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1. In this paper, we continue the work initiated by Morris [5] and Saeed-ul-Islam
[6, 7] and determine complete sets of inequivalent irreducible projective representations
(which we shall write as i.p.r.) of finite Abelian groups with respect to some additional
factor sets.

We consider an Abelian group

A=(w, ..., Wowhi=11<ism, a;|a;y, 1Sism—1)

which will be referred to as an Abelian group of type (ay, . . ., a,,).

The irreducible ordinary representations of A are well-known and are given as
follows.

Let w; be a primitive a;th root of unity for i=1, ..., m. Then a complete set of
inequivalent irreducible ordinary representations of A is given by

{Xoprm:4i€{0,1,...,a,—1}, i=1,...,m}
where

forall &;€{0,1,...,a, -1}, i=1,..., m.

Let o be a factor set of A (see Morris [4] and Karpilovsky [2] for definitions and
other properties of factor sets and projective representations). Let C be the complex field
and let C* = C\{0}. Define a’': 4 X A— C* by

a'(a, b) = a(a, b)a(b, a)™*
for all g, b € A. Then, easy calculations using the definition of a factor set show that:
(i) o' is a bilinear mapping, that is,
a’'(ab, ¢) = a'(a, c)a'(b, ¢)
«'(a, bc)=a'(a, b)a'(a, c)
foralla, b,ceA;

(ii) the factor set & may be chosen, up to equivalence, such that a’(w;, w;) = 6; (say)
satisfy the following relations:

93’=1, 9,‘,‘=1, 0/’=9‘1_1 1$l,]$m(i¢]), (11)
and

[[aew,w)=1 1<is=m. (1.2)

j=1
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(ili) We shall call the matrix (8;) the matrix associated with a and we shall write
@ € (0;).

In this paper we determine complete sets of inequivalent i. p. r. of A with factor sets
belonging to the special classes given as follows.

In Section 2 we take « € (6;;) where 0,, is a primitive a,th root of unity for a fixed pair
of indices (s, ¢), s <t and 8; =1 for (i, j) # (s, t). In Section 3, we generalise the results of
Section 2 and consider a set of indices 1 <5, <s,<... <s, <m and take o € (6;) where
0., 18 a primitive agth root of unity for i=1,3,...,2r—1 and ;=1 otherwise.
Finally, in Section 4, we consider the factor set « € (6;;) such that each 6, is a primitive
a;th root of unity.

Let T:A— GL(n, C) be a projective representation of A with factor set o €(6,)
which satisfies (1.1) and (1.2). Put T,=T(w;), i=1,...,m. Then T, ..., T, satisfy the
following relations:

Ti=1, i=1...,m }
. @

7:7;: 0'17;7;’ l,]=1,

Conversely, if T;, ..., T, are non-singular n X n matrices satisfying equations (2)
and (6;) is an m X m matrix whose entries satisfy (1.1) then these n X n matrices define a
projective representation 7 of A with factor set o € (6;;) defined by

T(w®. .. wemy=T. . Ton.

It is well known (see Karpilovsky [2]) that the number of inequivalent i. p.r. of a
finite Abelian group A is equal to the number of a-regular elements of the group. Let
«(A) be the set of a-regular elements of A and let n,(A) = |a(A)|. Furthermore, since all
the i. p.r. of an Abelian group with a fixed factor set « are of the same degree d.(A)
(Frucht [1]) we have n,(A)(d,(A))* = |A| and thus the degrees of the i. p. r. are known as
soon as the numbers n,(A) are known.

2. Forlss<t=m, let B,=(0;) where

0. = {waj, a primitive a,th root of unity if (i, j) = (s, 1),
(R otherwise.

In this section we determine complete sets of inequivalent i. p.r. of the Abelian
group A with factor set a € B, for all Iss<t=<m.

THEOREM 2.1. The number n,(A) of inequivalent i. p. r. of A with factor set « € B,, is
|A|/a? and d,(A) = a,.

Proof. We need only find the number of a-regular elements of A for this factor set

Now, w=w{'...wy"€ A is a-regular if and only if

a'(w, wit.. owimy =a'(w, wi. . .wim) =1
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(since a'(w;, wi'...w3) =1 for all i #s,t). Thus w is a-regular if a’'(w,, w*) =1 and
a'(w, w) =1, that is, w;'= wg*=1. Thus we have a,=0 (mod a,) and a, =0 (mod a,),
which implies that &, =0 and o, =za,, z=0, 1, ..., (a,/a;) — 1. Thus, the total number
of a-regular elements of A is equal to

a,az. . .45 18541 . - (at/as)at+1 e a4, = IAI/aE
and the theorem follows.
We now construct a set of k X k matrices which are used not only to give an explicit

construction of the i. p. 1. corresponding to this factor set, but also for the other factor
sets considered later in this paper.

Let w, be a primitive kth root of unity and {, a primitive 2kth root of unity such that
¢ = w,. Then, if k is odd, let P, and Q,(w,) be the k X k matrices defined by

01 0 ... 0] [0 o 0 ... 0]
001 ... 0 0 0 wg ... O
Po=| i it it ] Qed=| i
0 ... 1 0 0 0 ... ot

(100 ... 0] 1 0 0 ... 0 |

If k is even, let P, be defined as above and

0 & 0 ... 0
0 0 &

O(w)=] : : =+ i :
0 0 0 ... %3
%10 0 ... 0

Then, in both cases, it can be readily verified (see Morris [3]) that
Pi=(Qu(0))* = L; PQi(0i) = 0 Qr(wi) Pr

where I, is the identity matrix of order k£ X k. The matrices P, and Q,(w,) are sometimes
referred to as generalised Pauli matrices.

Now if we let ,=PF,, T,=Q,(w,,) and T, =1, for all i #s, t then it can be easily
verified that the T;, i=1,..., m satisfy equations (2) of Section 1 for (8;) = B,, and
therefore generate a projective representation 7;, of A with factor set « € B,, which is
clearly irreducible because its degree is equal to d,(A) = a,. :

Let A, )={(A1, ..., Am):A; =0, a,| 4, 0<A,<a, 1<k<m} and let xq, .1,
be an irreducible ordinary representation of A associated with the sequence
(At - oo, An) €A(s, ). Then x,. a0 F X@a...an O0 @(A) if and only if (A, ..., 4,)#
(Al .. A for (A, ..., AL), (AL, ..., AL EA(S, 1),

If T, is the i. p. 1. of A with factor set a € B,, as defined above, then y, @ T, is

.....

https://doi.org/10.1017/50017089500006844 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500006844

200 A. O. MORRIS, M. SAEED-UL-ISLAM AND E. THOMAS

also an i. p. r. of A with factor set « € B,,. It can be verified, by comparing the values of
the projective characters on a(A), that {x;, .1y ® T (A, ..., 4,) € A(s, £)} is a set of
inequivalent i. p. r. of A whose number is equal to the number of a-regular elements of
A. We have thus proved the following theorem.

THEOREM 2.2. Let A be a finite Abelian group of type (ay, ..., a,). Then, in the
above notation,

{(XGuim) BTy:(Ar, ..., An) e A(s, 1)}

is a complete set of inequivalent i. p. r. of A with factor set o € By,.

3. In this section let {s,,..., s} be such that 15, <s,<...<s,<m and
consider the factor set o € (6;) where

V] =w, if i=13,...,2r—1,

sisi1
and
0;=1 if (i,j)#(: Siv1)
where w,, denotes a primitive a,th root of unity. We prove the following theorem.
THEOREM 3.1. Let are(B,,) be as above. Then A has |A|ld; ... a2, inequivalent

i. p. r. with degree d,(A) = H a

$2i-1"

Proof. As in Theorem 2.1, it can be easily seen that w{'.. . wi" € A is a-regular if
and only if o; are solutions of the congruences

«,. ,=0(moda;) and &, =0(moda;)

foralli=1,3,...,2r— 1. The number of solutions of these congruences is clearly equal
to

(H )/(as,as3 )

j=1

and thus is the number of inequivalent i.p.r. of A with factor set a. Furthermore,
d,(A)= G5\ 8s,. - - Ag,,_,.

Fori=1, 3 , 2r —1, define an i. p.r. T,  of A with factor set belonging to the
class By, as in the previous section and let

TY:T(-H z)=T5152®T-\‘334®"'®T

Then T; is an i. p. 1. of A with the required factor set. Furthermore, if A, =0, g | A
i=1,3,...,2r—1 and 1=sA,<a; for 1<k=<m, then F,
i. p. 1. of A with factor set @ and

{F(M ,,,,, )). —O as,|l

S-152r"
Si+1?

..... Am) = X, hy @ T5 IS an

s 1=1,3,...,2r—1and 1A, <ag,forl<sksm)}

https://doi.org/10.1017/50017089500006844 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500006844

PROJECTIVE REPRESENTATIONS OF ABELIAN GROUPS 201

gives a complete set of inequivalent i. p. r. of A with factor set a because x(;, ., and
hence the projective character of F(, ., , are distinct when restricted to a(A), the set of
all the a-regular elements of A, and the number of sequences (4, ..., 4,,) such that
A, =0, a,|A,,,i=1,3,...,2r—1and 1 <A, <a, for 1<k <m is equal to the number
of i. p. r. of A with factor set o as determined above.

4. We now determine the i. p. 1. for Abelian groups of type (a,, ..., a,) for the
factor set « € (6;) where each 6, is a primitive a;th root of unity. We prove the following
result.

THEOREM 4.1. Let A be a finite Abelian group of type (a,, . . ., a,,) where a; | a;..,
i=1,...,m—=1. If m=2v is even and « is the factor set defined above, then A has

v v
I1 (ay/as—,) inequivalent i. p. r. of degree Il a,_, with factor set w.
i=1 i=1

Proof. Proceeding as in Theorem 2.1 an arbitrary element w =w{'. . . w3 of A is
a-regular if and only if the «; are solutions of the following congruences

m

k—1

> (@m-s/a)a; - (am_l/ak)[ > a,] =0(mod a,,_;) 3)
i=1 i=k+1

for all k=1,...,m. These congruences in matrix form are equivalent to

P(a)=0(moda,,_,) where (&) =(a@y,...,a,) and P is an m X m skew-symmetric

integer matrix with entries p; = ¢;a,,_/(a;, a;) where

-1 if i<j,
;=9 0 if i=j,
1 if i>j.

An easy matrix calculation shows that the matrix P is row equivalent to the matrix
Q=E1®E3® . @Em_l where

0 —a,,_1/a;
E = ( m .)
a,._1/a; 0
for i=1,3,...,m—1. Thus the linear congruences (3) are equivalent to Q(«)=
0 (mod a,,_,); that is

—®;,4,,,-1/a;=0 (moda,,_ .
”;:ia:_i;a: —0 Emod am_:;} i=1,3,...,m—1,
which are equivalent to the following:
@1 =0 (mod ai)}
;=0 (moda)

&,

Hence the a-regular elements are given by wiwg*. . . wgr, where a =0 (moday_,),
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i=1,...,v=3im. Clearly

()] = (/@) X (@las) X ... X (a1} = ]| (aalay )

and
t)=[(f1a) /T @aten-] = [[Te3] =TT es

i=1

as required.

Let P, Q,(w,) and I, be the generalised Pauli matrices of order a; xa; for
i=1,3,...,m—1 We will henceforth refer to these matrices as P, Q; and |
respectively. Define

R,= {P?"lQi if a; is odd,

CaiP;’"_lQ,- if a; is even.
Then R¥=1Lfori=1,3,...,m—1and
PR;= wa,«RiPi) OiR; = wa,RiQi~

Now form the tensor products
E2j-—l =R1 ®R3® - ®R2j_3®P2j_1®12j+1® PPN ®Im_1
E2j=R1®R3® ... ®R2j_3®Q2j_1®12j+1 ® e ®Im_1
forj=1,2,...,v.
Clearly the E;, i=1, ..., m, satisfy equations (2) for 6;=w,, i<j=1,...,mand
therefore generate a projective representation T of A with factor set . Also, the degree

of this representation being equal to d,(A) = I a,;_,, this is an i. p. . of A with factor
set a. =1

It can now easily be seen that a complete set of inequivalent i. p. r. of A with factor

set « is given by
{X(Al Am)®T:AZi—1 =0, a1 | Az,’, l=1, 1 and 1$)Li$a,' fori=1, ey m}

,,,,,

THEOREM 4.2.

(a) Let A be a finite Abelian group of type (a,, . . . a,,) where m =2v +1 is odd. Let
o € (0;;) where 6; = w,, 1 <i<j<m and each w,, is a primitive a;th root of unity. Then

A has (Iv] a2,~+1> / ( [V[ az,-> inequivalent i. p. r. of degree ﬁ a,; with factor set «.
i=0 i=1 i=1
(b) IfE,, ..., E,, are the matrices defined as in the case m even and
Em=R1®R3® ‘e ®R2V_1

then E,, ..., E, generate an i.p.r. T of A with factor set o and a complete set of
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inequivalent i. p. r. of A with factor set « is given by
Xy @ T:A3=0, ay | Ayiv,i=1,.. ., vand 1sA;<a;fori=1,...,m}.

Proof. The proof is similar to the case when m is even and is therefore omitted.
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