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On certain non-archimedean functions

analogous to complex analytic functions

Kurt Mahler

To the memory of J.G. van der Corput

Let QP and X be the rational p-adic field and an algebraic
extension of Qp of finite degree, respectively, and let I and
IK be the subsets of Qp and of K consisting of the p-adic
integers of these fields.

It is known that the continuous functions f : I »> Qp can be

written as
fx) = T a () s
n=0

where this series converges uniformly on I , and that such
continuous functions need not be differentiable at any point. We

here study continuous functions F : IK + K which for all X on

IK are the sum of a uniformly convergent series

It is proved that such functions F(X) have at every point of

IK derivatives of all orders. In the special case when K is

totally ramified, they cannot in general be developed into power

series that converge everywhere on I, , but this is possible
when X 1is not totally ramified.

Received 23 October 1975.
23

https://doi.org/10.1017/50004972700024837 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700024837

24 Kurt Mahler

Let p be a fixed prime, |a|p the p-adic valuation on @ normed

such that
bl =p7,
p
Qp the p-adic closure of ¢ , and I = {a ¢ Qp, |a|p =1} the ring of
p-adic integers. I have proved [I] that if f : I =+ Qp is a continuous

function on I and if
Z k
a, = kgo (-1 () fn-k) ,

then {an} is a p-adic null sequence, and

flz) = ¥ a,()
n=0

uniformly for all x on I .

Consider now an algebraic extension field K of finite degree W

over Qp . The valuation |a|p can be continued to K , and K 1is still
complete with respect to this continuation. The set
= =
I, {4 €k, lAIp 1}
forms a ring, and we call its element the X-integers. We can now consider
again the continuous functions F : IK + K , and these can without

difficulty be proved to be representable as N-fold interpolation series in

the N components Tis ooes Ty of X ; here Ql’ vees QN denotes a
basis of K over Qp , and X € IK is assumed to be written in terms of
this basis as

X=lel + ... +xN‘QN , where Ty eees Ty €I.

However, we are in this paper not concerned with such general
continuous functions, but with a subclass of continuous functions which
have particularly simple properties. To this subclass one is led by an

analogy from complex function theory.

An essential property of complex functions that are regular in a
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certain open set is that they are completely determined if their values are
given on any arc in this set, or even only on an infinite sequence tending

to a point in this set.

It seems therefore appropriate to consider in our p-adic case

functions F : IK + K which are continuous on IK and which are

completely determined if their values on I are given. Naturally, F(X)
is also continuous when X is restricted to I , hence can on I Dbe

written as the interpolation series

(1) o= Y 4y,
n=0
where
2 k
(2) A, = T () ()F(n-k) (n=0,1,2,...),
: k=0

where now the coefficients An lie in K and again form a null sequence.
DEFINITION. F(X) is called a regular function on IK if the series
(1) converges uniformiy on IK and is identical with F(X) .

Our problem will be to find the basic properties of such regular
functions and in particular their relation to analytic functions G(X) on

IK . By this we mean the sums of power series

G(x) = Y an"
n=0

which converge for all X on I, , hence which are characterised by the
condition that {Gn} is a null sequence. We shall find that in general

the regular functions are identical with the analytic functions, but that
there is an important special case when this is not so.

1.

Let K be an algebraic extension field of degree N over the

rational p-adic field Qp , and let e and f denote the ramification

index and the residue class degree of K over Qp , respectively; hence
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ef =N .

As usual let N(4) = (A) be the normof A in X .

N
K/Qp

The p-adic valuation lalp of Qp ,» Which we assume normed such that

has a unique continuation |A|p to K defined by

/v
|A|p = |1V(A)|p/ for 4 €K .
There exists then a prime element P and a p-adic unit £ in K such
that
perf . |5, =1, we) =y, |pl, = pC
Denote by

I={a €9, lal =1} ama I, = {4 €k, IAlpfl}

r K
the rings of all p-adic integers in Qp and of all K-integers in X ;
both sets are compact with respect to the metric induced by the p-adic

valuation. Let further R be a full set of pf representatives in IK

of the different residue classes

A (mod P)
in IK , Where the class of the multiples of P 1is represented by O . 1In
the general case we may take for R the set of all roots of the equation
f
£ -x=o0
in IK . Further, in the special case when e =¥ , f =1, hence when X

is totally ramified, R may be chosen as the set
R=1{0,1, 2, ..., p-1} .

With this definition of R , every K-integer has now the canonic

representation
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Xx= 3 thh
h=0

where the coefficients Xh are elements of R . On allowing also

analogous terms in finitely many negative powers of P , we obtain a

similar representation of the elements of KX .

2.

Consider now any interpolation series (1) and assume that it

represents a regular function F(X) for all X on I, . Tt is not

difficult to derive the necessary and sufficient conditions which the

coefficients An have then to satisfy.

For this purpose it is convenient to introduce the polynomials (X, n)

of X which are defined by

1 if n

!l
o
-

(x, n) =
X(Xx-1) ... (X=n+l) if =n

1,2, 3, ... ,
so that

fl) R

(x, n) = (
To begin with, let
(a) 1Ze<lN, 1<f=W,
that is, X 1is not totally ramified. There exists then an element XO of
R such that none of the numbers

Xg-n (n=0,1,2, ...)

lies in the zero class (mod P) and thus is divisible by P . Hence

(3) | (s W, =1 (m=0,1,2,...) .

On the other hand, if X 1is an arbitrary element of IK , it is obvious

that

(4) [ )], =1 (m=0,1,2, ..0) .
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Now the series F(X) is assumed to converge for all X € IK and

hence it converges in particular when X = Xb . But then the terms of the
series F[XO) must tend to zero, and so it follows from {3) that
necessarily

A
—!=0.

. n
{5) lim "

10

Conversely, when this condition is satisfied, then, by (L), the series
F(X) converges uniformly for all X € Ik which implies that F(X) is

regular. Hence the following result has been proved.

THEOREM 1. If K is not totally ramified, then F(X) represents a
regular function on IK if and only if its coefficients An satisfy the

1imit eondition (5).

3.

In the case (A) just considered, the condition (5) allows to connect
the regular functions F(X) +to the analytic functions G(X) . For this

purpose it suffices to note that, if n =1, (X, n) can be written as

_ -1 -2
(x, n) = s an,an + an,2xn + ...+ an’n_lX s

where the coefficients an x are rational integers, and that these
H]

equations can be solved for the different powers of X in the form

= (x, n) + by 1% n-1) + b (X, m-2) + ...+ b (x, 1) ,

n,n-1
where also the coefficients bn x are rational integers. It follows that
b

the p-adic values Ian,klp and Ibn,klp cannot be larger than 1 .

Therefore the two series

©

g an”

- X
F(Xx) = A a a¢lx) =
nég n(n) = n=0

are formally identical exactly if
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and if for n =1, 2, 3, ... both
4,
(6) ar =Gt an+l,lGn+1 * an+2,2Gn+2 *
and
A A A
- _n n+l n+2
(7) G =m* bn+1,1 (n+1)1 * bn+2,2 mv2)t +

These two sets of formulae imply immediately the following result.
THEOREM 2. If formally F(X) = G(X) , then each of the two equations
A

lin -2 =0 and lim G
e 1 N

1}
o

implies the other one.

Since the first formula holds by Theorem 1 for regular functions and
the second one is valid for analytic functions, we obtain then the ’

following theorem.

THEOREM 3. If X <s not totally ramified, then the regular

functions on IK are identical with the analytic functions on IK . Hence

such regular functions can be differentiated arbitrarily often, and all

their derivatives are again regular functions on IK .

For the kth derivative

G(k)(X) = 2% n(n-1) ... (n—k+1)Gan_k
n:

of @{X) 1is likewise analytic on IK and so is also regular, and it

formally is identical with F(k)(X)

4.
There remains the case
(B) e=N8, f=1
when K is totally ramified over Qp . This case will prove to be more

interesting and quite different from case (A).
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Now the general element X of Ik has the form

00
Xx= 3y thh )
h=0
where the coefficients Xh are restricted to the set

R=1{0,1,2, ..., p-1} .

If the integer n =2 0 satisfies the congruence

n = X, (mod p) ,
then X - n 1is divisible by at least the first power of P , and therefore

lx-nl, = |P|, <1,
while otherwise

|XLn| =1.
p

It follows that

(8) |, m], = |P|Z£”/P]'l (n=0,1,2, ...)

In the special case when X = P , this inequality can at once be replaced

by the equation
(n/p]
(9) (P, n)|_ = |P .
|2, ml, = I2l]

For now |P—n|p is equal to 1 vwhen p does not divide n , but has the
exact value IPlp vhen p is a factor of n because then
n|_ = < |P .
Inl, = Ipl, < I2],

Assume now that F{(X) is regular on I, , thus that its interpolation

series converges uniformly on this set. In particular, F(P) must

converge and so the terms of this series must tend to zero. Since, by (9),

15)]

this requires that

-1 -1, [n/p]
= ! P, = ! P )
o= I, = 2]
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A
(10) 1im 2 plMP) Z
n:

7o

Conversely, if this condition is satisfied, then for X € IK the terms of

the series for F(X) tend by (8) uniformly to zero and hence the series

converges uniformly. Thus we obtain the following result.

THEOREM 4. If K is totally ramified, then F(X) is a regular

funetion on IK if and only if the coefficients An satisfy the condition

(10).

-1/N

Since |P|p =p <1, the condition (10) is weaker than the

condition (5) which had to be satisfied by analytic functions. It follows
that in the case (B) regular functions need not be analytic. A simple

example of such a regular non-analytic function is given by the series

5 n!P-[n/p]+[logn](X)

F(Xx) = Y

n=0
which obviously sttisfies the condition (10), but not the condition (5).

Since a regular function F(X) in the case (B) is not in general
analytic, it remains an open question whether it is differentiable or not
on IK . We shall now study this question in detail.

By the condition (10), the coefficients An of F(X) can be written

as
(11) 4, = mpMPle 2001, 2, ),

n
where {En} is some null seguence in I, . Let Y be a second variable

in IK and put

B = Amm(fnf) (i) (my n=0,1,2, ...)
By (11),

B = m!P_[m/p](r}'i).n!P_[n/p](i).nm (myn=0,1,2, ...) ,
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where nmn denotes the number

. (m+n]P[m/p]+[n/p]-[(”H'n)/P]E

o = - (myn=0,1,2, ...)

Here, by (8),

|mp- /Pl (%) lp < 215" ana lntp~PI()|<pp 2

and it is also clear that

I(m;n]|p =1 and [m/p] + [n/p] - [(mn)/p] =z -1 .

Hence the first two factors of an are bounded for all m and # , and
the last factor nmn tends to zero when m + n tends to infinity; the

same is therefore true for an itself.

This proves that the double sum

o« oo
A=Y Y B
m=0 n=0 m
converges uniformly for all X and Y in IK . Since K is non-

archimedean, we are allowed to order the terms of this double sum in any

arbitrary order.

First take together all the terms of A for which m + 7n has a fixed

value r . Since

this gives
- X+Y
A= rZ':O a,(%,7) = Flx+x) .

Secondly, all the partial sums

https://doi.org/10.1017/50004972700024837 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700024837

A class of functions 33

are convergent, and they tend to zero when 7n tends to infinity. Put

therefore
- X

(12) a0 =3 4. () (m=0,1,2,...);
m=0

then

and we obtain the identity

(13) F(X+¥) = ¥ A (X) (f;)
n=0

Here, by our proof, the right-hand side converges uniformly in both

variables.

6.

Before applying the last identity, let us investigate the sequence

{A;} defined by the infinite series

, (_l)m-l
(14) An=”ngAm+n (n=0,1, 2, ...)
Here, by (11),
%Anﬁn - n!P-[n/plemm. (rrrr;n)(m_l)!P—[m/p]'P[m/p]+[n/p]-[(m+n)/p] ]

We noted already that the p-adic value of ('7') is at most 1 and that
[m/p] + [n/p] - [(mn)/p] is not less than -1 . Further, since

II‘!I = p'[r/P]—[l"/Pe]—...
p

bl
it is evident that both sequences

{(m_l)!P-[m/P]} and {n!P—[n/P]} ,

where m runs from 1 +to infinity and n from O +to infinity, are
bounded. It follows that there exists a positive constant ¢ independent

of m and 7n such that
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1

(15) =

< ~[n/p]
p A”’*‘"Ip = elntP €

for all suffices m=1 and n=20.

This property implies, firstly, that all the series (1h4) are
convergent. Secondly, it follows from (14) and (15) that

"< ~(n/p]
IAnlp < c|ntp € a1 ) ,

and hence that

AI
1im 2 pl/P1 _
n!

710
This is, however, identical with the condition (10) for An . Therefore,

by Theorem 4, the new function
g X
] — 1
(16) F'(x) = ngo 4 ()

defined for X € IK is again regular. Our next question will concern the

connection of F'(X) +to the original regular function F(X) .

1 X
lﬁ Amn(n) |p se

mP—[n/p]EW1 ) nl_'P[n/p]-ll - e
) p

This estimate proves immediately that the double series

[} -] m=1
ve g g -
0 m

m=1 n=

m+n (ft)

converges uniformly for all X € IK . On summing first over m and then

over n , we find that
V=F"(X);

if, instead, we sum first over 7 and then over m , the result takes the

form
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o m=1
v= Y S%Am(X) )
m=1

Hence F'(X) can be written as

© m-1
(an) r=y S —u i,
m=1

where Am(X) was defined by the formula (12). This equation shows
already that F'(X) is closely related to F(X)

To prove that the connection is even closer, we prove now that F'(X)
is in fact the derivative of F(X) at X , thus that

F(X+Y)-F(X)

F'(X) = lim Y

Y0

By the addition formula (13) and by the definition (12) of An(X) s

oo o A (X)
09 TR 3§y gty - § 0 o
n=1 n=1
o o A
mn Xy (¥Y-1
= mz=:o nzz:l n (m) (n—l)

A proof similar as before allows now to show that the double series

o o A
(19) m+n Xy (Y-1
mgo ngl i (m) [n-l)
converges uniformly in X and Y when these run over IK . For by (8)
and (11),
A
min Xy ¥-1 <
l n (mJ (n—l) lp -
< [{mn)t o-[(men)/p] 1 plm/pl-1 1 P[(n—l)/p]—ll
- n mn " oml * (n-1)! .
- l(mm)P[m/p]+[(n-l)/p]—[(m+n)/p]—2€ < )P—he ,
m mn mn

because

[(n-1)/p] = [n/p] - 1 and therefore [m/p] + [(n-1)/p] - [(mn)/p]l = -2 .
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It follows that the terms of the double series (19) tend to zero uniformly

in X and Y as m+ n tends to infinity.

In order to determine the derivative of F(X) at the point X we are
then allowed to let Y tend to zero term by term on the right-hand side of

(18), and then (i:i) has the limit (-1)""1 . It follows therefore from

(17) and (18) that the function F'(X) already introduced is in fact the
derivative of F(X) at the point X .

This consideration gives therefore the following result.

THEOREM 5. If K <s totally ramified, then every regular function

F(X) on I, has a first derivative which is again a regular function. It

has therefore regular derivatives of all possible orders.

Since the regular function F(X) is not in general analytic, the

formal Taylor series

F(”)gog P
n!
n=0
will not converge for all X in IK . It would have some interest to
decide whether there always exists a positive integer s such that this

-8

Taylor series converges for all X satisfying |X|p =p Another

question left open is whether a regular function in the case (B) can vanish

on an infinite subsequence of IK without being identically zero.
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