢ and ¢ be analytic self-maps of the open unit disk D in the
complex plane. Such maps induce linear composition operators Cy(f) = f o ¢ resp.
Cy(f) = f o ¢ acting on the space H(D) of holomorphic functions on D.

Moreover, let v and w be strictly positive bounded continuous functions (weights)
on D. We are interested in differences Cy — Cy of composition operators acting
between the weighted Bergman space

Ay = {f € HD): Ifly = ( jD FOPE) dA(z)) g oo}, l<p <o,

where d A(z) is the area measure on D normalised so that area of D is 1 and the weighted
Banach space of holomorphic functions (weighted Bergman space of infinite order),

Hy ={f € HD); fllw = sup w(2)|f(2)] < oo}.

Composition operators and weighted composition operators have been studied on
various spaces of holomorphic functions, see e.g. [2—4, 6]. For more general information
on composition operators we refer to the monographs [7] and [15]. Boundedness and
compactness of differences of composition operators on various spaces of analytic
functions have been investigated by several authors, see e.g. [5, 11, 13, 14]. In this paper
we want to characterise boundedness and compactness of differences of composition
operators acting between spaces of the type defined above in terms of the weights.

2. Preliminaries. First, we need some geometric data of the open unit disk. Fix
a € D and consider the automorphism ¢,(z) := {=, z € D, which interchanges 0 and

a. Then the pseudohyperbolic metric is defined by

o(z, @) = |@pu(2)| = ‘a_—_z‘ for every z, @ € D.
1 —wz
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Moreover, we use the fact that

) 1 — |af?
_¢a(2) = m, zeD.
Next, we need some information on weights and weighted spaces. We denote by B’
the closed unit ball of H.°. We are interested in radial weights, i.e. weights w which
satisfy w(z) = w(|z]) for every z € D. The formulation of results concerning weighted
spaces of holomorphic functions requires the so-called associated weights. For a weight
w, the associated weight w is defined as follows:

1
w(z) = , zeD.
sup{lf (2)l; f € By}
The associated weights are also continuous and @ > w > 0 (see [1]). Furthermore, for
each z € D there is f, € H, |f2|lw < 1, such that |f.(z)| = ==. A weight v is called

w(z) "
essential if there is a constant C > 0 with

v(z) < v(z) < Cv(z) foreveryze D.

For examples of essential weights and conditions when weights are essential, see [1-3].
In this article the following condition (L1) (which is due to Lusky, see [12]) plays an
important role. We say, a radial weight v satisfies (L1) if

] — k-1
inf % )

nw-°- J.,
P vl —2F)

This condition is equivalent to the following condition (see e.g. [8]):

(@) Thereare0 <r<landl < C<oowith@ < C foreverya,z € D with

v(a)

olz,a)<r

For a proof of this equivalence, we refer the reader to [8] or [11]. By [1] radial weights
satisfying (L1) are essential.

In the sequel we consider the following weights. Let v be a holomorphic function
on D, non-vanishing, strictly positive on [0, 1] and satisfying lim,_,; v(r) = 0. Then we
define the weight v as follows: v(z) := v(|z|?) for every z € D.

Next, we give some illustrating examples of weights of this type:

(1) Consider v(z) = (1 — z)*, @ > 1. Then the corresponding weight is the so-called
standard weight v(z) = (1 — |z|*)*.
(i) Select v(z) = efﬁ, a > 1. Then we obtain the weight v(z) = =
(iii)) Choose v(z) = sin(l —z) and the corresponding weight is given by wv(z) =
sin(1 — |z]?).
Examples (i)—(iii) also satisfy condition (L1) (see [12]). Hence, the class of weights we
introduce here contains the classical examples, which have been studied before as well
as some other weights. Thus, in our studies the Bergman space, which is weighted
with the standard weight, is included as well as the Bergman space weighted with an
exponential weight.

For a fixed point @« € D we want to introduce a function v,(z) := v(az) for every

z € D. Since v is holomorphic on D, the function v, is also holomorphic on D.
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3. Results. We first need the following auxiliary result. The following lemma is
well known for standard weights (see [9] or [10]), but to the best of our knowledge
not known for the weights described above. The following results are valid for all
I <p<oo.

LEMMA 1. Let v be a radial weight as defined in the previous section (i.e. v(z) := v(|z|?)
for every z € D) such that sup,.p Sup.p W < C < o0. Then

1

lf(Z)l S 1 2 1 Ilf”v,p
v(0)7 (1 — [z[%)7 v(z)?
Jorallze Dandallf € A, .

Proof. Let @ € D be an arbitrary point. Consider the map

Tyt Avy = Aup. Tolf(2) = f(@u(D)E2)7 valpu(2).

Then a change of variables yields

1T, = /D VO @10, [va(a(2)] dAE),

_ / V() v (a2
D v (%: (Z ))
V(2)va(¢a(2))

< / 2
< sup S /D @D PP o(pa()) dAE)

<c /D VOO dAG@) = CIFIL,.

[ (@) 10, (2)10(¢a(2) dA(z)

Now put g(z) := T,(f(z)). By the mean-value property we obtain
VOO = [ v dAE) = gl < CIFIE,.
D

Hence,
v(0)1g(0))” = v(O)|f(@)(1 — |a[*)*v(e) < CIIfII% -

1 . . .
Thus, |f(x)] < Cr % Since o was arbitrary, the claim follows. O
v(0)7 (1|7 v(e)?
Next, we need an estimate for the difference. In the case of weighted Banach spaces
of holomorphic functions a similar lemma was proved in [8].

LEMMA 2. Let v be a radial weight as defined in the previous section (i.e. v(z) := v(|z|?)

for every z € D) such that sup,,_p sup., LG LA < C < 00. Moreover, assume that
Y aeD SUPzeD iy, (2)

the weight v satisfies condition (L1). Then there exist 0 < r < 1 and a constant M > 0

such that for f € 4,

AMCr |f

T p oz, a)
v(0)r (1 —|z?)rv(z)r

[f(2) —fa)l <

Jor every z,a € D with p(z,a) < 3.
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Proof. By hypothesis v has condition (L1) and, moreover, we know that (L1) is
equivalent to condition (4). Since the weight u(z) = 1 — |z|?> also satisfies condition
(L1), we can find 0 < r < 1 and constants M| < oo and M, < oo such that

v(z) 1 —|z?

—~ < M, and < M, for every z,a € D with p(z,a) <r.

v(a) ~ 1 —|a?~

Let @ € D be fixed. Since ¢,(¢,(z)) = z and ¢,(0) = a, we get

[ (2) = f(@)] = [/ (9a(¢a(2)) = [ (@al@a(@))].

For |z| = p(¢4(2), @) < r we obtain by using Lemma 1

@] < — < Wl
0(0)7 (1 — [9a(2) 27 v(a(2))7
Cr T (@) (1 — |a]?)

v(0)7 (1= la?)i v(@)r (1 — lgu(2)1?)7 v(@a(2))?
oMM Wy
w0y (= JaP)iv(a)

Let us now consider g,(z) := f(¢4(2)). Thus, for p(z, a) = |¢.(2)| < 5 wecanfind6 € D

with [0] < |g,(z)| < 5 such that

1/ (2) = f(@)] = |ga(¢a(2)) — ga(0)]

Ty
/0 [5&} (tgu(2)dt

0
Ega(e)‘ l@a(2)]

g4(§)
dg|.
/g“ c_op ©

< lga(2)

=

1
= | Pa (Z ) | E
Finally,

s < CMML o Wey
/() — f@)l < N G DI (1~ vt

v(0)?
o b2
4CT M} M3 |f |,
T (0 r(1 — |al?)r v(a)

o(z, a).

1 2
We select M := M| M} and obtain the claim. O

LEMMA 3. Let v be a weight as defined in the previous section (i.e. v(z) := v(|z|*) for

every z € D) such that sup,.p sup..p W < C < ooandv satisfies condition (L1).
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Then for every f € A, p there is C, > 0 such that

1 1

If(z) _f(a)| =< Cv“f”v,p max 2 10 2 1
(1 =1zP)rv@@)r (1= lal?)rv(a)?

} p(z, a)

forevery z,a € D.

Proof. By Lemma 2. we can find 0 < s < 1 and a constant M < oo such that

@) —fay < M Wy
w0 51— 2P

p(z, a)

for every z, a € D with p(z, a) < 5. Next, if p(z, a) > 3, then

. cro 1 1
) —fla) <2 T 1/ Ilv,, max 3 T 3 1
v(0)7 (= 1zP)rv@)r (1 —lal?)rv(a)?
1
4 Cr 1
== T I/ lv.p max 3 T 5 T r(z, a).
S v(0)r (A =1zrv@)r (1 —lal?)rv(a)?
1 1
Hence with C, := max {M“ﬂ%, %C—plllfnw,} we conclude
10 LA ()Y
1
lf(z) _f(a)| S Cv max 2 10 2 1 p(Z7 a)
(A= 1zP)rv@)P (1= lal?)rv(a)?
for every z, a € D and the claim follows. O

THEOREM 4. Let w be an arbitrary weight and v be a weight as defined in the previous
section (ie. v(z) :=v(|z|*) for every z € D) such that sup,.p Sup,.p % <
C < 0o and such that v has condition (L1). Moreover, let ¢ and v be analytic self-

maps of D. Then the difference Cy — Cy : Ay, — H;Y is bounded if and only if

1 1
sup w(z) max T 7 T 7 ( P(P(2), ¥(2)) < 0.
zeb v(@(2)7 (1 = 1)) v () (1 = [Y(2)P)?

Proof. By [1] we know that under the given assumptions v and v are equivalent, i.e.
we can find a constant k > 0 such that v(z) < (z) < kv(z) for every z € D. First, we

suppose that the difference is bounded and want to show that sup. G E—
o . V()7 (1-[p()D)7?
oo indirectly. We can assume that there is a sequence (z,), C D such that |¢(z,)| — 1

and

w(z) .

() (1 — G
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for every n € N. Fix n € N and choose /7 € B such that |f,(¢(z,))P = Now

1
, W(gp(zn) "
put g,(z) := f;,(z)%(zn)(z)i @y () (2) for every z € D. Then a change of variables yields

gl = / G (DP(E) dAE) = f VP16 @ Ployey@P V() dAG)
D D
< sup U ) sup lpyie I /D @ (I dA(2) = fD dA(D) = 1.

Obviously, (g,), belongs to the closed unit ball of 4,, and by boundedness of the
difference we can find a constant ¢ > 0 such that

¢ 2 W Ig @) — W )] = w(zy) —LLEVED

~ T 2 =
D(p(zn))7 (1 = |p(z0)1%)?
for every n € N, which is a contradiction. We get supzeD%
analogously. vy @)? -1y ()PP

For the converse, we apply Lemma 3. and can conclude that there exists a constant
C, > 0 such that

<0

1€y = Cyll = sup w(z) sup{[f(¢(2)) = f (W I; [ € Avp. fllop = 1}

<supC, max{ - w(2) =, - w(2) > } p(p(2), ¥(2)) < 0.
zeD v(@(2)2 (1 = @227 v () (1 = [Y(2)?)r
Hence the difference is bounded. O

THEOREM 5. Let w be an arbitrary weight and v be a weight as defined in the previous
section (i.e. v(z) := v(|z|?) for every z € D) such that sup,.p, Sup..p %w <C<
oo and v satisfies condition (L1). Moreover, let ¢ and  be analytic self-maps of D with
max{||¢lloo, ¥} = 1. Then the difference Cy — Cy : Ay, — H;Y is compact if and

only if the following conditions are satisfied:

(i) limsupyy ) ——22——p(¢(2), ¥(2) = 0,
(17I¢(2)\2)1’"v(¢(2))”
(i) limsup, ) ——=2——p($(2), ¥(2)) = 0.

(A=Y @) v(@()?

Proof. Note that under the given assumptions v and v are equivalent. First, we
assume that (i) and (ii) hold. Let (f,), be a bounded sequence in 4, , that converges
to zero uniformly on compact subsets of D. Let M = sup,, ||fullv,, < 00. Given & > 0,
there is r > 0 such that if |¢(z)| > r, then

w(z) e
> Fo(@(2), ¥(2) <
(1 = 1p(2)») 7 v(g(2))” 3MC,
and if [y(z)| > r, then
w(z) g
; ro(@(2), ¥(2) < .
(I = 1Y@ v (2)? 3IMC,
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On the other hand, since f, — 0 uniformly on {u; |u| < r} there is an ny € N such

that, if |¢(z)| < r and n > ny, then |£,(¢(2))| < 55 and if |(2)| < r and n > ng, then

N
Vn(¥ ()| < 5%, where N = sup,p w(z).
Hence, applying Lemma 3. we obtain by setting X := {z € D; |¢(z)| < r}and Y :=

{zeD:y(2)] =1}
sup w(2)|Cpfu(z) — Cyfu(2)
= sup w()ful(@(2)) = fu¥ ()]
< sup wE)\|fu(@() — (Y (@) + sup )w(z)lfn(cb(z)) = /(¥ (2)]

zeXNY zeD\(XNY

< sup w@fu(@(2) - (¥ ()] + sup w(@)fu(p(2)] + sup w(@) (¥ (2)]

zeD\XNY z
Collfallopw(2) Collfallopw(2)
(1= 1p@P) @) (1 — [ ()R v(2)r

zeD\XNY

< sup max{ },0(05(2), v (2)

+i4t<
-+ =-<e¢
3 37

for every n > ng. Conversely, suppose Cy — Cy, : 4, , — H;’ is compact and (i) does
not hold, then there are § > 0 and (z,,), C D with |¢(z,)] — 1 such that

e o),y > 8
(1 - |¢(Zn)|2)” U(¢(Zn))”

for all n. Since |¢(z,)| — 1, there exist natural numbers «(n) with lim,,_, o, a(n) = co
and such that |¢(z,)|*" > % for all n. Next, for every n € N we consider the function

8n

2 o
n(2) = ful Do) (2)7 2,
where f, is chosen as in the proof of Theorem 4., i.e. we select f; € B such that
(@) = m Then (g,), is norm bounded and g, — 0 pointwise because of
the factor z%™. Thus, it follows that a subsequence of ((Cy — Cy)gn), tends to 0 in HZ®.
On the other hand

”(C¢ - Cw)gn”w = w(z,,)|(C¢ - Cll/)gn(znﬂ = w(z,)|gn(@(24)) — gn(W (z0))I

a(n)
WO e, v = 50,

(1 = 1) v(p ()7

\

which is a contradiction.
We can prove condition (if) analogously. O
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