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Abstract

A conjecture of Scharaschkin and Skorobogatov states that there is a Brauer—Manin obstruction to the
existence of rational points on a smooth geometrically irreducible curve over a number field. In this
paper, we verify the Scharaschkin—Skorobogatov conjecture for explicit families of generalized Mordell
curves. Our approach uses standard techniques from the Brauer—-Manin obstruction and the arithmetic of
certain threefolds.
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1. Introduction

Faltings’ theorem, née the Mordell conjecture, states that a smooth geometrically
irreducible curve over a number field has only finitely many rational points. Despite
this celebrated result, the following open problem remains widely open: for a family
of smooth geometrically irreducible curves C over Q, determine the sets C(Q) of all
rational points on the curves C. This problem remains open even in the case where we
assume further that the family of curves under consideration are of special type such
as generalized Mordell curves that we will shortly define. In fact, we will mainly study
generalized Mordell curves in this paper.

For a positive integer n > 3, a generalized Mordell curve of degree n over Q is
the smooth projective model of the affine curve of the form Az? = Bx" + C, where
A, B, C are nonzero integers. Although the defining equations of generalized Mordell
curves are deceptively simple looking, the problem of finding all rational points on an
arbitrary generalized Mordell curve remains widely open.

In this paper, we are concerned with studying nonexistence of rational points on
certain generalized Mordell curves of degree n divisible by 12. Since we only deal
with curves with no rational points, it is natural to ask what obstructs the existence
of rational points on such curves. We will prove that the Brauer—Manin obstruction
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explains the absence of rational points on the generalized Mordell curves that we study
in this paper.

For a smooth geometrically irreducible curve C over Q, a conjecture of
Scharaschkin and Skorobogatov [5, 8] states that there is a Brauer—Manin obstruction
to the existence of rational points on C. More precisely, the Scharaschkin—
Skorobogatov conjecture states that if C(Q) is empty, then the set C(Ag)®" is empty.
(For the definition of C(AQ)Br as well as a basic introduction to the Brauer—Manin
obstruction, see [3, 4] or [8].) Hence, the generalized Mordell curves in this paper
provide new examples for which the conjecture of Scharaschkin and Skorobogatov
holds.

In [1], Bhargava proved that for each n > 1, a positive proportion of hyperelliptic
curves z2 = F(x) of genus n over Q fails the Hasse principle, and the failure can
be explained by the Brauer—Manin obstruction. In particular, this implies that the
conjecture of Scharaschkin and Skorobogatov holds for a positive proportion of
hyperelliptic curves of genus n for each n > 1. Despite this beautiful result, there is
no known method for determining whether an arbitrary explicit hyperelliptic curve
satisfies the Scharaschkin—Skorobogatov conjecture. The main goal of this paper is
to verify the conjecture of Scharaschkin and Skorobogatov for explicit families of
hyperelliptic curves over Q.

We now begin to describe the main results in this paper. Let p be a prime such that
p =1 mod 8. Here and elsewhere we denote by X, the threefold in P& defined by

b* -2 +2pef =0,
X, {2ab —2cd + pf? =0, (1.1)
a*>—d* + pg* =0.

We describe certain rational points on X, that are of great interest in this paper.

Dermnition 1.1. Let p be a prime such that p = 1 mod 8. Let n be a positive integer
such thatn > 1. Let (A, B,C, D, E, F,G) € Z be a septuple of integers such that at least
one of them is nonzero. We say that (A, B, C, D, E, F, G) satisfies GMC with respect to
the couple (p, n) if the following are true:

(Al) the point P:=(a:b:c:d:e: f:g90=A:B:C:D:E:F:G) belongs to
Xp(Q);

(A2) let!be any odd prime such that gcd(/, 3) = gcd(/, p) = 1 and [ divides E. Then p
is a square in Q or vi(E) — vi(G) < 6n;

(A3) gcd(A,D,G) =1, E #0 mod p, and G # 0 mod p;

(A4) let[be any odd prime such that gcd(/, 3) = ged(/, p) = 1 and

gcd(AC — BD,DE — CF,AE — BF) =0 mod /.

Then p is a square in Q);
(A5) there exists an integer H such that G — EH® =0 mod p and A + /BH* is a
quadratic nonresidue in IF; for any cube root of unity ¢ in ]F;f.
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Moreover, if 3 is a quadratic nonresidue in F%, we further assume that the following
are true:

(A6) v3(E) —v3(G) < 6n;
(A7) A+ B#0mod 3 and G =0 mod 3.

Remark 1.2. Since p = 1 mod 8, it follows from the quadratic reciprocity law that —3
is not a square in IF; if and only if p is not a square in [} or, equivalently, p = 2 mod 3.
Hence, if p =2 mod 3, then the group of all cube roots of unity in PIX, is trivial.
Thus, (AS) is tantamount to the condition that there exists an integer H such that
G — EH® =0 mod p and A + BH* is a quadratic nonresidue in IF;,‘.

Remark 1.3. Note thatif (A, B,C, D, E, F, G) satisfies GMC with respect to (p, n), then
A, D, E, and G are nonzero. Indeed, by (A3), we know that E, G # 0 mod p and hence
E, G are nonzero. Assume that A = 0. Then, by (A1) and the third equation of (1.1),
we see that D> = pG?. Hence, p = (D/G)?, which is a contradiction since p is a prime.
Hence, A # 0. Assume that D = 0. Then, by (A1) and the third equation of (1.1), we
deduce that A? + pG? = 0, which is a contradiction since A> + pG? > 0. Hence, D # 0.

We are now ready to sketch the main ideas how to construct generalized Mordell
curves for which the Scharaschkin—Skorobogatov conjecture holds. For a prime p =
1 mod 8, a positive integer n, and each septuple (A, B, C, D, E, F, G) satisfying GMC
with respect to (p, n), we will construct an Azumaya algebra A on the generalized
Mordell curve C of the shape pz> = E2x'*" — G?. The construction of the Azumaya
algebra A mainly relies on the equations of the threefold X,. Using conditions (A1)—
(A7), we will show that A satisfies

0 ifl#p,

inv(A(P))) = {1/2 ifl=p

for any P; € C(Q;). From these invariants of the Azumaya algebra A, it follows
that C(Ag)®" = 0 and thus C satisfies the Scharaschkin—Skorobogatov conjecture. In
particular, this implies that C has no rational points over Q. More precisely, we obtain
the following result.

TueoreM 1.4 (see Theorem 2.2). Let p be a prime such that p = 1 mod 8 and let n be a
positive integer. Let (A, B,C, D, E, F, G) be a septuple of integers satisfying GMC with
respect to (p,n). Then the generalized Mordell curve C defined by

C:pt=EX"-G?
satisfies C(AQ)Br =0.

We will prove Theorem 1.4 in Section 2. In the first part of Section 3, we will
describe a subset of X,(Q) for each prime p. Using this subset and Theorem 1.4, we
prove that for each prime p with p = 1 mod 8 and p = 2 mod 3, there exist infinitely
many couples (E, G) such that for each (E, G), there is a constant ng ¢ depending only
on E, G for which the curve C in Theorem 1.4 satisfies C(AQ)Br = forany n > ngg.
This is Corollary 3.3.
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In the last part of Section 3, we prove conditionally under the assumption of
Schinzel’s hypothesis H that for each positive integer k divisible by 12, there are
infinitely many generalized Mordell curves of degree k that satisfy the Scharaschkin—
Skorobogatov conjecture.

2. Nonexistence of rational points on certain generalized Mordell curves

In this section, we describe a relationship between rational points on X, that
satisfy GMC and certain generalized Mordell curves with no rational points. More
precisely, we show that for each prime p = 1 mod 8 and a positive integer n, the
existence of a septuple (A, B,C, D, E, F, G) satisfying GMC with respect to (p, n)
implies nonexistence of rational points on the generalized Mordell curve of the shape
pz> = E*x'?" — G?. Furthermore, there is a Brauer-Manin obstruction to the existence
of rational points on such curves. We begin by proving the main lemma in this section.

Lemma 2.1. Let p be a prime such that p = 1 mod 8 and let n be a positive integer.
Assume that (A, B,C,D,E, F,G) € Z’ is a septuple of integers satisfying GMC with
respect to the couple (p,n). Let C be the generalized Mordell curve defined by

C: pt = E2x'"" - G2 2.1

Let Q(C) be the function field of C, and let A be the class of the quaternion algebra
(p, A + Bx* + pz) in Br(Q(C)). Then A is an Azumaya algebra of C. Furthermore,
B:=(p, A+ Bx* — pz) and & := (p, (A + Bx*" + pz/x%")) represent the same class as
A in Br(Q(C)).

Proor. We will prove that there is a Zariski open covering (U;); of C such that A
extends to an element of Br(U;) for each i.
By (A1), we see that (2.1) can be written in the form

(A + Bx* + p2)(A + Bx* — pz) = (Cx™ + D)* — px™(Ex*" + F)?
= Normg5,0((Cx* + D) — ypx*"(Ex*" + F)). (2.2)

It follows from the identity above that A + B = 0. Furthermore, we see that A - & =
(p, x5%) = 0. Since A, B, and & belong to the 2-torsion part of Br(Q(C)), we deduce
that A=8B=_E.

Let U; be the largest open subvariety of C in which the rational function R :=
A + Bx*" + pz has neither a zero nor a pole. Let U, be the largest open subvariety of
C in which R, := A + Bx*" — pz has neither a zero nor a pole. Since A = B, A is an
Azumaya algebra on U, and also on U,. We prove that in the affine part of C, the locus
where both R; and R, have a zero is empty. Assume the contrary, and let (X, Z) be a
common zero of R; and R,. We see that

A+BX" =R +R,=0

and
R -R;

Z
2p

=0.
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This implies that B # 0; otherwise, we deduce that A = 0, which is a contradiction to
Remark 1.3. Hence, B # 0 and thus it follows that X** = ~A/B. By (2.1),

i G _ (_é)3
~E2 \ B}
Hence,
B3G2
3
(-A)y = o 2.3)

Let H be an integer satisfying (AS) in Definition 1.1. Since £ # 0 mod p, it follows
from (AS5) and (2.3) that

BS 2
G = (BH*)® mod p.

(-4) = —-=

Hence, —A = /BH* mod p for some cube root of unity £ in F. Thus, A +¢ BH* =
0 mod p, which is a contradiction to (AS). Therefore, in the affine part of C, the locus
where both R; and R, have a zero is empty.

Let R3 := (A + Bx* + pz/x®"), and let co = (X, : Yo : Zoo) be a point at infinity
on C. We know that Y, = 0 and

Zoo E

— =t
Xy AP
It follows that

AYS + BXUYZ + pZes  pZe
Xo = Xo = ++/pE.

By Remark 1.3, we know that E is nonzero. Hence, R3; # 0 and thus Rj is regular and
nonvanishing at the points at infinity on C.

Let Us be the largest open subvariety of C in which the rational function Rz has
neither a zero nor a pole. Then, since A = &, we deduce that A is an Azumaya algebra
on U;. By what we have shown, it follows that C = U; U U, U Us. Since A is an
Azumaya algebra on each U; for 1 <i < 3, we deduce that A belongs to Br(C), proving
our contention. O

We now prove the main theorem in this section, which relates rational points on X,
satisfying GMC with respect to a given couple (p, ) to nonexistence of rational points
on certain generalized Mordell curves.

THEOREM 2.2. Let p be a prime such that p = 1 mod 8 and let n be a positive integer.
Let (A,B,C,D,E,F,G) € Z' be a septuple of integers satisfying GMC with respect to
(p,n). Let C be the generalized Mordell curve defined by (2.1) in Lemma 2.1. Then

C(AQ)Br =0.
Proor. We maintain the notation of Lemma 2.1. We will prove that for any P; € C(Q)),
. 0 if I # p,
inv,(AP)) = P 24)
1/2 ifl=p.
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Since C is smooth, we know that C*(Qy) is /-adically dense in C(Q;), where C* is the
affine curve given by pz> = E>x'?" — G2. Since inv;(A(P;)) is a continuous function on
C(Qy) with respect to the /-adic topology, it suffices to prove (2.4) for any P; € C*(Q)).

Suppose that [ = 2, co, or [ is an odd prime such that [ # p and p is a square in Q.
Then, for any 7 € Qf, the local Hilbert symbol (p, t); is 1. Thus, inv;(A(P))) is 0.

Suppose that [ = 3. If 3 is a square in ]F;, then, by the quadratic reciprocity law,
we know that p is a square in F}. Hence, using the same arguments as above, we
deduce that inv3(A(P3)) = 0. If 3 is a quadratic nonresidue in IF;, then we contend that
v3(x) > 0. Assume the contrary, that is, v3(x) = € < 0. Since € = v3(x) € Z, we see that
€ < —1. Hence, by (A6),

v3(E*x'*") = 2v3(E) + 12ne < 2v3(E) — 12n < 2v3(G) = v3(G?).
It then follows that
2v3(2) = v3(pz?) = min(v3(E2x'"),v3(G?)) = v3(E*x'") = 213(E) + 12ne
and hence v3(z) = v3(E) + 6ne. Therefore, there exist elements xo, zo, Eo € Z; such that

x = 3%xo,
7= 31’3(E)+6neZ0
E=3"PE,

By (2.1),
p3ZV3(E)+12nE 2 _ 32\/3(E)+12neE(2)x(1)2n _ GZ‘

o=
Multiplying both sides of the above equation by 372:(E)=12n€,

p2 = Exln - 37 2n(E)i2neG2, 2.5)
We see that

V(372 EI2EGRY = 2ya(G) — 2v3(E) — 12n€ > —12n — 12ne  (by (A6))
= 12n(-e - 1) > 0.

Hence, v3(372®-12¢G2) > 0. Since v3(3723E)-127€G2) is an integer,
v3(3-2V3(E)—]2n5G2) >1

and thus 372E)-12¢G2 ¢ 37, Reducing Equation (2.5) modulo 3,

6
- (onon )2 mod 3
20 ’

which is a contradiction since p is not a square in F}. This contradiction implies that
v3(x) = 0. By (2.1), we see that v3(z) > 0.
By (A7) and (2.1),

p7? = E2x'?" — G? = E*x'*" mod 3.
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Since p is not a square in FY, it follows that z = Ex =0 mod 3. Assume that
A+ Bx* + pz =0 mod 3. Since z =0 mod 3, it follows that A + Bx*" =0 mod 3.
We see from (2.2) that

(Cx* + D)? — px*(Ex*" + F)* = 0 mod 3.
Since p is not a square in F7,
Cx* + D = x(Ex*" + F) = 0 mod 3.

Thus, we deduce that A + Bx* = Cx* + D = 0 mod 3. We contend that x # 0 mod 3;
otherwise, A = D = 0 mod 3 and hence it follows from (A7) that 3 divides gcd(A, D, G),
which is a contradiction to (A3). Thus, x # 0 mod 3 and hence we deduce that
x*> =1 mod 3. By (A7),

0=A+Bx"=A+B#%0mod3,

which is a contradiction. Hence, A + Bx*" + pz # 0 mod 3 and thus we deduce that the
local Hilbert symbol (p, A + Bx** + pz); is 1. Therefore, inv3(A(P3)) is 0.

Suppose that [ is an odd prime such that gcd(/, 3) = ged(l, p) = 1 and p is not a
square in Q. We consider the following two cases.

*x Case 1. vi(x) > 0.
Assume that

A+ Bx* + pz=0mod |,
x4 pz mo 2.6)
A + Bx™ — pz=0mod L.
By (2.2),
(Cx*" + D)? — px*(Ex™ + F)> = 0 mod 1.
Since p is not a square in Q7,
Cx* + D =0mod [,
X ; mo 2.7
x(Ex*™ + F)=0mod .

Adding both of the equations of (2.6),
A+ Bx* =0mod L. (2.8)

If x = 0 mod /, then it follows from (2.8) and the first equation of (2.7) that A= D =
0 mod .. By (A1), we deduce that pG?> = D> — A> = 0 mod /. Since p # I, we deduce
that / divides G and hence [ divides gcd(A, D, G), which is a contradiction to (A3). If
x # 0 mod /, then it follows from the second equation of (2.7) that

Ex* +F=0mod L (2.9)
Hence, it follows from (2.8), (2.9), and the first equation of (2.7) that

BCx*=-AC =-BD mod [,
BEx* = —AE = —BF mod [,
CEx* = —-DE = -CF mod .
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Thus,

AC — BD =0mod [,

AE — BF =0 mod [,

DE — CF =0 mod /
and hence / divides gcd(AC — BD, DE — CF, AE — BF). Thus, it follows from (A4) that
p is a square in QF, which is a contradiction. Therefore, at least one of A + Bx*" + pz
and A + Bx*" — pzis nonzero modulo /, say U. Since A and B represent the same class

in Br(Q(C)), we deduce that the local Hilbert symbol (p, U); is 1. Hence, inv;(A(P;))
is 0.

* Case 2. vi(x) =€ <0.
Since € = v;(x) € Z, we deduce that € < —1. If v;(E) = 0, then

vi(E*x'*") = 12ne < —12n < vi(G?).
If vi(E) > 0, then [ divides E. Since p is not a square in QJ, it follows from (A2) that
vi(E) —vi(G) < 6n.

Hence,
Vi(E*x'2") = 2v)(E) + 12ne < 2vi(E) — 12n < 2v)(G) = vi(G?).
Thus, in any event, we see that vi(E2x) < v)(G?). Hence, it follows from (2.1) that
vi(pz®) _ min(vi(E2x""), vi(G?)) _
2 2
Hence, there are elements xg, 2o, Eg € Zf such that

vi(2) = vi(E) + bne.

x =[x,

E
7= lv,( )+6neZO’

E=1"®E,.
Hence, it follows from (2.1) that
pl2v,(E)+12neZ(2) — l2v,(E)+12neE(2]x(1)2n _ G2.

Multiplying both sides of the above equation by [~2"(E)-12n€,

pz2 = E2xi2n — GR2(Br-12ne (2.10)
If v(E) = 0, then

V(G2 B2y = 2y(G) — 2vi(E) — 12ne
= 2v)(G) — 12ne
>2vi(G) + 12n > 12n > 12.
If v;(E) > 0, then we know that [ divides E. Since p is not a square in Q%, we deduce

from (A2) that
vi(E) —vi(G) < 6n
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and hence
V(G2 E)=12n€y — 2y (G) — 2vi(E) — 12ne
> —12n — 12ne = 12n(-e - 1) > 0.

Thus, in any event,
vl(G2172v,(E)—12116) > 0.

Since v)(G*[2"(E)=12n€) jq an integer,
vl(GZI—ZVI(E)—lZnE) >1

and hence
G2 2B)-12e ¢ 17,

Reducing Equation (2.10) modulo /,

6n 2

(ono ) mod [,

<0
which is a contradiction since p is not a square in Q.

Thus, in any event, if / is an odd prime such that ged(/, 3) = gcd(/, p) =1 and p is
not a square in Q;°, then inv;(A(P)) is 0.

Suppose that / = p. If v,(x) = € < 0, then we know from (A3) that £ # 0 mod p.
Hence,

v (E*x"") = 12ne < 0 < v,(G?).

It then follows from the above inequality and (2.1) that
1+2v,(2) = v,,(pzz) = vp(szlz”) = 12ne,

which is a contradiction since the left-hand side is an odd integer whereas the right-
hand side is an even integer.
If v,(x) > 0, then it follows from (2.1) that

1+2v,(2) = v,(pz) = v, (E*x"*" = G*) > 0.

Hence, it follows that v,(z) > —%. Since v,(z) € Z, we deduce that v,(z) > 0 and hence
z € Z,. We contend that x € Z;. Assume the contrary, that is, x = 0 mod p. By (2.1),

G* = E*x'”" — pz> = 0 mod p,

which is a contradiction to (A3). Hence, we deduce that x € Z;. Reducing Equation
(2.1) modulo p,
E*x'?" — G =0 mod p. (2.11)

Let H be an integer satisfying (AS5) in Definition 1.1. By (2.11), (A3), and (AS),

2
LI (9) = H' mod p
E
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and hence x*" = ZH* mod p for some cube root of unity £ in IF;. Thus, it follows from
(AS) that
A+ Bx*" + pz= A+ ¢BH* £ 0 mod p.
Using [2, Theorem 5.2.7], we deduce from (AS5) that the local Hilbert symbol (p, A +
Bx*" + pz), satisfies
A + (BH*
(p.A + Bx* + p2), = (L) -1,
p

which proves that inv,(A(P,)) = 1/2.
Therefore, in any event,
D inviAP) = 1/2

1

for any (P;); € C(Ag) and hence C(AQ)Br = (). Hence, our contention follows. O

3. A subset of the set of all rational points on X,

In this section, we describe a subset of X,(Q) for each prime p. Using this subset
and Theorem 2.2, we will show that there exist infinitely many generalized Mordell
curves of arbitrarily high degree that have no rational points. Furthermore, there is a
Brauer—Manin obstruction to the existence of rational points on these curves.

Let p be an odd prime such that p # 3. Let A and y be nonzero odd integers such
that

ged(4,3y) = ged(p, 3y) = ged(p, ) = 1.
Since ged(pA2,9y?) = 1, there exist nonzero integers € and &, such that
pe& + 9y = 1.
For integers y, ty, Fo € Z, we define

pA> —9y?

2 b
B :=2pF}(60 — € — u(pA* + 9y%)) + (pA* + 9y )ty Fo,
C :=2pF5(S0 + € — p(pA*> = 9y%) + (pA> = 9yH)1oF,

A=

D= pA? er 9y2’ (3.1
E := FoQ2pFo(e + 9uy*) — 9y*10)(2Fo(S0 — pud®) + 1),

F :=2F,,

G =3y.

Note that B and C can be written in the following form:

B :=2pF2%(8y — € — 2uD) + 2Dty F,,
{ pF§(00 — € — 2uD) oFo (3.2)

C :=2pFX(60 + € — 2uA) + 2A1Fy.
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It is not difficult to verify that the point P:=(a:b:c:d:e: f: g =A:B:C:
D: E: F:G)belongs to X,(Q); hence, the septuple (A, B, C, D, E, F, G) satisfies (Al)
in Definition 1.1. We see that (3.1) defines a parametrization of a subset of X,(Q)
by parameters 4,7, i, tg, and Fy. Using this parametrization, we will show that there
are infinitely many septuples (A, B, C, D, E, F, G) satisfying GMC with respect to the
couples (p, n), where n is a sufficiently large integer. The following lemma is the main
result in this section.

Lemma 3.1. Let p be a prime such that p = 1 mod 8 and p = 2 mod 3. Then there exist
infinitely many septuples (A, B, C, D, E, F,G) € Z' such that they satisfy (3.1) and (Al),
(A3)—(AS5), and (A7) in Definition 1.1 and such that for any integer n > 1, they satisfy
(A6) in Definition 1.1 with respect to the couple (p, n).

Proor. Let A and y be odd integers such that
ged(2,3y) = ged(p, 3y) = ged(p, D) = 1. (3.3)
Since ged(pA2,9y?) = 1, there exist nonzero integers €* and §* such that
pA2e + 9y = 1.
We see that ) = € + 9y?s* and 6y = 6* — pA%s* satisfy the following equation:
ple +9y%6 = 1, (3.4)

where s* is an arbitrary integer. For our purpose, we choose s* such that 6* + s* =
2 mod 3. Since 4 # 0 mod 3 and p = 2 mod 3,

So=06 —pAls* =6 —25"=6"+ s =2mod 3. (3.5)

Let (A, B,C, D, E, F, G) be the septuple of integers defined by (3.1), where y, #y, and
Fy will be determined later. It is not difficult to prove that (A, B, C, D, E, F, G) belongs
to X,(Q), where X, is the threefold defined by (1.1), and hence it satisfies (A1) in
Definition 1.1. By (3.1) and (3.2),

AC - BD = AQpF((8o + € — 2uA) + 2AtoFy)
— DQ2pF}(8 — € — 2uD) + 2Dt Fy)
= 4pF3(D* — AP+ 2pF3(A(6) + &) — D(8o — €)) + 2toFo(A> — D?)
= 4p*F3G*u + 2pFi(e)(A + D) + 5o(A — D)) — 2ptgFoG*
(since A’-D> + sz =0)
= 2pFo(2pFoG*u + Fo(ey(A + D) + 8o(A — D)) — 1oG?)
= 2pF,0Q", (3.6)
where
Q" = 2pFG*u + Fo(ey(A + D) + 6o(A — D)) — 1,G>.
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By (3.1),
A+D=pi,
A—D=-9y
By the above identities, (3.4), and since G = 31y,
Q" = 2pFoG’pu + Fo(pAey — 9y*60) — 10G”
= 2pFoG*u + Fo(2pley — 1) — 1oG?
= (18p2y*Fo)u + Fo(RpAey — 1) — 91291, (3.7
* Step 1. Choosing .

We define
ty := —3/1’}/F()l], (3.8)

where #; is an integer which will be chosen below in this step, and Fy will be chosen
in Step 2. By (3.7), one can write O in the form

0" = Fo((18p2y*)u + 2pAPey — 1 + 272%9°1)) = Fo(Pu + R}), (3.9)

where -
P7 = 18pA~y~,
{R% = pr)lzeo -1+ 27239%,. (3-10)
Since ged(272%y?, p) = 1, there exist nonzero integers t, and t; such that
2739t — pt3 = 1. (3.11)

Take any nonzero integer 7 such that  is a quadratic residue in F, and let t5 be any
nonzero integer such that

_ 71'—2/1260 -3

5= s medp 3.12)
ts =1 —t3 mod 2.
Note that there are infinitely many such integers 7 and #5. Define
1 =1t + pts (3.13)
and
1y := 13+ 272391, (3.14)
By (3.11), (3.13), and (3.14),
273931 — pty = 1. (3.15)
In summary, by (3.8) and (3.13), #; is of the form
to = =3AyFy(t2 + pts), (3.16)

where ¢, is an integer satisfying (3.11) and ¢s is any nonzero integer satisfying (3.12).

https://doi.org/10.1017/51446788715000348 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788715000348

54 N. N. Dong Quan [13]

* Step 2. Choosing F.
Define

(3.17)

1 if Ay is a quadratic residue modulo p,
0 if Ay is a quadratic nonresidue modulo p.

We take F) to be any nonzero integer such that the following are true:

(F1) Fy = 3"Fy, where F is an integer such that gcd(F',3) = gcd(F, p) = 1;
(F2) pis a square in Qf for each odd prime / dividing F.

* Step 3. Defining H.

We prove that (31y)/Fy is a quadratic residue in IF; Assume first that 1y is a
quadratic residue in F}. By (3.17) in Step 2, we know that u = 1. By (F1) in Step
> 3ly 3y Ay

Fy  3“F, Fy’
Hence, in order to prove that (31y)/F is a quadratic residue in [F7, it suffices to prove
that F is a square in IF;. Write F'; in the form

Fy = +02(F1) 1_[ ED
i

where the product is taken over all odd primes / dividing F;. Since p = 1 mod 8, we
know that —1 and 2 are quadratic residues in F}}. Hence, it follows from (F2) in Step 2
and the quadratic reciprocity law that

Fy +2va(F1) Hl\Fl JiED
(5)- ")

2va(F1) JViED
)
2 \V2(F1) vi(F1)
G116
1.

IIF,

Thus, F is a quadratic residue in F; and hence (31y)/F is a quadratic residue in IF;.
Assume now that Ay is a quadratic nonresidue in F}. By (3.17) in Step 2, we know
that u = 0. Hence, 3 = 1 and hence Fy = 3“F| = F;. As was shown above, F is a
square in IF; and thus Fj is a square in IFIX,. Since p =2 mod 3, we deduce that p is
a quadratic nonresidue in F}. By the quadratic reciprocity law, we deduce that 3 is a
quadratic nonresidue in F. Thus, 34y is a square in F; and therefore it follows that
(34y)/ Fy is a quadratic residue in IF;
Therefore, in any event, (31y)/Fy is a square in IFIX,. We now define H to be any
nonzero integer such that s
= (ﬂ) mod p. (3.18)
Fo
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* Step 4. Defining p.
By (3.10) and (3.15), R} can be written in the form

R; =2ple — 1 + 2783yt = 2pA%ey + pts = pR;,

where
R; = 2/126() + 14.

By (3.9) and (3.10), we can write Q" in the form
Q" = Fo(Pip + RY)) = pFo(Pou + Ry) = pFoQy,

where
Q] =Pu+R,

and
P; = 184%y*.

55

(3.19)

(3.20)

(3.21)

We contend that ged(3pP3, R5) = 1. Since A and vy is odd, it follows from (3.12),

(3.14), and (3.19) that
R; =hh=Hh+ 27/13’}/315 =+t = 1 mod 2.

Since gcd(p, 1) = 1, it follows from (3.15) and (3.19) that

. 1
Ry=t3=-—#0mod !
p

(3.22)

(3.23)

for each odd prime / dividing A and hence gcd(Rj, 1) = 1. Since ged(p,3y) =1, it

follows from (3.4)—(3.19) that

(3.24)

for each odd prime / dividing 3y and hence gcd(R;,3y) = 1. By (3.12), (3.14), and

(3.19),
R; = 226 + 13 =22%€ + 13 + 272y’ ts = 1 £ O mod p

and hence gcd(R}, p) = 1. Since P}, = 184292, it follows from (3.22)—(3.25) that

gcd(3pP;, R;) = 1.

(3.25)

We now define u. Since ged(3pP;5, R;) = 1, it follows from Dirichlet’s theorem on
arithmetic progressions that there are infinitely many integers y; such that 3pPju; + R

is an odd prime. Take such an integer u; and define

H=3pu.

(3.26)

By (3.21), the choice of y, and the definition of u, we see that Q7 is an odd prime.
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* Step 5. Verifying (A3).
By (3.1) and (3.3), we see that gcd(A, D,G) = 1 and G # 0 mod p. Hence, it remains
to verify that E # 0 mod p. We see that

E = Fy(2pFo(e + 9uy®) — 9¥*10)(2F (S0 — pud®) + °1p) (by (3.1))
= —9’)/2F()l()(/121() +260F))
272y’ Fita(=3%yFot, + 260Fp) (by (3.16))

- —27/173F8t2(3/l3yt2 - 972) (by (3.4))
F 1 2
0
=0 2 byl
Az(gy2 972) (by (3.11))
F3
= 9/12(;2 # 0 mod p. (3.27)

Hence, (A3) holds.

* Step 6. Verifying (A4).

Let / be any odd prime such that ged(/, 3) = ged(l, p) = 1 and [ divides AC — BD. We
will prove that p is a square in Q;. Indeed, by (3.6) and (3.20), we can write AC — BD
in the form

AC - BD = 2pFQ* = 2p*F}Q}, (3.28)

where Q7 is given by (3.21). Recall that by the choice of u in Step 4, Q7 is an odd
prime. If [ divides Fy, then it follows from (F1) in Step 2 that / divides F;. Hence, it
follows from (F2) in Step 2 that p is a square in Q. If gcd(l, F) = 1, we see that since
Q1 is an odd prime, [/ divides AC — BD, and gcd(/, 2pFy) = 1, it follows from (3.28)
that / = Q7. Hence, it suffices to show that p is a square in QZT’ where Qg: denotes the
Q7 -adic field.

By (3.21), (3.25), and (3.26),

Q) = Pyu+ R, =3pPyu + Ry =R; = mmod p.

By the choice of 7 in Step 1, we know that 7 is a quadratic residue in F. Hence,
it follows from the last congruence that (Q7/p) = 1, where (-/-) denotes the Jacobi
symbol. By the quadratic reciprocity law,

5)-9)-

and thus p is a square in Q7. Hence, (A4) holds.
1

* Step 7. Verifying (AS5).

Since p =2 mod 3, p is a quadratic nonresidue in F. By the quadratic reciprocity
law, we deduce that 3 is a quadratic nonresidue in F} and hence —3 is not a square
in ]F;f. Thus, the group of all cube roots of unity in IF; is trivial. We will prove that
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H satisfies (AS), where H is defined in Step 3. Note that since the group of all cube
roots of unity in IF; is trivial, the second condition in (A5) is tantamount to saying that

A + BH* is a quadratic nonresidue in F}.
By (3.1, (3.18), and (3.27),

) )
0y2\ F}
= 31y — 34y =0 mod p.

G—EH6E3/17—(

We see that
9,)/2 9/12,)/2
A+BH =T+ 9y2r0F0( = ) (by (3.1) and (3.18))
0

9 2 9/12 2

= L + 0PSB Fo(n + R <) by G.16)

0

972 32 9/1272

=2 oy Fotg( )

2 F?

9 2
—% — Q1Y )99
2

—9% - 9y* (by 3.11))

3(_71)(3”2 mod p.

Since —1 and 2 are quadratic residues in IF; and 3 is a quadratic nonresidue in F, we

deduce that 3(‘71)(3)/)2 is a quadratic nonresidue in F;. Hence, A + BH* is a quadratic
nonresidue in IF; and thus (A5) holds.

* Step 8. Verifying (A6).
Since A # 0 mod 3 and p = 2 mod 3, it follows from (3.4) that
1
€@=—= 3 =2 mod 3. (3.29)

By (3.1) and (3.16),
E = Fo(2pFo(ey + 9uy*) — 9¥*10)(2F (S0 — pud®) + A*t)
= Fo(2pFo(& + 9uy?) — 9y (=3yFo(ta + pts)))
X (2F (80 — ppd®) + A*(=3AyFo(t2 + pts)))  (by (3.16))
= Fa(2p(eo + 9uy?) + 2707 (tr + pt5))(2(5o — pua®) = 33y(t2 + pts)).
Hence,
v3(E) = v3(F)) + v3(2p(e& + 9uy®) + 274y (12 + pts))
+13(2(80 — ppd®) = 38y(t2 + pts)). (3.30)
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By (F1) in Step 2,
V3(F8) =3v3(Fo) = 3v3(3"F1) = 3v3(3") + 3vs(F) = 3u. (3.31)
By (3.29) and since p = 2 mod 3,
2p(ey + 9,uyz) + 27/173(t2 + pts) = 2pey = 8 =2 mod 3

and hence
vi(2p(eo + uy?) + 27y (12 + pts)) = 0. (3.32)

By (3.26),
u=3pu; =0mod 3

and hence it follows from (3.5) that
2(60 — puA®) = 3839(t, + pts) = 260 =4 = 1 mod 3.

Thus,
v3(2(8o — pud®) = 3%y(t> + pts)) = 0. (3.33)
Hence, it follows from (3.30)—(3.33) that
V3(E) =3u

and thus we deduce from (3.1), (3.3), and (3.17) that
v3(E) = v3(G) =3u—v3(Bly) =3u—-1<3-1=2<3n
for any integer n > 1. Therefore, (A6) holds.

* Step 9. Verifying (A7).
By (3.16), we know that

to = =3AyFy(t, + pts) = 0 mod 3.
Since p =2 mod 3, 4 # 0 mod 3, and 4 = 3pu; = 0 mod 3, it follows from (3.1), (3.3),
(3.5), and (3.29) that

/12
B+ 2Ry - @)

1+4F22-2)=1%0mod 3.

A+ B

By (3.1), we know that
G =32y =0 mod 3.

Hence, (A7) holds.
By what we have shown above, our contention follows. O

REmMARK 3.2. Lemma 3.1 shows that for a prime p with p = 1 mod 8 and p = 2 mod 3,
and an integer n > 1, there are infinitely many septuples (A, B, C, D, E, F, G) defined by
(3.1) that satisfy (A1) and (A3)—(A7) with respect to the couple (p, n). It is not difficult
to choose n sufficiently large so that the septuples (A, B,C, D, E, F,G) in Lemma 3.1
satisfy GMC with respect to (p, n). Such septuples produce infinitely many generalized
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Mordell curves of degree 12n that have no rational points, and there is a Brauer—
Manin obstruction to the existence of rational points on these curves. This remark is
summarized in the following corollary.

CoroLLARY 3.3. Let p be a prime such that p = 1 mod 8 and p = 2 mod 3. There exists
an infinite set €, C 77 consisting of the septuples (A, B,C, D, E, F,G) € Z' defined by
(3.1) that satisfy (Al), (A3)—(AS), and (A7) in Definition 1.1. Furthermore, for each
septuple T = (A,B,C,D, E, F,G) € €, there exists a positive real number ng g > 1 that
depends only on E and G such that for any integer n > ng g, the septuple T satisfies
GMC with respect to (p,n), and the smooth projective model C, g of the affine curve
defined by
Cn,‘r : pzz — E2x12n _ G2
satisfies C,,;/-(AQ)Br =0.
Proor. Let €, be the set of the septuples (A, B,C,D,E,F,G) € Z' satisfying the
following two conditions:
i) (A,B,C,D,E, F,G) satisfies (3.1), and (Al), (A3)-(AS5), and (A7) in
Definition 1.1; and
(i) foranyn>1,(A,B,C,D,E,F,G) satisfies (A6) in Definition 1.1 with respect to
the couple (p, n).
By Lemma 3.1, we know that €, is of infinite cardinality.

Take any septuple 7 = (A, B,C,D,E,F,G) € €,, and let Sg be the set of odd
primes / such that ged(/, 3p) = 1, [ divides E, and p is not a square in Q. Set

E —
max(—vl( ) vl(G)) if Sgg # 0,
€Sk 6

1 if Spg =0

* -
nE,G =

and define
ngg = max(l, ng ).

Let n be any integer such that n > ng . Let [ be any odd prime such that ged(/,3p) = 1
and [ divides E. If p is not a square in Q}, then / belongs to Sg . Hence, by definition
of ng g,

6n > 6ngg > 6ny ; 2 vi(E) — vi(G),

which proves that the septuple 7 satisfies (A2) with respect to (p, n) and thus it satisfies
GMC with respect to the couple (p,n). The last assertion follows immediately from
Theorem 2.2. O

Remark 3.4. Corollary 3.3 only produces generalized Mordell curves of degree 12n
with n sufficiently large that have no rational points such that there is a Brauer—-Manin
obstruction to the existence of rational points on these curves. For each n > 1, we are
interested in looking for infinitely many generalized Mordell curves of degree 12n
that have no rational points and satisfy the Scharaschkin—Skorobogatov conjecture.
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In order to do that, it suffices to show that for any n > 1, there are infinitely many
septuples (A, B,C, D, E, F,G) from Lemma 3.1 satisfying (A2) with respect to (p, n),
that is,

vi(E) = vi(G) < 6n,

where [ is any odd prime such that gcd(l, 3p) = 1, [ divides E, and p is not a square in
Qj‘. This can be proved conditionally under the assumption of Schinzel’s hypothesis H.
The rest of the paper is devoted to proving this result.

We begin by recalling the statement of Schinzel’s hypothesis H [6, 7].

Consecturk 3.5 (Schinzel’s hypothesis H). Let F{(x), F2(x), ..., F,(x) be nonconstant
polynomials in Z[x] such that the polynomials F(x), ..., F,(x) have positive leading
coeflicients and are irreducible over Q. Assume that the polynomial

F(x) := ]_[ Fi(x) € Z[x]
i=1

has no fixed prime divisor, that is, there is no prime ¢ dividing F(m) for all integers
m. Then there are infinitely many arbitrarily large positive integers x such that
Fi(x), F2(x), ..., F,(x) are simultaneously primes.

CoroLLarY 3.6. Let p be a prime such that p =1 mod 8 and p =2 mod 3. Let €, be
the set defined in Corollary 3.3. Assume Schinzel’s hypothesis H. Let n be a positive
integer. Then there exist infinitely many septuples (A, B,C, D, E, F,G) in €, that satisfy
GMC with respect to the couple (p, n).

Proor. We maintain the same notation as in the proof of Lemma 3.1. Using exactly
the same words and repeating the same arguments from the beginning of the proof
of Lemma 3.1 to the end of Step 3 in the proof of Lemma 3.1, we let A, v, €, dp as
in the proof of Lemma 3.1, and define 7y, Fp, and H as in Steps 1-3 in the proof of
Lemma 3.1. Let (A, B, C, D, E, F, G) be the septuple of integers defined by (3.1), where
u will be determined shortly.

By (3.8),

E = Fo(2pFo(& + 9uy*) — 97°10)(2F (S0 — pud®) + *1o)
= Fo(2pFo(& + 9uy”) — 9* (=3 Ay Fot1))(2F (S0 — pud®) + A*(=3yFoty))
= FoQp(eo +9uy®) + 2707’ 1)(2(S0 — pud®) = 30%yn)
= —Fo((18py*)u + 2peo + 272y ° 1)(2pA*)u — 260 + 3%y1)

and hence
E = -F,E}E;, (3.34)
where
E; := (18pyH)u + 2pey + 270971
and

Ej := 2pAhu — 280 + 3yt
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Let
M= 3pp, (3.35)

where u; will be determined below. We see that
E} := (54p*y i + 2pey + 274y°1

and
E5 = (6p* )y — 280 + 3yt

Write ¢; = 2"1], where v is a nonnegative integer and #] is an odd integer. We contend
that ¢, is an even integer, that is, v > 1. By (3.12), (3.14), (3.15), and since A and y are

odd,
1=272% —pty =1, + 14

=h+HK+ 27/13’)/315

=fH+h+ts5=1 +1mod?2
and hence

t; = 0 mod 2.
Thus, ¢, is an even integer and therefore v > 1.
We see that

E] =2E, (3.36)
and

E; =2E,, (3.37)
where

E\ = QTp*y 1 + peo + 2777211}

and

Ey := Bp* )y — 6o + 343y2"7 ;.

Let Q7 be the integer defined by (3.21) in Step 4 in the proof of Lemma 3.1. We can
write Q7 in the form
Q) = Pyyu+ R = 3pPyu + K,

where we recall from Step 4 in the proof of Lemma 3.1 that
P; = 184%y*
and
R; = 2/126() + 14.

Viewing u; as a variable, we see that E, E; and Q7 are polynomials with integral
coeflicients in the variable u;, that is, Ey, E>, and Q7 belong to Z[u,]. Upon assuming
Schinzel’s hypothesis H, we will show that there should be infinitely many arbitrarily
large positive integers u; such that £y, E, and Q7 are simultaneously primes. In order
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to apply Schinzel’s hypothesis H, we need to prove that the polynomial W(u;) € Z[u]
defined by
Y(u) := E\E, Q) (3.38)

has no fixed divisors, that is, there is no prime ¢ dividing ¥ (m) for every integer m. To
prove the latter, it suffices to show that

ecd7p*y?, pey + 2749°2 1) = 1,
gcd(3p* A%, =g + 3%y2" ') = 1,

and
gedBpPy, Ry) = 1.

Using the same arguments as in Step 4 in the proof of Lemma 3.1,
gcd(3pP;,R;) = 1. (3.39)
We now prove that
ecd27p*y?, pey + 274y°277 1)) = 1.

Indeed, by (3.15),
n 1

=3 T sy
Since ged(p, 1) = ged(p,y) = ged(p,3) =1,
peo +274y°2" 1 = 2720972711} # 0 mod p.

# 0 mod p.

Since gcd(4, 3y) = 1, we see that if [ is any prime dividing 3y, then it follows from

(3.4) that
1
pe = = #0mod !
and hence
peo +271y°2" '} = pep 20 mod L.
Thus,

gcd(27p*y?, pey +274y°2" 1) = 1. (3.40)

We prove that
gcd(3p %, =6 + 328y2" ') = 1.

Indeed, by (3.4) and (3.15),

_ n 1
- By2r =~ 2 (—)E—_ 2 ( )
0o + 347y ) 0o+ 3 "3 9)/2+3 754/13)/3
1 . 1
T09y2 182
1
E—W$Omodp.
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By (3.5),
~80 + 3239271 = —6p = -2 = 1 mod 3.

By (3.4) and since gcd(4, 3y) = 1, we see that if [ is any prime dividing 4, then
1
~8 + 328927} = —6p = —— # 0 mod L.
9y2?

Therefore,
ged(3p* A%, =6 + 3839271 = 1. (3.41)

By (3.39)-(3.41), we see that the polynomial ¥ defined by (3.38) has no fixed
prime divisor. On the other hand, Ey, E>, and Q7 have positive leading coefficients
and are irreducible over Q. Hence, Schinzel’s hypothesis H expects that there should
be infinitely many arbitrarily large positive integers u; such that Ey, E>, and Q7 are
simultaneously primes. Take such a positive integer u; and define u by (3.35). We
see that the choice of u here is compatible with that of ¢ in Step 4 in the proof of
Lemma 3.1. More precisely, in Step 4 in the proof of Lemma 3.1, we chose u so
that u = 3pu; and Q7 = 3pPju; + R is an odd prime for some integer u;, and it is
not difficult to realize that the choice of u here satisfies these conditions. Repeating
the same arguments as in Steps 5-9 in the proof of Lemma 3.1, we deduce that the
septuple (A, B, C, D, E, F, G) satisfies (A1) and (A3)-(A7) with respect to the couple
(p,n). It remains to prove that (A, B,C, D, E, F, G) satisfies (A2) with respect to the
couple (p, n).

By (3.34), (3.36), and (3.37),

E = —4FE\E,.

Let [/ be any odd prime such that ged(/, 3) = gecd(/, p) = 1 and [ divides E. Then either
[ divides Fy, or ged(l, Fp) = 1 and ! divides E| E,. If [ divides F), then it follows from
(F1) and (F2) in Step 3 in the proof of Lemma 3.1 that p is a square in Q;. If / does
not divide Fy and [ divides E| E», then, since E|, E; are odd primes, it follows that

VI(E) = vi(—4F3E\ E2) = vi(E | E2) < 2.

Thus,
Vi(E) = vi(G)£2+0=2<6n.

Thus, (A, B,C, D, E, F, G) satisfies (A2) with respect to the couple (p,n). Since
(A,B,C,D, E, F,G)is defined by (3.1), it follows that (A, B, C, D, E, F,G) belongs to €,
and satisfies GMC with respect to the couple (p, n). Hence, our contention follows. O
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