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Abstract. In this paper we develop necessary and sufficient conditions for a finite trans-
formation semigroup to have a mean value which is invariant under the induced shift operators.
The structure of such transformation semigroups is described and an explicit description of all
possible invariant means given.

1. Introduction

A transformation semigroup (briefly, a z-semigroup) is a pair (X,S), where
X is a set and S a semigroup of transformations on X, i.e. functions s on X
into itself. Each s in S induces a shift operator, Ts, on the Banach space B(X)
of all bounded real functions on X under the supremum norm, defined by

TJ(x)=f(sx) (xeX,feB(X)).

A mean on B(X) (i.e. an element n of B(X)* such that | fi = 1, fi(l) = 1,
where l(x) = 1 for all x, and fi(J) ^ 0 whenever f{x) ^ 0 for all x) is called
S-invariant if

KTJ) = Kfi for all seS, feB(X).

The notion of an S-invariant mean was introduced and a number of basic
properties developed in [3].

Important special cases of z-semigroups occur when X is in an abstract
semigroup and S either the semigroup of transformations of X induced by left
multiplication or that induced by right multiplication; these will be called /-semi-
group and r-semigroups, respectively. In [2], Rosen obtained a complete charac-
terization of the finite I- and r-semigroups which have invariant means. He
proved that a finite semigroup has a left invariant mean if and only if each pair
of right ideals has a nonvoid intersection. In this case the intersection of all
right ideals, called the kernel, is a union of groups, is the smallest right ideal
and also the smallest two-sided ideal, and is the union of the minimal left ideals
of the original semigroup. The dual results hold for the r-semigroups.
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In this paper we determine necessary and sufficient conditions in order that
X have an S-invariant mean in general. In obtaining the characterization, we
establish for amenable r-semigroups the existence of a "kernel" in X which has
many of the properties of the kernel already known for /- and r-semigroups;
in particular, the semigroup acts as a permutation group on the kernel. In the
process of obtaining the characterization, we also obtain a complete description
of all the S-invariant means on X.

The notation presented above will be used freely throughout the sequel.

2. Some preliminaries

We take as our point of departure the work of Rosen [2]. First we observe
that the necessary and sufficient condition that Rosen finds for a finite semigroup
to have a left invariant mean is equivalent to the condition that for any s, t from
S we have sS (~\tS ^ 0 . Since it is easy to show in general that if X has an
S-invariant mean, then

n {Rs:seS} / 0 ,

where Rs denotes the range of s, (this will become clear later on), it is natural
to conjecture that this condition is also sufficient. The following simple example
shows this conjecture to be false.

2.1 EXAMPLE. Let X = {a,b,c}, and let

S = {(a, b, b), (a, c, c), (b, a, a), (c, a, a)},

where the notation is the natural extension of the ordinary notation of permu-
tations. Clearly (~}{Rs:seS} = {a}, however X has no S-invariant mean, as
will be established below.

Although the natural extension of Rosen's theorem conjectured above
fails, there is a beautiful extension available; our goal is to obtain this extension.
Our development rests in part on a representation of means on B(X). Let n
denote the number of elements in X. Then B(X) can be represented by E", or-
dinary (real) n-dimensional space, equipped with supremum norm. The repre-
sentation can be accomplished as follows: let

then the correspondence B(X)<-> E" is given by

/ <- • (au---,an),

where

/ ( x , ) = Oj for i = l , - - - , n .
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It is well known, then, that B(X)* also corresponds to E", only this time
equipped with the ^-norm. The correspondence is established via the evalua-
tion mapping q: X-*B(X)* defined by

«*«(/) =/(*f),

so that

where the 1 occurs as the ith component. The correspondence B(X)**->E" is
then given by:

where

i = 1 i = 1

Then n is a mean if and only if a, S: 0 , i = 1, • • • ,« , and S <X; = 1. For ease

of notation we drop the q and write | i a s a formal sum,

n

H = X ape,-,
i = l

where the notation means that for all / in B(x)

n(f) = £ «</(*,);
i = l

that is, a mean n simply denotes integration with respect to a convex combination
of unit masses concentrated at the points of X.

We can now prove the assertion made in example 2.1. Assume that \i is an
S-invariant mean on B(X). Let /i = oqa + a2b + a3c. The condition

H(TJ) = n(f) for all s in S and all / in B(X)

is then equivalent to the system of equations

<xj(a) + a2f(b) + «3/(c) = <xj(sa) + cc2f(sb) + a3/(sc), all s in S,

for every/in B(X). Thus for s = {a,b, b), t = (a,c,c), we must have

«if(a) + a2f(b) + «3f(b) = «,/(«) + <x2/(c) + a3/(c)

for all / , which implies a2 = a3 = 0. Then using the remaining two elements
in S, we obtain

for all / , which implies a.l = 0, a contradiction since ô  + a2 + a3 = 1 •
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3. The main results

We begin with a characterization of finite amenable r-semigroups which
will lead to further characterizations and structure theorems.

3.1 THEOREM. Let (X, S) be a finite x-semigroup. Then X has an S-invariant
mean if and only if there exists a nonempty subset M of S such that s[M~\ = M
for all s in S.

PROOF. <= Let M = {x1,---,xm}, with the x,'s distinct, and put

Then fi is a mean on B(X) clearly, and if seS,feB(X), then

KTJ) = ~ S TJ(x,) = ± 2 /(«,) = 1 I f(xt) =

so that /i is S-invariant.
=*• Let n be an S-invariant mean, and M the carrier of fi. Then M s X ,

M ^ 0 , and

where

M = {xj, • • •, xm}, X; # Xy if i # 7 , a; > 0 for i = 1, • • •, m , and I a, = 1.

Now define a relation on M by:

X; ~ Xj i f 0C; = Ctj.

Then ~ is clearly an equivalence relation which partitions M into subsets
Mx,---,Mk, k :§ m. We show that s[M,] = M; for i = l,---,k. So fix i, and
assume that there exists an s in S and an x0 in X such that x0 e s[Mj~\ — M,.
Define / by:

[ 1 if x = xn

[ 0 if x # x 0 .

Let Pi,---,Pk denote the distinct values of the a's for Mu---,Mk, respectively.
Then

f 0 if x0 & M
H{f) = I a/(x,) = 1

i~x {_ Pi for some / ^ /, if x0 e M,

while
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KTJ)= £ OLjf{sxj) = ft.
J = I

Since pt > 0 and ft ^ ft; when f # 7 , the assumption that s[M;] — M; # 0
leads to a contradiction. Similarly, the assumption that there exists x0 e M, — s[M,]
leads to the contradiction that n(f) = ft # 0 while /i(Ts/) = 0.

Thus s[M,] = M.fori = 1, •••,fc, and it follows immediately that s[M] = M.
The proof of theorem 3.1 provides the motivation for the following definition.

3.2 DEFINITION. Let (X, S) be a -r-semigroup. A subset F of X is called a
fixed set for S if s[F~\ = F for all s in S; F is called a minimal fixed set for S if
F is a fixed set for S and no proper subset of F is. The union of the minimal
fixed sets for S (they are pairwise disjoint) will be called the kernel of X relative
to S and denoted by Ks.

3.3 THEOREM. Let (X,S) be a x-semigroup.
(i) Then X has an S-invariant mean fi if and only if Ks # 0 .
(ii) When case (i) attains, fi is concentrated on Ks; moreover n can be

represented in the form

K

i = 1

K

, a; t 0, i = l,---,K, I a,- = 1,
i = li i l

where \xi is obtained as follows: Ml,---,MK are the distinct nonempty minimal
fixed sets for S, and \xi is the unweighted average over M; ,

PROOF, (i) Both implications follow immediately from theorem 3.1 in view
of definition 3.2.

(ii) We first obtain the asserted representation under the assumption that
Ks = X. In this case n is trivially concentrated on Ks, hence fi can be represented
in the form

fi= Iftx,., ft^O , Ift= 1,

where t h e s u m ex tends over al l of X. Le t ylt---,yk d e n o t e t he dis t inc t values
of t he jS's, a n d define L ; , i = l , - - - , / c , b y

L, = {xj:0j = y,}.

Then L; ^ 0 for each i, and the collection {Lx,---,Lk} forms a partition of X.

Now put

- and v; = n — , X x,-, i = 1,••-,£.
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Then each Vj is an unweighted mean over L; , and

k

H = 2 5,v
j = i

We next show that each L; can be expressed in the form

u = UMu>
y = i

where the My's are the distinct nonempty minimal fixed sets for S. Fix i, and
for each s in S, denote by ps the restriction of s to Lt. It follows from the proof
of theorem 3.1 that each ps is a permutation of Lt. Let G = {ps: seS} ; then
G is a semigroup which is contained in the symmetric group on | Lt | letters,
hence G is a group. It is well-known (and in any case easy to prove by intro-
ducing on L,- the equivalence relation x ~ y if there exists ps e G such that psx = y)
that L,- is partitioned by a collection of sets {My} as required above. Now

V; = | — j - S X, =

hence

where

^w = U7~\ S X( a n d a'i = 7i I M i > I •
| Mij \ x,eM,j

Thus
k k k, K

H = S <5;Vf = £ S ay/iy = 2 XJXlt
i = 1 i = 1 y = 1 i = l

as desired.
Now suppose that Ks ^ X, and let x ; e X - X s . Again let

where the sum extends over all of X, and assume that Pj> 0. It follows from
the proof of theorem 3.1 that {xk: fik = /?,} is a fixed set for S. It now follows
from the proof just completed in this theorem that Xj belongs to a minimal fixed
set for S, i.e. XjeKs, a contradiction. Thus fi is concentrated on Ks. The argu-
ment completed above for the case Ks = X now applies here to yield the desired
result.

Thus the structure of any finite amenable r-semigroup {X, S) is clearly
revealed; namely, there is in X a largest fixed set for S, which we called the kernel
and denoted by Ks, which is the union of the minimal fixed sets for S, and on
which S acts as a group of permutations. Moreover the kernel completely deter-
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mines the invariant mean structure. The extension from the known results for
/-semigroups is now strongly suggested, and in the next theorem we reconcile
our results with this special case, thereby justifying our use of the term "kernel".

3.4 THEOREM. Let (X,S) be a finite l-semigroup, i.e. X = S, and the
action of s on X is defined by: s(t) = st. Suppose that S has a left invariant
mean. If K' denotes the intersection of all right ideals of S, then Ks = K'.

PROOF. Since K' is a left ideal, sK' £ K' for all s 6 S. But K' is a right ideal
for any seS, hence sK' 3 K'. It follows that K' is a fixed set for S, hence
K' SKS.

To obtain the reverse inclusion, let ji denote the unweighted average over
Ks. It follows from the proof of theorem 3.1 that n is left invariant. Now in an
/-semigroup the shift operator Ts coincides with the left translation ls, defined
by lj{t) =f(st), and ifR is any right ideal in S, then we have that for s e R, t e S

so that

KXR) = tihXn) = til) = 1 •

Hence R 2 Ks. Since R was an arbitrary right ideal of S, Ks £ K'.
The way in which our results extend those of Rosen should now be clear—

in an /-semigroup, the minimal left ideals correspond to the minimal fixed sets.
There are important contrasts, however, in the general case. It is known [1]
that in an amenable /-semigroup the minimal left ideals are all mutually isomor-
phic, while in the general case the minimal fixed sets may be in a variety of sizes.

We conclude our study with another interesting contrast between the /-semi-
group and the general r-semigroup. In the special case considered in theorem
3.4, it is easy to see that K' coincides with the intersection of all the principal
right ideals of 5 . That is, K' = n {s[X~\:seS} = n {Rs: seS}. In the light
of theorem 3.4, it is tempting to conjecture that Ks = n {Rs: seS} in general.
Our final theorem provides an answer to this question.

3.5 THEOREM. Let (X,S) be a finite x-semigroup with \x\ = n, and let
R = n {Rs:seS}.

(i) Then Ks £ R.
(ii) / / | R | ^ n — 2, then R may or may not coincide with Ks.
(iii) If\R\ = n -1 or if \ R\ = n, then Ks = R.

PROOF, (i) For each 5 e S we have

TsXsM = 1 •

Hence if Ks ^ 0 , let n be an S-invariant mean; then
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hence Ks s # s for all s e S , i.e. KscR.
(ii) The interesting part of this problem is to find an example where Ks ^ R

under the hypothesis. Let X = {x1;---,xn}, and define maps s, t, u, v on X by:

f x j , i = !,•••,n-
t(xd =

i, i = I,-,n-2

- n — l, n | xn, i = n-\,n,

Kit i = 1, • • •, n — 3 ,-X;, i = l, •••,/! — 3

M(X,) = ^ xB_l s i = n - 2 i<xf) = ^ xB, i = n - 2

.xB_2,i = n - l , n LxB_2, i = n - l , n

It is easy to check that (X,S) forms a r-semigroup, in fact the multiplication
table is given by:

s

/

u

V

s

s

t

u

V

t

s

t

u

V

u

u

V

s

t

V

u

V

s

t

It is easy to check also that Ks ~ { x ^ - ^ X n - ^ a n d O {Rw: weS} — {x1;--',xn_2}.
(iii) Let <Sn denote the symmetric group on n letters, and for notation let

O # s H= {x!,---,xB_,} = R. If S n S n = 0 , then s:R -» R for each seS,
and if s[K] ^ R, we would have Rs2 £ .R, a contradiction. Hence in this case
R = Ks. It remains only to show that the case S n ®n ¥= 0 does not attain.
Assume there exists a permutation p of X in S. Then S — <3n ^ 0 , so let
s e S — (3B. It is easy to see then that Rps(^ R\ = n —2, a contradiction.
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