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Abstract

Qi and Chapman [“Two closed forms for the Bernoulli polynomials’, J. Number Theory 159 (2016),
89-100] gave a closed form expression for the Bernoulli polynomials as polynomials with coefficients
involving Stirling numbers of the second kind. We extend the formula to the degenerate Bernoulli
polynomials, replacing the Stirling numbers by degenerate Stirling numbers of the second kind.
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1. Introduction

The nth Bernoulli polynomial B,(x) is given by

i B,(x) . te*
o n! el —1
In particular, B, := B,(0) is the nth Bernoulli number. The Bernoulli polynomials
and the Bernoulli numbers have many important applications in number theory (see
[8, 11, 13]). A basic symmetric formula for Bernoulli polynomials is

B,(1 - x) = (=1)"Bu(x) (1.1)

for each n > 0.
Recently, with the help of Faa di Bruno’s formula, Qi and Chapman [12, Theorem
1.1] obtained a curious closed form for the Bernoulli polynomials:

B n (l_x)u+i Baa) )
B"(x)‘"!;k! Z Z (+10)! (v+j)!(_1)

i+ j=k u+v=n
A 0 u,v=>0

ij>

. (Z i<—1>f+’(?f ;)(it i)S s HS@+r0) (12)

s=0 1=0
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where S (n, k) is the Stirling number of the second kind defined by

S (n, k) (e — 1)
Z s T

n=k
The formula (1.2) implies (1.1). In fact, replacing x by 1 — x in (1.2) gives
u+1 v+j
1-x" _
B,(1-x)=n!) k! -1
wl=x)= "Z P Wl o D

i+ j=k u+v=n
ll j]>0 u,v>0

(Z Z( 1)‘”(“ * Z)(V * ])S(u + s )SW+1, t)) = (=1Y'B,(x).

s=0 t=0

It is well known that S(n, k) counts the ways of partitioning {1,...,n} into k
nonempty subsets. A natural generalisation of S (n, k) is the r-associated Stirling
number of the second kind: S,(n, k) counts the ways of partitioning {1, ..., n} into
k subsets such that each subset contains at least r elements, with S,(n,k) = 0if n < rk.
Clearly, Si(n, k) = S (n, k). From [4, page 222], S,(n, k) has the generating function

Z r(l’l. k) S = exp(ui ;_j')

n,k>0 j=r

that is,

S, k) 1 2 ok
/= —( S —)
2 nl Ki\¢ 20 r—1)!

n=rk

In particular,

) So(n k R
Z 2(:' ) _ (¢ - )] _EZ()@_I)] P

n=2k : j=0

=klz() i Zso D

Comparing the coefficients of #* on both sides of this identity,

=~ I

£ il n ..
Sa(n, k) = ;(—1% -/(k B j)s (n—k+ j, j) (1.3)

It is not difficult to verify that (1.2) can be rewritten as

1— u+i v+j
B,(x) —n'Z( DT - ((u f?)' (vx+ S0+ DS+ ). (1)

i+ i=k u+v=n
ljj>0 u,v>0
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Carlitz [2] considered a degenerate extension of the Bernoulli polynomials. The nth
degenerate Bernoulli polynomial 8,(4, x) is defined by

ﬁn(/lsx) t /A
' = 1+ ).
2 Axapiogdt a0

Since .
lim(1 + A5/ = (lim(l + /lt)”’”) =,
1-0 A1-0

%i_{%ﬁn(ﬁ, x) = By(x).

The degenerate Bernoulli number ,,(4) is given by 3,,(1) := 5,(4, 0). It is not difficult
to verify that

n

B0y = (’,Z)ﬁku) x(r= D(x=2)-+ (x = (= k= DA).

k=0

In [2], Carlitz extended the Staudt—Clausen congruence to the degenerate Bernoulli
numbers and, in [7], Howard obtained an explicit form for g,(4) by using the Stirling
numbers of the first kind.

Carlitz [3] defined the degenerate extensions of S (n, k) by

o)

D S@HD L4ty
n=k n K

Howard [6, (2.8)] considered the degenerate 2-associated Stirling number of the
second kind, which is given by

o Sa(n, kI 1
> 2(”—,“# = @+ =1 =
ok n. .
In particular, S (n,k|1) = 0if 0 < n < k and Sy(n, k|2) = 0 if 0 < n < 2k. Clearly,
£i11(1)S(n, kld) = S(n, k), }ling) So(n, k|A) = Sa(n, k).
For more results on degenerate Bernoulli polynomials and degenerate Stirling

numbers, see [1, 5, 9, 10, 14, 15].
In this paper, we shall extend (1.4) to the degenerate Bernoulli polynomials.

TueoreMm 1.1. We have

_ n o (l_x)u+i xv+j
5”(1’)6)""!;( RPN T v+ )

i+ j=k ut+v=n
ij]>0 u,v>0

Shbeild) s

: (—l)sz(u +iyi
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Similarly to (1.3),
k

Sa(n, klA) = Z(—l)k‘j( . ! j)s (n—k+ j, jld).

j=0
So, (1.5) is equivalent to

,Bn(/l,x)=nlzn:k! Z Z (1= 2 (=1

LT L L WD )

i,j20 20
i : .
(02 (0 s s s -4)) 0
s=0 =0 L= J-t I-x X

Furthermore, replacing x by 1 — x and A by —4 in (1.5),

R X (=0
ﬁn(—/l,l—x)—n!;( DR D) W+ @+

i+ j=k utv=n
11120 u,v>0

A A
Dl if )
X 1-—x
that is, 8,(4, x) satisfies the symmetric relation
Bu(=A, 1 = x) = (=1)"Bu(4, x), (1.7)

which is a degenerate extension of (1.1).

Note that the right-hand side of (1.6) involves five summations. We propose another
similar explicit expression of the degenerate Bernoulli polynomials, which involves
fewer summations.

St i

Tuaeorem 1.2. We have

Ba(A, %) = n! Zk!
k=1

Z (_1)i+j (1 _ x)LH—i xv+j
S k—i= A i) (vt )]
i,jZ_O u,v>0

)S(v +j j'—%). (1.8)

Letting A tend to 0 in (1.8) gives a new closed form for the Bernoulli polynomials.

2
-(—1)”S(u+i,i -

(_1)i+j (1 _x)u+i xv+j
Z (k—i—j)!u;n u+i! v+ ))!

CoRrOLLARY 1.3. We have
n
B,(x) = n! Z k!
k=1 i+ j<k
ll-_'—jjzo u,v=0

(DS L DS A+ ). (1.9)

Evidently, (1.8) also implies (1.7) by replacing x and A by 1 —x and —A4,
respectively.
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2. Proofs of Theorems 1.1 and 1.2

In this section, we shall prove Theorems 1.1 and 1.2. We introduce the Bell
polynomial B, x(x1, X2, . . ., Xu—k+1) given by

n—k+1 1 X ]",
A\
Bp(x1, X2, ..., Xp—js1) := 1! Z 1_[ i (7) .
Jiofirdnt120 i=1 Jit b

Dttt ek =k
J1+2jptH(n—k+ 1) jyogs1=n

The classical Fad di Bruno formula (see [4, Theorem A, page 137]) is

d" -
2o @) = D FP@) - Bug (2),8" @), 8" (@) 2.1
k=1

for any n-times differentiable functions f(z) and g(z). The next lemma gives some
special values of Bell polynomials.

Lemma 2.1. Let g(z) be an analytic function of z. Then
- ’ " n— tn 1
2 Buslg(0).8"(0)......g" V(O — = 2 (5(r) - g(O))" (22)

Proor. From [3, page 136, formula (30)],

sl L 1 & lh k
ZBn,k(ul»uL-' s Un— k+1) k'(z hm)

n=k

for any sequence u, uy, Uy, . .. € C. The desired result (2.2) follows because
S L N
2,870)5 = >8P0 — (0 = 5(1) ~ 500, 0
h=1 " k=0 :

Proor oF THEOREM 1.1. Write

x/A
Z,Bn(/l x)' —(1+m1/ﬂ (1 + Af)

t
T (14 A0/ — (1 + Ap)~xA

= f(g®),

where f(z) := 1/z and

(1 + A9/ _ (1 4 Ap)~¥/4
- )

g =

In particular, we set

A+ -1 (1 + a4 - 1) i

=i =N
8(0) = lim g(1) = lim( = t
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By Fai di Bruno’s formula (2.1), since f®(z) = (=1)*k!/Z-,

d" -
m@wﬂgaﬂwmﬂ%;ﬂ%MBMﬂ&#@~$WMM)

o (D!

= 2. G0 B,i(g'(0),8"(0), ..., g" D (0)). (2.3)
k=1

By Lemma 2.1,

((1 + A= -

(1 + A~/ 1)k
t

Z&mm»”““w»

k!
n=k
1 ((1 R e e e G B B (—x)z)k

T k! t t

(2.4)

From the definition of S»(n, k|1),

L+ A)¥1 =1 —zt\F 1 A\ kgl & A\
(( ) Z) =—((1+—-Zt) —l—zt) =—ZS2(n,k‘—)~Z—,
Z Z

t tk

SO

Zamm> mmm»

1 k (1+/lt)(1 V1 — (1 =)\ (1 + ) =1 = (=x)t\
ZEZ( (o) I )

t t
| fx)“(u )

= Z( Dk l(k) 1'iS2 u+l i
u=0
((k—z)'ZSQ(Hk—z ki

Comparing the coefficients of " on both sides of this identity,

Bui(g'(0),...,g"*D(0)

n!
. o /l o /1 (1 _x)u+i (_x)v+j
=N 1y S(+, )S(+,——) . @5
,~+Zk( ) Z‘ A\t LT Pl e e Y
l,ij_U u,v>0
It is not difficult to check that (1.5) follows from (2.3) and (2.5). O
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ProOF oF THEOREM 1.2 AND CoroOLLARY 1.3. From (2.4),

((1 + AU -1 (a1 1)"
k!

> Bualg O g0 t t
n=k

1 Z (-DF ((1 + A0/ 1)"((1 + A~ — 1)/'
KU A itji =i ! 1 1
i,j=0

Since

(= =l ) ) = sl

n=j

)Z T 26

=

l((l A -1 A+ Ay -1 l)k
k!

- _ "
D Bukg0),..., g DO~ =
s n! t t

e O
i,j>0
L O

v=0

Comparing the coefficients of #* on both sides of this identity,

Bx(g'(0), . .. ,g(”‘k“)(()))

( l)k i ( ) ( o ﬂ)(l _ x)u+i (_x)v+j
= u+i,i S{v+ j, j|l—— 4 .
t-l—]Z<k (k_l—])'u;n - X +J (M+l)! (V+])'
i,j>0 u,v=>0
This gives (1.8) and also (1.9). O

3. Closed forms for further degenerate sequences

From (2.4),
Zﬁn(ﬂ, x);—n! =Z (;( DB O), . ., g k+1)(0)))

—Z( 1)"k*28nk<g O8O

t

—x/A k
A+ A7 1) . 3.1)
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According to our discussions in Section 2, both (1.5) and (1.8) can be proved by
comparing the coefficients of #* on both sides of (3.1). In fact, (3.1) also can be directly
deduced from the observation

© 1 (1-x)/4 _ 1 —-x/A k
1+Z(—1)k(( +/1t) ( +/ll‘) B 1) _ t
t (1 + AT=970— (1 + )~/

.(3.2)

k=1

Motivated by (3.2), we may study closed forms for other degenerate sequences.
Define the degenerate Euler polynomial ¢,(4, x) by

= " 2
Lx)— = ——————(1 + At)".
;e’l( Vo = G0t

In particular,
lim €,(2, x) = En(x),

where E,(x) is the classical Euler polynomial given by

ZE() ._ef+1

Clearly,
201+t 2
1+ +1 (1 + )09/ 4 (1 + )~/
1
14 N+ A0 4 (14 A - 2)
-3¢ k) A+ )T (14 AT =20 (3.3)
k=0 2
In view of (2.6),
5 (K
((1 + /lt)(l_x)//l + (1 + At)_x//l _ z)k — Z( )((1 + /U)(l_X)//l _ 1)1((1 + /ll,)—X//l _ l)k—i
i=0

k

D W DAY

1=

A )(1 - x)“t”)

1-x u!

. ((k —i)! i S(v,k - i‘—;)(_gvtv).

v=k—i

Comparing the coeflicients of #* on both sides of this identity gives the following result.

A
b
- X

Tuaeorem 3.1. We have

6,1, x) =n Z( D! >y == (1_x)“ v( l)S(ul

i+ j=k utv=n
l]j>0 u,v>0

—%) (3.4)
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In particular, letting  — 0 in (3.4),

(= 1)kk! 1-
E=ny SRS S L s w,ns o).
k=0

4+ j=k u+v=n
i JO u,v>0

i,j>
Of course, we can rewrite (3.3) as

2 - —X —X
(I + AT 4 (1 + A1 2 DA+ 0 (e -1

© k
=23 -] (’;)((1 + a0 1) (1 + ry A,
k=0 i=0

Note that
A
(1 + Ar)t = Z (Z/ ) Z(zu)u i
u=0
where
2z=AD)--z-um-DA) ifu>1,
(2. .
1 ifu=0.
From this,
k Uv-XV( Jﬂﬂk | 4
6., x) =2n! Z( k! Z » . (u,z = ) 3.5)
k=0 1+) k u+v=n
i, ]>0 u,v>0
Symmetrically,
S — ix|d), A
&, x) =2n1 Y (~D}k! Z P (= )y ’x| Ju E x) (v, j‘——). (3.6)
k=0 i+j= k ! u+v=n *
i,j20 u,v>0
Since (z]A)x tends to z¥ as 2 — 0,
E,(x) = 2”'2( k! Z q! —x)u] x¥
i+j=k J u+v=n
i,j>0 u,v>0

—Zn'Z( 1 k'Z Z M(l (—1)VS(v,j).

i+ k ! u+v=n
ll ]J>0 u,v>0

For each integer r > 1, define the degenerate Bernoulli polynomial of order r by

o B, Y t r T
n! ((1 + Al — )(1 )

n=0
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and the degenerate Euler polynomial of order r by

(1)
€ (4,X) , " o/
i ! _((1 + AV + 1) (h+ A
Clearly,
! )r rx//l 1
— | (1 + A
((1 + At -1 ( ) (1+ L1+ an=9/2 — (1 + =>4 — 1y

N VI Y et B ) N (U e B G513
D,y ( t B t )

DMe I

_ (1-x)/A _ —x/A _ k
(—1)"(k+r 1)((1 + A1) 1 B (1+ ) 1 B 1) _

“ r—1 t t
Hence,
k+r— (1 = x)wi xv+i
DA, rx)=n! ) (- 1)"1«'( ) . .
P Z l;k u;ﬂ u+n! v+ )
lj>0 u,v>0
A A
-(—1)”52(u +idl- )Sz(v +j j‘——)
- X X
and

v+j

S (k- (-1)'*/ (L-x™ x
ﬂn(ﬂ,rx)—n!z ( -1 )Z (k—1i—-j)! Z @+ v+ n!

k=1 i<k u+v=n
ll Jj>0 u,v=>0

A A
Js(v+ j’——).

-x X

Similarly, (3.4), (3.5) and (3.6) can be generalised, giving

. (1)"k'k+r—1 1-x"x"
()(/lrx)—n'z ( r—1 )Z Z ul vl

i+j=k u+tv=n
i,j20 u,v>0

= )

(r)(/l X) = 2n! Z( 1)kk‘(k+ r— 1 1) Z Z (i— ZX|/l)u ( v)C)v (v’ J‘_%)

ok o
li jJZO u,v=0

=2n!§(—1)’<k1("::1) Z Z (l—txu)u( x)V (V’j‘_%)_

it = k u+v=n
ijJZO u,v=0

-(—1)"S(u+i,i 1

S(=1)'S (u, i

1

and
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