BULL. AUSTRAL. MATH. SOC. 65D30, 65D32
VOL. 26 (1982), 29-37.

WEIGHT FUNCTIONS WHICH ADMIT
TCHEBYCHEFF QUADRATURE

FRANZ PEHERSTORFER

We describe a class of weight functions, which admit Tchebycheff

quadrature.

Let integers n, m € NO , m=2n-1 , and a nonnegative continuous

weight function w on (-1, +1) be given. We call a quadrature formula

of the type

+] n
(1) | | f@we = 3 sle) + B0

=1

a (2n-1-m, n, w) Tchebycheff quadrature formula on [-1, +1] , if the

following three conditions are fulfilled: -1 < xl < x2 < ... < xn <1,
Al = Ag = ,.. = Xn =1/n , and Rn(f) =0 for all f € P2n-l—m , where
P2n-l—m is the set of polynomials of degree at most 2n - 1 - m . We say

that the weight function w admits T-quadrature, if for each »n € N

there exist nodes x

15 +++s &, » such that (1) is a (n, n, w) Tchebycheff

quadrature formula.
Uitman [5] has shown that the weight function
1 1+0x

. 2 ’
‘/ 1 -2 1+0"+20x

admits T-quadrature. So far these are the only known weight functions

v, (z) = z € (-1, +1) , a € [-%, %],

Received 2 March 1982.
29

https://doi.org/10.1017/50004972700005578 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700005578

30 Franz Peherstorfer

with this property (compare [/]). In this paper we describe a class of

weight functions, which admit I-quadrature.

We denote the closure and the boundary of a set EcC C by E and OF

respectively. The open disk of radius r {z €C | |z| < r} is denoted by
Ur . As usual the index »r is omitted for » =1 . Furthermore Tk s
k €N denotes the Tchebycheff polynomial of first kind of degree k .

O b
For the following theorem see also Theorem 1 of [4].
THEOREM 1. The following three properties are equivalent:

1 ...,xn €ER,

—l<xl<x2<...<xn<l,7lsa (en-1-m, n, w)

Tchebychef7 quadrature formula on [-1, +1] ;

(a) a quadrature formula based on nodes x

Ztén(z) 2n-d-m k 2n-m
(b) 1 -—=F—=1+ ) ez +0(z } for z €U, where
nt, (z) = k
”n k=1
no(2
t, (z) =TT [z -2 cos <p.z+l] s ¢.=arccos x. , and
n j=1 J J J
+1
e, =2 T (x)w(x)dx for k=1, ..., en-1l-m ;
k Y k
2 1_F(E) 2n-m
(c¢) t, (2} = exp|n ===Lge| + 0(a ) for =z €U, where
2n o &
[} k +]1
F(E) =1+ Y ¢, & and e, =2 T, (x)w(x)dx for
k=1 k K k
= -1
k € N
Proof. (a) = (b). Since
+1 5 n
e, =2 T, (x)w(x)de == Y cos kg, for k=0, ..., 2n-1-m ,
k k n = J
-1 J=1
we deduce that
n 2n-1-m
%L- Z %(p. + _liq)' -1 =1+ ckzk + 0(z2n—m) for z €U .
Tl eV 1. Yz k=1

Using the fact that
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1
Zth(Z)

n
1 1 1 _
(2) n .Z; To. -io. h=1- nten(z)
J l-e Jz l-e

the implication is proved.
(b) = (e¢). Taking into consideration the facts that t2n has all

zeros on the circumference and that t2n(0) =1 , we obtain

2
1 - 1-F(&) 2n-m
7 1n tzn(Z) = JO E d& + O(Z )
from which the assertion follows.
(e) = (a). Since
zt! (z) 2n-1-m
R O RERIDNE L G
on . k=1

we get with the aid of (2) that

SIS

ek

ey cos k¢j for k=0, ..., 2n-1-m .
)

Henceforth we denote by

Ny =1 . -
qiz) =2'q(z"") =¥ (1-ziz)
=1
the reciprocal polynomial of
n
qn(z) =Y -[_I- [z_z.'l:) s Y, 2, 27: €C.
=1

As a consequence of Theorem 1 we obtain (compare also [2, Theorem 1])

COROLLARY 1. Let

where
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for k € N . Further let p;; be defined by

2
p;‘l(z) = exp[n Jo l—_%:(—gld&] + O(znﬂ')

and assume that ?, has all zerocs in _U; . The quadrature formula based
2

on nodes which are the zeros of the polynomial
q,(x) = Re{l’n(ew)—(l’n(o)/z)} , w=cosg, ¢ €[0, ],

is a (n, n, w) Tchebycheff quadrature formula on [-1, +1] .

Proof. Since p,, has all zeros in U

., it follows from [3, p. 80]
2

that all zeros of p_ - pn(O)/2 lie in the circle

1/n

|z =%+ |pn(o)/2| <1.

Thus the cosine polynomial Re{pn(etw)-(pn(o)/2)} has »n simple zeros in
(0, ™) . Setting
t,,(2) = pA(2) + 2" (p (2)-p,(0))
the assertion follows from Theorem 1 (e¢) and the fact that
- 7
2 nt2n(z)/2 = Re{pn(z)-—(pn(o)/2)} for z=¢e®, ¢ €0, W] .

The following corollary gives us an extension of some results of

Ullman [5] and Geronimus [2].

COROLLARY 2. Let I € N be fized and let

[
pz(z) = l (z'ai) s
o1
a, € U, real or complex conjugate. Put
2
l 1+a.x
w(z) = L % Y ——21’— for x € (-1, +1) .
2 7 1=l l+o.+20.x
1-x 1 1

The quadrature formula based on nodes which are the zeros of the polynomial
(n € N)
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Y
q,,(%) = Re{{pl(e“”)} -[(pl(on"/z]} , z=coso, ¢ €0, 7],
is a (In, Iln, w) Tchebycheff quadrature formula on [-1, +1] ,

(0]

Proof., Using the notation of Corollary 1 we obtain (z = e ,
¢ € [0, m])
1 Z 1
Tw(cos ¢)sin ¢ = Re 7 Z: = Re F(z) .
i1 l—aiz

Hence

e

] (l—aiz]n .

7

2
exp[ln I l:%gél dg} =
0

[}
o

In view of Corollary 1 the assertion is proved.

1 E, E < Eé CE, 0 €E , be bounded simple

connected domains in the complex plane, such that

LEMMA 1. Let E , E

2’

is analytic on E and

z€3Ell €€8E2
-5 k
Put G(z) = Y (ck/k)z . If
k=
- %'ln(—l+(l/6)) +1n § = min Re G(§) -~ max Re G(z) ,
€€3E2 zEBEl
then p2 , defined by p;(z) = exp(-nG(z)) + 0[zn+l) » has no zero in E .
Proof. Put
2
H(z) = exp[f ;:%ggl dE] = exp(-6(3)) for 2z €E
0
and assume that p; has a zero v € E; . Since
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2n%

(H(2))" = pi(z) + _;—.JBE (Z/E)n[g%z](ﬁ(i))n %? for z € E,
2

we obtain, by using the inequality
8 < Jg/a] -1 = |(8/a)1] tor z€E , €edE,,

that

2el,, e )

< [ max jue) )]

min \H(z)‘n) . g
€€3E2

TN (1-6)

Taking into consideration the fact that

[H(E)| = exp(-Re G(E))
we get
max |H(E)] = 1/(exp( min Re G(£))) ,
€0F E€OE
2 2
respectively

min |H(z)| = 1/(exp( max Re G(z)))
zEaEl zeaEl

Thus it follows that

§ l/n
1< mnax HE)[)/( min H(z) + 6 . =
( ‘ 3 [) ( l l) [] )

€0F zéaﬁi

[ & 1/n
= exp( max Re G(z) -~ min Re G(E)) + & - li:]ﬂ =1
2€3E, £€3E,,

which is a contradiction.

THEOREM 2. (a) Let o be an odd bounded nondecreasing function on

47
(-, w] , such that f do(t) =1 . Suppose that o € [-1/8, 1/8] . Then
-7
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+T ;
w(x)=—-——l—-ReJ M,x:%(a+£},z=ew,zp€(o,n)
it 2
2 -T 1-0e 'z
1-x
admits T-quadrature on [-1, +1]
_ 2 .
(b) Let &(z) =aj+az+as +..., a €R for ©i €N, be

analytic on Ug and suppose that |#(2)[ =1/8 for z € Ug . Then

w(x) = 1 Re 1 ,x=%[z+l], z=e"®, ¢ €0, )

f—r 1+28(z) z
i 1-x2

admits T-quadrature on [-1, +1]

Proof. (a) Let

+7

_do(t)

F(z) = J =1+ ez .
? -7 l-oneLtz Z

Then F is analytic on and
nalyt 9/ al

. :
1 1

Re F(z)=r Re——-.——do(t)z—[—r for |z] =1 .
-7 l—oce'l'tz 1t

Thus 1 1-2° w(x) = Re F(eup) , x=cos ¢ , ¢ € (0, m , is positive and

continuous on (-1, +1) . Furthermore we have that

_2 (" gy ~inp '
- ;J Re F(e™)e™™dp = 2 | T (x)ulz)dz .

c
k 0 -1

In view of Corollary 1 it suffices to show that p;fl has no zero in U2 .

Putting E’l = U2 and E’ Uh in Lemma 1 and observing that

L .
&z) = - J» in [l-aettz)dc( t)
-
we obtain, by using the inequality
lalr = ]l-aewz] <1+ Jalr for z= re"?,

that
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+T

i it it
min J 1n 1/|1-0e”"E|ldo(t) - max J in 1/|1-ce” “z|do(t)

EEBUh - z€3U2 -T

> 1n 1/(1+4|a|) - 1n 1/(1-2|a]) 2 1n ¥ = 1n §
from which the assertion follows. .

(b) Let F be defined as in the proof of (a). Then F is analytic
on Ug and Re F(z) >% for 2 ¢ Ug . Thus F(z) = 1/(1+2%(3)) , where
¢ is analytic on U8 and satisfies I@(z)] =1/8 for =z € U8 .

EXAMPLE. Prom Theorem 2 we obtain immediately that the weight
function

1 1 & g
h)(x)=__——z' Z'—_—, xe(-ls +l)a

& 2
T /l_x2 1=1 l+ai+2aix

which was considered in Corollary 2, admits T-quadrature on [-1, +1] , if

|ail =1/8 for i =1, ..., L
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