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1. In this paper, we continue the work initiated by Morris [5] and Saeed-ul-Islam
[6,7] and determine complete sets of inequivalent irreducible projective representations
(which we shall write as i.p.r.) of finite Abelian groups with respect to some additional
factor sets.

We consider an Abelian group

A = (wl,...,wm:w?=l, l^i^m, a,,\ ai+u 1 *si « m - 1)

which will be referred to as an Abelian group of type {ax, . . . , am).
The irreducible ordinary representations of A are well-known and are given as

follows.
Let <y, be a primitive a,th root of unity for i = 1, . . . , m. Then a complete set of

inequivalent irreducible ordinary representations of A is given by

{^.. . .A^A.elO, 1,. . . , « , - - 1 } , i = l,...,m}
where

for all a-,- e {0, 1, . . . , a, - 1}, i = I, . . ., m.
Let or be a factor set of A (see Morris [4] and Karpilovsky [2] for definitions and

other properties of factor sets and projective representations). Let C be the complex field
andletC* = C\{0}. Define a':A xA^>C* by

a'(a, b) = a(a, b)a{b, a)~l

for all a, b eA. Then, easy calculations using the definition of a factor set show that:
(i) a' is a bilinear mapping, that is,

a'(ab,c) = a'(a,c)a'(b,c)

a'(a,bc) = a'(a,b)a'(a,c)

for all a, b, c e A;
(ii) the factor set a may be chosen, up to equivalence, such that a'(wh w/) = 0,y (say)

satisfy the following relations:

e* = i, e,, = i, e^e-j1 i*ij**m(,i*j), (i.i)
and

ai

Yla(w>hWi) = l lssissm. (1.2)

Glasgow Math. J. 29 (1987) 197-203.

https://doi.org/10.1017/S0017089500006844 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089500006844


198 A. O. MORRIS, M. SAEED-UL-ISLAM AND E. THOMAS

(iii) We shall call the matrix (0,y) the matrix associated with a and we shall write
«e(0,,-).

In this paper we determine complete sets of inequivalent i. p. r. of A with factor sets
belonging to the special classes given as follows.

In Section 2 we take a e (0,y) where 6st is a primitive fl^th root of unity for a fixed pair
of indices (s, t), s <t and 0,y = 1 for (/, y) =£ (s, t). In Section 3, we generalise the results of
Section 2 and consider a set of indices 1 =£ s{ < s2 < • • • <s2r^m and take a e (0,y) where
8SjS.+l is a primitive aJ;th root of unity for i = 1, 3, . . . , 2r - 1. and 0,y = 1 otherwise.
Finally, in Section 4, we consider the factor set a e (0,v) such that each 0,y is a primitive
a,th root of unity.

Let T:A—*GL(n, C) be a projective representation of A with factor set are(0;y-)
which satisfies (1.1) and (1.2). Put T( = T{wt), i = 1, . . . , m. Then Tu . . . , Tm satisfy the
following relations:

Conversely, if Tx, . . . , Tm are non-singular n x n matrices satisfying equations (2)
and (djj) is an m x m matrix whose entries satisfy (1.1) then these nXn matrices define a
projective representation T of A with factor set a e (0,y) defined by

It is well known (see Karpilovsky [2]) that the number of inequivalent i. p. r. of a
finite Abelian group A is equal to the number of a-regular elements of the group. Let
a{A) be the set of a-regular elements of A and let na(A) = \a(A)\. Furthermore, since all
the i. p. r. of an Abelian group with a fixed factor set a are of the same degree da(A)
(Frucht [1]) we have na{A){da{A))2 = \A\ and thus the degrees of the i. p. r. are known as
soon as the numbers na(A) are known.

2. For 1 =£ s < t =s m, let Bsl = (0,y) where

_ f w v a primitive a t̂h root of unity if (/, j) = (s, t),

'' l l otherwise.

In this section we determine complete sets of inequivalent i. p. r. of the Abelian
group A with factor set a e Bsl for all 1 =s s < t =£ m.

THEOREM 2.1. The number na(A) of inequivalent i. p. r. of A with factor set ae Bsl is
\A\/aUndda(A) = as.

Proof. We need only find the number of <*-regular elements of A for this factor set
a.

Now, w = w"1. . . w%" e A is ar-regular if and only if

or'K, < ' . . . <-) = a'(wn <>. . . <«) = 1
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(since a'(wit wx
l. . . w%?) = 1 for all i J=s, t). Thus w is ar-regular if a'(ws, w"') = 1 and

a'(w,, wf') = 1; that is, to"', = to"'s = 1. Thus we have a, = 0 (mod as) and as = 0 (mod a,),
which implies that or, = 0 and a, = zas, 2 = 0, 1, . . . , (a,/as) - 1. Thus, the total number
of a-regular elements of A is equal to

axa2. . .as_xas+i. . .{a,las)a,+x. . .ar = \A\la2
s

and the theorem follows.

We now construct a set of k x k matrices which are used not only to give an explicit
construction of the i. p. r. corresponding to this factor set, but also for the other factor
sets considered later in this paper.

Let cok be a primitive kth root of unity and t,k a primitive 2&th root of unity such that
£it = cok. Then, if k is odd, let Pk and Qk(a>k) be the k x k matrices defined by
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Then, in both cases, it can be readily verified (see Morris [3]) that

Pk = (Qk(cok))
k = h; PkQk{c0k) = cokQk(tok)Pk

where Ik is the identity matrix of order k x k. The matrices Pk and Qk{cok) are sometimes
referred to as generalised Pauli matrices.

Now if we let Ts = Pas, T, = Qas((oas) and 7j = Ias for all i # j , t then it can be easily
verified that the Th i = 1, . . . , m satisfy equations (2) of Section 1 for (0,y) = Bst and
therefore generate a projective representation Tst of A with factor set a e Bst which is
clearly irreducible because its degree is equal to da(A) = as.

Let A{s, t) = {(kX)... ,km):Xs = 0, as\k,, 0^Xk<ak, l^k^m} and let X(A, xm)

be an irreducible ordinary representation of A associated with the sequence
( A l f . . . ,km)e A ( s , t). T h e n %(A) u * Z w *•„) on a(A) if and only if (XX) . . . , km) #
( A | , . . . , A^) for ( A , , . . . , Am), ( A I , . . . , X'm) e A(s, t).

If 7̂ , is the i. p. r. of A with factor set a e Bs, as defined above, then X(kit...,xm) ® ^» is
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also an i. p. r. of A with factor set a e Bsl. It can be verified, by comparing the values of
the projective characters on a(A), that {#(Al Am) <S> TSI:(XU . . . , Xm) e A(s, t)} is a set of
inequivalent i. p. r. of A whose number is equal to the number of cr-regular elements of
A. We have thus proved the following theorem.

THEOREM 2.2. Let A be a finite Abelian group of type (au . . . , am). Then, in the
above notation,

is a complete set of inequivalent i. p. r. of A with factor set a e Bst.

3. In this section let {si, . . . , s2r} be such that \^si<s2< • • • <s2r^m and
consider the factor set a e (0,y) where

KM
 = <°« i f « = l , 3 , . . . , 2 r - l ,

and

0O = 1 if (i,j)*(s,,sl+i)

where cos. denotes a primitive â .th root of unity. We prove the following theorem.

THEOREM 3.1. Let ae(djj) be as above. Then A has \A\/a^.. . a^_, inequivalent
r

i. p. r. with degree da{A) - II aS2j_r

Proof. As in Theorem 2.1, it can be easily seen that w"\ . . w%?eA is ar-regular if
and only if at are solutions of the congruences

as,+x = 0 (mod as) and as. = 0 (mod a,.)

for all i = 1, 3, . . . , 2r - 1. The number of solutions of these congruences is clearly equal
to

and thus is the number of inequivalent i. p. r. of A with factor set a. Furthermore,
da(A) = aSlaSi... a,2r_l.

For i = 1, 3 , . . . , 2r - 1, define an i. p. r. TSiS.+l of A with factor set belonging to the
class Bs.s.+1 as in the previous section and let

Then Ts is an i. p. r. of A with the required factor set. Furthermore, if Xs. = 0, as. \ kSj+i,
i = 1, 3 , . . . , 2r - 1 and l^kk<akfor l^k^m, then F(A] Am) = X(ku.'..,km) ® t is 'an
i. p. r. of A with factor set a and

l Xm) • K = 0, as. | As.+1, i = 1, 3, . . . , 2r - 1 and 1« Xk < ak for 1 ^ k «s m)
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gives a complete set of inequivalent i. p. r. of A with factor set a because ^(Al Am) and
hence the projective character of F(Al Am) are distinct when restricted to a(A), the set of
all the cr-regular elements of A, and the number of sequences (A1; . . . , Am) such that
AJ; = 0, as. | Ai+], i = 1, 3, . . . , 2r - 1 and 1«k k <ak for 1 =£k =£m is equal to the number
of i. p. r. of A with factor set a as determined above.

4. We now determine the i. p. r. for Abelian groups of type (au . . . , am) for the
factor set a e (0,y) where each 0,-, is a primitive a,th root of unity. We prove the following
result.

THEOREM 4.1. Let A be a finite Abelian group of type (au . . . , am) where a, | a,+1,
/ = 1, . . . , m — 1. If m =2v is even and a is the factor set defined above, then A has

V V

II (fl2i/a2/-i) inequivalent i. p. r. of degree H a2<-i with factor set a.
;=i /=i

Proof. Proceeding as in Theorem 2.1 an arbitrary element w = wfl. . . w%" of A is
a-regular if and only if the a, are solutions of the following congruences

k — l r m -i

2 (am_i/fl,)ar,. - (am_Jak)\ 2 aA=0 (mod am^) (3)
1 = 1 L,=Jt + i J

for all k = 1,. . . , m. These congruences in matrix form are equivalent to
P(a') = 0(modam_1) where (a)'= {au . . . , am) and P is an m x m skew-symmetric
integer matrix with entries ptj = Cijam-i/(ai, aj) where

An easy matrix calculation shows that the matrix P is row equivalent to the matrix
Q = £ , © E3 © . . . © £„,_! where

«-( °, ' V
\am_i/a- U

for i = 1, 3 , . . . , m - 1. Thus the linear congruences (3) are equivalent to Q{a) =
0 (modflm_!); that is

-ai+lam_Jai = 0 (modam_,)1
/ n /- ^ } t = l, 3, . . . , / n - l ,

ar,-am_1/a,- = 0 (modam_1)J
which are equivalent to the following:

ar,+,a0 (mod a,))
A / J \ I J — 1, 3 , . . . , tf! — 1.

a, = 0 (mod a,-) J

Hence the ar-regular elements are given by w^w"*. . .w%", where a2i = 0 (moda2/-i)»
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i = l,... ,v = \m. Clearly

H , 4 ) | = (aja,) X (a4/a3) X . . . X (am/am_,) = f l («2//«2/-i)
1 = 1

and

~ l i r v 1^ v

,-i) = n «i-i = n
J L, = i J , = i

as required.
Let Pa., <2a,(<wa,) and /„. be the generalised Pauli matrices of order a, x a, for

i = 1, 3, . . . , m — 1. We will henceforth refer to these matrices as Ph Q( and /(

respectively. Define

\Pf-lQ, if a, is odd,
•Za,PV~lQi if a, is even.

Then Rf = /, for i = 1, 3, . . . , m - 1 and

Now form the tensor products

Ey-i = /?i ® R3 ® . . . <8> R2j-3 ® F2y.

for j = 1,2, . . . , v.
Clearly the £,, i = 1, . . . , m, satisfy equations (2) for Qis = (oa., i <j = 1, . . . , m and

therefore generate a projective representation T oi A with factor set a. Also, the degree
v

of this representation being equal to da(A) = II a2,_i, this is an i. p. r. of A with factor
set a-. <=1

It can now easily be seen that a complete set of inequivalent i. p. r. of A with factor
set a is given by

{%(A, Am) ® T: A2,_, = 0, a2,_i | A2/, j = 1, . . . , v and 1 *s A,- «£ a,- for i = 1, . . . , /n}.

THEOREM 4.2.

(a) Let A be a finite Abelian group of type (al, . . . am) where m = 2v + 1 is odd. Let
a e (6^) where 0,y = a>a., 1 «s i <j =£ m and each coa. is a primitive a,th root of unity. Then

I V \ / / V \ V

A has I II a2/+11 /1 II a2,1 inequivalent i. p. r. of degree U a2i with factor set a.
\i=0 II \i = l / i = l

(b) If Eu . . . , E2v are the matrices defined as in the case m even and

then Ei, . . . , Em generate an i.p. r. T of A with factor set a and a complete set of
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inequivalent i. p. r. of A with factor set a is given by

{*(A, Am) ® T: A2, = 0, a2i | A2l+1, i = 1, . . . , v and 1 « A,=s a, for i = 1, . . . , m).

Proof. The proof is similar to the case when m is even and is therefore omitted.
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