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Abstract Let W,g be an extended affine Weyl group, H be the corresponding affine Hecke algebra over
1 1
the ring C[q2,q™ 2], and J be Lusztig’s asymptotic Hecke algebra, viewed as a based ring with basis

{tw}. Viewing J as a subalgebra of the (q_%)-adic completion of H via Lusztig’s map ¢, we use Harish-
Chandra’s Plancherel formula for p-adic groups to show that the coefficient of T, in ¢ is a rational
function of q, with denominator depending only on the two-sided cell containing w, and dividing a
power of the Poincaré polynomial of the finite Weyl group. As an application, we conjecture that these
denominators encode more detailed information about the failure of the Kazhdan-Lusztig classification
at roots of the Poincaré polynomial than is currently known.

Along the way, we show that upon specializing q = ¢ > 1, the map from J to the Harish-Chandra
Schwartz algebra is injective. As an application of injectivity, we give a novel criterion for an Iwahori-
spherical representation to have fixed vectors under a larger parahoric subgroup in terms of its Kazhdan-
Lusztig parameter.
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1. Introduction

Let Wag be an affine Weyl group or extended affine Weyl group, and let H be its associated
Hecke algebra over A := (C[ql/ 2q Y 2], where q is a formal variable. The representation
theory of H is very well understood, behaving well and uniformly when q is specialized
to any g € C* that is not a root of the Poincaré polynomial Py of the finite Weyl group
W C Wag.

When q is specialized to a prime power ¢, the category of finite-dimensional mod-
ules over the specialized algebra H is equivalent to the category of admissible representa-
tions with nonzero Iwahori-fixed vector of some p-adic group. A form of local Langlands
correspondence, the Deligne-Langlands conjecture, has been established by Kazhdan and
Lusztig in [25], where they classified modules over the generic algebra H using algebraic
K-theory. A slightly different approach to this classification due to Ginzburg is explained
n [12]. In both treatments, a first step is to fix a central character. In particular, one
must choose a complex number ¢ € C* by which q will act. Decomposing the K-theory
of certain subvarieties of Springer fibres into irreducible representations of a certain
finite group yields the standard modules. It can happen that the standard modules are
themselves simple (for example, simple tempered representations, which play an essential
role in the present paper, are of this form), but in general simple modules are obtained as
a certain unique nonzero quotient of standard modules. This quotient exists when ¢ € C*
is not a root of unity, but can be zero otherwise. Lusztig conjectured in [30] that this
classification would in fact hold whenever ¢ was not a root of Py, and this result was
proven by Xi in [52]. Xi also showed that the classification fails in general at roots of
the Poincaré polynomial, and presented this failure by giving an example related to a
lack of simple H|q=,-modules attached to the lowest two-sided cell. Our results in this
paper explain that the lowest two-sided cell is, in a precise sense, maximally singular with
respect to the parameter q.

One way Lusztig expressed the uniformity in ¢ of the representation theory of the
various algebras H|q=, is via the asymptotic Hecke algebra J. This is a C-algebra (in
fact, a Z-algebra) J with distinguished basis {tw }wew.,, equipped with an injection
¢: H— J®c A. In this way there is a map from J-modules to H-modules, and Lusztig
has shown in [29] and [17] that when ¢ is not a root of unity (other than 1), the specialized
map ¢, induces a bijection between simple H|q=,-modules and simple J-modules, these
last being defined over C. Moreover, he showed that when Py (¢q) # 0, the map ¢, induces
an isomorphism

(9q)+: Ko(J—Mod) — Ko(H|q=; —Mod)
of Grothendieck groups. The map ¢ becomes a bijection after completing H and J ®¢ A

by replacing A with C((q~'/?)) and allowing infinite sums convergent in the (q~'/?)-adic
topology. In this way one can write a basis element t,, as an infinite sum

f(=)o¢  (tw) = > awuTh, (1.1)

T EWags
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where each a, ,, is a formal Laurent series in q~1/2, and () is the involution of H defined
in Definition 1.6. It agrees with the Goldman involution of H when G is simply connected.
In this paper we will almost exclusively work with ¢of(—), for reasons explained in
Section 1.1.

In light of the above, it is natural to ask how a, ., behaves when q is specialized to a
root of unity.

1.1. The asymptotic Hecke algebra and p-adic groups

This paper is prompted by the work of Braverman and Kazhdan in [11], who related
the asymptotic Hecke algebra to harmonic analysis on p-adic groups. Specifically, in [17],
Lusztig relates simple J-modules to certain H® 4 (C(q’l/Q)—modules termed tempered
because their definition is made in analogy with Casselman’s criterion for temperedness
of p-adic groups. In [11], Braverman and Kazhdan showed essentially that the analytic
meaning of the word ‘tempered’ can be substituted into Lusztig’s results from [17].
More precisely, let G be a connected reductive group defined and split over a non-
archimedean local field F' whose extended affine Weyl group is W,g. Then in [11],
Braverman and Kazhdan define a map expressing J as sitting between the Iwahori-Hecke
algebra of G = G(F') and the Harish-Chandra Schwartz algebra C, and propose a spectral
characterization of J via the operator Paley-Wiener theorem, obtaining a diagram

H(G,I) c—>C’“
ln

&l &t &l

where the outer vertical maps are Fourier transform f ~ 7(f) and the rings &7 and &/
of endomorphisms of forgetful functors to vector spaces are as described by the operator
Paley-Wiener theorem, as we recall in Section 2.3.

The map 7 is defined in [11] and we will recall its definition below. In particular,
it induces the map ¢, which then associates a Harish-Chandra Schwartz function to
every element of J such that n(j) = 7r(q~5(j)), giving another way of associating to t,, an
expression similar to (1.1).

This prompts several questions: whether 7 (equivalently é) is injective, whether it is
surjective, and the nature of the relationship between the Schwartz function (/g(tw) and
the expression (1.1).

1.1.1. Denominators in the affine Hecke algebra and injectivity of n. In
the first part of this paper we prove that 7 is injective. Along the way, we prove in
Proposition 3.18 that g{) is essentially the map ¢~!. Our strategy is to determine that
the Schwartz functions f,, on the p-adic group G satisfy the statements of Theorem 1.2
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below, and are in addition sufficiently well-behaved so as to lift to elements of a certain
completion H~ of H, thus defining a map

(]512 J®CA—>%_

We therefore obtain two maps J C J ®c.A — H " the inverse T(—)o¢ ! of Lusztig’s map,
and our map ¢ induced by the construction in [11]. We prove in Proposition 3.18 that
these maps agree, at which point Theorem 3.21 and the first statement of Theorem 1.2
follow.

In particular, ¢; is injective. Using that the representation theory of J is sufficiently
independent of ¢, we then show in Corollary 3.20 that ¢ is injective for any ¢ > 1. This is
obviously equivalent to

Theorem 1.1 (Corollary 3.20). The map n is injective for any q > 1.

A weaker form of the following Theorem, which is the main result of this paper, was
conjectured by Kazhdan.

Theorem 1.2. Let W,g be an affine Weyl group, H its affine Hecke algebra over A, and
J its asymptotic Hecke algebra. Let ¢: H — J®c A be Lusztig’s map.

1. For all z,w € Wag, Gz, 1S a rational function of q. The denominator of ag . s
independent of x. As a function of w, it is constant on two-sided cells.

2. There exists Ny, € N such that upon writing

T(_)oé_l(tw): Z am,me

E€Wagr

we have
PW (q)NWaff Ag,w S A

for all x,w e Wg.

3. If d is a distinguished involution in the lowest two-sided cell, then a1, =1/Pw(q)
ezxactly.

In [14], the author proved Theorem 1.2 in type Ay, but with different conventions. To
translate to the conventions of this paper, the reader should replace j with the involution
(=), and the completion of H with respect to the C,, basis and positive powers of q'/2
with the completion of H with respect to the basis {(—1)“*)C’ },ew., and negative
powers of q'/2. Note also that we write a,_,, instead of a,, , as in [14]. In [36], Neunhoffer
described the coefficients a; ,, for finite Weyl groups.

In future, it would be desirable to also treat the case of unequal parameters, where a
result like that of [7] governing denominators is not yet available. On the other hand,
when G = GL,,, we are able to be slightly more precise than Theorem 1.2, while also not
appealing to [7]. For this reason we treat the case G = GL,, separately as Theorem 3.21
in Section 3.4.

Our main tool is Harish-Chandra’s Plancherel formula for the p-adic group G associated
to H and the surjection of cocentres induced by Lusztig’s map ¢ after inverting Py (q)
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proved in [7]'. We invoke [7] only at the very end of our argument, which, absent [7], still
proves that a; ., are rational functions with denominator depending only on the two-sided
cell containing w. We do so with an eye to future work dealing with Hecke algebras with
unequal parameters.

In [14], the author related a conjecture of Kazhdan concerning the positivity of
some coefficients related to the coefficients a, .. Historically, proofs of such positivity
phenomena have also provided interpretations of the positive quantities in question. While
we cannot currently prove the conjecture in [14], our results in Section 4 hint at a possible
interpretation of a; 4 for certain distinguished involutions d.

Remark 1.3. It is tempting to conjecture the following more precise version of
Theorem 1.2, based on the factorization Pmy(q)Pg/p(q) = Pg/s(q): for every Levi
subgroup Mp of G and all w € E(Mp), the formal degree d(w) is a rational function
of ¢ the denominator of which divides a power of Py, (¢). The integral over all induced
twists Ind$ (v ®w) is a rational function of ¢ with denominator dividing a power of the
Poincaré polynomial of the partial flag variety (G/P)(C). For example, if G = GLg(F)
and M = GL3(F) x GL3(F). In this case the integral itself (omitting the factor Cjs in
the notation of Section 2.5) is

// 21—2’2 (z1—22) dzpdzy  (1—¢%)2 +1_(1—q3)q’3+1
273 270 (z1—q%22) (21 —q322) 21 22 T (1—¢%)2¢3 T 148 ’

and by [10] Proposition 23.1, (with q = t?) we have
Pg/p(q) = Poie(@) = (1+a*)(1+a+q’ +q’ +qh) 1+ ).

In examples such as the above, this does indeed happen, but only after cancellation with
some terms in the numerator. In general, we will not track numerators precisely enough
to show this version of Theorem 1.2. We shall however see a limited demonstration of
this behaviour in Corollary 3.3.

1.1.2. Denominators in the affine Hecke and the Kazhdan-Lusztig classifica-
tion at roots of unity. The affine Hecke has a filtration by two-sided ideals

H=" = span{C,, |a(w) >},

where a is Lusztig’s a-function. As such, for any ¢ € C* and any simple H = H|q=4-module
M there is an integer a(M) such that HZ*M # 0 but H='T'M = 0. Define a(M) =i to
be this integer. One can also define a(E) = a(c(E)) where E is a simple J-module and
Je(p) s the unique two-sided ideal not annihilating F.

The algebra J linearizes the above filtration into an honest direct sum and implements
the almost-independence on ¢ € C* of the representation theory of H = H|q=, as follows.

I fact, as proved by Bezrukavnikov-Braverman-Kazhdan in the appendix of loc. cit., ¢q
induces an isomorphism whenever ¢ is not a root of unity, but we will not need this.
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Theorem 1.4 [52].

1. Suppose that q is not a root of the Poincaré polynomial of G. Then for each simple
J-module E, the H module ¢ E has a unique simple quotient L such that a(E) = a(L).
For all other simple subquotients L' of E, we have a(L’) < a(E).

Equivalently, for all admissible triples (u,s,p), the representation K (u,s,p,q) of H has
a unique nonzero simple quotient L = L(u,s,p,q) such that a(L) = a(c(u)). That is,
the Deligne-Langlands conjecture is true for H|g=q.

2. If q is a root of the Poincaré polynomial of G, then the Deligne-Langlands conjecture
is false for the lowest cell. That is, if u= {1}, then every simple subquotient L' of
K (u,8,p,q) has a(L') < a(cyp).

By Theorem 1.2, the coefficients a1 4 have poles at every root of Py, for all distinguished
involutions d in the lowest two-sided cell cg. On the other hand, as we show in
Example 3.10, there do exist cells ¢ # ¢y such that the coefficients a, ., are nonsingular
at certain roots of Py, for all w € ¢ and x € W,g. We encode the hope that this is no
accident as

Conjecture 1.5. Let W be an affine Weyl group, and let ¢ € C* be a root of Py . Let
c be a two-sided cell such that if w € c, then ay . does not have a pole at q = q for
any x € Wag. Let u=u(c). Let K(u,s,p) be a standard module in the notation of [25].
Then the module ™ K (u,s,p,q) (see Definition 1.6 (a), (b) and the discussion following
Theorem 2.7) has a unique simple quotient L = L(u,s,p,q) such that a(L) = a(E), where
E is the simple J module corresponding via ¢ to (u,s,p) under [17, Thm. 4.2]. Two such
simple modules are isomorphic if and only if their corresponding triples are conjugate.

Note that in type A,, the number of two-sided cells grows as eV™, whereas the number
of subsets of roots of Py is 2™("*t1/2 For example in type Ay, there is only one root
of Py = q+1, but there are two two-sided cells (and both are singular at q = —1.)
However, already in type As, one can see from Theorem 3.2 that the two-sided cell
corresponding to the partition 4 = 2+ 2 is not singular at two of the roots of Pa,(q) =
(1+a)(1+a+9%)(1+q+q?®+q?); see Example 3.10.

1.1.3. Application: representations with parahoric-fixed vectors. In Section 4,
we use the existence of the action of the asymptotic Hecke algebra on tempered G-
representations to give a simple criterion for the existence of vectors fixed under a
parahoric subgroup of G:

Theorem 4.1. Let 7 = K (u,s,p) be a simple tempered I-spherical representation of G.
Let P be a parahoric subgroup of G and let wp be the longest element in the corresponding
subgroup of Wag. Let BY be the Springer fibre for u.
L. If l(wp) > dimBY, then 7 = {0}.
2. Conwversely, let up be the unipotent conjugacy class corresponding to the two-sided cell
containing wp. Then there exists a semisimple element s € Zgv (up), a Levi subgroup
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MY of GV minimal such that (up,s) € MV, and a discrete series representation
w € E(M) such that

w” =i, (wav)” # {0}

for all v non-strictly positive and the parameter of m is (up,s).

Thus starting from the regular unipotent class, 7(¢,, ) = 0 until reaching the unipotent
attached to wp. At this unipotent, P-fixed vectors are first encountered, and t,,, acts
by a nonzero projector with image contained in 77. For lower cells, it may still be
the case that 77 # 0, but t,,,, will act by zero on such representations, too. Therefore
the nonzero action of t,, detects precisely the ‘most regular’ unipotent attached to
P-spherical representations, in the sense that if a representation m such that 7% # 0
has the unipotent part of its parameter equal to wu, then a(u) > a(up). In this way
the distinguished involutions ¢,,, are more exact versions of the corresponding indicator
functions 1p, at the expense of being more complicated to understand.

Remark 1.6. Recall from Section 1.1.2 that for every simple H-module M there is a
number a(M) such that H='M =0 for all i > a(M). However, if (u,s,p) is the KL-
parameter of M, then without knowing that M extends to a simple J-module, it does not
follow that a(M) =dimB).

Remark 1.7. By [17, Theorem 4.8(d)] and the proof of [17, Lemma 5.5], every two-sided
cell contains a distinguished involution contained in a finite parabolic subgroup of W,g,
but not every distinguished involution of a finite Coxeter group is the longest word of
a parabolic subgroup, i.e. is of the form wp; approximately half of two-sided cells of
the finite Weyl group W C Wog do not contain any distinguished involutions contained
in proper parabolic subgroups, because of the cell-preserving bijection w — wow. For
example, this happens for the second-lowest cell for Ejs.

The existence of parahoric-fixed vectors is a rigid question, in the sense of the rigid
cocentre of Ciubotaru-He [13]. We investigate this connection further in forthcoming
work.

Some time after completing the present paper, we became aware of [19], which also
studies the connection between the asymptotic Hecke algebra and the Plancherel theorem
in type Go, for unequal parameters. In op. cit. the authors speculate that the ‘asymptotic
Plancherel measure’ of op. cit. should be related to the perspective of [11] on J. We defer
investigation of this to future work, but note that in light of both the classic work [35]
of Morris, and recent work [47] of Solleveld, the unequal parameters case is relevant even
to split p-adic groups. In particular, establishing results similar to those of the present
paper for unequal parameters may provide an effective way to study the algebra J of
Braverman and Kazhdan given in Definition 1.9 of [11].

1.2. Outline of the argument

This paper is organized according to our strategy for proving Theorems 1.2, Theorem 3.21,
and Corollary 3.20.
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These results are each simple corollaries of computations with the Plancherel formula
and some of Lusztig’s results on J. The remainder of this section will introduce H
and J precisely, and recall their basic representation theory. In Section 2, we introduce
Harish-Chandra’s Plancherel formula in detail, along with all the numerical constants
that appear in it. In Section 2.4, we recall the results of Braverman-Kazhdan from [11].
There is no original material in the first two sections. In Section 2.8, we prepare to
apply the Plancherel formula by proving that, if f,, is the Schwartz function associated
by Braverman-Kazhdan to t,, and 7 is a tempered representation, then trace(m, f,,) is
sufficiently regular so as not to complicate the denominators of a ,,. This section is also
mostly a recollection of standard material, the only original result being Lemma 2.17.

In Section 3, we prove most of our main results. As we are able to be more precise in
type A,,, we perform each step in parallel for type A,, and for other types: in Sections 3.1
and 3.2 we prove statements like those of Theorem 1.2 for the Schwartz functions f,,. In
these sections q is specialized to a prime power ¢. In Section 3.3 we relate the functions
fw to the basis elements t,,, turning statements that hold for all prime powers ¢ into
statements that hold for the formal variable q. We are then able to prove our main
results.

In Section 4, we state our application about the existence of parahoric-fixed vectors.

1.3. The affine Hecke algebra

Let F' be a non-archimedean local field, O its ring of integers and w be a uniformizer.
Let ¢ be the cardinality of the residue field. Then ¢ = p” is a prime power. We write |- | g
for the p-adic absolute value on F'; when necessary, |-|o will denote the archimedean
absolute value on C.

Let G be a connected reductive algebraic group defined and split over F, A a maximal
F-split torus of G, and X, = X.(A) the cocharacter lattice of A. Let m(G) = X, /Z®V
be the fundamental group, the quotient of the cocharacter lattice by the coroot lattice.
Let N be unipotent radical of a chosen Borel subgroup B, so that B = AN. Let W be
the finite Weyl group of G, and Wog = W x X, (A) be the extended affine Weyl group.
Write S for the set of simple reflections in W,g. Let GV be the Langlands dual group
of G, taken over C. We write G = G(F), A= A(F), etc. Where there is no danger of
confusion, we also write GV for GY(C), MV for MY (C), etc. Let K be the maximal
compact subgroup G(0O). Also let I be the Iwahori subgroup of G that is the preimage
of B(F,) in K. We sometimes write Pg /g for Py, as this polynomial is also the Poincaré
polynomial of the flag variety (G/B)(C).

We write H for the affine Hecke algebra of Wg. It is a unital associative algebra over the
ring A= C[q%,q_%] (in fact, it is defined over Z[q%,q_%] but we will work over C to avoid
having to introduce extra notation later), where q% is a formal variable. We will think of
C* as Spec A. The algebra H has the Coxeter presentation with standard basis {7}, i
with Ty Ty = T if l(ww’) = £(w) 4+ £(w’) and quadratic relation (75 +1)(Ts —q) =0
for s € S. We write 8, for the generators of the Bernstein subalgebra.

Recall from [24] the two Kazhdan-Lusztig bases {Cy}wew., and {Cl, }wew., of H,
where
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_ f(w)
quu:q 2 pr,w((])Tz

rz<w

for the Kazhdan-Lusztig polynomials P, .,. Write C,Cy = ZZGWBH ha,y,-C. The inverse
Kazhdan-Lusztig polynomials Qy . are the unique family of polynomials satisfying

2)— “«y)
T, =Y (-1)"®~Wq>"Q, .(q)C;,
y<z

or equivalently, satisfying

Z (71)e(x)7£(y)nyx(q)Pay(q) =0.s

z<y<ew

along with some restrictions on their degrees. For example, we shall use in Section 3.3.2
that deg@Qy,» < 3(¢(z) —£(y) —1). See [9] for further exposition.
It

©: (Waﬁ‘,S) — (Waff,S)
is a Coxeter group automorphism of W,g, then
Tw— Tap(w)

is an algebra automorphism of H commuting with the bar involution, and therefore given
equivalently by

Crp = Cly)
and
Cuw = Cpu)- (1.3)
It is well-known that there is an isomorphism of associative C-algebras
Hlg—y = H®AC = CX(G)* = H,
where ¢ acts on C by multiplication by q.

1.4. The asymptotic Hecke algebra

Definition 1.1. Lusztig’s a-function a: Wag — Z>¢ is defined such that a(w) is the

minimal value such that qa(2w) P yw € AT =Clq!/?] for all 2,y € w.

The a-function is constant on two-sided cells of Wyg. Obviously, a(1) =0, and the a-
function obtains its maximum, equal to the number of positive roots, on the two-sided cell
containing the longest word wy € W. In general, under the bijection between two-sided
cells ¢ of W,g and unipotent conjugacy classes v = u(c) in GV of [17], we have

a(c) = dime(BY),

where B/ is the Springer fibre of u. We have a(w) < £(w) for all w € Weg.
In [28], Lusztig defined an associative algebra J over C equipped with an injection
¢: H— J®c A which becomes an isomorphism after taking a certain completion, to be
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recalled in Section 3.3.1, of both sides. As a C-vector space, J has basis {t., fwew.,- The
structure constants of J are obtained from those of H written in the {C\ }wew,,-basis
under the following procedure: first, the integer 7, ,, . is defined by the condition

a(z)

q 2 hz,y,z*1 — Vz,y,2 € qA+
One then defines
taty= Y Yoyt
2EWatt
Surprisingly, this defines a unital associative algebra with unit
1J = Z tda
deD

where D is the (finite) set of distinguished involutions [28]. The elements t4 are orthogonal
idempotents in J, which decomposes as a direct sum indexed by the two-sided cells of
Wag in the sense of [27]. Each left cell, again in the sense of op. cit., contains a single
distinguished involution which is the unit in the ring t4Jt4. If ¢ is a two-sided cell, then
Je is a is a unital ring with unit

15, = Z tq.

deDnNe

Lusztig further defined a map of algebras
¢o:H—JRcA
given by

¢(Cw) = Z hw,d,ztz~

zeW, deD, a(z)=a(d)

Write ¢, for the specialization of this map when q = ¢. It is known [29, Proposition 1.7]
that ¢, is injective for all ¢ € C*.

Lemma 1.8. Let
©: (Waﬁ‘,S) — (Waﬁ,S)
be a Cozeter group automorphism. Then

L. The map ty, — tyw) defines a based ring automorphism of J, which we also denote
®.

2. The map ¢ is p-linear, in the sense that it commutes with the automorphism from
the first statement and the automorphism (1.53).

Proof. The first statement is [32, 2.2(g)].
For the second statement, note that ¢ acts on D and that

¢(C<p(w)): Z htp(w),dl,zltzl
d

1~LZ1
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and

0(¢(Cw)) = Z hwydmzztw(@)'

da~rp z2
Now if 21 = p(22), then d; = ¢(d2), and

hp(w), i,z = Pp(w), o(da), 0 (ds) = Pw,da, 2

by (1.3). O

1.4.1. Deformations of the group ring. Upon setting q =1, H|q=; is isomorphic
to C[Wag], and so H is a deformation of the group algebra of W,g.

Let, temporarily, W be any finite Coxeter group. Then one can define its Hecke algebra
H, an algebra over Z[q%7q_%] which deforms the group ring Z[W]. Let ¢ € C*. For all
but finitely many values of ¢, all roots of unity, the algebras Hq—, are trivial deformations
of C[W], and hence are all isomorphic. However, this isomorphism requires choosing a
square root of q. The affine Hecke algebra provides a canonical isomorphism: away from
finitely many ¢, we have that H|q=, is isomorphic to J, and J is defined over Z (although,
as stated above, we will view it as a C- algebra to unburden notation), see [31, Section
20.1 (e)].

Example 1.9. Let W = <1,s|52 = 1> be the Weyl group of type A;. The Kazhdan-
Lusztig Cy,-basis elements are C; =717 and Cs = q_%TS — q%Tl, and D =W in this case.
There are two two-sided cells in W, and one can easily check that

(b: Cl — 1+t
and

¢: Cy > — (q% +q’%) ts.

Specializing q = ¢, we see that ¢ becomes an isomorphism whenever (q% + q_%> #0, that
is, whenever ¢ # —1.

1.5. Representation theory of H and J

Recall the classification of finite-dimensional H-modules given in [25]. For an extended
exposition with slightly different conventions, we refer the reader to [12]. The primary
difference between the setup we require and that of [12] is that we must be able to defer
specializing q until the last possible moment, whereas specializing q is the first step of
the construction as given in [12]. In particular, let u € GY(C) be a unipotent element,
and s € GY(C) be a semisimple element such that us = su. Let p be an irreducible
representation of the simultaneous centralizer Zgv (s,u). The standard H-module K (s,u,p)
is a certain, and in general reducible, H-module defined using the geometry of the flag
variety of the Langlands dual group. It may be the zero module; we say that (u,s,p) is
admissible when this does not happen. Having fixed s and u, we say that p is admissible
if (u,s,p) is.
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We now recall an algebraic version of the Langlands classification. As we do not have
access to the notion of absolute value of q, the classical definitions of tempered and
discrete-series representations of the corresponding p-adic group G are not available
to us. However, Kazhdan-Lusztig provide the following algebraic generalization. Let
K= (C(q_%) and K be the algebraic closure of K. We write Hg for H® 4 K and recall
another definition of Lusztig’s from [17].

Definition 1.2. Let M be a Hg-module finite-dimensional over K. Say that m € M is
an eigenvector if 0, -m = y,(x)m for all dominant z in X As xm Is a character of

the coweight lattice, it corresponds to an element o, € AY(K) in the sense that, for all
cocharacters z of A, we have

Xm(z) = 2(0m)

where 7 is viewed as a character of AY. Then M is of constant type if there is a semisimple
element s’ € GY(C) and a morphism of algebraic groups

¢ SLo(C) — Z2 ()
such that for all eigenvectors m of M, the element o, is G (K)-conjugate to
¢'(diag(q1/2,q_1/2))8/,

where by abuse of notation we have written ¢’ again for the base-change to K.

The idea of the name of the definition is that s’ € GY(C) is a ‘constant element’ not
depending on q.

Next is a generalization of Casselman’s criterion, which as such, requires a choice
of dominant weights. Following [25] (see the proof of Prop. 1.6 of loc. cit.) and
[17, Section 1.6], we choose the positive roots to be those occurring in g/b.

Following [17], we choose a morphism of groups V: KX — R such that V(q%) =1 and
V(aqz +b)=0for all a € C, b e C*.

Definition 1.3 [17], c.f. [25]. Let M be any finite-dimensional Hg-module. We say that
M is V-tempered if all eigenvalues v of 0 for all dominant A € X, (A) satisfy V(v) <0.

The representation theory of J is very well understood. We shall recall some notation
and then state some major classification results of Lusztig, which relate the representation
theory of J to certain H-modules defined by Kazhdan-Lusztig.

Definition 1.4. Let F be a J-module. Then E®c K is a J ®c K-module. Hence Hi acts
on E via ¢. Denote the resulting Hx module by ?E.

1.5.1. Involutions on H. For x € Wyg, let w(z) € m1(G) label the W x Z®V-coset of

Wag containing z, and write w(z) = w(x)fw(z); € W x X.. Then every y <z is also in
the coset of w(x).

https://doi.org/10.1017/51474748025101321 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748025101321

14 S. Dawydiak

Definition 1.5. Let j: H— H be the ring (and not A-algebra) involution of H defined
by ](Zw awTw) = Zw (_Zw(fl)e(w)q*e(w)Tw

The j-involution exchanges the {Cy,} and {C}, }-bases [24].

The reason for our choice of conventions, which differ slightly from those of [29] and [17],
is the presence of the involution t and its exchange of temperedness and anti-temperedness
in the relationship between H-modules and J-modules; see Theorem 1.13 and Lemma 1.10
below.

Definition 1.6.
(a) Define the A-algebra involution T(—) of H by setting
i1, = (-1) £(wy) e(“’)T__l, w=ws\ € W,g.

Note that the sign factor depends only on wy.

(b) Let h+— *h be the A-involution defined in terms of the Bernstein presentation of
H: by

Ty =(-1)""q T, weWw
and
“0h=0,", \eX..
(¢) ([40, Section 5.a].) Let & be the A-linear involution defined by
R(Tw) = Tr(w)

induced by the Coxeter group automorphism given by &(s) = woswy for s € S\ {so}
and &(sg) = s, so that £(A) = —wo(A) for A € X,; equivalently

R(Tyw) = Twowwal, weW, RO\ =0_u,0n), A€X.
(d) ([5, Section 5].) Let h— *h be the A-linear anti-involution defined by
*Tw=Typ-1, weW, *0,=0, AelX..
(e) ([5, Section 5].) Let h — *h be the A-linear anti-involution defined by
Tw =Ty, weW, *0x="Ty0:\T, wo, A e X..

By [38, Prop. 2.9], *T,, = T\,—1 for w € Wog. When G is simply connected, the involution
T agrees with the Goldman involution of H. Now we have

Lemma 1.10. We have

a) We have 1C, = (—1 )Z(“(m)f)j(C ) = (—1)!@+UL@IC! for all 2 € Wag.
b) We have T0x = Ty 05 (x) Topet Tw(ﬂ;()\ ok

(

(

(c) We have **T(—) = (—) as involutions on H.

(d) We have *(—)o*(—) = Ty k(=) Tw, as automorphisms of H.
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(e) We have the commutative diagram

¢

H H JoA
*HJ JT}}%(—)TW y(TwOrla(—w(mO)
H4,Hq d JRA.

Proof. By definition, if = wz’ for 2’ € W x Z®" and w € m1(G), then C,, =T,,C’, and
Cy =T,Cy . Further, if w = wyw; € Wag has ¢(w) =0, then 7, = (fl)f(‘*’f)Tw. Therefore
it suffices to show that

th="(R)=j(h)

as A-antilinear automorphisms of H for G simply connected. In this case, ¢(\) € 2Z for
any dominant A € X, whence T(—) agrees with the involution T}, ~ (—l)z( gt
w € W x Z®V. Therefore we compute

Zb tT _Zb f(x) Z(m)T Zb z)q I)T =7 (Zb T)

whereas
i (szTz> _t (ZE$(1)Z(w)qe(I)TTm> )

Thus we have TC,, = (—1)*™)C’, for G simply connected, whence (a).
It suffices to prove (b) for A dominant, in which case

TH)\ — q_TTTX — qTT_)]: — qT (*TA)_l
=(*0,) ' = (TwOQE(A)TJ;) =T, -\ T1

Wo K (N) T wo ?
where we used the equivalence of the definitions in Definition 1.6 (e). This shows (b).
For (c), we again compute, for A dominant, that

.*TG)\ = (Twog—k(A)TJOI) =°0_,=0_,.

Agreement on Ty, for w € W follows from the fact that **(—) is the identity on the finite
Hecke algebra. This shows (c).

On the Bernstein subalgebra, part (d) follows from the definitions. On the finite Hecke
algebra, we must show that the right hand side is the identity automorphism. For s a
finite reflection, write woswg = k(s), again a finite reflection, so that k(s)wos = wy, and

Too Ts Tt = Ty Ts Ty T = Ty Ty = Tr() Twos Toggs = T(s)-

wo wgs wo S

Therefore on the finite Hecke algebra, & is given by conjugation by Ty, .
Commutativity of the right square in (e) follows from Lemma 1.8, and commutativity
of the left square follows from (c) and (d). O
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Given an H (or Hy)-module M, define TM to be the same vector space with the
H-action twisted by this involution, and likewise for other automorphisms.

Corollary 1.11. Twisting by T(—) exchanges tempered and anti-tempered H-modules.
Proof. Immediate from Lemma 1.10 (b). O
In fact, more is true: by [23, Thm. 2], M is the Aubert-Zelevinski dual of M.

Remark 1.12. There is another natural auto-equivalence of the category of admissible
representations of G which exchanges tempered and anti-tempered representations,
namely Bernstein’s cohomological duality. This functor differs from Aubert-Zelevinski
duality by the contragredient [43] (c.f. [37]). On semisimple H-modules 7, we have
fr =7, by [40, Prop. 6.3]. Therefore twist by the involution *(—), which manifestly
exchanges tempered and anti-tempered representations, induces on semisimple modules
the cohomological duality. However, it does not do so in general, because k does not
induce the contragredient in general. Indeed, for G = SLo(F'), & =id but not all non-
unitary principal series of G are self-dual. Therefore the operation *(—) is less natural
than T(—); this is perhaps reflected by the fact that the formulas in Theorem 1.2 are
nicer than those for (¢o*(—))~'(t,), which are related to those of the Theorem by
Lemma 1.10 (e).

We now summarize the relationship between representations of H and of J.

Theorem 1.13 ([17], Prop. 2.11, Thm. 4.2, Prop. 4.4). There are bijections of sets

(u,s,p) {(u,s,p) | p admissible, us = su} /G (C)
!
*K(s,u,p) @4 K {M €Hyx —Mod | *M ®£ K simple, V — tempered
|
?FE =E®cK € Hc —Mod Hj; —module of constant type}
|
E {E e J—MO(LE is simple},

where K(u,s,p) is a standard module as in [25]. Moreover, for a simple J-module E,

1. E is finite-dimensional over C;

2. There is a unique two-sided cell ¢ = c(E) of Wag such that trace (E,t,,) # 0 implies
w € C.

3. trace (E,t,,) is the constant term of the polynomial
(—q/?) e EDtrace (M ,C,,) € C[q%]
where M ~?E.
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In particular, trace(F,t,) is independent of q, and upon specializing q = ¢ a prime
power, will be a regular function in the twisting character in the setting of the Paley-
Wiener theorem for the Iwahori-Hecke algebra of the p-adic group G, as we will explain
in greater detail below.

We will comment even further in Section 2.4 on the necessity of twisting by some
H-involution exchanging tempered and anti-tempered modules, and how it is sufficient
to twist ¢ by either *(—) or T(—), respectively but that the latter twist leads to nicer
formulas.

2. Harish-Chandra’s Plancherel formula

We recall the notation and classical results we will need about the Plancherel formula.
For Iwahori-biinvariant Schwartz functions, the Plancherel formula is known explicitly for
all connected reductive groups, and is due to Opdam in [38]. In the case of G = GL,,(F),
we shall refer instead to [4] (where in fact the Plancherel formula is computed explicitly
in its entirety for GL,,). In the case G = Sp,, we shall refer to the unpublished work [3]
of Aubert and Kim. For G = G2, we will refer to Parkinson [39].

In this section ¢ is a prime power (or at least a real number of absolute value strictly
greater than 1). The formal variable q will not appear in this section.

2.1. Tempered and discrete series representations

We take our definitions of discrete series and tempered representations from [48, III.1]
and [48, IIL.2] respectively. By parabolic induction we always understand normalized
induction.

Definition 2.1. A smooth admissible representation w of G belongs to the discrete
series if w admits a unitary central character and all matrix coefficients of w are square-
integrable modulo Z(G). We write & (G) for the space of irreducible discrete series, and
E>(G)! for the space of irreducible discrete series with nontrivial Iwahori-fixed vectors.

K

Let v be the K-fixed vector in the self-contragredient representation Ind% (triv)™ such

that v(1) = 1. Define Z(g) = (m(g)v,v) to be the corresponding matrix coefficient.

Definition 2.2. A smooth function f on G is tempered if there is C' > 0 and r € R such
that

f(9)l < CE(g) (1+1loglgll)",
where ||g]| > 1 is defined as in [48, p.242].

Definition 2.3. A smooth admissible representation 7w of G is tempered if all its matrix
coefficients are tempered functions in the sense above.

We write M;(G) for the category of tempered representations of G. If a tempered
representation admits a central character, the central character takes values in the circle
group T c C*.

The tempered representations are built from the discrete series according to the
following theorem of Harish-Chandra, as related in [48, Prop. IT1.4.1].
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Theorem 2.1 (Harish-Chandra). Let P be a parabolic subgroup of G with Levi subgroup
M, and let w € E;(M). Let v be a unitary character of M. Then m = Ind%(w®v) is a
tempered representation. Every simple tempered representation is a direct summand of a
representation of this form.

2.1.1. Formal degrees of discrete series representations. We will soon study
the Plancherel decomposition f =", far of the Schwartz function f determined by an
element of J as explained in Section 2.4. As will be explained below, each function fjs
is given by an integral formula that involves several constants that depend on the Levi
subgroup M, or are functions on the discrete series of M. These constants are rational
functions of ¢, the most sensitive of which is the formal degree d(w) of w € E(M)!. Much
is known about formal degrees for I-spherical w; the most general current result seems
to be

Theorem 2.2 ([46], [16], Theorem 5.1 (b), [18] Proposition 4.1). Let G be connected
reductive over F. Let w be any unipotent — in particular, any Iwahori-spherical — discrete
series representation of G = G(F). Then d(w) is a rational function of ¢, the numerator
and denominator of which are products of factors of the form ¢"/? with m € Z and (¢" —1)
with n € N. Moreover, there is a polynomial Ag depending only on G and F such that
Agd(w) is a polynomial in q.

This result is proven by first proving that the Hiraga-Ichino-Tkeda conjecture [22] holds
for unipotent discrete series representations. Note that [46], [16] and [22] all use the
normalization of the Haar measure on G defined in [22]. This normalization gives in our
setting ppmr(K) = ¢ G #G(F,). Hence, noting that #G(F,) = Pa/s(q) - #B(F,) and
that, as I, is perfect, #B(F,) is a polynomial in ¢, we have

1

HI = =& 7o \ MHHIT,
qdun G #B (Fq)

and so this question of normalization cannot affect the denominators of d(w), for any Levi
subgroup.

In the Iwahori-spherical case, Opdam showed the above result in [38, Proposition 3.27
(v)], although with less control over the possible factors appearing in the numerator and
denominator of d(w). We emphasize that op. cit. does not make the splitness assumption
we allow ourselves.

Remark 2.3. Proposition 4.1 of [18] studies not the -factor we are interested in, but
rather its quotient by the ~-factor for the Steinberg representation. However, accounting
for the use of the Euler-Poincaré measure pyp on G, and known formula for the formal
degree of the Steinberg representation, one may recover our desired statement about
formal degrees from the main theorem and equation (61) of [18].

2.2. Harish-Chandra’s canonical measure

In this section, we recall the standard coordinates used in [4], and [48]. We follow both
references closely. These conventions differ slightly from the original [21]. Everything in
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this section is standard, but we include details because we do require explicit measures
with which to compute. We state the below for general G, for application to each standard
Levi subgroup of G.

2.2.1. Unramified characters. Let X*(G) = Hom(G,Gy,) denote the rational
characters of G defined over F. Let ag := (X*(A) @z R)* = (X*(G) ®zR)* be the
real Lie algebra of the maximal split central torus A = Ag of G and let agc be its
complexification. We have a map

X*(G) = Hom(G/G*,C*) =: X(G)

given by x — |x|r, where |x|r(9) = [x(9)|r and G' = ﬂxex*(c)ker|X|F- This gives
the unramified characters X(G) a complex manifold structure under which X(G) ~
(C*)dimzac  For indeed, we have

act — X(G) — 1

given by
X®s> (g [x(g)|F = ¢~ x@)),

The kernel is spanned by all x ® s such that sval(x(g)) € li’g”;ZZ for all ¢ € G. Hence the

kernel is li’ngR, where R C X*(A)®zQ is a lattice. In this way the quotient X(G) is a

complex manifold.

2.2.2. Unitary unramified characters. Denote by ImX(G) the set of unitary
unramified characters taking values in the unit circle T C C*. This notation is justified,
as if |x|r = |X/|F, then Re(x) = Re(x’) € af;. Hence we can define ImX'(G) to be the
unramified characters coming from pure imaginary elements of agg.

The surjection ImX(G) — ImX(A) has finite kernel, and ImX'(A) is compact. We
choose the Haar measure on it with volume one.

2.2.3. Action by twisting and the canonical measure. The group X(G) acts on
admissible representations of G by twisting: w — w® v for v € X(G). This restricts to an
action of ImX(G) on & (G).

Pulling this action back to iaf,, and given a representation w, let L* be its stabilizer
in iaf;, so that the orbit o of w is identified as tag*/L*. This gives 0 = ImX(G) -w the
structure of a real submanifold of the larger orbit oc = agg/L* = X(G) -w.

Definition 2.4. Given an orbit 0 C &(G), the Harish-Chandra canonical measure on o
is the Euclidean measure on o whose pullback to Im X' (G) agrees with the pullback of the
Haar measure on Im X (A).

Hence even though the construction of the canonical measure is slightly involved, in
practice it will be easy to recognize as being essentially the Haar measure on the compact
torus Im X' (A).

https://doi.org/10.1017/51474748025101321 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748025101321

20 S. Dawydiak

Example 2.4. If G = SLy(F) and M = A is the diagonal torus, we have af, ~R and

R =7 so that a fundamental domain for af,/ lfqu is [—ﬁ,ﬁ)
logq

measure dv = —>dx, where dz is the Lebesgue measure. To obtain quasicharacters of G,
we associate to v € ags the quasicharacter y, (g) = ¢ 7¢9) =|v(g)|F, where the second
equality defines Hg: G — ag.

Therefore to compute the integral of a function f on £ (G) supported on the unramified
unitary characters of A, we compute

1 TR 1
/ W) dw = /f w)d ogq/l 24 f(eztlogq)dt: o f(2) d
52( — T Jr 2

loggq

and the canonical

if ¢+ €180 = ¢% =: 2 (here s = it) parameterizes the unit circle T.

In general, &(Mp) is a disjoint union of compact tori, and the Plancherel density
descends to the quotients of these compact tori by certain finite groups, namely, the Weyl
groups of (P,Ap). The set E(Mp)! is finite up to twists by unramified characters, by a
result of Harish-Chandra [48].

2.3. The Harish-Chandra Schwartz algebra

Let C = C(G) be the Harish-Chandra Schwartz algebra of G; see [20], [48], or [11] for the
definition and associated notation. In particular, we will record for future comparison
with the argument in the proof of Proposition 3.13 that

q(iq_#w < A(Twl) < L
Let C'*! be the subalgebra of Iwahori-biinvariant functions. As explained in [48], the
Fourier transform f +— m(f) defines an endomorphism of « for every f € C and every
tempered representation 7.
The Plancherel theorem is the statement (see [48, Thm. VIIL.1.1]) that this assignment
defines an isomorphism of rings

C — &(G),

where &(G) is the subring of the endomorphism ring of the forgetful functor M;(G) —
Vectc defined by the following conditions:

1. For all 7 = Ind%(v ®w), the endomorphism 7, =17, is a smooth function of the
unramified unitary character v and w € E(Mp);

2. The endomorphism 7, is biinvariant with respect to some open compact subgroup
of G.

We have the obvious inclusion ¢: H < CT*1,

Define the subring £(G) of the endomorphism ring of the forgetful functor M(G) —
Vectc from the category of all smooth representations, by replacing, in (1) above, unitary
characters with all unramified characters, and ‘smooth’ with ‘algebraic’, and adding
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3. The endomorphisms 7, are compatible with supercuspidal support, i.e. if (M;,01)
is the supercuspidal support of 7w, so that

T=i%(WwV) =T = iIGpl (01 ®11),

then 7, preserves m and 7y, |z = M-

The matrix Paley-Wiener theorem of Bernstein [6] says that f — 7 (f) is an isomorphism
from the full Hecke algebra of G onto £(G). Denote by £ and & the subrings of
I-invariant endomorphisms.

Remark 2.5. Property 3 means that unlike Schwartz functions, the Fourier transform
of a compactly supported function may be freely specified only on inductions of
supercuspidal representations. In particular, an algebraic family of endomorphisms
defined for all unramified characters may fail to come from a compactly supported
function. An example of a non-compactly supported function with regular Fourier
transform is the element of J given in Corollary 3.19, because 7(t1) = 0 except if =
is the Steinberg representation of G.

For computational purposes such as ours, we require that these isomorphisms be
explicit. In the Iwahori-spherical case, harmonic analysis on C’*! can be phrased
internally to H and various completions of H. In this setting Opdam gave an explicit
Plancherel formula in [38]. In more general settings there are explicit formulas for GL,, (F'),
Sp4(F), and G2(F'), which we will also make use of.

2.4. The algebra J as a subalgebra of the Schwartz algebra

In [11], Braverman and Kazhdan constructed a map of C-algebras J — C'*!. We shall
review this construction now.

Definition 2.5 ([11], Section 1.7). Let P = MpNp. A character x: Mp — C* of Mp
is non-strictly positive if for all root subgroups U, C Np, we have |x(a¥(z))|o > 1 for
‘.’tlF 2 1.

We say a non-strictly positive character x is strictly positive if for all root subgroups
U, C Np, we have |x(aY(z))]oo > 1 for |z|p > 1.

Of course, it suffices to test this for © = ww™1.

Example 2.6. For G = SLy, in the conventions fixed in Example 2.4, an unramified
character y of A is non-strictly positive if it corresponds to z such that |z| > 1.

If G = GL,, and v corresponds to the vector (z1,...,2,) € C", then the condition that v
is non-strictly positive translates to |z1]| > |z2| > -+ > |2z,|. Such conditions divide C™ into
chambers, on which the Weyl group &,, clearly acts simply transitively. Interior points
correspond to strictly positive v.

Following op. cit., let £1(G) denote the subring of &(G) defined by the following
conditions on the endomorphisms 7;,:
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1. For all 7 = Ind%(w@w), the endomorphism 1, =7, . is a rational function of v,
regular on the set of non-strictly positive v.

2. The endomorphism 7, is I x I-biinvariant.

Theorem 2.7 ([11], Theorem 1.8). Let G be a connected reductive group defined and
split over F. Then the following statements hold:

1. Let m be a tempered representation of G. Then the action of H on 7! extends uniquely
to J via poT(—).

2. Let P=MN be a parabolic subgroup of G with Levi subgroup M and let w be an
irreducible tempered representation of M. Let v be a non-strictly positive character

of M and let m = Ind%(w®v). Then the action of H(G,I) on ! extends uniquely to
an action of J.

3. The action of J on the representations 7! in (2) extends rationally in v to define a
homomorphism

n: J = EHG).
denoted
tw = (Nx (W) rem, ()
The proof of Theorem 2.7 (1) and (2) in [11] uses Theorem 1.13 and [52], to show that,
in the notation of Section 1.5.1,
E(us,0)lr ="K (u,5,0,0) = *i%(0 @v)
where the restriction is via ¢, and hence that
E(u,8,0) H,g0(—) = K (u,5,p,q) = if (0 @),

where the restriction is now via ¢o*(—).

By Lemma 1.8, the map ¢ is k-linear, where & is as in Definition 1.6. Of course, ¢ also
intertwines conjugation by Ty, and ¢(Ty,)-

As noted in Section 1.5.1, if # = K (u,s,p) is simple tempered (or more generally, is any
semisimple module), then by [40, Prop. 6.3],

E(u757p)|¢>oT(—) = T*K(U,S,p) = K('U;,S,p) (21)
is simple tempered. Moreover, by Lemma 1.10 (e) and (2.1), we have, if ¥, (h) =
Tw,hT,}, that

Rop(W b

O)E(uvsvp”gbo’r(—) = d)(\l!l_ué

)E(u 5 p)|ko¢of(—)
E(u,s,p)
E(’U,7S p)‘d)o\llwoonoT -)
E(u,s,p)
(u,5,p)

u,s,

|s(wztyorogot ()

|go(—)
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for any standard H-module K (u,s,p). Therefore any standard H-module extends to a
simple J-module via ¢of(—).

Composing the morphism 7 with the inverse Fourier transform, Braverman and
Kazhdan define an algebra map

¢: J— Xt
sending

Ly (nﬂ(w))weMt(G) = fu = Z Aw,wa € CIXIv
TEWagt
where Ay ., = fu(Izl). By definition, n.(w) = 7(f.) as endomorphisms of m. We will
show later that ¢ is essentially the map ¢ !.

Remark 2.8. There are gaps in the proofs of injectivity and, as pointed out to us by R.
Bezrukavnikov and I. Karpov after an early version of the present paper was completed,
of surjectivity of the map n in [11]. In the present paper we prove injectivity by proving
injectivity of ¢ in Corollary 3.20. We prove surjectivity in [15] for all but a small number
of cells for exceptional groups; [8] proves that 1 is an isomorphism for all two-sided cells.

Implicit in [11] is
Lemma 2.9. We have the commutative diagram (1.2).

Proof. Let 7 be a tempered representation of G. By Theorem 2.7 and (2.1), the H-action
on it extends to a J-action via ¢of (=), such that

e (g(11)) = 7(f)
in & for any f € H. Therefore q~50¢>q (*f) = f by the Plancherel theorem. O

2.5. The Plancherel formula for GL,,

For G = GL,,(F'), we have access to an explicit Plancherel measure and its Bernstein
decomposition, thanks to [4].
Recall that for G = GL,,(F'), we have bijections

{partitions of n} <> {Standard Levi subgroups M of GL,,(F)} (2.2)
<> {unipotent conjugacy classes in GL,,(C)} (2.3)
+ N/GL,(C)
{2 —sided cells ¢ in W} (2.4)

> {direct summands J. of J}

where (2.2) <> (2.3) sends a unipotent conjugacy class u to the standard Levi M such that
a member of u is distinguished in MV, and (2.3) <> (2.4) is Lusztig’s bijection from [17].

Definition 2.6. Let u be a unipotent element of a semisimple group S over the complex
numbers. Then v is distinguished in S if Zg(u) contains no nontrivial torus.
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Let P = MpNp be a parabolic subgroup of G and let o be an orbit in & (Mp) under
the action of the unitary unramified characters of Mp as explained in Section 2.2. Write
Wi, C W for the finite Weyl group of (Mp,Ap). Let Stabyy,, (0) be the stabilizer of o.
Recall that a parabolic subgroup of G is said to be semistandard if it contains A. Then
the Plancherel decomposition reads

f= Z fMp,o

(P=MpNp,o0)/association

where f € C(G), the sum is taken over semistandard parabolic subgroups P up to
association, and

fripo(9) :C(G/M)72’Y(G/M)71#StabWM(0)71/NG/M(W)d(W)trace(ﬂ'ng(f))dWa

where R, f(z) = f(zg) is the right translation of f and 7 = Ind% (v ®w) is the normalized
parabolic induction of the twist of w by a unitary unramified character v of M. In [4],
each term above is explicitly calculated as a rational function of ¢.

Lemma 2.10. There is a finite set S = {(Mw)|we&(M)'} such that

trace (Indﬁ(w@u),f) is nonzero only for w € S, for all I-biinvaraiant Schwartz

functions f.

Proof. This is entirely standard. As & (M) is finite for every M, and there are finitely
many standard parabolics of G, we need only show that Ind%(w@u)l #0 only if w!™ #£0,
where I is the Iwahori subgroup of the reductive group M relative to the Borel subgroup
M(F,)NB(F,) of M(F,). Note that I)s is naturally a subgroup of I. For any representation
o of M, if f € Ind%(0) is I-fixed, then for iy € Iy, we have

1

fing) = o(ing)dp(ine) f(1) = f(1).
As ép =1 on every compact subgroup of P, we have 5%,(1'M) =1, and f(1) € o', O

Let 7 = Ind%(w®v) be a tempered representation and let (u,s) be the KL-parameter of
its discrete support. Then by [25, Theorem 8.3], M is minimal such that (u,s) € My. By
op. cit., this condition is equivalent to Zs(s) being semisimple and « being distinguished
in Z]\/[ (8) .

Proposition 2.11 (c.f. [38] Proposition 8.3). The Plancherel decomposition is compatible
with the decomposition J = @, Je in the sense that if w € ¢, f = f, and u=u(c) under
Lusztig’s bijection, then fur # 0 only for those M such that there exists s € MY (C) such
that Zyv (s) is semisimple and Zyv (s) N Zyv (u) contains no nontrivial torus.

Proof. Let 7 := Ind%(v @ w) be a tempered irreducible representation of G induced
as usual from a standard parabolic subgroup P with Levi subgroup M. Then 7!
tempered irreducible H-module, and is of the form K (u,s,p,q) for u,s € GY(C) and p a
representation of 7o(Zgv (u,s)) with s compact. By Theorem 2.7, K (u,s,p,q) extends to
a J-module. By definition of Lusztig’s bijection, m(f,) # 0 only if w is in the two-sided

is a
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cell ¢ = c(u) of Wog corresponding to u. On the other hand, K (u,s,p,q) is induced from
a square-integrable standard module Ky (u,s,p,q) of H(M,Ips). But now [25, Theorem
8.3] says that (u,s) must be precisely as in the statement of the proposition. Thus only
such summands (f,,)as in the Plancherel decomposition of f,, are nonzero. O

Of course, when G = GL,,, the bijections (2.2), (2.3), and (2.4), imply that there is a
unique nonzero summand (fy,) s for each w.

2.6. Plancherel measure for GL,,

We refer to [4, Section 5], for a summary of the Bernstein decomposition of the tempered
irreducible representations of GL,,, in particular we use the description in loc. cit. of the
Bernstein component parameterizing the I-spherical representations of G.

As we shall be applying the Plancherel formula only to Iwahori-biinvariant functions, it
suffices to consider only irreducible tempered representations with Iwahori-fixed vectors.
For GL,,, the only such representations are of the form

7 =Ind% (1, St; X - - K1, Sty

where St; is the Steinberg representation of GL;, and P D M = GLj, x--- x GL,.

These representations are parameterized as follows. Let M be a Levi subgroup
corresponding to the partition I; +---+ [ = n, and recall that we write T for the
circle group. Define vy € &, by y=(1...1;)(1...13)---(1... 1), so that the fixed-point set
(T™)Y = {(21,-++,21,+++2ky---,2k) } = TF. Then the irreducible tempered representations
with Iwahori-fixed vectors induced from M are parameterized by the compact orbifold

(T")"/Zs,, ()

Theorem 2.12 ([4], Remark 5.6). Let G = GL,, and M = GL;, x --- x GL;, be a Levi
subgroup. Then the Plancherel measure of H on (T™)Y/Zg, (7y) is

k _1 ) B
dv (w)znm.q“;“2_ ¢*9M (2 — 25¢%) (2 — " 92)
B~ SCEE G50 (- a71%,)

(i,5,9)

where the tuples (i,7,9) € Z X Z X %Z are tuples such that 1 <i<j <k and |g; —g;| < g <

9i+9;, where g; = b5

—

This is the measure that we will integrate against, by successively applying the residue
theorem. When carrying out explicit calculations, we will usually elide the constant

k 2. )
gl li(g—1)k nn?

. q
(gli —
i li(q 1)

as it depends only on M. We shall abbreviate

2 _
T, gi= q—Zg—l ' <q—gz’i)‘ _ (Zz' _QQZj)l(Zi —q gzjl) ’
Zj (zi =297 ) (2 — 7' 2))
and recall that, as noted in the proof of Theorem 5.1 in [4], the function (z1,...,2x) —

H(ij 9 T j.q is Zg, (7)-invariant. Hence for the purposes of integration, we may allow
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ourselves to integrate simply over T*. Moreover, there are many cancellations between
the I'; ., for a fixed pair i < j as g varies. Indeed, putting g;; = ¢! =91, ¢ = ¢9i+9i+1,
and

i (i —qiiz) (2 — (qi)~
T ) (= () Txy)

we have

Hri,j,g = ]‘—‘U’
where the product is taken over all integers g appearing in triples (4,7,¢) for i < j fixed.
We set

- IT o2 Hq’_liljll g

(i,4,9)

where the first product is taken over (¢,j,g) such that 1 <i < j <k and |g; —g;| <g <
gi+g;.

2.7. Beyond type A: the Plancherel formula following Opdam

Beyond type A, we still have available Opdam’s explicit Plancherel formula for the
Iwahori-Hecke algebra [38]. Let G be a connected reductive algebraic group defined and
split over F, of Dynkin type other than type A (to avoid redundancy). Let f be an
Iwahori-biinvariant Schwartz function on G and let M be a Levi subgroup of G. Given
a parabolic subgroup P of G, let Ry and Rp 1+ be defined as in [38], Section 2.3.
Recall that the group of unramified characters of a Levi subgroup M has the structure
of a complex torus, and is in fact a maximal torus of MY (C). In particular, if P is a
parabolic subgroup and « is a root of (Mp, Ap), then it makes sense to write a(v) for any
unramified character v of M. Then, altering Opdam’s notation to match our own from
Section 2.5, the Plancherel formula reads

Theorem 2.13. ([38] Thm. 4.43).

B q—e(w”)
fM"’(l)_#STWM(o)/Od(w)
[1-a’(v)]?

1 1
aveRy \Rpa o |1 @& aY ()22 - g3 gacr” (v)'/2]?

trace (7, f) dw,  (2.5)

where ™ = Indg(w@)u), P > M, and where q, and gz are powers of q, and w’ is the
longest element in the complement WT to the parabolic subgroup Wp of W.

Note that whenever goo = 1, which holds whenever oV & 2X,, the factor for a reduces to

[1—a¥(v)]

—|1—qaav(u)|2' (2.6)
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In types A (as we have used above) and D, this simplification always occurs. In types B
and C, it happens for all roots except a =2¢; € Ry 4 (By,) and a =4¢; € Ry 1 (Cy,), where
g; is the character diag(a,...,a,) — a;.

For explicit evaluation we rewrite (2.5) in coordinates as follows. Recalling the setup
of Section 2.2.1, a chosen basis {3} of the coweight lattice of G. Then we obtain
coordinates z;, such that if o =3, ¢;8;, then the factor in (2.5) labelled by a" is

L= i

3,01 €n\1/212(1 — g2 el eny1/2)2 @7)
[T+ (21" 20" V221 = ga gaalzr" - 2n") V2

When integrating, the coordinates z; are restricted to the residual coset corresponding
to o, in the sense of [38]. For G = GL,,, we used the basis afforded by the characters ¢;.

2.8. Regularity of the trace

In order to extract information about the expansion of the elements t,, in terms of the
T,-basis via the Plancherel formula, we must establish a regularity property of
trace (m, f,,) where 7 is an irreducible tempered representation of G. The needed property
follows trivially from Theorem 2.7.

2.8.1. Intertwining operators. The goal is to use the property that elements of
E(G) commute with all intertwining operators in M;(G), and regularity of the trace for
unitary and non-strictly positive characters of M to deduce regularity of the trace at all
characters of M.

Let w be a discrete series representation of a Levi subgroup M of G, and let v be any
unramified character of M, not necessarily unitary. Then we may form the representation
7 =1Ind2(r®w) of G, where P is a parabolic with Levi factor M. We will now recall some
well-known facts about the action of the Weyl group of M on such representations 7. Let
0 and 6" be two subsets of A corresponding to Levi subgroups M and M’. Let w € W be
such that w6 = @’. Then there is an intertwining operator

Jp|pr(w,v): Ind2(row) — Inds, (row)
for each w € W(6,0") = {w € W|w(#) =6'}. For G = GL,,, this set is nonempty only if
Mg :GrLl1 Xoees XGL[N Mg/ :GLl’l Xoees XGL[E\,

and {ly,...,In}={l1 ...,y } are equal multisets. In this case, W (6,0") ~ &y can be viewed
as acting by permuting the blocks of M. It is well-known that Jp|p/(w,v) is a meromorphic
function of v with simple poles. The poles of these operators have been studied by Shahidi
in [44], and in the language of modules over the full Hecke algebra by Arthur in [1]. The
results will be stated for certain renormalizations A(v,w,w) of the operators Jp|p/(w,v)
as explained in equation (2.2.1) of [44].

2.8.2. Conventions on parabolic subgroups. We now recall the notation of
Shahidi [44]. Given a subset 0, we set ¥y = spangf, and ¥ = U+ Ny and likewise
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define ¥, . Let X(6) be the roots of (P,Ap). Define the positive roots ¥ () to be the
roots obtained by restriction of an element of U\ X,
Given two subsets 6,0’ C A, following [44] we set

W(0,0') ={weWl|w(®) =0},
and then for w € W (6,0'), we define
(6,0, w) ={[fl e =t (0)|Be ¥ -5 and w(B) € U™},
and then
2°(0,0",w) := {[B] € £(6,0',w) |wig € W(Ap)}.

Remark 2.14. In [44] additional care about the relative case is taken in the notation.
In our simple case this is of course unnecessary, and we omit it.

In the case G = GLy, this specializes as follows. Let ay;: diag(t;) — t;t; ! be characters
of T. The a;; for j > i are the positive roots of (B,A) and f; := azz+1 are our chosen
simple roots. If P corresponds to the partition n; +---+n, of n and subset 6 C A, then

3(0) =span{Bn,, Bny+nas--- }s

where we view f3; as restricted to ap < ag. Note that all the positive roots () of
(Pp,Ny) are in Np. Denoting by [«] the coset representing a root « of G restricted to P,
the positive roots in Np are the a;; such that [o;] = [Bn, 4+ 4]

Example 2.15. If G = GLg and P be the parabolic subgroup of block upper-triangular
matrices corresponding to the partition 6 =2+2+1+1 and 6 = {a12,a34}, then we have

Ap = {diag(t1,t1,t2,t2,t3,t4)} -

The positive simple roots are X1 (6) = {[82],[B4],[85]}- The Weyl group W (Ap) ~ &g x Sy
acts by permuting the blocks. Note that the simple reflection sending (54 — —f34 does
not arise by permuting the blocks (i.e. (4 5) does not send blocks to blocks), hence
wig,] € W(Ap). Hence for any w € W (60,0') we have ¥°(0,0",w) C {[B2],[55]}-

2.8.3. Regularity of the trace. =~ We have the following information about the poles
of intertwining operators, due, according to [44], to Harish-Chandra:

Theorem 2.16 ([44], Theorem 2.2.1). Let w be an irreducible unitary representation
of M. Say that w is a subrepresentation of Ind% (ws) for a parabolic subgroup P, = M, N,
and wy 18 an irreducible supercuspidal representation of M,. Let 0, C A be such that
P, = Py, as parabolic subgroups of M,.

Then the operator

H (17Xi,u(hoé))A(V7wvw)
aeXl (0., wh,,w)

is holomorphic on agc«. Here X, is the central character of the twisted representation
w® q<V7H9(7)> .
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In particular for the purposes of the Plancherel formula, the only relevant w are
unitary, hence have unitary central characters. Therefore A(v,w,w) is holomorphic at
v if |¢tHe(=)| £ 1, or equivalently if

R((v,Ho(—))) # 0.

In particular, there is a finite union of hyperplanes away from which each operator
A(v,m,w) is holomorphic, for any w € W.

Lemma 2.17. Let M be a Levi subgroup of G = G(F) and let w be a discrete series
representation of M. Let P = MpApNp be the standard parabolic subgroup containing
M = Mp and let k =1k Ap. Let z1,...,2, € (C*)* = X*(Ap) ®z C define an unramified
quasicharacter v=wv(z1,...,2;) of Ap as in Section 2.2. Let 7 =Ind$(w®@v). Let f € J.
Then

trace (m,f) € Cl21, .., 2k 21 e s 2p -
That is, the trace is a regular function on (C*)*.
Proof. We know a priori that
trace (7, f) € C(z1,...,2k)

is a rational function of v, as the operator 7(f) itself depends rationally on the variables
z; by Theorem 2.7. Therefore
trace (m, f) = ZEZ; € C(z1,...,2k)-

By Theorem 2.16 and the discussion following it, there is an open subset U of the unitary
characters, such that for all v € U, and all w € W we have

p) _ plw() (2.8)

h(v) — h(w(v))
Holding zo,...,2, constant and in U, (2.8) becomes an equality of meromorphic functions
of z; that holds on a set with an accumulation point, and hence (2.8) holds for all z; € C*.
Now holding z; € C* constant and arbitrary, and zs, ...,z constant and in U, we see that
(2.8) holds also for all z5 € C*. Therefore (2.8) actually holds for all v, i.e. trace(m, f) is
a W-invariant rational function of v.

When v is non-strictly positive with respect to M, by Theorem 2.7, trace(r,f) has

poles only of the form z;'* = 0. The claim now follows from the WW-invariance, and thus
trace (7, f) is a regular function on (C*)¥. O

We will therefore allow ourselves to write trace (7, f) for functions f € J even for v such
that the operator 7(f) itself is not defined.

Lemma 2.18. Let d € W,g be a distinguished involution and m be a tempered represen-
tation induced from one of the Levi subgroups attached to the two-sided cell containing d
in the sense of Proposition 2.11. Then trace (7, fq) is constant and a natural number. In
fact, the same is true for any idempotent in J.
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Proof. Let j be an idempotent in J. We have trace (7, f;) = rank(w(f;)). The trace is
continuous in v by Lemma 2.17, and the present lemma follows as T is connected. O

3. Proof of Theorem 1.2 for general G and the case of GL,

3.1. The functions f, for GL,

In this section, ¢ > 1.

To compute with the Plancherel formula, we will need to apply the residue theorem
successively in each variable z;, and in doing so will we will need to sum over a certain
tree that will track, for each variable, at which residues we evaluated. Upon integrating
with respect to each variable z;, we will have poles of the form z; =0 or z; = (qij)’lzj.
For example, if we have 4 variables z1,22,23,24 corresponding to a Levi subgroup GL;, x
GL;, x GL;, x GL;,, then some of the summands obtained by successively applying the
residue theorem are labelled by paths on the tree

/ Z1 = 0 \
20 =0 20 =(¢%) 1z zo=(¢*") "z
23=0 23=(*")""2  z3=0 z=(") "t =0 z=(¢") "1z

Of course, to evaluate the entire integral for M, we would also need to consider trees
whose roots are decorated with z; = (¢*2)~!29, and so on, for a total of four trees.

Definition 3.1. Given a Levi subgroup M with N + 1 blocks, a bookkeeping tree T for
M is a rooted tree with N levels such that the vertices on the i-th level below the root
each have IV —i child vertices, and each vertex is decorated with an equation of the form
zi=0or z; = (¢¥ )_1zj, where the index j does not appear along the path from the vertex
to the root, and the parent root is decorated with an equation z, = (¢**)~12; for some k.
Moreover, we require that the root be decorated with an equation of the form z; =0 or
zi = (¢") 712, for i minimal. A branch of T is a simple path in 7' from the root to one of
the leaves.

Definition 3.2. Given a branch B of a bookkeeping tree, a clump in B is an ordered
subset of indices 7 appearing in the decorations of successive parent-child vertices, such
that no decoration of the form z; =0 occurs along the path from the closest index to the
root to the farthest index from the root. We write C' < B if C' is a clump of B.

Example 3.1. The sets of indices {3,4}, {2,3,4}, {2,3}, {2,4}, and {2,4,3} (note the
ordering) are all the clumps of the above tree. The sets {1,2,3} and {1,2,4} are not
clumps.

Theorem 3.2. Let G = GL,(F) and let d be a distinguished involution such that the
two-sided cell containing d corresponds to the Levi subgroup M. Let N +1 be the number

https://doi.org/10.1017/51474748025101321 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748025101321

Denominators in Lusztig’s asymptotic Hecke algebra via the Plancherel formula 31

of blocks in M such that the i-th block has size l;. Let m; be the number l; that are equal
to j. Define for r <k

Qi = qikik+1 qik—lik ... qirir+1
in the notation of 2.6. Then if fq is as in Section 2.4,

k(m 1—qlo)(1—g'n
"D D S | I L

trees T branches B of T C<B

C={ig,...,1¢ }
T -d*) T Ru
;};[1 1— gl Flinsn) LIO 1= Qg (3.1)
where
R, = {1_Qrkqgir—gik Fheto1 |
(1= Qr—1g% 90 ) (1 = Qpp—1¢%+ %) if k=t—1

Corollary 3.3. The denominator of f4(1) divides a power of the Poincaré polynomial
Pa/B(q) = Ps, (q) of G. Moreover, when d is in the lowest two-sided cell, corresponding

to M =T, fq(1) =rank(n(fa))/Pa/s(q) evactly.

Proof of Corollary 3.3. We will show that each of the three forms of denominators that
appear in the conclusion of Theorem 3.2 divide Pg/g(q), and thus that their product
divides a power of Pg/g(¢q). The denominators of cj; are all of the form 1+¢+---+
¢, and so divide Pg/B(q) as I; <n for all i. Note that as l;, +1;,,, <n, the leftmost
denominators in (3.1) satisfy the conclusion of the corollary also. Finally, Qg%+ =
gisr it Flie and R,y is likewise always a polynomial in ¢ (as opposed to ¢—1) divisible
by 1—gq. Again using that l;,, +1;, +---+1;, <n, we are done with the first statement.

We now take up the second statement, the proof’ of which does not require any
computations at all and which holds for any w € cg. Recalling that the only K-spherical
tempered representations of G are principal series representations [33], let ux be the
Haar measure on G such that pux (K) =1, ur be the Haar measure such that p;(I) =1,
and denote temporarily dm,, the Plancherel measure normalized according to a chosen
Haar measure p on G. Likewise write g (f) for the Fourier transform with respect to
pur and 77(f) for the Fourier transform with respect to p;.

As we have

w1 = Pa/s(9)ik,
and formal degrees scale inversely to the Haar measure, we have

1

Pa/s(q) s 42

dﬂ—ﬂl =

2We thank A. Braverman for explaining to us the observation whose obvious generalization we
present below.
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for tempered principal series. Now let w € ¢y and consider f,, = ¢(t,,). By Lemma 2.17
and the Satake isomorphism, there is a function h,, in the spherical Hecke algebra such
that for all principal series 7,

trace (77 (fw)) = trace (mx (hw))

as regular Weyl-invariant functions of the Satake parameter. By the Plancherel formula

and (3.2),
Fu(1) = / trace (17 (fu)) dr., = / trace (1 () Ay,
_ race (7 T = ()
B Pc:/B(Q)/t (e (o)) A Pg/s(q)’ (3.3)

In particular, if w = d is a distinguished involution in the lowest two-sided cell, then

trace (mr(fq)) = rank (77 (fq)) = rank (77 (fq)) - trace (rx (1x)),
and (3.3) becomes

_ rank(m(fq)) 1
i) = e ma) ~ Paysla)

Here the rank is given by [49], Proposition 5.5. (In op. cit. there is the assumption
of simple-connectedness, but it is easy to see that the distinguished involutions for
the extended affine Weyl group Wag(G(F)) of the universal cover G are distinguished
involutions for Wag using the definition in [28] and uniqueness of the {C,,}-basis, and
that the lowest cell is just the lowest cell of W,g(G(F)) intersected with Wg.) O

(3.4)

Once we have established injectivity of (5, we will show by a counting argument that
rank (7 (t4)) = 1 for any distinguished involution d, in the case G = GL,,, see Theorem 3.21.
Note that (3.4) is an example of the behaviour conjectured in Remark 1.3.

Remark 3.4. It would be interesting to find /-biinvariant Schwartz functions h playing
the role of h,, for the other two-sided cells, namely such that trace(w,h) was regular,
nonzero only for a single pair (M,w), and the value h(1) was known as a function of ¢'/2.

Remark 3.5. If P is a maximal parahoric subgroup of G, then the longest word wp is
a distinguished involution in the lowest two-sided cell. As above, and as we will explain
again in Section 4, 7(fy,) is nonzero only for the principal series representations, and
its image is contained in 77 . Thus after we will have shown injectivity, [26] gives another
proof that rank(m(f,,)) =1, and more generally that 7(t4) has rank 1 on the principal
series for any distinguished involution d € cy.

Lemma 3.6. Let eg,...,e, € Z. Then

/---/ZSO---z]eVNHFijdzo-udzN=0 (3.5)
T JT

i<j

unless eg+---+eny =—N.
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Although we do not use the Lemma in the sequel, we include it because it illustrates
an efficient way to compute the functions f,, in practice, as we explain after its proof.

Corollary 3.7. Let w € W,g. Then f,(1) is a rational function of q with denominator
dividing a power of the Poincaré polynomial of G. The numerator is a Laurent polynomial
p1(¢Y?) +p2(q=1?) in ¢*/?, where the degree of p1 is bounded uniformly in terms of Wag.
The denominator of f,(1) depends only on the two-sided cell containing w.

Remark 3.8. In light of Lemma 2.17, Lemma 3.6 and Corollary 3.7 have the following
interpretation. Let I" be a left cell in a two-sided cell ¢. Then in [51], Xi shows that
all the rings Jprnp-1 are isomorphic to the representation ring of the associated Levi
subgroup M., and J, is a matrix algebra over Jpnp-1. Therefore w € TNT'~! are labelled
by dominant weights of M, and if ¢y is such an element, Xi’s results show that if q =g
and ™= Indg (v) is an irreducible representation of J., then

trace (m,tx) = trace (V(A),v),

where we view v as a semisimple conjugacy class in M., and V(A) is the irreducible
representation of M, of highest weight A\. Then we have that f(1) # 0 only if A is of
height 0 with respect to the basis ¢;: diag(az,...,a,) — a;.

The proofs of Lemma 3.6 and Corollary 3.7 will use the notation of the proof of
Theorem 3.2, and we defer them until after the proof of the theorem.
3.1.1. Example computations and a less singular cell. In this section we provide

two example computations to elucidate the coming proof of Theorem 3.2.

Example 3.9. Let G =GLs and M = A. Then [y =ls =1 and g; = g2 =0. Let d = sq

or s1. Then
_ 2:1 — 2’2 2:1 — Z9 le dZQ
=ttt [ ) g
22mi 2m (z1 — z9)(21 7q22) z1 29

11 - 1

2 2mi (21— ¢ 22)(21 qu)
(71— 22)(21—22) 1 dzo
+ Res,, — —_
! 0(z1—q_122)(21—qu) Z1 22
1 [t n) B
227 Jp (g 2o —qz2)q 12 23 2z
11 -1_1)2 d
_Lb ol 27 de
227 Jp g 2—1 29
_ 1
g+

The factor % reflects the fact that we integrate with the respect to the pushforward of
the above Ga-invariant measure to the quotient T x T/Ss.

This agrees with the theorem, which instructs us to calculate f4(1) as follows: There are
two trees, each of which has one vertex and no edges. The trees are z; =0 and z; = ¢ ' 2.
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Each has one branch. The first has no clumps, so the entire product is empty. The second
tree has one clump C = {1,2} for which ¢t =1, and we obtain

1 1—gq 1 2 1
fa) =5 (142 =0 2=
2 1+¢q 214q 1+4¢

Now we give an example of a less singular cell.

Example 3.10. Let G = GL4, and let ¢ be the two-sided cell corresponding to the
partition 4 =2+ 2. Then Py (q) = (1+q)(1+q+q?)(1+q+q%+q?®) has five distinct
roots q = —1, +4,(1,(s, where (; are primitive third roots of unity. We compute P, using
the Plancherel formula. We have

We have I} =1, =2, q12 =1, ¢'? = ¢?,
q4 (q _ 1)2
2(q+1)2°

1 2// Pmdzl dzgp // 21—22 (z1—22) dzidz
2mi T2 21 22 \2mi T2 zl PPz)(z1—q7%22) 21 22
F12 dZQ
27m/Resz1 —0— —|—Resz1 =2z

Z1 22
1 (11’2—1)2 2 dz,
2ri T (¢72—¢%) 72
(1+q)(1-¢%
I+q+q¢*+¢3
2

T l4¢®

Accounting for ¢y, we see that J¢ is regular at q = (1,(2.

Cp =

and

3.1.2. Proofs of Theorem 3.2, Lemma 3.6, and Corollary 3.7.

Proof of Theorem 3.2. Let n=1[y+--+Iy. We may assume that I <ls <--- <lIy. It
suffices to evaluate the integral

N+1/ /HF dzo dzy _ N+1/ /HFZ] dzg dZN
2 b9 20 ZN 2mri

1<J

We claim that the value of this integral is

1_ lkikﬂqikikﬂ)(l_qikik+1(qikik+1)7l)
M Z Z H H 1— (ginie+1)2

trees T branches B of T C<B k=0
C={ig,.,it}

1:[ ]- Qrk(h zk+1)(1 Qrk(ql 1k+1) 1)

(1= Quig ) (1= Quefgrrior) 1y B0
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where the sum over trees is taken over all bookkeeping trees for the integral. When k =0,
we interpret the product over r as being empty.

First we explain how (3.6) simplifies to (3.1). All cancellations will take place within
the same clump C of some branch B, which we now fix. We have

ird -1 _ GijFGip g+ iki it = Gip —Gig.q —1 _ .
]._Qrk»(quJrl) —].—q 'k k41 qkk+1...qrr+1q iy g1 _1_Qr7k71quk g ,

which is one of the factors in the product (1—Qy k—1Gi, i\ ) (Qr k—1(¢i i, )~ *). The surviving
factor in the numerator at index (k—1,7) is then equal to (1 — Q. k—1¢%~%+). In short,
the above factors in the denominator cancel with a numerator occurring with the same
r-index but k-index one lower. Such a factor occurs whenever r < k—1 (note that this
inequality does not hold when k=1 and » =0). When r = k— 1, we have

iets -1 _ A i i 1
1_Qk71,k(ql“ +1) T = ] — iRt gl (gin- i)

_ GiptGi 1l gip_,—0i o 2g;, +1

iqk k+1 qkl k+1717qgk ,

which is one of the factors in (1 —¢"*+"%q;,;, . )(1—g*"*+1(g;, ix+1)"). The cancellation
leaves behind the factor 1— qlik+1 in the numerator, except for £ = 0; this term keeps
both its denominators. At this point we have shown that the factor corresponding to C
in (3.6) simplifies to

(1—g"o) 1* i) ﬁ g ) ’ﬁl Ry,
1- q k:l ]‘ q Lk +lLk+1) r=0 1- Qquirik+l ’
where
Ry — 1—Qpq9ir 9 itk<t—1
= Quiagt ) (L= Qg ) ik =t—1

This means that (3.6) simplifies to (3.1).

To prove (3.6), we will use the residue theorem for each variable consecutively, keeping
track of the constant expressions in ¢ that we extract after integrating with respect
to each variable z;. More precisely, we will track what happens in a single summand
corresponding to some set of successive choices of poles to take residues at. Note that all
the rational functions that will appear, namely the I'”/ or the rational functions that result
from substitutions into the I'J | become equal to 1 once z; or zj is set to zero. Therefore
poles at z; = 0 serve simply to remove all factors involving z; from inside the integrand
(we will see what these rational functions are below). It follows that the summand whose
branch we are computing is a product over clumps in the corresponding branch, so it
suffices to compute the value of a given clump for some ordered subsets {ig,i1,...,i;} of
the indices {0,...,N}. As we are inside a clump, we will consider only poles occurring
at nonzero complex numbers. Thus we are left only to determine what happens within a
single clump.
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We first integrate with respect to the variable z;,. The residue theorem gives

1+1
dz; dz
Fl] o ... Cu
(2m> / /H

1<J
1 dz; dz;
) /zReszl e
211 Tz Zig rr Zi Zi,
Y [t
27i i
%, j7#%0

As noted above, the second integral belongs to a different branch (in fact, in the case of
i0, to a different tree); our procedure will deal with it separately, and we will now consider
what happens with the first integral.

For the first integral, consider one of the summands corresponding to z;, = (g% )1z,
for some i;. We have

Z—-dzil dzz
<2m)/ - Rese ety lzﬂ?H T

0 4<j

= (1 _inilq%h)(l _inil (qiﬂ“ / /
1—(gioir)? 27rz
g
(¢ J

i)' 25) ijdziy dzip  dzip
; ) H r .

0. )_1 Zip  Rig 2y

11 (2, = 4" Gigj2) (20, — 4"
(2, —qiofrghodz;) (2, — g0 i<
i, j7#%0

J#i1,00

Recall that, if i; > 2, even though formally we have defined the symbols ¢;; and ¢*/ only
for ¢ < j, the symmetry of the factors allows us to write g;; even if ¢ > j, thanks to the
factor with (¢;;)~" also present in the numerator.

Now we integrate with respect to z;,. Observe that the leftmost product over j # i1,ig
does not contribute poles. Indeed, the first factor in each denominator does not have
its zero contained in T, and the second factor in each denominator has its zero at z;, =
g0 (gioi2) =1z, . The power of ¢ appearing is

Gig +gl1 +1 - (gio +gl2 +1) = Gi; — Gia»

and so g% (g"?2)~1 is equal to g4, or (qii,) ', whichever is defined. Thus this zero
cancels with a zero in the numerator of I'“1%2 or I'*?%1 | whichever is defined. Therefore we
need only consider the simple poles at z;, = (¢1%2) 71z, for i1 <io and z;, = (¢*2%) "1z,
for i3 < 1. Observe that the residues will be the same for either inequality. In the case
iy < i1, for example, I'"?%t needs to be rewritten so that its simple pole inside T is in the
correct format to calculate the residue by substitution:
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) (Zi2 — qi2i1zll)(222 (%211) lzi1) 1
=(gi2i1) "1z, (21‘2 —qi”lzl ) Ziy — ( ml) 1Zi1) Z
_(qiﬂl) ! (le qlzllzh)('ziz — (qizil)_lzil) i
(Ziz - qmllz’tl)(zw - (quil)_lZil) Ziy
_ (1 - qi2i1qi2i1)(1 - qi2i1 (qizil )_1)
I (g '

Res.,

= Reszil =(gqi2i1 )_1%2

Therefore after integrating within the clump at hand with respect to z;, and then z;,, we
have the expression

(1= Gioin ) (1= 0" (gigin) 1) (1= 4" ¢ Gigiy) (1 = 424" (gigin) ")
1 _ (qioil)Q (1 _ qigil qigil qlglg)(l _ qigil qio’il (qigig)fl)
(1 — ZQZlQizil)(l —q"=" (qi2i1 )_1)

(@)

(3.7)

1 Zu —q""2q"" gigj25) (2iy — 4" 20" (gigg) "' 25)
271'2 # 2 —_ qilquiOil qusz)(z’Lz —_ qili’zqioil (ql()])_lzj)
J 10,%1,%2
I (% —q"" qgljzj)(zz‘z — 4" (gi5) %) ] rids dzi,  dai,
jio, 61,12 (Zi2 - ql”quljzj)(ziz _qlll2 (qllj)_lzj) i<j Zigy Ziqy
R i, 310,11

Now we integrate with respect to z;,. Again, only poles from the product of I'“’s occur
with nonzero residues: in total we have simple poles contained in T possibly at z;, =
qirizgiot (gl )Tz, at 2y, = ¢ (¢"9) T 25 and at 2, = (¢'27) "1z for j #io,i1,42. It may
happen that these poles are not all distinct, but all zeros in the denominator of the former
two types are in fact cancelled by zeros of denominator anyway. The necessary factors
occur in the product immediately adjacent on the right. Indeed, we have

9iy + iy + 14+ Gio + 9is + 1= 9is — 95 — 1 = gi, + i, +1+9i, — gj

-1 -1

and so either ¢12¢"% (g;,;)~! = ¢*%2¢;,; or ¢""2q"" (g;0;) 7" = ¢ (gi,;) " (or gji, or

(i) 1)

Likewise we have
9iy t i, +1—9i, —g; —1=gi, — g;

as happened when we integrated with respect to z;,.

Now we see the following pattern: At each stage, we integrate with respect to the
variable we took a residue at in the previous step. When integrating with respect to
%;,., there will be 41 products of rational functions, and each rational function in the
leftmost r products will contribute a pole, in addition to the pole contributed by I'rir+1
or I'r+1%r whichever is defined. However, each is nullified by having zero residue thanks
to a denominator in the product immediately to the right. Integrating with respect to
z;, will result in extracting r + 1 new rational factors, each of the form claimed in the
theorem. When it comes to integrating with respect to z;,, all variables z;, will cancel
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from the remains of the Gamma functions by homogeneity, and the factor zi will result
i
in the final integral contributing just the remaining [+ 1 rational factors. O

Lemma 3.6 is a porism of the preceding proof.

Proof of Lemma 3.6. We will evaluate the integral (3.5) by applying the residue
theorem successively for each variable as in the proof of Theorem 3.2. Note that as
functions of any variable z, the functions [, j I'“ and all the other products, for example
those appearing in (3.7), have numerator and denominator with equal degrees. Thus the
overall sum of powers of all z; in the integrand of (3.5) is eg+---+en, and in general,
the sum of powers of all z; in the integrand of an expression like (3.7) is the sum of the
degrees of the monomial z;, terms.

When evaluating (3.5) along a single branch, we find again that the only poles that
appear are of the form z; = (¢")'z;, or 2{* =0 for e; < 0. We will track the effect that
evaluating each successive residue has on the total degree of the integrand, and then
conclude using the fact that fT 2" dz = 2mid, _1. First, observe that evaluating a residue
of the form z; = (¢*/) 7' z; increases the sum of all powers by 1; a factor z; is contributed to
the resulting integrand. The sum of all powers is likewise increased by 1 when evaluating
the residue at a simple pole of z; L at 0. To compute the residue at a pole of z; “ at 0 for
e; > 1, consider the Taylor expansion at 0 of I'/. We have

1 1 2 22

?

a—qiz gz (@97) (q9z)

ij i\ 2 i\ 3
L (Y L (Y 2
Zi—(@9) 'y oy \z zi)

Multiplying these series and further multiplying by the denominator 27 — (i —|—q;j1)zizj +
z;, it follows that the Taylor expansion of I'¥ is

and

¢+ (") —aii—ay (@7 +2+(07) 7 (@ +a; )@ +a7)
Z5 22
’ J
—(ij +qi;1)((qij)”—1_|_..._~_(qij)—n+1)+

GYR=2 1 ()2 (Y g g (g
(@) "4 +(g") - +(¢9)"+---+(¢") R (3.9)
2"
J

1+

+

It is clear that the salient point of (3.8), that z}* appears with a coefficient proportional
to zj_”, holds also for the all the products like those in (3.7). Thus computing a residue at
the pole of z; “* at 0 will result in a new integrand, the total degree of which has increased
by e; —e; +1=1. It now follows that after integrating with respect to N —1 variables, the
final integral to be computed will be a constant times (2m4) ™! [ 2ot en TN =L, o This
is nonzero if and only if eg+---+ ey = —NN. Summing over all branches of a bookkeeping

tree, we see that (3.5) is nonzero only if eg+---+ ey = —N. O
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The lemma is helpful for computing explicit examples, as it points out that one can
always avoid dealing with higher-order poles. Indeed, given an integral of the form (3.5),
we may assume by Lemma 3.6 that eg+---4+ey = —N. If ¢, = —1 for all 7 then the
integral (3.5) is just the integral from Theorem 3.2. Otherwise there is some e;, > 0. We
may assume that ig = 0. Then the only poles in zy are of the form zy = (¢°)~1z;, for
indices 71 > 0. Therefore we compute that (3.5) is equal to a sum of terms of the form

B N-1
(1—¢"qoi, ) (1 = ¢ (g0i,) 1)( Oiry=eo—1 1 s pentlteo eip | eiy
1—( 0i1)2 q 27 Zi iy " Fin

T Jr

(zi, —°" qoj2) (zi, — 4" (qo;) ™" 2;) i
L L F”dzil .. dzl . 3.9
o= o) (e~ (@2 L " (3.9)

i<j
4,570

J#11,0

The total degree of the integrand is now ey +---+eny+1= —(N —1). Therefore either
ei, +ei, +1=¢e;, =---=e_n =—1, or we may again assume without loss of generality that
the exponent of some z;; is nonnegative, and proceed with evaluating (3.9) by integrating
with respect to z;;. We may continue in this way, never having to deal with more than a
simple pole at 0. (Of course, the resulting order of integration need not be the same as
the order used in the proofs of Theorem 3.2 and Corollary 3.7.)

We can now prove Corollary 3.7.

Proof of Corollary 3.7. In light of Lemma 2.17, it is enough to prove that the
conclusions of the present corollary hold for integrals of the form (3.5). We again follow
the algorithm from the proof of Theorem 3.2, so it is sufficient to consider a single branch,
and for this it suffices to observe that, given, for example, a variant

I (zzz 424" gig2j) (i — 424" (g4
27TZ Z' qlllquoll qZOJZJ)(Zi2 _qilizqioi1 (qio

J?flo 11,12

)" 'z))

Sl

. o N(r. — i1ty )1,
H (i, q %1]2])(222 q (q'Ll]) ZJ) H F”222

(21, — 472" 25) (23, — g2 (q79) 1 25)

1<J
i,j 70,11

JF#i0,11,92

of (3.7) in which e;, < —1, the quotient rule gives that the residue at z;, =0 is equal to
a linear combination over Q[q%,q_%] of integrals of the form

(2772) / / H Tzt e 2, iy - dz,

1<J
1, 7#10,%1,12

for new exponents e; . This and the calculations in the proof of Theorem 3.2 make clear
that the only positive powers of ¢*/? that appear in the any denominator are those that
appeared as in Theorem 3.2. These are controlled by the possible block sizes of M, and
hence are bounded in terms of W,g. Throughout this procedure, the denominator has
been contributed to only by the Plancherel density itself, which depends only on M. The

last claim of the corollary now follows from Proposition 2.11. O
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3.2. The functions f, for general G

For general G, we will follow the same plan as for G = GL,,. The only difference is that
we have less control over which denominators can appear. Indeed, this is true even for
formal degrees, but complications are also introduced by residual coset we integrate over,
or equivalently, by lack of explicit control of the Satake parameter of m = iG(w®v) for
arbitrary discrete series representations w € 2 (M).

Theorem 3.11. Let w € Wag. Then fi,(1) is a rational function of q with poles drawn
from a finite set of roots of unity depending only on W,g. The numerator is a Laurent
polynomial in q'/2. The denominator depends only on the two-sided cell containing w. If

w 18 in the lowest two-sided cell, then the denominator divides the Poincaré polynomial
of G.

In the proof, we do not attempt to record any information about degrees of the
numerators. It will therefore be necessary to control the possible numerators of f,, (1)
in a different manner than for G = GL,, in order to prove Proposition 3.13 below.

Proof of Theorem 3.11. First, we note that the reasoning for the lowest cell used in
the proof of Corollary 3.3 holds for arbitrary G. Therefore (3.3) proves the last claim just
as for GL,,.

More generally, let w € W,g and Mp be a Levi subgroup corresponding to the two-sided
cell containing w. Let N =rk Ap. Given a coroot a¥ and a basis of the cocharacter lattice
as explained in Section 2.7, we write a¥ = 2{---z¢ for integers e; = e;(«).

By Lemma 2.17 and Theorem 2.2, it suffices to show the conclusions of the theorem
hold for integrals of the form

<27m T TQGRL_,_\RP,L-%—

el e n €1 € n —1
Go(21'25" 25" —qu) (21" 25" 23" — 45, )
5% e 1/2 1/2 5% g —1/2 —1/2
<Z12 222 "'ZTL2 _|_qw/ qa/ 212 222 "'Zn2 +qw / qa /

1 f1 f le dzn

e Z n o e —

FF L EF 12 1)/2 F.F.LF 202 LT )

(Zl 29" Zn —quw (o q2a) (Zl 29" Zn” —(quw (a q2a) n
(3.10)

where f; € Z and ¢, = qu,« s the value of @ on the Satake parameter of w — this is a
positive power of ¢'/2 (of ¢ if «¥/2 is a coroot) by Sections 7 and 8 of [38]. We have
@2 = 1 and the resulting simplification (2.6) whenever oV /2 is not a coroot.

With notation fixed, the theorem is essentially an observation. Indeed, suppose that we
integrate with respect to z;, and wish to compute the contribution to the residue at a
pole

1 1 e2 en

e e e
21 :ng IQQ 1321 Y
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arising from the factor

Ga(27' 257 2y —qu) (211 257 2 —qpt) 1
(2?252 . 'ZZ” _qwqa)(zf12;2 Z:LW —quq,;l) 21

qOé(Zfl _Qw22_62 e ,Z;e")(zfl —q;lz;” e 72:,,;671,) 1

1 1 €2 en ’

(25! = quazs @20 ) (21 = (g0 g 257 2

where £ and the ( are primitive e;-st roots of unity. The contribution is then

-1, —1_—e€2 —e —€2 —e
qoz(‘]w o %2 U Zpy T Quwie o Zy n)

(051 qat 20 20 " = quazy - 2n )
(4o'qa'2s @ zp —a ' 2 2 ) 1 (3.11)
—1 1 =—e2 —en -1 —e3 —en 1 1 e2 en .
Hg;ﬁg(qul qo‘jl 2’2&1 R _C(Zujl A Lozt ) ng °1 Qo €1 251 ceezpt
which simplifies to
1—quq2)(1—
(1-909)(1—gqa) (3.12)

(1 *q,iqg)Hg#(l —£710)°

We have used no special properties of the integers e; or f;, and thus after integrating with
respect to z1, (3.10) is equal to a sum of integrals with respect to zs,...,z, again of the
form (3.10), except the factors in the denominator will now involve powers g, (a)q. (a/)'/?
and g, (@)q,(a/)~/2, as for G = GL,,. The coefficients of this sum are the form

Q
(Tdgr)er... (]_j:q?”k,)ck’

where @) is a Laurent polynomial in q%, T € %N with, a priori, complex coefficients, and
¢; € N. Indeed, as we never required any cancellations with the numerator to extract
rational functions of ¢ of the required form, it is clear that the simplification of (3.11)
to (3.12) works essentially the same way for any higher order poles that appear — again
thanks to the quotient rule — and that when integrating with respect to subsequent
variables, the additional rational functions of ¢ appearing have the same shape as in the
proof of Theorem 3.2. It is also clear that the factors corresponding to non-reduced roots
behave similarly.

Therefore (3.10) has poles in ¢ only at a finite number of roots of unity. Again by the
quotient rule, exponents r; and ¢; depend only on M. Clearly there are only finitely many
exponents r; that appear for any M. The theorem now follows. O

3.3. Relating t¢,, and f,,

We will now relate the Schwartz functions f,, on G to the elements ¢~1(t,) of a
completion ‘H~ of H, whose definition we will now recall. In this section G is general.
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3.3.1. Completions of H and J®cA. Let A=C((q'/?)) and A~ =C[[q/?]].
Write #H~ for the A-algebra

Ho :{ Y bl

€ Wagr

by € A, bm%(]asﬂ(l’)%oo},

where we say that b, — 0 as {(x) — oo if for all N >0, b, € (q"/?)NA~ for all z
sufficiently long.
Consider also the completions

Ho ::{ > b,

zE€Wagr

b, € A, bw—>OaS€(x)—>oo}

and

TEWagr

b €A, bw—>0as€(x)—>oo}

of H (note the difference between C, and C.), as well as the completion

.7:{ Y bate

€ Wagr

by €A, by —0 asE(:c)%oo}

of J®c A.
In [28], Lusztig shows that ¢ extends to an isomorphism of A-algebras H, — J. In
this way the elements ¢, € J C J may be identified with elements of H . via ¢.

Lemma 3.12. We have H, CH™. The inclusion is continuous.

Proof. Given an infinite sum ) _b,C}, upon rewriting this sum in the standard basis,
the coefficient of some T, is

_ @)
ay = waq = P, (q).

T2y

As deg Py, < £ (€(z) — £(y) — 1), we have that q_@wa(q) is a polynomial in q~1/2.

Therefore the above sum defines a formal Laurent series. Moreover, as £(y) — oo, it is
clear that a, — 0. Continuity of the inclusion is clear from the formula for a,,. O

3.3.2. The functions f,, and the basis elementAs tw. We shall now explain how
the map ¢: J — C(G)! induces a map of A-algebras ¢: J@c A — H ™.

Proposition 3.13. There is a map of A-algebras ¢: J @¢c A— H™ such that if é(tw) =
YOz wly, then az w(q) = fuw(x). Moreover, there is a constant N depending only on Wg
such that az ., € Q2N A~ for all z,w € Wag.

The most difficult part of the proof of the proposition is showing that ag ., — 0 as
£(z) — oo. To this end we have
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Lemma 3.14. Let w € Wog. Then the degree in q of the numerator of f,(1) is bounded
uniformly in w by some N depending only on Wyg, and hence in the notation of
Proposition 3.13 above, we have ay ., € (q*/?)N A~ for all w € Wag.

Remark 3.15. In type A, the Lemma follows immediately from the order of integration
given after the proof of Lemma 3.6.

Proof of Lemma 3.14. Let 7, = Indﬁ(y@w) be a tempered I-spherical representation
of G arising by induction from a parabolic P such that rank Ap = k. Let TX be the
compact torus parametrizing twists of w, and let ¢,, be given. By Lemma 2.17, trace (7, fu,)
is a regular function on T*, i.e. a Laurent polynomial in the coordinates zi,...,z; on
T%. The coefficients of this Laurent polynomial are independent of ¢, as J and its
representation theory are independent of ¢. As we have

1—q"| <|zi—q"27" -2 F | <1 +q"]

for all z; € T and r, we may bound, for large ¢, the absolute value |ups,(2)| of the
Plancherel density for Mp by a rational function U, ., (¢). By Theorem 2.2, we may do
the same for formal degrees d(w), bounding |d(w)| by a rational function D, (gq). Thus we
define a rational function of ¢ by

hi(q)+ha(q™
kl( )_|_k2 q- 1 ZUMI% )?é%)jhrace(wuwfwﬂ

where hi,k; € C[g] and ha, ks € ¢71C[g™!], and the sum is over the finitely many, up to
unitary twist, pairs (M,w), for w € E (M), such that trace(m,,, fi) # 0.
Fix w € W,g. Then

hi(q) +ha(g™")

[fw(1 Z /O(w)trace (T, fu) d(w) dpnry (2) SW-

Q

Crucially, this expression holds for all ¢ > 1.
On the other hand, by Corollary 3.7 and Theorem 3.11, f,,(1) is a rational function
of ¢, and for ¢ sufficiently large, we may write

f()+ f2(¢7Y)
di(q) +da(qg™)

where f1,d; € Clq] and fa,dy € ¢ *C[q!]. Therefore for all ¢ >> 1 we have

[(fr(@)+ f2(a NI(k1(q) +k2(g7 )] < |(di(g) +d2(g™ | (ha(a) +ha(a™H)]. (3.13)
We claim that this implies

[fu ()] =

| fi(@)k1(g)] < |di(q)hi(q)] (3.14)
for g sufficiently large. Indeed, let € > 0 be given and choose ¢ > 1 such that

[1(f1(q) + f2(q NI (F1(q) + k2 (g )| = fi(@)kr(g)]| <€

https://doi.org/10.1017/51474748025101321 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748025101321

44 S. Dawydiak

and

[1(d1 (@) +d2(a~ NP1 (g) +ha(a™ )| = ldi(@ha(a)]| < e,
and (3.13) holds. Then we have

L@k (@) < |(fila)+ f2(g)I|(k1(q) + k2 (g 1)) +e
< |(di(q) +da(g™)II(ha(q) +halg™))| +e
< |di(q)[|h1(q)] + 2¢,

which proves (3.14).
Therefore

deg f1 < deg f1 +degk; < degd, +degh;.

Now, the denominator of f, (1), and hence degd;, depends only on the two-sided cell
containing w, again by Corollary 3.7 and Theorem 3.11. We can also bound degh;
uniformly in terms of W,g, as it depends only on the Plancherel measure and the finitely
many possible formal degrees appearing in the parametrization of the I-spherical part of
the tempered dual of G. This proves the lemma. O

If t, € tgJty for d #d’, then t,, is a commutator. We record this observation as

Lemma 3.16. We have that f,,(1) =0 unless fqx fuw* fa # 0 for some distinguished
involution d.

Now we can prove the proposition.

Proof of Proposition 3.13. Let w € W,g. Write qg(tw) = fu =72, Aswly as Schwartz
functions on G so that A, . = fw(z). We must show that there is a unique element
Qg € A such that g, (q) = Az, as complex numbers. We will then check that ay ., — 0
rapidly enough as ¢(x) — oo for Y°_ ay Ty to define an element of H ™.

By Corollary 3.7 and Theorem 3.11, there is a formal power series in A~ with constant
term equal to 1 that specializes to the denominator of Ay ,, when q = ¢. Moreover, there
is a unique formal Laurent series a ., € A such that a1, (q) = A1 4 for all prime powers.
Indeed, a1, is convergent for q = ¢, and the difference of any two such series defines
a meromorphic function of q~'/2 outside the unit disk with zeros at ¢ = p” for every
r € N. As these prime powers accumulate at co, such a meromorphic function must be
identically zero.

If f € CP*! is a Harish-Chandra Schwartz function, then

¢ O (fxTpa)(1) = q‘“”)/Gf(g)Txfl(g_l)dW(g)

=a /1 H@)duilg) = g O pr(Iel) f(x) = f(x).

By definition, fi,(z) = Ag -
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On the other hand, according to Lemma 2.9, we have, for w(x’l)f as defined above
Lemma 1.10,

qiz(x) (f’w *Tm* ) (1)
=g~ ($lta) + 6 (64 (1T2-1) ) (1)
=q¢ "¢ (tudg('T,-1)) (1)

—l(z) T L) z7h)—
=9 (1, | X 000, ) | ) (.15
y<z~!
—0(x) 1 Ly) =t w(x™t
=0 | toy | D 0 ¥ (D)D), 0)(C) | | (1) (3.16)
y<z~!

y<z~1!

x w(x™ —l(x) 1 L)
:(_1)“ 1)(_1)5( ( 1)f)q D |ty Z q 3 Qy.2—1(q) Z hy.artr | (1)
T'D

de
a(d)=a(r)

(3.17)
Ua™ )zt ) ) G 3
:(_1) q d) q 2 Qy,m*l(Q) Z hy,d,rtwtr (1)
y<z—1! r~rd
deD

a(d)=a(r)=a(w)

= (1)) g ka) g Qyar(q) S hyanr(for £)(1), (3.18)
y<z~—1 reop dy
a(r)=a(w)
where d,, is the unique distinguished involution in the right cell containing w.

In line (3.15), we rewrote T,-1 in terms of the C’-basis of H, using the inverse
Kazhdan-Lusztig polynomials @, ,—1. In line (3.16), we applied the involution T(—) (see
Lemma 1.10). In line (3.17) we applied Lusztig’s map ¢4, and then in line (3.18), we
applied the map ¢. Also in line (3.18), we used that left (respectively right) cells give left
(respectively right) ideals of J, and so t,,t, is an integral linear combination of ¢,-1, with
d~p 27t ~rdy,. By lemma 3.16, f,1(1) # 0 only if d = d,,, that is, 271 ~ 1, d,.

We use (3.18) to define ay o, € A. By the same arguments as above, a, 4, is unique and
defines a meromorphic function of q~'/2. It remains to show that as £(x) — 00, @, — 0
in the (q~'/2?)-adic topology. This follows in fact from (3.18). Indeed, the product fy, * f.
is an N-linear combination of functions f,, and the values f,(1) are rational functions
of g, the numerators of which have uniformly bounded degree in ¢ by Lemma 3.14. The
polynomials h, g, » have bounded degree in ¢ (for example in terms of the a-function).
Finally, the degree in ¢ of

72(1) £(y)

g2 Qy a1 (q)
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is at most

-1 ‘
T R Cal BT ES :q—é(m)q%q“”)*ff’y’*l —t(@)-1

R B =q¢ 2 =0 (3.19)

as {(x) — oo. This completes the definition of ¢ as a map of A-modules.
It is easy to see that ¢ is a morphism of rings, essentially because ¢ is. Indeed, we have

t tw’ Z’Vw w’,z—1 Zaz z4x (320)

while on the other hand

é(tw)é(tw’) = Zam,sz'Zay,w’Ty (321)

x Y

and when q = ¢, we have that (3.21) becomes by definition

Qz(tw) *Qz(tw’) = Qg <Z’7w7w’,z—1tz> = ZZ’quw’,z—lAz,zTa:c

Hence for infinitely many prime powers we have that the specializations of (3.20) agrees
with those of (3.21), and hence (3.20) is equal to (3.21) in H ™. A similar argument shows
that ¢ preserves units. O

Remark 3.17. The proof, specifically (3.19), gives a necessary condition for an element
of H™ to belong to the image of ¢: the coefficients must decay asymptotically at least as

_ @)
fast asq~ 2 .

Proposition 3.18. There is a commutative diagram

H—"5 JocA —2 H-

]

Ho s,

and we have ¢ = f(=)o¢~t as morphisms of A-algebras J@c A — H ™. In particular,
Gz, has integer coefficients for all x,w € Wayg.

Proof. The second claim follows from the first if we show that qﬁ extends to a continuous
morphism J — H ™, by density of ¢(H) in J ~ H_, and the third claim follows from
the second and the fact that the completions we consider are actually defined over Z
[28, Thm. 2.8].

Note that as po¢, = (=) on H for all ¢, we have that ¢ ="T(=)o¢~! on ¢(H). This
says that the diagram commutes.
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We now show that qAS extends to a continuous map J — Hg. Let Y byt define an
element of J and define

’ (Z bwtw) - Zb;Tyv
w y
where

by = butyw.
w

We must first show that this infinite sum of elements of A is well-defined. By Lemma 3.14
and (3.18), we have that there is M € N such that a,, ., € (q*/?)™ A~ for all y,w. Therefore
by, is well-defined, and as ay ., — 0 as £(y) — oo, we have b}, — 0 as £(y) — oo. Therefore

é extends to J.
To show continuity, it suffices to show that if {}° by ntw}n is a sequence of elements
of J tending to 0 as n — oo, then

wa,nqg(tw) = Zbé,nTy —0
w y

as n — oo in ‘H~, where b;,n = bwnay . For all R >0, there is N > 0 such that

n > N implies b, , € (q~*/ 2)R A~ for all 2. We have seen that there is M depending only
on W,g such that a, ., € (q"/?) A~ for all w,y. Therefore by, — 0 as n — oo, because
bw,n — 0 as n — oo. O

Note that Proposition 3.18 means in particular that ¢(J) C H.,.
Corollary 3.19. We have
(@o" (=) Ht) = fi(1) Y (1) g T,

wEWagr

Proof. If w =1, everything in (3.18) reduces to r =d,, = y = 1, and we need only recall
that Q1,,(q) =1 for any x € Wag. This follows from unicity of the inverse Kazhdan-Lusztig
polynomials and the identity Y. . (=1)*® P, ,,(q) =0 for w # 1 [9, Exercise 5.17]. O

r<w

Corollary 3.20. The map ¢ defined in [11] and recalled in diagram (1.2) is injective.

Proof. Let ¢ > 1 and let j # 0 be an element of J. We must show that qz(j) # 0. By
injectivity of (;37 we have qg(j) # 0. By definition of the map (;57 this means that there
exists qo > 1, u,s € GV such that us = su with s compact, and a representation p of
mo(Zav (u,8)) such that jK (u,s,p,q0) # 0. But then jK (u,s,p,q) # 0, K(u,s,p,q) being a
different specialization of the restriction of the same J-module E(u,s,p) as for K (u,s,p,q0),
and K (u,s,p,q) is also tempered. It follows that &(]) #0. O

3.4. The case of GL,,

Theorem 3.21. Let Wog be of type A,. Then statements 1 and 2 in the statement of
Theorem 1.2 are true, together with a stronger version of statement 3: Let uw = (r1,...,rk)
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be a unipotent conjugacy class in GL,,(C). Let d be a distinguished involution in the two-
sided cell c(u) C Wag(GL,,) corresponding to u. Let w be the unique family of parabolic
inductions that tq does not annihilate. Then rankm(ty) = 1.

Proof. By Corollary 3.7 and Propositions 3.13 and 3.18, a1, is a rational function of
q for all w. Then equation (3.18) implies that ay ., being a sum of rational functions
with Laurent polynomial coefficients, is a rational function of q for all z. The same
equation, together with the fact that J. is a two-sided ideal for each cell ¢ shows that
the denominator of a, ., depends only on the two-sided cell containing w. This proves the
first claim. The second claim now follows from the first claim and the first statement of
Corollary 3.7 and the fact that W,g has finitely many two-sided cells.

Finally, let v = (r1,...,r;). We have 7 = Ind$%(Stas, ®v), for the unique Levi Mp such
that u is distinguished in MY, and as dim St{wp =1, clearly we have

. n!
dimr!l = —— .
Tl!"-Tk!

This is also the number of distinguished involutions in c(u), by [45]. The claim follows
from Corollary 3.20. 0

3.5. Proof of Theorem 1.2

Proof of Theorem 1.2. Theorem 3.11 together with Propositions 3.13 and 3.18 show
that a1 ,, is a rational function of q with denominator depending only on the two-sided
cell containing w. Equation (3.18) again shows that a,, ,, is a rational function of q with
denominator depending only on the two-sided cell containing w; up to twists the set
& (M)! is finite for every Levi subgroup M, so we may multiply through to include the
denominators of all required formal degrees, which are in fact rational of the correct form
by Theorem 2.2. Therefore there is a polynomial P} (q) that clears denominators of all
@z, w-. This proves the first statement of the Theorem.
Now, by Proposition 9 and Remark 2 of 7], ¢ induces a surjection

4+ H/[H,H] {Pwl@q)} o T @A,

Therefore for every j € J, there is N = N(j) € N and h € H such that

in J/[J,J] ® A. Considering traces and invoking Proposition 3.18, we see that the
denominator of every a, . divides a power of Py (q). Therefore there is N = Ny,
depending only W,g such that we can take P&(q) = Py (q)". This proves the second
statement of the Theorem. The third statement was proven in Corollary 3.3. O
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4. Representations with fixed vectors under parahoric subgroups

In this section we will give an application of the J-action on the tempered H-modules.
The first statement is an immediate corollary of the existence of this action, but the
second statement relies on Corollary 3.20.

Theorem 4.1. Let P be a parahoric subgroup of G. Let m be a simple tempered
representation of G with I-fixed vectors with Kazhdan-Lusztig parameter (u,s,p). Let wp
be the longest element in the parabolic subgroup of Wag defined by P and B be the
Springer fibre for u.

1. If
{(wp) > a(u) = dime B,
then
7" ={0}.

2. Conversely, let up be the unipotent conjugacy class corresponding to the two-sided cell
containing wp. Then there exists s € Zgv(up), a Levi subgroup MV of G¥ minimal
such that (up,s) € MY, and a discrete series representation w € Ey(M) such that

n” =ig, (wev)” #{0}

for all v non-strictly positive and the parameter of 7 is (up,s).

Proof. Let P and wp be as in the statement. Then C’{m is proportional by a power
of ¢ to the indicator function 1p in H. Moreover, wp is a distinguished involution, with
a(wp) = £(wp). By Proposition 3.18 and the fact that ¢ is ‘upper-triangular’ with respect
to the a-function, we have (¢of(—))(C},,)Je =0 for c corresponding to v if a(wp) > a(u).

For the second statement, by Corollary 3.20, there is a tempered representation
7 =Ind%(w®@v) with 7(t,, ) # 0; the unipotent part of its parameter is up. In particular,

there is a vector v € 7 such that 7(t,,)v =v. We have

(601 () (Clyptup = (~D) @ 3 byt

deD
ZNLd

= (_1)5(“’7’) Z hw'p,’l,U'p,ZtZ = VOI(P)th’

as tyty, # 0 only if z ~p wp, and Cy,Cy, = (—1)“””)vol(’P)Cw7,. Thus v € 77. As
trace (m,ty4) is constant with respect to v, the last part of the claim follows. O

A version of this statement for enhanced parameters in the case P = G(O) appears in
[2, Prop. 10.1].

Example 4.2. The principal series representations have v = {1}, maximal a-value, and
fixed vectors under every maximal compact subgroup of G. On the other extreme, the
Steinberg representation has u regular, and does not have fixed vectors under any proper
parahoric.
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TABLE 1. Tempered Iwahori-spherical representation of G =
SO5(F) = PGSpy(F).

Cell\Levi GLl X GL1 GL1 X 803 GL2 SO5
(1,...,1) v
(2,1,1) v ® £Stso,
(2, 2) €StGL2 :|:T2
@ ESt

TABLE 2. Parahoric fixed vectors for G = SO5(F) = PGSp,(F).

twp\ T = Indg(—) a | v | v®=+EStso, | Teriv  Tegn +7 ‘ +St P
tuwg 411 PGSp,(0O)

Fouss 212 1 K

s 1] 4 2 1 1 K]

ts, 14 1 11 Si

t1 018 4 3 1 4 1 I

In addition to the interpretation given in Section 1.1.3, in the examples below,
the J-action also detects which direct summands of a reducible P-spherical tempered
representation are themselves P-spherical.

Example 4.3. Let G = SLo(F'). As remarked in [14], the distinguished involutions in
the lowest two-sided cell are the simple reflections sp and s;, and each t,, is invariant
under one of the two conjugacy classes of maximal parahoric subgroup of G. For
unitary principal series representations m, one has trace(w,ts,) = trace(m,ts,) = 1. At
the quadratic character, the corresponding principal series representation is reducible,
and each summand contains fixed vectors under precisely one of the maximal parahorics.
Indeed, in [14] this computation is carried out at the level of the Schwartz space of the
basic affine space.

Example 4.4. Let G = SO5(F') =PGSp,(F), with affine Dynkin diagram labelled as
o—ee
01 2

There are five conjugacy classes of parahoric subgroups, each obtained by projection
from GSp,(F): the maximal parahoric PGSp,(Q), the image of the paramodular group
K corresponding to {0,2}, the image of the Siegel parahoric subgroup Si corresponding
to {1}, the image of the Klingen parahoric Kl corresponding to {0}, and the Iwahori
subgroup.

The columns of table 1 give all the I-spherical tempered representations of G by
denoting the representation IndIGD (w) by w. We recall the few cases of reducibility of these
inductions immediately below. The rows list unipotent conjugacy classes in GV = Sp,(C)
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such that all tempered standard modules K (u,s,p) are in row u. That is, the rows record
which summand of J acts on each representation.

The discrete series are as in [41]. The only reducibility, by [34, Prop. 3.3], is the
reducibility

Indg (§StGL2) = Ttriv D Tsgn

for €2 =1.

We can now compute the traces of some elements ¢4 using the description of the simple
J-modules given in [50]. For the cells (1,...,1), (2,1,1), and (4), we have trace(m,tq) =1
for all 7. We have

trace (Tyiv,ts,) = trace (12,ts,) = 1 = trace (Tsgn, ts,) = trace (Tiviv,ts, ) -

In table 2, trace(m,tq) is recorded in bold face, whereas the dimension of 77, taken
from [42, Table A.15], is recorded in normal face. Representations attached to the same
cell but belonging to different packets are separated with a dotted line.
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