INVARIANT SUBSPACES ON RIEMANN SURFACES

MICHAEL VOICHICK

1. Introduction. In this paper we generalize to Riemann surfaces a theorem
of Helson and Lowdenslager in (2) describing the closed subspaces of
L2({|z| = 1}) that are invariant under multiplication by e?.

Let R be a region on a Riemann surface with boundary T' consisting of a
finite number of disjoint simple closed analytic curves such that R \U T is com-
pact and R lies on one side of I'. Let du be the harmonic measure on T' with
respect to a fixed point £, on R. We shall consider the closed subspaces of
L*(T, dp) that are invariant under multiplication by functions in 4 (R) = {F|F
continuous on R, analytic on R}.

For some subspaces it is convenient to consider corresponding spaces on the
disk K = {z]|z| < 1} that arise by a universal covering map 7": K — R. The
map 1 can be extended to a (relatively) open subset of C = {z]|z] = 1}
which is of full Lebesgue measure; furthermore, if F € L?(T), then

FoT € L?(C,df);

cf. (8, Lemma 6.1). The set IL? = {Fo T | F € L?(I')} is a closed subspace
of L?(C), and for V a closed subspace of L*(T), V, = {FoT|F€ V}isa
closed subspace of L2 For certain invariant subspaces Vit is more convenient
to describe V prather than V.

Let Q = {q} be the group of fractional linear transformations of K onto K
such that Togq=T7T and let {qi,...,¢.} be generators of Q. For
a = (ay,...,a,), an n-tuple of unimodular constants, let

L7 = {fe L?(C)[fog;=a;f;i=12,...,n}
and
ILLH = {fec H(C)|fog;=a;f;j=1,2,...,n}, 1<p< =,
where H?(C) is the class of boundary functions of the Hardy functions H? on K.
Note that IL? = [, L?fora; =1;j =1,...,n.

THEOREM 1. If V is a closed invariant subspace of L*(T), then either

(1) V = xs L*(Y), where xs is the characteristic function of a measurable set
Son T;or

(2) thereis ® € I, L™, for some a, with |®| = 1 a.e. on C such that

VT = q)[lﬁ HZ(C)]; a= (dl) ceey dn)-
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M. Hasumi (1) and F. Forelli independently have proved results equivalent
to Theorem 1 by methods different from ours. D. Sarason (6; 7) proved a
result equivalent to Theorem 1 for R an annulus. Theorem 1 is an extension of
results in (8) where the closed invariant subspaces of the Hardy class, H*(R),
on R are described.

2. For the remainder of this paper we assume that V is a closed invariant
subspace of L2(T') which is not of the form xs L?(T). In this section we obtain
information about V which will be applied to V' in §3.

For 1 < p < «, H?(R) is the class of functions F analytic on R such that
| F|? has a harmonic majorant. H”(R) is the class of bounded analytic functions
on R. For F € H?(R), 1 < p < =, F has non-tangential boundary values
F*(f) a.e. on T and F* € L?(T) and log|F*| € L'(T) if F s 0. These facts are
known and follow easily from corresponding results on the disk; cf. (8, p. 496).
We shall use H? (I") to denote the space of boundary functions of the functions
in H?(R) and C(T') to denote the space of continuous complex-valued functions
on I'.

Let w be a non-vanishing analytic differential on R and «* be the restriction
of w to T. The following theorem is due to Royden (5; 8) and is a generalization
of the well-known theorem by F. and M. Riesz about measures on (.

(2.1) THEOREM. If v is @ measure on T such that [v Fdv = 0 for all I' ¢ A (R),
then dv = Ho* for some H ¢ H'(T).

Note that the measures du and «* are mutually absolutely continuous;
indeed, P = w*/du is bounded away from 0 and «.

(2.2) Lemma. If F € LYT), F 0, and [v FWdu = 0 for all W = .1(R),
then log |F| € L'(T).

Proof. By Theorem (2.1) Fdu = H dw*, forsome H € H'(I'). Thus I/ = HP,
which implies that log |F| = log |H| 4 log |P| € L'(T).

(2.3) LEMMA. For F € V, let S(F) = {t € T | F(t) = 0}. Then p(S(I)) = 0,
if F 0.

Proof. Let S = S(F). Suppose u(S) > 0. Let V(F) be the smallest closed
invariant subspace of L2?(T') that contains F. Suppose G L V(F). Then
prFG du = 0 for all W € A(R). It follows from Lemma (2.2) that I'G = 0
a.e. since u(S) > 0 implies that log |[FG| ¢ L1(T). Hence G € x5 L3(I). It
follows that V(F)+ = x5 L2(T) and thus V(F) = xzL*(T) where S = ' — S.
Now for H € V, H= Fi1+4 G, where F1€ V(F) and G € VV(I')+ N V.
Now Gi € V and G1 =0 a.e. on S. Then for S; = S(G,), it follows that
V(G1) = x5 L*(T). Hence for W € C(T), WH = WF; + WG, € V. That is,
V is invariant under multiplication by C(T"), which implies that V' = x,L2(T)
for some set S,, contradicting our assumption.
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(2.4) LEMMA. If F € Vand F # 0, thenlog |F| € L\(T').

Proof. Choose G L F, G # 0. Then [y WFGdu = 0 for all W € A(R) and
by Lemmas (2.2) and (2.3)

log |F| + log |G| = log |FG| € L'(T),
which implies that log |F| € L'(T").

(2.5) LEMMA. If F and G € V, then F/G is the quotient of two functions in
H(T).

Proof. Consider Q L V, Q # 0. Then
JWFQdu = [WGQdu =0  forall W € A(R).

Thus there are functions Hi, H, € H'(T') such that FQdu = H;w* and
GQ-dp. = H2 O)*. Then F/G = Hl/Hz.

In §3 we shall need the fact that for eacha = (a4, ..., @,) thereis a function
he € I, H® such that 1/k, € I3 H®. This is a consequence of the known result
that for v, ..., v, a homology basis for R, there is an analytic differential
a on R with periods Loga, on v;;5 =1,...,n; cf. (4, p. 198). Then for

)

h, = H o T is the desired function.

3. We now consider V, = {FoT|F¢€ V}. For f=FoT € Vg F£0,
we have log | f| € L'(C) since log |F| € L'(T). Let f; be the outer function
such that | fi| = |f| a.e. on C (3, p. 62) and let fo = f/f1. Since f € L2(C)
and log | f| € ILY, it follows that fy € I, H? for some @ and thus f, € I; L*.
We now fix g € V. Then go € I; L for some b. By Lemma (2.5), fo f1/g0 g1
is the quotient of two functions in /H! and it follows easily that fo f1/go %, is
of the form (¢/¢)k where ¢ and ¢ are inner functions and /% is an outer function.
Let V= {f/gohy|f € Vrz}. Note that V = {foT-1|f€ V,} is a closed
invariant subspace of L*(T). For f € Vy, f = (¢;/¢,)f1 where ¢, and ¢, are
inner functions and f; is the outer function with | fi| = | f |a.e. on C.

For a and B inner functions, we say that a divides 8 if 8/« is an inner function.
It is well known that any collection of inner functions has a greatest common
divisor (3, p. 85). In particular, for each f € V', we can take ¢, and y,
to be relatively prime. Then ¢, and ¥, are modulus invariant (i.e., |¢; 0 q| = ||
and |[¢, o gq| = ¢, on K for all ¢ € Q) by the following argument. For ¢ € Q,

(@,/¥)fr =f=foq=1[é,0q/¥;04qlfiog = N¢;0q/¥;04qlfi ae.onC

where \ is a unimodular constant. Thus ¢,/¥; = A(é; 0 ¢/¥; 0¢) on K. Note
that ¢, 0 ¢ and ¥, o ¢ have no common factors since ¢, and ¥, have no common
divisors. Since ¢.(y; 0¢q)/¢¥, and (¢;0 @)¥,/¥;0¢q are inner functions, it
follows that ¢, and ¢, o ¢ divide each other and thus |¢,| = |[¢,0¢| on K.
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This implies that the same relation holds between ¢, and ¢, 0 g. Thus ¢, and ¥,
are modulus invariant.

We have already observed that a collection of inner functions has a greatest
common divisor. It follows that if a collection of inner functions has a common
multiple, then it has a least common multiple.

(3.1) LEMMA. {y,| f € V ¢} has a least common multiple.
Proof. Consider Q L V,Q # 0. Then for F ¢ T,
[e WFQdu =0  forall W€ A(R),

and thus FQdu = Hpy o* for some Hy € HY(T). Fix M € V, M £ 0. Then
F/M = Hp/Hp a.e. on T' and it follows that f/m = h;/h, a.e. on C where
f=Fol,m=MoTl,hj=HyroT,and h, = Hy o T. Then

g><¢_> _ (e
(W a.e.on C,

d’m h (hm)o
where (%,)o and (#x)o are the inner factors of %, and h,, respectively. Hence

(Br)o¥m @7/¥s = (Bg)o dbm. Thus ¢, divides (hn,)o¥m ¢ and since ¥, and ¢,
have no common factors, ¥, divides (hn)o ¥ That is, (hn)o¥n is a common
multiple of {¢,|f € Vz}. It follows that {¢,f € V,} has a least common
multiple.

Let ¢ be a greatest common divisor of {¢,|f € Vr} and let ¥ denote a
least common multiple of {¢,|f € V;}. By (8, Lemma (4.7)), ¢ is modulus
invariant and by a similar argument ¥ is modulus invariant. Then ¢/¢ € I, L
for some ¢ and (¢/y¥)h; € IL”.

LeEMMA. Let V'p = (¢/¥)hs(IH?). Then V'gp = V.

Proof. Clearly Vy C V. We shall prove that ¥V D V', by showing that
VD V' where V' = {fol-|f€c V'z}. Let Q L V, Q # 0. Then as in the
proof of the previous lemma FQdu = Hpw*, Hy ¢ H'(T). That is, FQ =
HgPaeonT.Letp = PoTandgq = QoT. Thenlog |p|andlog |q| € IL.
Let p1 and ¢ be the outer functions such that |p1| = |p|and |¢:] = |¢g] a.e. on C.
Then for po = p/prand ¢ = §/q,

Wr/of1q0q1 = fG = by p = (B)o(ly)1 po 1

and it follows tgat (er/¥7)q0 = (By)o po. Then if Ay is a greatest common divisor
of {(hp)o|f € Vr}, (#/¥)90 = ho po and

(6/¥)hz G = hohe q1po = (ho hzq1/p1)p = hp
where i € TH? Let A = [(¢/¢¥)hs] 0 T-1. Then A(Q) = HP where
H=hoT-' ¢ HXT).
For W € H*(I"), WH € H(T") and thus
JrAWQdu = [tWH o* = 0.
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Therefore, Q 1. AH?*(T"). It is easy to see that V' = AH?*(I"). Thus Q L V.
We have shown that 7+ C V’+; thus V O V.

Proof of Theorem 1. We have
Vie=gohs Vi = goln(¢/V)hz(IH?) = &I; H?
for ® = go(¢/¢) and a = be.
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