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Discrete Series for p-adic SO(2n) and
Restrictions of Representations of O(2n)

Chris Jantzen

Abstract. In this paper we give a classification of discrete series for SO(2n, F), F p-adic, similar to
that of Mceglin—Tadi¢ for the other classical groups. This is obtained by taking the Moeglin—Tadi¢
classification for O(2n, F) and studying how the representations restrict to SO(2n, F). We then extend
this to an analysis of how admissible representations of O(2n, F) restrict.

1 Introduction

In [M-T] (also, cf. [Mce2]), Meeglin and Tadi¢ construct the discrete series for a num-
ber of families of classical groups. However, they only address discrete series for the
split classical group SO(2n, F), not the split ones. The basic reason for this is that the
Weyl groups are different: the groups considered by Meeglin and Tadi¢ all have Weyl
groups of the form W 22 { permutations and sign changes on # letters }, whereas the
Weyl group for SO(2n, F) requires the number of sign changes to be even. This in-
troduces a number of complications, which we take a moment to discuss.

The complications go beyond simple changes in the combinatorics. For example,
one datum that appears in the admissible triples used by Moeglin and Tadi¢ in the
classification of discrete series is the partial cuspidal support of an irreducible rep-
resentation. For SO(2n, F), there is not a corresponding notion of partial cuspidal
support (or more precisely, the corresponding partial cuspidal support can consist
of more than one representation; see Example[8.1]). At a subtler level, for the groups
they consider, the Jord, (where Jord, = {(p’,a) € Jord | p’ = p}) for different
p are essentially independent of each other (cf. [M-T, Section 14.5] for a more de-
tailed discussion). From the standpoint of [J1,J4], this has its roots in the observation
(cf. [G1,G2]) that if py, . .., pg are irreducible unitary supercuspidal representations
of general linear groups and o is an irreducible supercuspidal representation of an
appropriate classical group, then Ind (91 ® - - ®p1) Q@ - R (k ® - - ® px) @ 7)
has 2™ components, where m = |{i | Ind(p; ® o) is reducible }|. For SO(2n, F), the
situation is different (cf. [G1]), e.g., one can have Ind(p; ® p, ® o) reducible even if
both Ind(p; ® o) and Ind(p, ® oy) are irreducible. At a more practical level, the *
structure of [T2], which figures prominently in the paper, did not have an SO(2#, F)
counterpart (though note the subsequent development of such in [J5]).

This leaves two obvious strategies for the classification of discrete series for the
groups SO(2n,F). One approach is to emulate the work of Moeglin and Tadig,
making the requisite changes along the way. Another approach is to start with the
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Moeglin-Tadi¢ classification of discrete series for the groups O(2n, F) and study re-
strictions to SO(2n, F). By a lemma of [G-K] (essentially Mackey theory, see Lemma
231below), this is equivalent to studying when ém = 7, where ¢ denotes the character
of O(2n, F) thatis 1 on SO(2n, F) and —1 on O(2n, F) \ SO(2n, F). We adopt the lat-
ter approach. Note that this requires retaining the Basic Assumption (BA) of [M-T],
which we do (though the former approach would certainly require something like
this as well). Owing to its somewhat technical nature, we forgo a discussion of their
Basic Assumption until Section 3, by which point the necessary background will have
been introduced.

We use the results of [J4] (in particular, the extension of [J1] to O(2n, F)) to
simplify matters. In particular, this reduces the problem of studying restrictions
of general irreducible representations to studying restrictions for irreducible rep-
resentations in R((p, a); o), i.e., with supercuspidal support on sets of the form
{V*0, v *p}rcasz U {o}. More precisely, an irreducible 7 in R((p, a);0) ap-
pears as a subquotient of some parabolically induced representation of the form
Indg(pl ® -+ Q pr ® o) with each p; € {v*p, v *plrca+z (see Section 2 for more).
Here, p is an irreducible unitary supercuspidal representation of a general linear
group, v = |det| on a general linear group, o is an irreducible supercuspidal repre-
sentation of an even orthogonal group, and 0 < o < 1 (if p = p, wetake 0 < a < %).

Now, let 7 € R((p, @);0) be an irreducible representation. By the Langlands
classification (see Section 2), we may write 7 = L(v'1y ® -+ @ v*7 ® T), with
7; an irreducible tempered representation of GL(m;, F), 7 an irreducible tempered
representation of O(2m, F),and x; < -+ < x, < 0. Then ér 2 L' ® -+ ®
V%7 ® ¢1) (see Lemma [2.4). In particular, ér = 7 if and only if either é7 = 7
or 7 = 1 (the trivial representation of O(0, F), the trivial group). To address the
question of when é7 22 7, observe that by a result of Harish-Chandra (extended to
O(2n, F) in the appendix), 7 — Ind(§; ® - -- ® 6y ® ), where §; is a discrete series
representation of GL(r;, F) and § is a discrete series representation of O(2r, F). Note
that since the inducing representation is unique up to conjugation, (the equivalence
class of) § is uniquely determined by 7. In particular, if ¢§ 2 6, then ér 2% 7.
However, it is possible to have ¢ 2 § but still have é7 2 7. To better understand this,
as well as motivating the definition of (I.I)) below, we consider what is happening at
the SO(2n, F) level. Suppose ¢§ = §. We then have ¢6y 2 &, where &, is a component
of Res$, 0, the restriction of § to SO(2r, F). Now, let 7y be a component of Res$y, 7.
Then

To ‘—>Ind(§1 ®®5/®50),

where ¢, is the appropriate component of Res$, 8. As long as p % p or p is a
representation of GL(d, F) with d even, the result of Harish-Chandra tells us &y is
uniquely determined by 7. (If these fail, one can have §; ® --- ® Jy ® &y conjugate
to §; ® - -+ ® d¢ ® cdp in SO(2n, F), so &y need not be uniquely determined.) Under
these conditions, we then have cry 2 7 implies ¢§y = &y, which translates to é7 2 7
implies ¢§ % ¢§ via the lemma of [G-K]. We remark that this discussion also indicates
why we need to allow the possibility of more than one representation in the partial
cuspidal support for SO(2n, F).

The analysis breaks into three cases. The simplest case is when éo 2 o. In this
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case, supercuspidal support considerations tell us an irreducible representation in
R((p, ); o) restricts irreducibly (cf. Theorem[.1]). The second case is when éo = o
or 0 = 1 and the following condition fails:

(1.1) p = pand p is a representation of GL(m, F) with m odd.

In this case, we use an approach from [J1] to show that an irreducible representation
in R((p, av); o) restricts reducibly (cf. Theorem[5.3)). Note that in both of these cases,
the results follow from general arguments and apply to discrete series; the Moeglin—
Tadi¢ classification is not used.

The third case is when éo = o or 0 = 1, and (I.1)) holds. In this case, we show that
a nonsupercuspidal discrete series representation in R((p, a); o) restricts irreducibly
(cf. Theorem [6.5]). We note that in this case, one must have & = 0 to support dis-
crete series. In this case, the Moeglin—Tadi¢ classification is central to the argument.
We then use this along with the fact that non-discrete series irreducible tempered
representations embed in induced discrete series to study restrictions of irreducible
tempered representations in R((p, «); ). We note that in this case only « = 0 and
a = % support tempered representations. When @ = 0, they restrict irreducibly;
when a = %, they restrict reducibly (cf. Proposition [Z.2)). Finally, we use the Lang-
lands classification to address the question for irreducible admissible representations.
In this case, the restriction is irreducible unless & = 0 and certain other conditions
on the Langlands data are satisfied (cf. Proposition[Z.3).

We take a moment to remark on the conditions arising in the third case (¢o = o
or 0 = 1 and (L) holding). Let oy be an irreducible representation that occurs in
the restriction Res$, o (with oy = 1-the trivial representation of the trivial group
SO(0, F)-if 0 = 1). Then the parabolically induced representations Ind(v*p ® o)
and Ind(v*p ® o) of SO(2n, F), O(2n, F), resp., are reducible for the same values of
x € R except when the conditions for the third case are satisfied. When that happens,
Ind(p ® o) is irreducible, but Ind(p ® o) reduces. It is essentially this difference that
makes the third case subtler.

To unify the conditions éo = ¢ and ¢ = 1, we formally define ¢1 = 1 for the
trivial representation of O(0, F). Thus the three cases above become éo % o, éo = o
with (LJ) failing, and éo = o with (LI) holding. In the same spirit, we also use
1 ® eand 1 ® ¢ (e and ¢ denoting the usual representatives for O(2n, F)/SO(2n, F);
see Section 2) for the trivial representation of SO(0, F), with different interpretations
for parabolic induction (see Definition[2.I]). These conventions simplify a number of
statements in the paper.

It is not a difficult matter to combine the results about restrictions of representa-
tions in R((p, «); o) to obtain results about restriction of general discrete series; we
do this in Section 8. We note that we actually obtain a bit more for discrete series: we
can define an action of ¢ on the admissible triples that corresponds to the action of é
on the corresponding discrete series.

We briefly describe the contents section by section. The next section reviews no-
tation and background results. We also introduce the afore-mentioned convention
to allow ¢ = 1 and 0y = 1 to be dealt with on an equal footing with other rep-
resentations. In the third section, we discuss the construction of Moeglin—Tadi¢ as
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well as a variation (of part of the construction) given in [T5, T6] (with some lem-
mas for later application to SO(2n, F)). Section 4 studies restrictions to SO(2n, F)
of irreducible representations in R((p, «); o) for the case where éo 2 o; Section 5
when éo = ¢ with (II) not holding. The more difficult case when ¢o = ¢ and (L.1)
holds is covered by Sections 6 and 7, with Section 6 addressing discrete series only
and Section 7 building on the results of Section 6 to address irreducible tempered
representations and irreducible admissible representations in general. In Section 8,
we begin to put the pieces together. Theorem[8.4]is the main result on the restriction
of discrete series, indicating when discrete series for O(2n, F) reduce upon restriction
to SO(2#n, F) in terms of their Moeglin—Tadi¢ data. Building up from discrete series,
in Section 9 we give corresponding results for the restriction of irreducible tempered
representations and irreducible admissible representations. In Sections 10 and 11, we
reformulate the results of Section 8 so that the definitions and statements are made
without reference to objects for O(2#, F). In Section 10, we define admissible triples
for SO(2n, F); in Section 11, we characterize the bijective correspondence between
admissible triples and discrete series. We close with an appendix, which extends a
result of Harish-Chandra for connected groups to O(2#n, F). In particular, it shows
that if an irreducible tempered representation 7 has 7 — Ind(d;) and 7 — Ind(4;)
with ¢y, 6, discrete series of standard parabolic subgroups (cf. Section 2 for what we
mean by standard parabolic subgroups for O(2n, F)), then ¢, and J, (and the corre-
sponding Levi factors) are conjugate.

2 Notation and Preliminaries

Let F be a p-adic field with charF = 0. We make use of results from [G2] (both
directly and indirectly) in this paper, hence need this assumption.

In parts of this paper, we work in the Grothendieck group (i.e., with semisimpli-
fied representations) rather than with the actual composition series. To make the
distinction, if 7;, 7, are smooth finite-length representations, we write 7, = m,
if 711 and 7, have the same irreducible subquotients with same multiplicities. We
write m; = m, if m; and 7, are actually equivalent. We write 7 = 7y + - - - + 7 if
m(p, ) = m(p,m) + - - - + m(p, ) for every irreducible p, where m(p, 7) denotes
the multiplicity of p in 7. Similarly, we write m > g if m(p, w) > m(p, mp) for every
such p.

We use the notation of [B-Z] in parts of this paper. If P = MU is a standard
parabolic subgroup of G, then we let i¢ s and ) ¢ denote the normalized induction
and normalized Jacquet functors (or their semisimplifications), resp. We use Ind$,
(resp., Resg)o) for induction (resp., restriction) of representations from SO(2#, F) to
O(2n, F) (resp., O(2n, F) to SO(2n, F)).

The special orthogonal group SO(2n, F), n > 1, is the group

SO(2n,F) = {X € SL(2n,F) | "XX = L,,,} .

Here "X denotes the matrix of X transposed with respect to the second diagonal. For

n = 1, we get
’ O )\ 1 )
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SO(0, F) is defined to be the trivial group. The orthogonal group O(2n, F),n > 1, is
the group
O(2n,F) = {X € GL(2n,F) | "XX =L} .

We have O(2n, F) = SO(2n, F) x C, where C is the group C = {1, ¢} with

Infl
€ O(2n, F),
In—l

which acts on SO(2n, F) by conjugation. We take O(0, F) to be the trivial group.

We now describe the standard parabolic subgroups of SO(2n, F). First, fix the
minimal parabolic subgroup Py C SO(2n, F) consisting of all upper triangular ma-
trices in SO(2n, F). Let Il = {a; = €1 — €3, ...,y = €41 — €4, 0y = €1 + €}
denote the simple roots for SO(2n, F). For a simple root «, let s, denote the corre-
sponding simple reflection. The standard parabolic subgroups have the form Py =
(P&, Sa)acw, where @ is a subset of II. If P = MU is a standard parabolic sub-
group of SO(2n, F), then M = GL(m;,F) X --- X GL(my, F) x SO(2m, F) with
my + - - - + my + m = n. More precisely, if a,—1, a,, & @, then m = 0 and my. = 1; if
exactly one of o1, v, is in @, then m = 0 and my, > 1; and if oy—1, vy € P, then
m > 0 and my; > 1. Note that ca; = «; fori < n— 1 and cay,—; = . In par-
ticular, if ® contains exactly one of a,,—1, o, then Pg and P.g = ¢(Pg) are standard
parabolic subgroups that are conjugate in O(2#n, F).

For O(2n, F), we use the standard parabolic subgroups used in [M-T,J4,B1], etc.,
(though this definition is not completely standard). In particular, fix the minimal
parabolic subgroup Pz C O(2n, F) consisting of all upper triangular matrices in
O(2n,F). Let S = {sa,,--+Sa,_,,¢}. The standard parabolic subgroups have the
form Py = (Pg,s)sca, where ® is a subset of S. If P = MU is a standard parabolic
subgroup of O(2n, F), then M = GL(m;,F) X --- X GL(my, F) x O(2m, F) with
my+--+mpt+m=n.

Suppose that py, ..., py are representations of GL(my, F), ..., GL(my, F) and o is
a representation of O(2m, F). Let G = O(2n, F), where n = my + - - - + my + m. Let
M = GL(m;,F) x --- x GL(my, F) x O(2m, F) be a standard Levi subgroup of G.
Following [B-Z, T1], set

prX - XppHo=igm(p1® - ®pr®0).
For G = SO(2n, F), suppose that py, . . ., px are representations of
GL(my,F),...,GL(my, F)

and oy is a representation of SO(2m, F), with m > 0. Let G = SO(2n, F), where
n=mp +---+m+ m. Again, we write

PLX X peXog=icgmp1 ® @ px ® 09).
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To allow the trivial representations of O(0, F), SO(0, F) to be dealt with on an
equal footing with representations of O(2n, F), SO(2n, F) for n > 0, rather than re-
quiring special cases throughout the paper, we introduce a few conventions here. In
terms of the actions of ¢, ¢, we would like to have the trivial representation of O(0, F)
be fixed under the action of ¢ while the trivial representation of SO(0, F) is changed
by the action of c. Thus, for the trivial representation of O(0, F), we take ¢1 = 1. For
the trivial representation of SO(0, F), we introduce the following convention.

Definition 2.1 We let both 1 ® e and 1 ® ¢ denote the trivial representation of
SO(0, F), but with different interpretations when used with parabolic induction. In
particular, suppose P = MU is a standard parabolic subgroup with a,, ¢ ®. Then
M = GL(m;,F) x - -+ x GL(my, F). For representations 7y, . . ., 7y of

GL(my,F),...,GL(my, F),

welet 71 ® - - - @7, ® (1 ®e) denote a representation of M, while 71 ® - - - @ 7, ® (1 R ¢)
denotes a representation of c(M) (the Levi factor of the standard parabolic subgroup
¢(P)). Thus, we write

I XXX (1®e) =igm(n X -+ X Tp),
and
TIX X7 X(1®c)=cligu(m X -+ X 7)),

noting that by Lemma[2.4] the latter is equivalent to ig ) (7 ® - - - ® 7%). We remark
thatif ay,—1, o, € @, then M and ¢(M) are the same, hence so are 7y X - - - X T X (1 ®e)
and 7 X - -+ X 7% X (1 ® ¢). In terms of the action of ¢, we take ¢(1 ® ¢) = 1 ® c and
(1®c)=1R®e.

These are interpreted in the obvious way with respect to Ind$, and Res$,.

We note that while this simplifies matters in what follows, it has the consequence
that rather than having only the trivial representation of SO(0, F) in the discrete se-
ries, we have both 1 ® eand 1 ® c.

We now discuss some structure theory from [Z, T2,B1]. First, let

R= & R(GL(n,F)) and R[O] = @ R(O(2n, F)),
n>0 n>0

where R(G) denotes the Grothendieck group of the category of smooth finite-length
representations of G. We define multiplication on R as follows: suppose p1, p2
are representations of GL(ny, F), GL(n,, F), resp. We have that M = GL(n, F) X
GL(ny, F) is the Levi factor of a standard parabolic subgroup of G = GL(n, F), where
n = n +ny, and set 71 X 7, = igm(T1 ® 7). This extends (after semisimpli-
fication) to give the multiplication x: R x R — R. To describe the comulti-
plication on R, let M;, denote the standard Levi factor for G = GL(#n, F) having
My = GL(i, F) x GL(n — i, F). For a representation 7 of GL(n, F), we define

n
m* (1) =Y fu,.6Ts
i=0
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the sum of semisimplified Jacquet modules (lying in R ® R). This extends to a map
m*: R — R ® R. We note that with this multiplication and comultiplication (and
antipode map given by the Zelevinsky involution, a special case of the general du-
ality operator of [Aub, S-S]), R is a Hopf algebra. Similarly, if one extends x from
above to a map x: R ® R[O] — R[O], we have R[O] as a module over R. Now, let
M = GL(i,F) ® O(2(n — i), F), a standard Levi factor for G = O(2n, F). For a
representation 7 of O(2n, F), we define

n
wr(m) = Z ™M), GT
i=0

the sum of semisimplified Jacquet modules (lying in R ® R[O]). This extends to a
map p*: R[O] — R ® R[O]. This gives R[O] the structure of an M*-module over R
(cf. [B1,T2]):

Theorem 2.2 Define M*: R — R® R by
M'=(m®1)o(C®@m*)osom*,

where m denotes the multiplication X : R® R — R, denotes contragredient, and s: R®
R — R®R the extension of the map defined on representations by s: 71 @ T, — T, @ T1.
Then

T X m) = M (1) % p*(n),
where x on the right-hand side is determined by (1) ®7,) X (T®0) = (11 X T) R (12 1 0).

Asin [B-Z], we set v = |det| for general linear groups. Let p be an irreducible rep-
resentation of GL(#n, F). We say that p is essentially square-integrable (resp., essen-
tially tempered) if there exists e(p) € R such that v~ p is square-integrable (resp.,
tempered). If p is an irreducible unitary supercuspidal representation of GL(m, F),
then 1°px %~ px- - - x ¥ p has a unique irreducible subrepresentation (resp., unique
irreducible quotient), which we denote 6([%p, 1¥p]) (resp., C([v*p, V" p])). The rep-
resentation 6([1p, v p]) is essentially square-integrable, and every irreducible essen-
tially square-integrable representation of a general linear group has this form. Note
that 6([°p, 1¥p]) and (([vp, v¥p]) are dual under the duality operator of [Aub, S-
S].

We now discuss the Langlands classification (subrepresentation version) and the
Casselman criterion, first for O(2n, F), then SO(2n, F). We refer the reader to the
appendix of [B-J2] and [M-T, Section 16] for a discussion of how the explicit de-
scriptions below arise from the more general results in [S1, B-W, K, B-]J1, C]. We
note that SO(2,F) = F* and O(2,F) = F* x C. Unitary characters of F* then
correspond to irreducible representations of SO(2, F) that are square-integrable (in
fact, compactly supported) mod center, hence may be viewed as discrete series (or
even supercuspidal). Similar considerations apply to the following representations of
O(2, F): the trivial representation, ¢, and Ind?&ﬂ) x with x a nontrivial unitary char-
acter of F* = SO(2, F). We note that Mceglin and Tadic [M-T] do not allow such an
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interpretation in their construction. (In general, if p is an irreducible unitary super-
cuspidal representation of GL(r, F) and ¢ an irreducible supercuspidal representation
of O(2m, F), then the components of p X ¢ are only tempered, not square-integrable.
Treating these representations of O(2, F) as non-square-integrable thus allows them
to fit this general pattern.) We follow this convention throughout this paper.

We begin with the Langlands classification for O(2n, F). Let 7q,..., 7 be irre-

ducible tempered representations of GL(m,, F), ..., GL(my, F), resp., and 7 an ir-
reducible tempered representation of O(2m, F) (possibly m = 0 and 7 = 1). If
x; < --+ < x; < 0, then the induced representation v 7 X - -+ X V%7, X 7 has a

unique irreducible subrepresentation, which we denote L(1"' 11 ®- - - Qv 1, @7). Fur-
ther, every irreducible admissible representation of O(2n, F) may be written uniquely
in this form. The Langlands classification for SO(2n, F) is similar: let 7, ..., 7 be
irreducible tempered representations of GL(m,, F), ..., GL(my, F), resp., and 7y an
irreducible tempered representation of SO(2m, F) (possiblym = 0and 70 = 1 ® e or
1®c). Ifx; < -+ < x; < 0, then the induced representation v 7y X - - - X U7 X T has
a unique irreducible subrepresentation, which we denote L(v*'1y ® - - - @ V™71, ® T).
Further, every irreducible admissible representation of SO(2#, F) may be written
uniquely in (exactly) one of these forms.

We now discuss the Casselman criterion for O(2n, F), n > 1. Suppose 7 is an
irreducible representation of O(2n, F). Suppose v¥ p1 ® - - - @ V™ p @ 0 < 1y, g has
pi an irreducible unitary supercuspidal representation of GL(m;, F) fori = 1,...,k,
o an irreducible supercuspidal representation of O(2m, F), and x1, ...,x; € R. The
Casselman criterion tells us that if 7 is tempered, the following hold:

miXx Z 0

mixi + morXxp Z 0

myx; + npxy; + - - -+ mygxg > 0.

Conversely, if these inequalities hold for any such 1" p; ® - - - ® px ® o (i.e., p; an ir-
reducible unitary supercuspidal representation of GL(m;, F) and ¢ an irreducible su-
percuspidal representation of O(2m, F)) appearing in a Jacquet module of 7, then 7 is
tempered. The criterion for square-integrability is the same except that the inequal-
ities are strict. To describe the Casselman criterion for SO(2n, F), n > 1, suppose mg
is an irreducible representation of SO(2n, F). Suppose v¥p; ® -+ @ 1 pp ® g9 <
rm,GTo has p; an irreducible unitary supercuspidal representation of GL(m;, F) for
i = 1,...,kand o an irreducible supercuspidal representation of SO(2m, F) (also
requiring that oy be unitary if m = 1; it is automatically unitarizable otherwise). The
Casselman criterion tells us that if 7 is tempered, the following hold:

miXx Z 0

mix; +myx; >0

mix; + nmpxy + - - -+ x> 0.
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Conversely, if these inequalities hold for all such v¥ p; ® - - - ® v™*pp ® 0 < 171,60,
then 7 is tempered. The criterion for square-integrability is the same except that the
inequalities are strict.

The duality operator of [Aub,S-S] may be extended to the (non-connected) group
G = 0(2n,F), n > 1 (cf. [J4]). We define the duality operator Do by

(D .
Do = E (=1)'®ig g, © Tty G-
oCs

Up to sign, Do sends irreducible representations to irreducible representations. The
duality operator for O(2n, F) has the same basic properties as for connected groups
(compare [J4, Theorem 6.1] with [Aub, Théoréme 1.7]). Further, we have

Dso o Resy, = Res$, oD and Do o Ind$y, = Ind$, oDso,

where Dgo denotes the duality operator for SO(2n, F) (cf. [J4, Proposition 6.3]).

Recall that welet é: O(2n, F) — {=£1} denote the nontrivial character of O(2n, F),
n > 0. The following is an immediate consequence of the results in [G-K, Section 2]
(basically Mackey theory).

Lemma 2.3 Suppose m,my are irreducible representations of O(2n, F),SO(2n, F),
resp., with n > 0 and Ty < Res$, . Then exactly one of the following holds:

(i) ém & 7, in which case cmy % m and we have

Ind§y, 7o = Ind§y, ey = 7 and Res$y, m = 7m0 @ crmy.
(il) ém 2, in which case cmy = m and we have

IndS, mp = 7 @ ém and Res§y, m =2 Resy, ém & .

We now summarize some basic properties of the actions of c, ¢.

Lemma 2.4 (i) IfM (resp., My) is a standard Levi factor for G = O(2n, F) (resp.,
Go = SO(2n,F)) withn > 1 and 0 (resp., 0y) an admissible representation of M
(resp., M), we have

I.G,MCAQ =¢o iG,MH and iGU,C(M())CHO =co iG07M09().
In particular,

CAT X o XA X A) A X - X Ap XEN,
and

CAL X - X A X Ag) A X -+ X Ak X cAg.

(i1) IfM (resp., My) is a standard Levi factor for G = O(2n, F) (resp., Go = SO(2n, F))
withn > 1 and 7 (resp., my) an admissible representation of G (resp., Gy ), we have

Y'M’GLA'TF =¢o ™™M,GT and T'e(My),Go €TT0 =co My, Gy T -

https://doi.org/10.4153/CJM-2011-003-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-003-2

336 C. Jantzen

(iii) The duality operators Do and Dy satisfy
coDgo =DspocandéoDg = Dgoé.
(iv)
LM Q@ QU R@T) =L Q@ - QU T ® 67)
and
LT @ QUFT R 1) = LT @ - - @ VT @ c1).

Proof The only one of these claims that is not already in the literature is the first part
of (iii), which we check:

Dso o c(mo) = Y _(=1)igp, 0 rag, lemo)
ICII

I .
= Z(—l)l lcoigaty © Mg.c(m)
Ich

by (i) and (ii) (noting ¢! = ¢). Since ¢(IT) = II, as I runs through the subsets of II,
so does c(I). It then follows that

Dso o c(mg) = co Y (=)Migu, 0 rag, 6(m0) = ¢ 0 Dso(mo),
ICIT

as needed.

As for the remaining results, (i) follows from [B-Z, Proposition 1.9(f)] and [B2,
Corollary 4.1]. [J5, Lemma 3.2] gives (ii). The second part of (iii) is [J4, Corol-
lary 6.4]. For (iv), see [B-J1, Proposition 4.5] and [B-]2, Lemma 4.6], which prove
the same result for a slightly different form of the Langlands classification; the same
considerations apply here. ]

We now discuss cuspidal reducibility for orthogonal groups and special orthogo-
nal groups. Let p be an irreducible unitary supercuspidal representation of GL(m, F)
and oy an irreducible supercuspidal representation of SO(2r, F). If p® 0oy 2 pRc™ 0y,
then v*p X gy is irreducible for all x € R; if p® 0y = p® ™0y, thereis a uniquex > 0
such that v*p < gy is reducible. We call this value of x the cuspidal reducibility point
for (p,o) and, in a variation on the notation in [Mcel], denote it by red(p; o¢) (if
V* X 0y is irreducible for all x € R, we write red(p; 09) = 00). The uniqueness of x is
a consequence of the results in [S2]; the Basic Assumption of [M-T] (which we also
assume) implies that x € %Z Characterizations of the particular value of x where
reducibility occurs (assuming certain conjectures) are given in [Mcel] and [Zh]; for
the case of p ® oy generic, see [Sh1,Sh2]. A corresponding result may be deduced
for the (non-connected) orthogonal groups (cf. [B-J2, Corollary 4.4]): let o be an
irreducible supercuspidal representation of O(2r, F) (allowing r = 0 and ¢ = 1). If
p % p, then v*p x o is irreducible for all x € R; if p = p, there is a unique x > 0
such that v*p x o is reducible. Again, we denote this value of x by red(p; o). The
proposition below (cf. [B-J2, Theorem 4.3]) relates the cuspidal reducibility points
for orthogonal and special orthogonal groups.
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Proposition 2.5 Suppose oy, are irreducible supercuspidal representations of
SO(2r, F), O(2r, F), resp., with gy < Resgo o. Suppose p is an irreducible unitary su-
percuspidal representation of GL(m, F). Then red(p; o) = red(p; 0y) (possibly infinite)
unless the following hold: (i) p = p with m odd, and (ii) o9 % coy. In this case,
red(p; o¢) = 00, but red(p; o) = 0.

Note that condition (ii) is equivalent to o = ¢éo (including o = 1); condition (i)
is just (LI).

Our analysis of discrete series uses the results of [J4, Section 7] (which extends
the correspondence of [J1] to orthogonal groups). We take a moment to recall this
correspondence, as well as discuss how it behaves under the action of ¢.

Let p be an irreducible unitary supercuspidal representation of GL(n, F), o € R.
Set

S(IDa Oé) = {Vﬁpa Vﬁgp}ﬁemz-

If p = p, we may take 0 < o < %; otherwise 0 < o < 1. Suppose p1, P2, - - -, P aTE€
irreducible, unitary, supercuspidal representations of GL(n;, F), . .., GL(n,,, F), and
a, 00, ..., 0, € Rywith0 < o < % if p; = p;, 0 < «; < 1if not. Further, assume
that S(p1, 1), ..., 8(pm, ) are disjoint. We let R((p1, 1), ..., (Pm, @) denote
the Hopf subalgebra of R generated by representations with supercuspidal support in
S(p1, 1) US(p2, ap) U+ - -U8(pm, ). We note that every irreducible representation
of O(2n, F) has supercuspidal support on a set of the form 8(p;, 1) U 8(p,, an) U
-+ -U8(pm, i) U{ 0}, where o is an irreducible supercuspidal representation of some
O(2r, F). Let R((p1,01), -+, (Pm,m);0) C R[O] be generated by representations
with supercuspidal support in 8(p, ;) U 8(p2, 2) U -+ U 8(pm, ) U {0}, an
M*-module over R((py, 1), ..., (Pmy Qm))-

Note that R((p, a); o) contains the supercuspidal representation o it supports
non-supercuspidal discrete series if and only if @ = red(p;o)modl (requiring
red(p; o) < 00, so p = p—cf. [T4, Theorem 6.2] and []J2, Proposition 4.3.1]). It fol-
lows that R((p, «); o) supports non-supercuspidal tempered representations if and
onlyifa = 0or 3.

We now recall some results from [J1,]4]. Suppose

T € R((plu Oél), (p27 aZ); ceey (Prm O[m),O')

is an irreducible representation. Then there exist irreducible representations 7y, 7,
ooy Tm—1 of GL(k, F),GL(ky, F),...,GL(k,,—1,F), and an irreducible representa-
tion 0,, of O(2k,, + r, F) such that

(1) T—=T X7 X X Ty X0,

(i) 7 € R(pi, ;) and 0, € R((pmy )3 7).

Further, 60, is unique. Similarly, one could single out (p1, 1), ..., (Pm—1, Am—1),
resp., to produce 0y, . . ., 0,1, resp., in R((p1,a1);0), . .., R((pm—1, m—1); 0), T€SP.
Wite (5,0, () = .

Definition 2.6 For a representation m € R((p1, a1), (P2, ®2), - -, (Pm, tm); 0), let

Epy on),mo(procn) () denote the sum of every 7 ® 6 € 1" () such that

TGR((pl;al)a"'7(pk7ak)) and 96R((pk+17ak+l)a"'7(pm7am);0)-
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Similarly, for a representation

)\ S R((plv al)? (p27a2)7 ceey (Pm,am)) )

let M*

(ﬂl-,al),my(/)k-,ak)(A) denote the sum of every 7 ® 7/ in M*(\) such that

T ER((plaal)V"?(plﬂak)) and T/ 6R((pk+laak+1)7'"a(pmaam))-

We summarize the results we need in the following theorem. Additional prop-
erties may be found in [J1, Theorem 9.3, Proposition 9.8], and the refinements in
[J1, Section 10].

Theorem 2.7 Suppose (pi, ;) and o are as above. Let Irr((p1,04), . . ., (P, Qm); 0)
denote the set of all irreducible representations of all O(2n, F), n > 0, supported on
S(p1, a)U- - US(py, ) U{ 0 } and similarly for Irr((pi, ;); 0), . . ., Iet((pm, m); 0).
Then the map

[ w(pl,al)(ﬂ-) K- w(pmam)(ﬂ-)

implements a bijective correspondence
II'I'( (Ph al)a RN (pmv am); 0) — Irr((ﬂh al); 0) D Irr((ﬂrm Oém);O') .
We let U denote the inverse map. We have the following:
(i)  With notation as in Definition 2.6
M?PJ:al),---,(Pk-ak)(T e 9) = MEkPhal),----,(Pkyak)(T) a Mzﬁplyal),---:(ﬂkyak)(e)'

(ii) Suppose we have irreducible representations T € R((p1,01),...,(pi,;)) and
0 € R((pis1, Qis1)y - - s (pmyam); o). If T X 0 = Zj m;0; (a sum of irreducible
representations with multiplicities), then

Tx0= Z MU (Vo0 O7); -+ s V0 (0 Vs i) (), -+ V00 (0)) -
i

(1) Ppy,a0) (F) = V(g0 ().

(iv) Anirreducible representation ™ € R((p1, 1), ..., (pm, m); 0) is tempered (resp.,
square-integrable) if and only if Yy, 0)(T), ..., Vippam) () are all tempered
(resp., square-integrable).

(V) Ypa)(m) = ¢ (Y(pa)(T)) (noting ¥,a)(ém) € R((p, ); é0)).

(vi) Suppose that in the Langlands classification,

m((pi, w);0) = LW 1 (pi, i) @ - - - @ v*7i(pi, i) @ T((pi, cvi); 0))

fori =1,...,m. (NB: 1i(p;, ;) may be the trivial representation of GL(0, F);
T(pi, oi; o) may just be 0.) Then

U((m(pr,0);0), ..., 7 (P am);0))) =

L(Vx‘(ﬁ(m,al) X oo X Ty ) @ -+ @V (i1, ) X -+ X Tk, )

©U(T((pr,0150) o, T((pm i) ) ).
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Proof The only claim not already in the literature is (v), which follows immediately
from the characterization of v, »)(7) above and Lemma 2.4l The remaining claims
arein [J1] (cf. [J4, Theorem 7.2 and Remark 7.3]): see [J1, Proposition 7.4, Theorem
9.3 (4),(6),(7),(8)] and their refinements from Section 10 of [J1]. [ |

We take a moment to remark on a key obstacle to extending this result to
SO(2n, F), an issue that also arises when reformulating our results in terms of
SO(2n, F) only.

Remark 2.8 Suppose py, ..., psasabove are pairwise inequivalent and self-contra-
gredient. Let o be as above with 0y < Res$y, o irreducible. Let us assume that p; x o
is reducible for each i. Set

IT=py XX p) XX (pg X+ X pg) XO
— —
K ke

and

Ip=p1 X -+ X p1) X oo X (pr X = X py) X0y.
——— SN——
ki ke

By [G2], I has 2° components, pairwise inequivalent. Thus, choosing a component
of p; x o for each i is equivalent to choosing a component of I. More precisely, write
pi X o =2 Ti(pi;0) ® T_1(p;0). Then the choice of T < I is equivalent to choosing
T.,(pi30), 1 <i < {, where

T < pr X X pimy X pigy X == X pp X Te(piy o)
and
T L p1 X oo X pim1 X pigr X -+ X pp X T_(pj,0).

On the other hand, suppose éo = o. If the p; are enumerated so that py, . . . , p,, do
not satisfy (LI) and pp41, - - ., pe do, then it follows from Proposition 2.5l that p; x o
is reducible for 1 < i < m and irreducible for m + 1 < i < £. By [G1, Theorems 6.8
and 6.11], I) has 2~! components. In particular, a choice of components of p; x oy
for each 7 is not, in general, equivalent to a choice of components of I.

This issue arises when reformulating our results in terms of SO(2n, F) data only
(see the end of Section 3 as well as Remark[IT.2]and the discussion immediately pre-
ceding it). It also is one of the key issues in preventing the preceding theorem from
extending to SO(2n, F); it represents a sort of interaction (in terms of reducibility)
that prevents the different p; from being treated separately. The identification of a
component of I with components of p; X ¢ is essentially a special case of the corre-
spondence in the theorem, one which is a starting point in proving the theorem.

3 The Mceglin-Tadi¢ Construction

In this section, we review the construction of [M-T] for O(2n, F). (This discus-
sion also borrows freely from the review of the Moeglin—Tadi¢ construction given
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in [Mu2].) There is an alternate characterization of part of the construction, given
in [T5,T6], which we also discuss. We then close with some of lemmas for later use
with SO(2n, F).

Let 7 be an irreducible admissible representation of O(2n, F). If 7 is not super-
cuspidal, we may write

T Vvp X X VY pp X0,y

with x1,...,x € R, p1,...,ps irreducible, unitary, supercuspidal representations
of general linear groups, and ¢ an irreducible supercuspidal representation of an
orthogonal group (possibly o = 1). Recall that Mceglin—Tadi¢ do not treat represen-
tations of O(2, F) as supercuspidal, so do not allow a representation of O(2, F) to be
the partial cuspidal support. Since SO(2,F) = F*, an irreducible representation of
O(2, F) can be embedded in a representation of the form IndsoO X = x X 1with y a
character of F*. Thus we may take o = 1 as the partial cuspidal support. The o that
appears is unique, and the partial cuspidal support of 7 is defined to be this .

Let 6 be a discrete series representation for O(2n, F). Jord(d) is defined to be the
set of pairs (p, a), where p is an irreducible unitary supercuspidal representation of a

general linear group having p = p and a € N, which satisfy the following:

(i) ais even if and only if the L-function L(p, Ry, s) has a pole at s = 0. Here, for
p a representation of GL(d, F), L(p, Ry, s) is the L-function defined by Shahidi
(cf. [Sh1,Sh2]), where R, the representation of GL(d, C) on A>C*.

(i) 8([p=@=D/2p p@a=D/25]) % § is irreducible.

We note that the first condition ensures the parity of a matches the parity of
2red(p;0) + 1. (Notice that the parity does not depend on o, though the partic-
ular reducibility value does.) In the second condition, we note that

S p v T p) x o

is reducible for all 4 € N having the correct parity and that satisfy a > 2 red(p; o) + 1.
Replacing o with § essentially produces irreducibility at the values of a that corre-
spond to the segment ends for the generalized Steinberg representations of general
linear groups that occur in the construction of § (noting that some of these irre-
ducibility points may correspond to segments that are degenerate, so do not actually
appear in the construction). (Modulo these degenerate segments, the values of 51
correspond to the nonnegative values of the a;, b; in [J3, Theorem 1.1]. This would
allow for an alternate characterization of Jord(d) in terms of Jacquet modules of 7
rather than induced representations built from 7.)

We remark that, for convenience, we use representations in the following descrip-
tion of admissible triples when we actually want equivalence classes of representa-
tions; the reader should interpret the discussion below accordingly. (Working this
way saves us from having to make a somewhat awkward but obvious definition of
equivalence of triples.)

Let Trip denote the collection of all triples ( Jord, o, €) which satisfy the following:

(i)  Jordis a finite set of pairs (p, a), where p is an irreducible unitary supercuspidal
representation of a general linear group having p = p, and a € N with a even if
and only if L(s, p, R4,) has a pole at s = 0.
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(ii) o is an irreducible supercuspidal representation of an even orthogonal group.
(i) e: S — {£1} is a function on a subset S C Jord U (Jord x Jord) that satisfies
certain conditions, which we discuss in more detail momentarily.

Let us start by describing the domain S of €. S contains all (p, a) € Jord except those
having a odd and (p,a’) € Jord(o) for some a’ € N; S contains ((p, a),(p’, a’)) €
Jord x Jord when p = p’ and a # a’. Several compatibility conditions must also be
satisfied:

(i) if(p,a), (p,a") € S, we must have £((p, a), (p,a")) = £(p, a)e~(p, ')
(ii)
e((p,a), (p,a’)) = el(p,a), (p,a"))e((p,a’), (p,a"))

for all (p, a), (p,a’), (p,a’’) € Jord having a,a’,a’’ distinct; and
(iii) £((p,a),(p,a’)) =e((p,a’), (p,a)) forall ((p,a),(p,a’)) € S.
We follow the notation of [M-T] and, in light of (i) above, write £(p, a)e~'(p, a’) for
€ ((p7 a), (p, a')) even when ¢ is undefined on (p, a) and (p, a’) separately (i.e., even
when (p, a) and (p, a’) are not in S).

We now discuss triples of alternated type. Suppose (p,a) € Jord. We define
(p,a_) by taking a_ = max{a’ € N|(p,a’) € Jordanda’ < a}, noting that
(p,a_) may be undefined. Also, let us write Jord, = {(p’,a) € Jord|p' = p}
and Jord,(0) = {(p’,a) € Jord(c) | p’ = p}. We call (Jord, o, €) € Trip a triple of
alternated type if the following hold:

(i) e(p,a)e(p,a_)~' = —1 whenever (p, a_) is defined, and
(ii) |Jord,| = |]0rd;(0)|,where

]ord',’)(a) _ Jord,(c) U{(p,0)} ifais e\-fen and e(p, min Jord,) = 1,
Jord, (o) otherwise.
We write Trip,, for the subset of all alternated triples in Trip.
This brings us to admissible triples. First, suppose (Jord, o, c) € Trip has (p,a) €
Jord with (p, a_) defined and £(p, a)e(p,a_)~"! = 1. Set

Jord" = Jord \ {(p,a), (p,a_)}

and let ¢’ be the restriction of € to SN [Jord’ U (Jord’ x Jord’)]. One can check
that (Jord', o,e") € Trip. We say that (Jord’, o, ¢’) is subordinate to (Jord, o, ). We
say the triple (Jord, o, ¢) is admissible if there is a sequence of triples (Jord;, o, €;),
1 <1 < k, such that
/rm(i) (Jordy,o,e1) = (Jord,0,¢),
/rm(ii) (Jordis1,0,¢€;41) is subordinate to (Jord;, o, ¢;) forall1 <i <k — 1,and
/rm(iii) (Jordy,o,ey) is of alternated type.
Let us call such a sequence of triples an admissible sequence (for (Jord, o, ) or the
discrete series representation associated to (Jord, o, e) by Mceglin and Tadi¢). We
write Trip,,,, for the set of admissible triples.

Mceeglin and Tadi¢ establish a bijection between the set of all equivalence classes
of discrete series for orthogonal groups (not including O(2, F)) and the set of all
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admissible triples. We now describe that correspondence. If J is a discrete series
representation for an orthogonal group, we write (Jord(d), o5, €5) for the associated
admissible triple. Here, Jord(d) is as above and o is the partial cuspidal support of
6. It remains to describe &5.

We first describe €5 on pairs. Suppose (p, a) € Jords with a_ defined. Then

(3.1) es(p,a)ey (pas) =1

a_+1 a—1

there is an irreducible representation ¢’ such that § — 6([v 2 p,v 2 p]) x d’.

This property is sufficient to define €5 on that part of S contained in Jord(d) x Jord(6)
(use property (iil)(ii) from the definition of triple above). Now, suppose (p,a) €
Jord(§) with a even. We then formally set €5(p, 0) = 1; (3.1 is then sufficient to de-
termine e;5(p, a) for all such (p, a). If (p, a) € S with a odd (in which case there is no
b with (p, b) € Jord(os)), we use normalized standard intertwining operators to de-
fine 5(p, a) (cf. [Moe2, Proposition 6.1]; the normalizations are taken from [Moel]).
In particular, since § ([ =%*'/2p, *~1/2 p]) % § is irreducible, the normalized standard
intertwining operator that sends

is a scalar at s = 0. More precisely, if we let ¢: ¢ — "¢~ ! on general linear groups,
the right-hand side is

—atl a— —atl

i (V[0 p, v pl) @) ) = o™+ p, v T pl) 016,

where M is the appropriate standard Levi factor, and if M = GL(m, F) x O(2n, F), w,
corresponds to sign changes on the first m (diagonal) entries. Starting with a nonzero
map E: V, — V,, that intertwines p and p o ¢ (noting p o ¢ = p) and has E* = I, we
obtain a nonzero map for the equivalence

1

S([v 0w ) 012 6([vE po T poi]) = o([v 0T ).
and then a map € giving the equivalence

—atl a—1 —atl a—1

6([yTp,1/ 2 p]) mé%é([qu,y 2 p]) oL XJd.

Since E2 = I, we have €% = [. Ats = 0, the normalized standard intertwining op-
erator is a scalar multiple of €; we let £5(p, a) denote this scalar, necessarily £1. (We
note that by [Mce2], this is consistent with the characterization of 5(p, (1)55_1 (p,a_)
above.) Moeglin-Tadi¢ note that the function €5 is only partially defined in this case,
which is due to the necessity of making a choice (of £E) in this process.
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Before proceeding further, let us take a moment to recall the Basic Assumption
under which the Meeglin and Tadi¢ construction is done, and which we retain. Let
p be an irreducible unitary supercuspidal representation of a general linear group
having p = p and o an irreducible supercuspidal representation of some O(2#, F).
Then there is a unique nonnegative x, € R such that 1*7p x o reduces (cf. [S2] and
Proposition[2.5)). The basic assumption is

(@pmax +1)/2  if Jord, (o) # @,
if L(p, R4,, s) has a pole at s = 0 and Jord,(c) = @,

_ )1
0 otherwise,

where a, may is the largest value of a for which (p, a) € Jord. The reader is referred to
[M-T, Section 12] for more on this assumption.

In [T5,T6], Tadi¢ gives another way of defining £5(p, a) when (p, a) € Swith a odd
(cf. [T5, Sections 16.5 and 16.6 ]; with proofs and refinements in [T6]). In this case,
the choice needed to fix € on Jord, is a choice of components of p x o (which allows
for a nice interpretation in terms of some available structures; cf. [J2, Section 3.3]).
This definition will be useful when we work with admissible triples for SO(2n, F)
(cf. Section 11). We next review this definition.

First, we note that in his definition, Tadi¢ uses the decomposition of [J1,]J4] to
restrict to the case where § € R((p,);0) (with « = red(p;0)). We make this
assumption while reviewing his construction. However, for SO(2#, F), we do not
have such a decomposition, so we need to work more generally. Thus, after reviewing
Tadi¢’s definition, we give some lemmas for later applications to SO(2n, F).

Remark 3.1 With notation as in Section 2, let m; € R(p;,a;);0), 1 < i < m,
be discrete series and m € R((p1, 1), ..., (pm, um); o) the corresponding discrete
series from Theorem [2.7] If 7; has Mceglin—Tadi¢ data (Jord;, o, €;), then 7 has data
(Jord, o, €), where

Jord = 6 Jord;,

i=1
and € = ¢; on S; N [Jord; U (Jord; x Jord;)] = Sy, (noting that S, = U™, S.).
This is a result for the classification in [M-T] (cf. [M-T, Remark 14.5]) and holds by
definition in the approach from [T5, T6].
We note that for a discrete series representation § € R((p, a); o), we have

Jord(6) = Jord,(5) U (]ord(a) \ ]ordp(a)) .

In particular, in the other direction, 1 ,.q)((jord,s.¢)) has corresponding triple

( Jord, U (Jord(o) \ Jord,(c)) .o, ep) ,

where €, is the restriction of ¢ to

SN (]ord/, U (]ord(a) \ ]ord,)(a))> U [(lordp U (]ord(a) \ ]ordp(a)) )

X (]ord,, U (]ord(o) \ ]ordp(o)) )] .

https://doi.org/10.4153/CJM-2011-003-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-003-2

344 C. Jantzen

To start, we make a choice of components, writing p x ¢ = 1(p;0) & 7—1(p; 7).
Then for a € Nand n € {%1}, let §([vp,v”pl;7,(p; o)) denote the unique irre-
ducible subrepresentation of §([vp, v*p]) x 7,(p; 7). If Amay is the largest value of a
such that (p,a) € Jord, we define £5(p, dmax) as follows: €5(p, Amax) = 7 if and only
if there is an irreducible 6 such that

Amax —1

0 —0x 5([l/p,l/ 2 p] §7'7;(P§U))-

Observe that once €5(p, dmax) is known, (B.I)) is enough to determine 5 on S (re-
calling that even without €5(p, dmax) known, (BI) is enough to determine €5 on
SN (Jord x Jord))

The following lemma (as well as Lemma[3.4) eliminates the need for the results of
[J1,J4] in Tadi¢’s definition. This will be of use when working with SO(2#, F), where
one does not have such results.

Lemma 3.2 Letd, = v(,0)(0). Then there exists an irreducible 0 such that

Amax —

0y — 0 % 5([1/p,1/ 2 1p];Tn(p;U))

if and only if there is an irreducible ' such that

8 0" % 8( [vp, ™5 p/bigrlim(p;0))

Proof For (=), observe that it follows from [J1,]J4] (cf. [J1, Section 7]) that there is
an irreducible 0’/ such that § < 6’ X 1), 0)(9). Therefore,

am

60" %68, (0" x0) x6/bigl([vp,v a§_]p] 57 (03 0)) -

Since 8’ x 0 is irreducible (by [Z]), the implication (=) follows.

For (<), we know 0, — 6 x 6([vp, i pl; Ty (p; o)) for some n” € {£1} (in
particular, ’ = €5,(p; Amax)); we need to show n’ = 7. Note that it follows from

Frobenius reciprocity that

0@ 6(lvp, ™ pliy (p30) < 1 (5,).

Now, § < 0’ x 5([1/p,1/amfx_1p];rn(p; 0)). By [Z], we may write §' = 6 x 6, with
9/) S R((on)) and 0 € R((pla a1)7 cee (pmv am)) with (pi; Oé,’) # (p7 0) for any i
Therefore,

9max —1

5= 0% 0, % 8([vp, ™ pli 7, (p30))
\U/ (cf. [J1, Lemma 5.5])

§c—>0>45;7
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Amax —1

for some irreducible (5; <0, x0([vp, v~ 2 pls7y(p;0)). By 9,0 considerations
(e.g., see Theorem[Z7(i)), we must have d, = d,,. Therefore,

max

8y < 0, % 6(lvp,v™F pliTy(ps o)

I

0. 8([vp,v™ plity (p30)) < i (0, % 3([wp, V™ plimy(ps ) ).

It now follows from a straightforward p* argument that n = 7’ (use Theorem
and the fact that

,u*(5([yp,y

]P]§7'n(P§U))) :]@6([yp7y% Tr](p’a) 27—1@91’

where no 6; contains v“*3 p in its supercuspidal support). [

We now give a variation of the preceding lemma that will also be used when work-
ing with SO(2n, F). To start, we introduce a bit of notation. Suppose p % p’ have
p’ x o and p % o reducible. By [G2], we may write

pxp'xo= @ 7ilppo)
i,je{xl}

where 7; j(p, p; o) is characterized by
7i,i(p,p's0) = p > 1i(ps0) and p’ 1 Ti(p; 0).
Note 3.3 It follows from the characterization above and Lemma[5.1]below that

T_i—j(p,p’s0) if p, p’ both satisfy (L),
T_ii(p,p's0)  if p satisfies (L)), but p’ does not,
7i,j(p, p'5 ) if neither satisfies (I.1)).

o~

érij(p, p's0)
Lemma 3.4 Suppose p % p' have p x o and p’ x o reducible. For a,a’ € N odd and
nn' € {£1}
a—1 a’—1
§([vp.v'=p]) x8([vp'sv = p']) 37y (pps0)
has a unique irreducible subrepresentation that we denote

5( [Vp,l/ T

It is square-integrable. Further, in the notation of Section 2,

a’—1

pl, [vp'sv = p' s (pp'50)) -

Pp0) (5( [vp, "5 p], [vp' v 0] ;Tn,nf(pm’;a))) =

5( [Vp,V T

pls7y(p30)),
and similarly for 1, o).
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Proof Standard p* arguments tell us that

a—1

5( [up,u 2

p)) X 3([vo! T 0]) @ T (psp's0)

occurs with multiplicity one in the following:

(i) ( ([vp, v p]) xd([up’w%p’}) ><p><p'><10)

noiiw(pm p]) X 8([vp! v T p']) X Ty (o, 0'50) )
(

Gi) = (8([p,v" T p]) % 8([wp v T 57y (05 ) )

@) (8([p' v 1) % 8([vp,v'T plsmlps0) ).

We also note that the induced representations appearing in (ii)—(iv) all embed in the
induced representation appearing in (i). It then follows (from (ii) and Frobenius
reciprocity) that

a—1 —1

o([vp. v p]) % 3([v0! T p']) % (s p50)

has a unique irreducible subrepresentation 0. Further (using (iii) and (iv)), 6 must
also appear as a subquotient of both

1

5([pv T p)) 2 o([ve' v p'lsmy(p'50)),

o[0T p']) w0 a( [,

olm(ps ).

In particular, it follows from v, ) and 9, o) considerations (see Theorem 2.7(i))
that

Do) = 6( [vp,v"T p] 37 (p30))

and
w(pIVO)((S) = 6( [Vpl7 V%pl] ;TU’(p/;U)) .
Now, Theorem 2Z.7(iv) tells us § is square-integrable, finishing the proof. n

Lemma 3.5 With notation as in the previous lemma, let 6, ,, € R((p,0), (p’,0);0)
be such that 1(,0)(0.,') = V(p,0)(6) and vy 0)(6p.p1) = Yy .0)(0). Then there exist
irreducible 0,0’ such that

Amax —1

d, — 0 x 5( [Vp,l/fp] ;T,](p;cr))

and
’

0" % 5( [Vp',V%Lp/} sy (p'50))

if and only if there is an irreducible 0"’ such that
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’

Amax —1 Imax —!

5= 0" 6([vp,v 2 p], [vp',v ™ p' T (0,05 0)

Proof The implication (<=) is a straightforward consequence of the fact that

’
amax —1 Imax 1

§([vp, v 5 ) [wp’ v ™ s 1y (0, 075 0)

7
amax —1 Imax —1

= 8([pv 5 p]) @ o([vp', v 5 ]y (05 0))

and

al —1
Amax —1 )

5([1//)7’/ : p]?[Vplang pl];Tn’n/(p?p,;U))

al —1
max

< 8([p', ™ p]) x6([vp, ™ plimy(ps0))

For the implication (=), we first argue that

!
dmax —1 Imax —!

§— 0" x6([vp,v 2 p|,[vp v p e (psp'50))

for some £,&’ € {£1}. To this end, we first show that ¢ has an admissible se-
quence (Jord;,0,¢;), 1 < i < k, having Jordy = Jordi—; \ {(p,b), (p, amax)} for
some b. It is not difficult to see that we may arrange Jordy = Jordi— \ {(p, b), (p,a)}
for some a, b. It therefore suffices (by iteration) to show that if |Jord,| > 2, then
(P, max) does not have to be part of the first pair removed from Jord,. Suppose
the first pair from Jord, is removed at the i-th stage. Let amax— = (dma)—. If
gi(p, amax)ei_l(p, Amax,—) 7 1, this is clear—the pair (p, dmax,— ), (0, Amax) is not eligi-
ble to be removed. If €;(p, amax)si_l(p, Amax,—) = 1, we claim there is some (p,a) €
Jord, with a # am. and €;(p, a)si_l(p, a_) = 1. This follows from consider-
ing the resulting Jordi,; = Jord; \ {(p, amax), (0, Gmax,—) }> which must then have
€itl (pa)si:{ (p,a—) = 1 for some such a by admissibility. We may then remove this
{(p,a), (p,a_)} at the i-th stage instead. A similar argument tells us we may arrange
Jordy—y = Jordy_, \ {(p’, 1), (p’,al,,)} for some b’. It then follows that

!
—b'+1 nax —1 —b+1 amax —1

S0 x X G xd([v77 pv i p]) x6([v2 pv ot p']) Xl

We give the argument below using “commuting arguments” (A; X A; = A; X A\
when irreducible) and “inverting arguments” (A x 1 22 X x 1 when irreducible). We
note that the irreducibility for the commuting arguments follows from [Z] (noting
that Jord, and Jord, do not contribute to d,y as Jord,(o) = @ and Jord, (o) = )
while the irreducibility for the inverting arguments follows from [Mul]. We obtain
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the following:

/

5o 8y X Gy X S5 ! v ) B[ p, v p]) 4
I
5o by x - x Gy x 610" ) x 65 )
x §([p,v° p])><5([y%p,y—1p])xé{x-.-xagnxa

(commuting arguments)

’

S Gy X X By X BL X - x 8L % 8([p" v p']) x 8(Lp, v ™ p))
x 6T p ') X 8l pv T pl) X o
(inverting and commuting arguments)
&6 X oo X Gy X O X -o0 X )% s([p’,v™ p')
x 8([p, v pl) x 8([wp' v T ') X 8(lwp,v'T pl) Mo
(commuting arguments)
N5 X e X Gy X 6] X o X 8] xa([yp’,z/’z“p’])
x 8([vp,v'T pl) x 8([p', ™5 p'1) x 8([p, ™ pl) x &
U (cf. [J1, Lemma 5.5])
0= 6" x - X xm
for some irreducible 7 < §([p’, v =2 o' x6([p,v miy=, p]) X o (writing the other
representations that appear as 0;’, . . ., 6,;’ for convenience). We need to show

’
amax —1 !

7w =0([vp, ™ ), [vp' v ™ p |3 7ee (p, 5 0)

for some &, ¢ € {£1}.

To this end, observe that (by [Mul] and Theorem[2.7\(ii),(vi)) the irreducible sub-
quotients of

’

5[0 v ™ p']) < 6([pv™ p]) w0

are the following:

(i) 6<[up,u“j“?“p] [p!, v Pl . p'50)) with €' € (1),
i) (™5 p', ') @ 0[p, ™+ pli(ps o)) with € € {1,

“max

(i) LO([v = p, p]) @ 8([vp’, ™ p'}i7e:(p50))) with €' € {1}, and
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(iv) the appropriate one of the following:

—Amax+ max

p.p]) @ 8([v = 0 0') © 0) if e > Al

L(3([v

max " Amax 1

L(5([v = 00D @ (0T 9. p]) © 0) if e <

mzx

LG~ p, o)) x 8™ p/,']) © 0) if tinax =

(noting that only one of these will have the right form to satisfy the require-
ments for a Langlands subrepresentation).

We show that having 7 as one of the other subquotients would contradict the Cassel-
man criterion for the square-integrability of . We note that any 7 other than

al  —1
9max —1 'max

§([vp,v™ 5 p], [wp's v 0" 370 (ps 5 0)
with &, &’ € {£1} has

’
“Omax*1

p.pl) x7w' or w—=§([v—r pp']) xnls

—Amax+1

T—d([v

for purposes of an indirect argument, we assume the former. Then

—dmaxt1

(5‘—>51”><-~-><5;1’><(5([V p,p])XIﬂ'/.

Now, observe that (cf. [Z]) if ¢ > s (¢, d, s necessarily less than amay), then

([ 007 5]) X3 [1™ p07 5] -
(1 =) o[ %))
+L(8([v=F o T 0]) 0[] ),

is a sum of irreducible representations; otherwise,

—Amaxt

S p, T p]) x ([ p, v pl)

is irreducible. In particular, any subquotient

—d+1 c—1

A<O([v™ o T p] ) x6([v 7 v T p])

has

—damax+t1

N 5[ o T p)) x 6( [ o T )
for some ¢’,d’, s’ (a permutation of ¢, d, s). Therefore,

d+1 1 —amax+1

5 81 x 8] x 812 p,w T p)) X O[v T T pl) X By X X 8

\U/ (by [J1, Lemma 5.5])

6 0] X O] XAX - 0f 3 X6 x7
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—Amax+1

for some irreducible A < §([v— 2 p, 1/521,0]) X 6([u#,0, u%p]). It then follows
that

—dmax+t1 s

5 8] x 81 x ([ o, T p] ) x 8([v =T o, T p] ) X e bly X Oy

for some ¢’,d’, s’ (a permutation of ¢, d, s). Iterating, we see that

5<_>5([V%“”p,l/z‘lp]) X e

contradicting the Casselman criterion for the square-integrability of 6. Thus we must
have

’
Amax —1 Imax —!

m="06([vp,v 2 pl, (v v p T (0,05 0))

with &, &’ € {£1}, as claimed.
The remainder of the proof is similar to that of Lemma[3.2] [ |

We close with one modification to Tadi¢’s definition that will prove more conve-
nient when shifting to SO(2n, F). Let p1, . . ., p; be inequivalent representations such
that the following holds: (p,a) € S with a odd if and only if p = p; for some i.
Instead of making ¢ choices of components, one for each p; x o, it follows from [G2]
that it is equivalent to choose a single component T (out of the 2 possibilities)

T<prX---XpXo.
Then T-(p;;0), e € {£1}, is characterized by
T < pr X X picy X pig1 X -+ X pg X T(pi30)

but
T L p1 X X pioy X pigr X -+ X pg X T_1(pj30).

We remark that this modification is helpful in dealing with SO(2n, F), where the
reducibility is a bit subtler (see Remark 2.8] for a brief discussion of these subtleties).

4 The Case o # ¢o

In this section, we consider Res?o 7 for an irreducible 7 € R((p, ov); o) when éo % o.
In this case, it is not difficult to show that Res$,  is irreducible.

Theorem 4.1 Suppose o % o. Let m € R((p, «); o) be irreducible. Then RessoO s
irreducible.

Proof The partial cuspidal support of 7 is o; by Lemma [24(ii), the partial cuspidal
support of ér is éo. Since éo % o, it follows that ér 2 7. The theorem now follows
from Lemma[2.3] u
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Remark 4.2 We take a moment to compare the parameterizations for § and é&§
under these circumstances. It is a fairly easy consequence of Lemma [2.4{i) that
Jord(¢é§) = Jord(d). As noted in the preceding proof, os5 = éos. It also follows
from Lemma [2.4](i) that ;5 = &5 on that part of S contained in Jord x Jord, and
therefore also when p is a representation of GL(m, F) with m even. If p is a rep-
resentation of GL(m, F) with m odd and £5(p, a) defined for some a (so p x o is
reducible), the definition from [T5, T6] requires a choice of one of the two compo-
nents of p X 0. We make our choice consistent with the action of & if 7 has been
chosen for p x g, we choose ¢7 for p X éo. With this choice, &6 has the corresponding
triple (Jord(0), éos, €5).

5 The Case o = ¢o with p not Satisfying

In this section, we consider Res?o m for an irreducible 7 € R((p, ); 0) when éo = o
but (L)) not satisfied—i.e., either p is a representation of GL(m, F) with m even, or
p # p (noting that when p ¢ p, there are no discrete series). In this case, we show
that Res$y, 7 is reducible.

We start with a lemma, noting that part (iii) of the lemma requires (L)) to be
satisfied and is not used in this section (but is used later).
Lemma 5.1 Suppose éo = 0. Let 0y < Res$, o be irreducible.

(i)  Suppose p x o is irreducible. Then é(p X o) = p X 0.
(ii) Suppose p x o and p X o are both reducible. Write

pxo=Zr(po)®T_1(p;0).
Then ¢ri(p; o) = Ti(p; o) fori = +1.

(iii) Suppose p x o is reducible but p X oy is irreducible (noting that this requires (L))
be satisfied; see Proposition[2.5]). Write

pXoZr(po)®T_1(p;0).

Then ¢ri(p;0) = 7_i(p; o) fori = +1.

Proof We start with an observation that will allow us to address both the cases o = 1
and o # 1 together. Let 0y < Res$y, o be irreducible. If ¢ is a representation of a
general linear group and o # 1, then by Lemma[2.3]and induction in stages, we have

£ X0 2¢xIndS, 00 2 Ind$ (€ X 09),

and this also holds when o = 1.
We now consider (i). We have

pXo= Ind?o(p X 09),

which implies p x o0y is irreducible and induces irreducibly to O(2#, F). Therefore,
by Lemmal2.3] c(p % g¢) £ p % gp and &(p X o) = p X 0, as needed.
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We now consider (ii). We have

T1(p;0) © T_1(p;0) = p x 0 = Ind§,(p X 79)
= Ind?o (Tlﬁo(p; a9) D T-10(p; Uo)) )

where p x 0y = T10(p;00) ® T_10(p; 09). Therefore, 7;o(p;09), i = %1, induces
irreducibly. Without loss of generality, we may write

7i(p; @) = Ind§y 7i.0(p; 00).
Further, by Lemma[23] it follows that for i = +1

cTio(ps 00) Z Tio(ps00),  CTilpy o) = Ti(p; 0),

as needed.
We now address (iii). In this case, we have

T1(p;0) ® T_1(p;0) = p X 0 2 Ind§p(p % 09) 2 Ind§y 70(p; 7)),

with 79(p; 09) = p % 0y (irreducible). Therefore, 7(p; 09) induces reducibly. It now
follows from Lemmal[Z.3]that

cto(p; 00) = 1o(p300),  CTilp; o) 2 Ti(p; o).

Further, since Ind?o(p X 09) =2 1i(p; o) @ éri(p; ), we see that ér;(p; o) = 7_i(p; 0),
as needed. [ |

Lemma 5.2 Suppose ¢o =2 o and p does not satisfy (1), i.e., either p is a represen-
tation of GL(m, F) with m even, or p 2 p. Suppose m € R((p, a); o) is an irreducible
representation satisfying
T pX X pXT
—_——

‘
with £ > 0. Then éw = .

Proof First, suppose p X o is irreducible. It follows from [G2] thatp X -+ X p ¥ &
is also irreducible. Thus 7 = p X - -+ X p xo. By Lemma[51{i), Y
—_——

‘
lpxo)=pxo.
By Lemma[2.4)i),

ME(pX- - XpXo)ZpX---Xpxé(pxo)=Zm,
—— ———

4 (-1

as needed.
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Now, suppose p X ¢ is reducible. It follows from [G2] that p X - -+ X p xo has
—_——

0
two components, so p X --- X p X7;i(p; o) is irreducible for i = +1. Thus, 7 =
—1
p X -+ X pxTi(p; o) for some i. By Lemma [2.4(i) and 5.I(ii) (noting that Proposi-
—_——

=1
tion2Z.5implies we are in Lemma [5.1{(ii)),

éﬂgf<p><~~><p><ﬂ(p;o)> Epx-xXpXeTi(pso) =,
/—1 {—1

as needed. [ |

Theorem 5.3 Suppose éo = o and p does not satisfy (1)), i.e., either p is a represen-
tation of GL(m, F) with m even, or p 2 p. Let 1 € R((p, a); o) be irreducible. Then
Res$y, 7 is reducible. In particular, we may write

Res$y, 7 2 7y @ ¢

with CTo % 0.

Proof By Lemma[23] it suffices to show that ém = 7. The proof is by induction on
the parabolic rank. The basis step follows from looking at the possible subquotients
of ¥p X 0,5 € R. If *p X o is irreducible, the result follows from Lemma24(i). If
V*p x o is reducible and s = 0, the result follows from Lemma[5.1{ii) and Lemma[2.3]
When v°p % ¢ is reducible and s > 0, then v°p x 0 = L(r*p ® o) + 0(v°p; o), with
0(v°p; o) the square-integrable subrepresentation and L(v°p ® o) the Langlands
quotient (written using subrepresentation data; see Section 2). By Lemma2.4|(iv),

L ”p o) 2L pReén) XL pR o)
since éo 22 o by assumption. By duality (see Lemma[2.4[iii)), it follows that
Wpyo) =2 6(Vipso).

The case s # 0 then follows.

For the inductive step, observe that by [J1, Corollary 4.2] (which also applies to
O(2n, F); ct. [J4]), (at least) one of the following holds:
(i) m is nontempered,
(i) Do is nontempered, or
(ili) 7 < p X -+ X p X ¢ for some /.

‘

We break the argument into three cases accordingly.

In case (i), write

T=LW"nQ - QU@ 1).

https://doi.org/10.4153/CJM-2011-003-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-003-2

354 C. Jantzen

By Lemma[2.4{(iv), we have
r=L0W"n Q- QUFT Q ér).

Thus ér = 7 if and only if é7 = 7, which holds by inductive hypothesis.

For case (ii), recall that Do(ém) = éDom by Lemma 2.4(iii). It then follows that
ém = if and only if ¢éDom = Do, which follows from case (i).

Case (iii) follows from Lemma[5.2} finishing the proof. ]

6 The Case 0 = ¢o with p Satisfying[1.1} Part I: Discrete Series

In this section, we consider discrete series representations in R((p, «);c), when
0 = éo and p satisfies (ILI). We remark that red(p;0) = 0 here, a consequence
of Proposition[2.5] so we must have o = 0 to support non-supercuspidal discrete se-
ries. In this case, Theorem[6.5]shows that é§ 22 0. More precisely, if (Jord, o, €) is the
admissible triple for §, then (Jord, o, ée) is the admissible triple for ¢4 (cf. Definition
62). Thus Res$, § is irreducible. We note that we have not worked in the general-
ity of admissible representations, as we did in the previous cases, for a reason. An
irreducible admissible representation ™ € R((p, a); o) may or may not have Res$y, 7
reducible. We take up this issue in the next section.

Suppose § = J(jordo) is @ non-supercuspidal discrete series representation in
R((p, @); o). Recall that in this case, Jord = Jord, U (Jord(c) \ Jord,(c)), a disjoint
union (cf. Remark[3.1). We note that the values of € on Jord, are enough to determine
€ on its domain. In particular, the values on Jord, determine the values on Jord, X
Jord, by the compatability conditions required of triples; the values elsewhere are
determined by €, (i.e., from the triple (Jord(o), o,€,) for o). Write

]ordp - {(py ﬂ]), sy (pv ak)}a

with a; < -+ < a;. We may then identify € with the k-tuple € = (cy, . . ., ¢&), where
¢ = e(p,a;). We note that in order for (Jord, o, p) to be admissible, we must have
k even (see [M-T, Section 14]). Further, in this situation, there are no nontrivial
alternated triples (as Jord,(c) = @).

We note that the following lemma is not essential for the arguments below, but
makes a number of claims clearer.

Lemma 6.1 Suppose k is even and € = (cy,...,cx) with k even. Then € is ad-

missible, i.e., (Jord,o,€) is admissible, if and only if (¢, cacx) = 0, where eqix =

(1,—1,1,—1,...,1,—1) and (-, ) is the (restriction of the) usual inner product on R¥.
k

Proof The proof is by induction on k. For k = 0 there is nothing to prove; for
k = 2,(1,1) and (—1, —1) are clearly the admissible € (cf.section 14 [M-T]). We
now assume the lemma holds for k — 2 and check that it holds for k.

Suppose € is admissible. Since (Jord, o, ) is admissible and not alternated, there
is some i with e(p, a;)e(p, a;—;) "' = 1 such that Jord"" = Jord \ {(p,a:), (p,a;_1)}
and "’ = €| o4+ has (Jord"', o,e’’) admissible. Now,

2
£ :(C17~~-3Ci—2aci+l7"'ack)a
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and ¢;_; = ¢;. By the inductive hypothesis,

0= (", canr—2) Z( /7 e+ Z( 1)

j=i+l
—Z( 177 +Z( DI+ (=1 ey + (1) ]
j=i+1
= <‘€7 Ealt,k>7
as needed.

Now, suppose (g, aik) = 0. Then there is some i such that ¢; = ¢;_;—if not,
€ = ek and we would clearly have (g, 4 k) 7# 0. Let

]Or "= ]Ord\{(p7ai)7(p7ai—l)} and EH: (C17"'7Ci—27"-7ci+17'"7Ck)

(noting € = &|jorar/). Reversing the calculation above shows (¢”, eqk—2) = 0,
so by the inductive hypothesis, (Jord'',o,¢’’) is admissible. Since (Jord"’,o,e'’) is
subordinate to (Jord, o, €), it is also an admissible triple, as needed.

The lemma now follows by induction. ]
Definition 6.2 With (Jord, o, ¢€) as above, write € = (ci, ..., ). Let
e =(—c,—cyeoy,—Cr).

The following is fairly obvious even without the preceding lemma.
Corollary 6.3 (Jord,o,¢) is admissible if and only (Jord, o, é€) is admissible.

Remark 6.4 For a fixed Jord as above, write k = 2m. Then the number of ¢ having
(Jord, o, €) admissible is (2;:1) More generally, one can show inductively that the
number of € having (e, g, x) = 2j is (m+])

Theorem 6.5 Let d(jordce) € R((p,0);0), (p, o as above) be a discrete series repre-
sentation. Then ¢(jord.o.e) = O(jord,occ)- In particular, Resgo O(Jord,o ) 15 irreducible.

Proof By Lemmal23] the irreducibility of Res$p, & jord.0 ) follows once we show

éé(}ard,a,g) — 6(]ard,0,é€) .

We prove this by induction on | Jord,|. Since |Jord,| = 0 just corresponds to o, we
start the induction with | Jord,| = 2.

When |Jord,| = 2, we have either ¢ = (1, 1) or (—1, —1). By the construction in
[M-T], we have

—ay+1

Sord.oe) — 6([v™F pv T = p) % 0.
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By duality (cf. Section 2) and [B-J2, Proposition 3.3],

DOé(]ord,a )

—ay+1

< p v T o) xo

—ay+l

—L T p@--@r Tt p W@t pxuvTt p)

@ W pxvlp) @n(po))
L pe- 0T pa W px Tt p)
®---@ W lpx V_lp)®7'—1(p§0'))

—a+3

zP)

+L p® = p@ (v R p, = p)®5([1/ T Pa
®---@d([v " p,p)) ® o).

Since

—a;—

=L pe-erTE e

(v pr T )@ prt p) @@l pl) ® )

is the unique irreducible quotient, Frobenius reciprocity implies

P (m) > vt pr T ph @o.

Therefore, u*(Doms) > 6([v =4 0, v p]) ® o. Since a; < a,, we see that Do is
not square-integrable (the Casselman criterion). Therefore, we have

DO (6(]0717] 0'.5)) =
—a—1 —ap+l

Lv— 3 p® QU2 p®(u 2 p><1/ =3 PR pxvTp)@T(p; o))
for some i =€ {%1}. By Lemma GIliii), ér;(p;0) = 7_;(p;0). Therefore, by
Lemma[2.4](iv), we have
L= pee v pa T pxv T p@-av T pxr T pen(pe) =
L po 0 paW > pxvip)
@@ W pxvTp) @ T11(p30).

Since ¢ 0 Do = Dg o ¢ (cf. Lemma 2.4(iii)), we then have é0(jorioe) = O(jord,o.cc)s
finishing the case | Jord,| = 2 and the basis step.

We now move to the inductive step, assuming the theorem holds for |Jord,| =
k = 2m, m > 1, and showing it holds for | Jord,| = 2m + 2.
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Let (Jord, 0, €) be an admissible triple with € = (¢, ..., am+2). Since there are
no nontrivial alternating triples, we must have ¢; = ;31 for some i. We consider two
cases, depending on whether or not there is more than one such i.

Case 1: ¢; = ¢j41 and ¢ = ¢jy) for some i # j
Lete; = e = (cy,. .., Come2) and set

&2 = (Cla ceey CGio1y, =Gy —Cit1, Cig2y - - - 7C2m+2)
and

€3 = (C17 ey Cj—17 _Cj7 _C]'+1,C]'+2, s 7C2m+2)

(i.e., changing the signs of the i, i+ 1 and j, j+ 1 entries, respectively). By Lemmal6.1]
(Jord, o,€¢), £ = 1,2, 3, are all admissible; let 0, = (jord,rc,)- Now, set

* ok
€ :(C17'"aCi—17Ci+2;"'762m+2) and ¢ :(Cl,...,Cj_1,6j+2,...,C2m+2)

(i.e., deleting the 7,7 + 1 and j, j + 1 entries, respectively). By [M-T, Lemma 5.1], we
have
—a+l 441 —1
01,00 = 0([v 2" p,v™ 2 pl) X Ojora+ 0.e)
and

aj+1 aji—1

-4 A
01,03 = 0([v =27 p, v™ 27 pl) X O(jora=» 0.e+),

where Jord* = Jord \ {(p,a;), (p,ai11)}, Jord™ = Jord \ {(p,a;),(p,aj:1)} and
e*,e** are the restrictions above (noting that the resulting triples are admissible). By
the inductive hypothesis,

éé(}ard*,a,s*) = 5(]0rd*,0.65*) and éé(}ard**,o,a**) = 6(]ord**,cr,c”5**)~

Therefore, (cf. Lemmal[2.4)

—a;+1 ajy —1

861,68, — ¢ (5( (v pv 7 p|) x 5(]ord*,a,a*))

—a;+1 ajy1—1

=5([v pv 7 pl) X EO(Jordr v

—a;+1 a1 —1

gé([quay : P]) ><]5(]0rd*,0’,65*)~

Similarly,
—a;+1 ajy1—1

¢61,805 = 6([v 2 pov T pl) X O(orden oiere)-

[M-T, Lemma 5.1] applied directly to (jord,o ) tells us

—a;+1 aj—1

6(]ord,a,fel); 6(]urd,a,é£2) — 6( [V op,v 2 p] ) X 6(]ord*,o,££*)

and
—aj+l ajy—1

S(Jord.orée1)s OJordoiey) = O ([ 2 pov™ 2 pl ) X Ojorde= g éee)-
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It then follows that

{6517 652} = {5(]ordﬁ<7,c‘51)a 6(]ord,z7,652)} and {6517 663} = {5(Iordﬁ<7,c‘51)a 5(]ord,07€53)}~

Therefore, ¢61 = E0(jordo.c1) = O(jord,oéer)» as needed for Case 1. Further, and this
is needed in Case 2 below, we can also conclude é6; = E0(jord. o) = O(jord,oier) fOr
i=2,3aswell.

Case 2: ¢; = ¢jy and ¢j # ¢jy forall j # i

We remark that in this case, we cannot compare two different induced represen-
tations containing d(jord +¢) as we did in Case 1. Instead, we essentially realize this as
the 6, from Case 1.

First, we claim that i # 1,2m + 1. If i = 1, the only triple subordinate to
(Jord,o,c) would be (Jord',o,e’), where ¢’ = (c3,c4,...,Com2) and Jord' =
Jord \ {(p,2a, + 1), (p,2a; + 1)}. Since ¢j # cjyy forall j # Land m > 1, we
have (Jord’,o,e’) a nontrivial alternating triple, a contradiction. A similar argu-

ment shows i # 2m + 1. Therefore, € = (c1,...,€¢i—1,Ci, Cit1sCit2, - - -, C2my2) With
(c1y...,¢i—1) and (cis2, . - . , Com+2) alternating. Further, by the Case 2 assumption,
wemust have ¢;_; = ¢j;0 = —¢; = —ciq1.

Sete, = eande; = (c1,...,Ci_1, —Ciy —Cit1,Cit25 - - - » C2m+2)- Then (Jord, o, &)

is an admissible triple which falls under Case 1. Further, (Jord, o, ¢,) is exactly the
admissible triple for J, in Case 1. Therefore, by the results of Case 1, we have

é(si = éé(]ordﬁa,e,) = 6(Iord,a766,)

fori = 1,2, as needed.
The theorem now follows from induction. [ |

7 The Case 0 = ¢o with p Satisfying (1.1), Part Il: Admissible
Representations

In this section, we consider the question of when an irreducible 7 € R((p, a);0)
has Res$, 7 irreducible, or equivalently, when ér 2 7. In the previous section, we
showed that if 7 is a non-supercuspidal discrete series, then ¢ 2 7. In the general
case, the answer is not so simple. For 7 € R((p, ); ), the answer depends on «.
We use the result for discrete series and the classification of irreducible tempered
representations in terms of discrete series to deal with the case of 7 tempered. We
then use the result for tempered representations and the Langlands classification to

deal with 7 irreducible admissible.

Note 7.1 When p x o is reducible, which includes the situation under considera-
tion, R((p, a); o) contains non-supercuspidal discrete series (i.e., other than o) only
for @ = 0, and non-supercuspidal tempered representations only for « = 0, %

Proposition 7.2 Suppose o = éo and p satisfies (L1)), i.e., p = p and p is a represen-
tation of GL(m, F) with m odd.
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(i) Ift € R((p, %); o) is a non-supercuspidal, irreducible, tempered representation,
then ¢ =2 7. In particular, ResSy, T is reducible.

(ii) If 7 € R((p,0);0) is a non-supercuspidal, irreducible, tempered representation,
then ¢éT % 7. In particular, ResSy, T is irreducible.

Proof We start with (i). Suppose a € N. By [B-]J2, Proposition 3.3], we have
C([v™*21p,1""1p]) % o is irreducible. It then follows from duality (cf. Section 2)
that §([v—+2 0, VA3 pl) x o is irreducible. Now, by the classification of irreducible
tempered representations, we have

T o0 X X0 X0o

for some discrete series dy,...,d; (noting we must have o as the O(2#n, F) repre-
sentation as R((p, %); o) admits no non-supercuspidal discrete series). To have 7 €

R((p, %);0), we must have §; = 5([1/’“**%;), V“i’%p]), a; € Z,fori =1,...,£. Thus
0; % o is irreducible for all i. By [G2], we then have §; x - - - X d; X o irreducible, so

T=01 X X No.
Since éo = o, we have (as in the proof of Lemma[5.1])
O X o+ xégxoglndgo(él X -0 X 0 X 0y),

with og < Resgo o irreducible. Therefore, §; X - - - X d; X 0 (necessarily irreducible)
induces irreducibly. Part (i) now follows from Lemma 23]

We now turn to (ii). Note that if 7 is square-integrable, the result follows from
Theorem[6.5 If not, we have 7 < §; X - -+ X &y x & with 1, . . ., §, discrete series of
general linear groups and J a discrete series in R((p, 0); o).

If § # o, then é§ % 0 (cf. Theorem[6.5)). Now, by Lemma2Z.4(i), é7 < 7 X - -+ X
d¢ » ¢6. The uniqueness up to conjugacy of the inducing data in the classification
of irreducible tempered representations (see the appendix) then implies that é7 22 7
(since ¢0 2 9).

This reduces us to the case 6 = 0. We start with the case ¢ = 1. First, we note that
for a € Z with a > 0, we have (see [B-]2, Proposition 3.3])

v p, v p) Mo =L px v )@ - @ 'px v p) @7i(p;0))
L pxv P @@ W pxrvp) @T1_1(p0)).

By Lemma[2.4(iv) and Lemma[5.1(iii), we have

(v x v )@@ W px v p) @ Ti(ps o)
= L((v ' xv )@@ W px v p) @ éri(p; o))
2L xv )@@ W px v p) @ T_i(p;0)).
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Therefore, if we write
o([v="p,vp)) x o = Ty ([v™p, v pli0) & T_1([v™*p,v*pl; 0),
duality (cf. section 2) tells us
CTi([v™"p, v plso) = T_i([v ™ "p, v pl; 0).
The case ¢ = 1 follows.

Now, suppose ¢ > 1. Then

T 0 X+ X0_1 X (0 Xo)

I

T8 XX 01 X T;(6g50)

for some i, where we write §; X 0 = T1(dp50) @ T_1(dp; 0). It follows from the fact
that §; X -+ X d—1 X dy X o decomposes with multiplicity one (cf. [G2]) that §; X
oo X 01 N T (p30)and 61 X -+ - X Gy 1 X T_1(6g30) =2 E(6y X -+ - X 51 X T1(8p50))
have no components in common. Since

T‘—>51X~'~><51g_1><1Ti(5g;0') and (f‘T‘—>(f‘(51><-~~X55_1>4T,‘(5[;O')),

we see that é7 2 7, as needed. [ |

Proposition 7.3 Suppose o = éo and p satisfies (LI). Let # € R((p,«);0) be a
non-supercuspidal, irreducible, admissible representation.

() Ifa #0, then én = 7. In particular, Res$,  is reducible.
(i) Ifa=0,writer =L " ®- - QU QT). Then émw = wifand only if T = o.
In particular, Res$y, 7 is reducible if and only if T = o.

Proof By Lemmal.4(iv),
LT Q- VI QT) XL T Q- QUTT Q ET).
Ifa & {0, %}, then 7 = o (since there are no non-supercuspidal tempered repre-

sentations except when a € {0, %}) and (i) is immediate. If & € {0, %}, (ii) follows
from Proposition[7.2] [ |

8 Discrete Series for SO(2n, F) via Restriction

In this section, we classify the non-supercuspidal discrete series for SO(2n, F)
(cf. Theorem[8.4). In particular, we combine the results from the previous sections to

https://doi.org/10.4153/CJM-2011-003-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-003-2

Discrete Series for SO(2n, F) 361

give a characterization in terms of restrictions from O(2#, F). Note that in Sections
10 and 11, these results are reformulated in terms of admissible triples for SO(2n, F).
We start with the notion of partial cuspidal support for representations of special
orthogonal groups, which plays an important role in Theorem[8.4land the results of
Sections 10 and 11. Let 7y be an irreducible admissible representation of SO(2#, F).
Suppose 7y is not supercuspidal. If there is a standard Levi M having ry ¢my >
Vi @ - @ UM pe @ og with py, ..., pg, 0o supercuspidal, we say that oy is in the
partial cuspidal support of my. In particular, if there is a standard Levi factor M
having rygm > vp1 @ -+ - ® vpy (resp., ryem > (V¥ p @ - @ v py)) with
p1,- - -, pe supercuspidal, we say 1 ® e (resp., 1 ® c) is in the partial cuspidal support
of my. Let m be an irreducible representation of O(2#n, F) such that Reng T > .
If o is the partial cuspidal support of 7, then any oy in the partial cuspidal support
of mp must satisfy oy < Res§, oc—an easy consequence of the observation ryp gy <
a0 o © Res§y, m = Res§y, ory . In particular, the only possibilities are that there
is a unique such oy in the partial cuspidal support, or the partial cuspidal support is
{00, cop} with coy % 0. The following example shows that the latter can occur.

Example 8.1 Suppose o = ¢o and (p, o) satisfies (L.I]). Write Res?o o = oy P coyp,
where coy % 0¢. Fora € N, let §, = §([vp, vpl; 7,)(p; 0)), € {£1} be the discrete
series representations defined in Section 3. These are dual in the sense of [Aub, S-
S] (cf. [J4] for O(2n, F)) to the generalized degenerate principal series subquotients
L™ p@uv p®--- Qv p@7,(p; 0)) (cf. [B-]2, Proposition 3.3]). It follows that
¢, =2 0_, (cf. Lemma[2.4(iv) and Lemma [5.1(iii)) and their Jacquet modules have
GOy = V' p@1 pR- - Qup® p@o for the appropriate M. (These are similar to
the generalized Steinberg representations of [Mu3], but fall short of his definition as
the first such representations in the families—7, (p; o)—are not discrete series.) Then
Res$y, 81 = Res$y, 61 = & a discrete series representation for SO(2n, F). Therefore,

0,000 =2 RessOO orm,goy = Resgo(u“p R QpRoT)

=P ®pRa) B (PR ®p® coy).

In particular, dy is a discrete series for SO(2#n, F) that has {o, coo} for its partial
cuspidal support.

Lemma 8.2 Letm — v¥p; X --- X V*p X 0g be an irreducible representation of
SO(2n, F), where p1, . .., px (not necessarily distinct) are irreducible, unitary, supercus-
pidal representations of GL(my, F), ..., GL(my, F) (resp., x1,...,xx € R), and oy an
irreducible supercuspidal representation of SO(2m, F).

(1) Ifoo = coy, then w has partial cuspidal support oy.
(ii) Ifog % cog and my, . .., my are all even, then w has partial cuspidal support 0.
(iii) Ifog % coo and some m; is odd, then m has partial cuspidal support {oy, cog}.

Proof Part (i) is clear. Part (ii) follows from [J5] applied to v p; X - - - X 1 pg X 0.

(Roughly speaking, since m1,, ..., my are all even, there are no leftover sign changes
available to change oy to coy.)
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For (iii), let i be the largest value for which m; is odd. Then noting that ¥ p; x
v¥ip; 2 vYip; x v p; (by irreducibility), we have

T —=Vp X - X V%pp X 0y

U

= V¥py X o X VYT i) XV piy X X VMR X VY py X0
\U/ (cf. [J1, Lemma 5.5])

T VMp X XV X Vg X X UM X6

for some irreducible 8 < ¥ p; x1 0. By Proposition2.5] 6 = 1% p; X 0. Since ¥ p; x
oy contains both o and coy in its supercuspidal support, the result follows. ]

Definition 8.3 Let (Jord,o, <) be an admissible triple.

(i) Iféo 2 o, we define é(Jord, o,¢) = (Jord, o, €).
(ii) Iféo = o, we define é(Jord, o,¢) = (Jord, o, éc), where ée is given by

. —e(p,a) if p satisfies (T.1),
te(p,a) =

e(p,a) if not,
and € remains unchanged on pairs.

Theorem 8.4 Let (Jord,o,c) € Trip,,,, Then ¢d(jordoe) = Oc(jord.oc). Further, if
0o < Res$y, o is irreducible, we have the following:

(1)  Suppose éo # o. If the discrete series are parameterized as in Remark[42] then
é(Jord,o,e) % (Jord, o, ¢) and

o) ~ o)
Resgo O(jord,re) = ReSgo Ojord o)

is a discrete series representation for SO(2n, F) having partial cuspidal support
09. Every discrete series representation of an even special orthogonal group having
partial cuspidal support oo may be written uniquely this way, up to the choice of o
or Co.

(ii) Suppose o = o and there is no (p,a) € Jord with p satisfying (LI). Then
é(Jord, o,¢e) = (Jord, o, ¢) and

Resgo 5([0rd,0',5) = 600 &) 6C0'07

With 05, =2 b0y, a direct sum of inequivalent discrete series having partial cuspidal
support oo and coy, resp. Every discrete series representation of an even special or-
thogonal group having partial cuspidal support oy or cog may be written uniquely
this way.

(i) Suppose to = o and there is some (p,a) € Jord with p satisfying (LI). Then
é(Jord,o,€) # (Jord, o, ¢) and

o] ~ o]
Resgo (jord,oe) = Resgo O(jord o ée)

https://doi.org/10.4153/CJM-2011-003-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-003-2

Discrete Series for SO(2n, F) 363

is a discrete series representation for SO(2n, F) having partial cuspidal support
{00, cop}. Every discrete series representation of an even special orthogonal group
having partial cuspidal support {oo, coo} may be written uniquely this way, up to
the choice of € or te.

Proof To see that ¢3(jord.o.c) = e(jord,oc)> Observe that by Theorem Z7(v),

67/}(/),(1) (&Iord.,a,a)) = 7/}(/),(1) (éé(lord,a,a))~

By Remark [£2] and the fact that Jord(o) = Jord(éo) (if éo ¥ o), Theorem 5.3 (if
o = o and (LI not satisfied), Theorem [6.5] (if éo = ¢ and (L.1)) satisfied), and
Remark[3.1]

’(/}(p.a) (6(]ard,60,5)) ifo % EU)
Yp.a)0(jordoe) = § Yipa)(O(jordre))  if 0 = éo and p does not satisfy (L),
Y(p.a)OJordoee))  if o = ¢o and p satisfies (LT)).

It now follows from Remark Bl that &5 jord.o.c) = e(jord.cc)-

In (i)—(iii), the equality or inequality of ¢(Jord, o, €) and (Jord, o, ) follows im-
mediately from the discussion above. The reducibility of Res$, & Jord,o,c) 18 then an
immediate consequence of Lemma[2.3} square-integrability of the components is au-
tomatic. The supercuspidal support claims are covered by Lemma The fact that
any discrete series of SO(2n, F) with the given properties may be written uniquely as
such a restriction is a straightforward consequence of Lemma[2.3] ]

9 Restrictions of Irreducible Admissible Representations

In this section, we address the general question of when an irreducible admissible
representation of O(2#, F) has Res$y, 7 reducible. Proposition[0.I]addresses the case
7 tempered, using the classification of tempered representations to reduce to a cor-
responding question about discrete series (covered by Theorem[8.4). Proposition[9.2]
uses the Langlands classification to address the admissible case, which easily reduces
to a corresponding question about tempered representations (covered by Proposition

o1

Proposition 9.1 Let T be an irreducible tempered representation of O(2n, F). Write
T <0 X+ X I X0,

with b1, . .., 0k discrete series for general linear groups and § a discrete series represen-

tation for an orthogonal group (possibly 6 = 1).

() Ifés & 6, then ¢ér 2 7. In particular, Res$y, T is irreducible.

(i) Iféd = 6, then ér = 1 if and only if no d; has the form 6([v~%p, v%p]) with
a € NU {0} and p satisfying (LID. In particular, ResS, T is reducible if and only
if no &; has this form.

Note that the question of whether 6 =2 § can be addressed using Theorem[8.4]
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Proof Part (i) follows from an argument like that used in the proof of Proposition
By Lemma[2.4(i),

e > 60 X -+ X O X O) 2oy X - X O X ED.

Since é§ 2 9, it follows from the appendix that §; X - - - X 6 x d and &} X - - - X I X &0
have no irreducible subquotients in common, so é7 2 .

For (ii), observe that ¢§ = § implies o = o (cf. Theorem [8.4]). Now, first sup-
pose some 0; = §([v%p,v%p]), with a € N U {0} and p satisfying (L.I). Then by
Proposition [Z.2(ii), t)(,,0)(7) (cf. Section 2) has é1)(,0)(T) 2 (,0)(7). Therefore, by
Theorem 2.7(v) ém 2 7. Now, suppose no ¢; has this form. Then for any (p, «) hav-
ing 1, «)(7) nontrivial (i.e., not o), we claim ¢, 0)(7) = 1 (,.0)(7). If p does not
satisty (L)), the claim follows from Theorem if p satisfies (1)), it follows from
Proposition[Z.2(i). The result now follows from Theorem 2.7(v). [ |

Proposition 9.2 Let w be an irreducible admissible representation of O(2n, F). Write

T=L0"NM®@ - QU ®7T)

~

(the Langlands classification; cf. Section 2). Then ém = 7, and in particular, Res$, T

is reducible if and only if ¢ = 7. Note that the question of whether ¢ =2 T may be
addressed using Proposition

Proof This follows immediately from Lemma[Z.4(iv). [ |

10 Admissible Triples for SO(2n, F)

In this section, we define admissible triples for SO(2n, F). Theorem [[0.7] establishes
an explicit bijective correspondence between admissible triples for SO(2#, F), mod-
ulo an equivalence relation ~, and discrete series for SO(2#, F). The correspondence
in Theorem is described via restrictions of discrete series for O(2n, F). In the
next section, we characterize the correspondence along the lines of [M-T], without
reference to representations of O(2n, F).

We take a moment to give a general discussion motivating our definition.

First, suppose we have 0 2 ¢o. By Theorem [8.4(i), the discrete series for special
orthogonal groups having partial cuspidal support oy may be parameterized by the
admissible triples (Jord, o,¢€) (or (Jord, éo,€)). Thus, in this case, our goal is essen-
tially to replace o (or éo) by oy in the definition of admissible triple; i.e., we want
to retain the same combinatorial conditions on Jord and ¢ but reformulate them in
terms of oy.

Now, suppose we have 0 = ¢éo but (I.I) not satisfied. By Theorem B.4(ii), the
discrete series having partial cuspidal support og (resp., coy) may be parameterized
by the admissible triples having partial cuspidal support o. (Recall that for oy = 1®e
or g = 1 ® ¢, this should be interpreted as in Section 8.) Thus, again our goal is
essentially to keep the same definition of admissible triple, but with oq (resp., coy)
replacing o.
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The case ¢ = ¢o and (LI) introduces a new issue. By Theorem [B4(iii), the
discrete series having partial cuspidal support {9, cop} may be parameterized by
the admissible triples (Jord, o, ) modulo ~, where (Jord,o,e) ~ (Jord',o’,&’) if
Jord’ = Jord, ¢’ = o, and &’ = ¢ or éc. Here, we again want to replace o by oy
in the definition of admissible triple, but also need to introduce a quotient by ~ in
formulating the bijective correspondence.

To work without reference to representations of O(2#n, F), we must first reformu-
late the definition of Jord(d) to obtain a corresponding definition for Jord(dy), where
8o < Res$y, d are discrete series representations. The following lemma indicates the
changes needed.

(a—1) (a—1)

Topv T pl) X

Lemma 10.1 Suppose 6y < Res?o 0 are discrete series. Then d([v—

0 is irreducible if and only if the following hold:
Q) sy p, v T p]) X & is irreducible.
(a—1)

(i) Ifdo % o, then §([v="F"p, v T p]) x 8o % c(6([v="5" p, 7" p]) % &)

Proof First, suppose 6y 2 cdy. Then § = IndsoO &9, so we have

o([v" 5 0w p]) w6 2 mndg, (5([v " 9 ] ) %)

a—1) (a—1)

Now, suppose (5([1/_( T p,v z p]) x J is irreducible. It is then immediate that
(5([V_(“;1) 0, 5 p]) X dy must be irreducible, so (i) holds. Further, it must also

induce irreducibly to O(2n, F), from which we see that

C<5([V7(u;l)p’y(a;1)p]) >450) 7%5([”7@;1)[),1/(‘:;1)[)]) >450,

so that (ii) holds. In the other direction, suppose (i) and (ii) hold. Then

5( [I/i(a;“p,l/gp] ) X 0

is an irreducible representation having

(a—1) @a—1) (a—1)

c(é([uf(u;zl)p,u 2 p]) xéo)y“éé([zf T v 2 p]) X dg.

Therefore, it induces irreducibly to O(2n, F), so

(a=1) (a—1) (a—1)

Ind§y (( [ v p]) 2 80) 2 3( [ p.v "5 p]) %0

is irreducible, as needed.

Now, suppose dg = c¢dp. We note that in this case, condition (ii) does not arise.
a—1) (a—1) (a—1)

We also observe that 5([V_( T p,v T opl) X&) = é(é([u‘gp,u 7 p]) % 9)

(cf. Lemmal[2.4(i)), so 6([v~ et P, v p]) % ¢ is irreducible if and only if

S([v="T v T p]) x &

https://doi.org/10.4153/CJM-2011-003-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-003-2

366 C. Jantzen

is. First, suppose that §([v~ “T o, v T p]) % 8 is irreducible. Since

(a—

Indgo<5( [ViTl)p, Z/Qp] ) X 5())

has at most two components and is equivalent to

1) (a—1)

((5([V‘w§l)p,ugp]) >46) @(6([V_(a; P,V 2 p]) >4c”6),

(a—1) (a—1)

we see that 6([v™ "z p,v 2z p]) x 4 is irreducible. In the other direction, suppose
o([v™ =N 0, I/@p]) X § is irreducible. Since ¢ 2 4, it follows from the appendix
that

(a—1) (a—1)

2 p,VTp])NCA(S
R _l=)  @-n
%c(é([u 2,0,1/Zp])>46).

(a—1) (a—1)

Therefore, by Lemmal2.3} Res$, (6([v~ 2 p,v 7 p]) x J) is irreducible. Therefore,

(a—1)

Res$, o IndSy, (6( [v=7 p, V@p] ) % §0>

> Res$, ((5( [u’(“znp,y@p} ) 5) @ (5( [V*@p,y(”;z”p]) X 65))

has two components. Now (cf. [B-]J2, Lemma 4.1]),

(a—

Res$, o Indg, (5( [1/771);)7 V@p] ) % 6()) =

(5( [V*mz;np’y(“?)p} ) X 50) Dc ((5( [V*(azl)p,l/@p} ) X 50) .

(a—

Thus 6( [V’Tl)p, v pl) X & must be irreducible, as needed. [ ]

Let dg be a discrete series representation for SO(2n, F). Jord(dy) is defined to be
the set of pairs (p, a) having p = pand a € N that satisfy the following:

(i) aiseven if and only if the L-function L(p, R4, s) has a pole at s = 0. (Again, for
p a representation of GL(d, F), L(p, Ry, s) is the L-function defined by Shahidi,
where Ry is the representation of GL(d, C) on A2C%).

Gi) o([p—F" 0, 5 p]) X & is irreducible.

(iii) If 8 2 cdo, then 8([v~ T p, 7" p]) % 8o % c(8([v™ T p,v"“T" p]) x &).

Note that for ¥g = {0y, cog }, we define Jord(Xy) = Jord(oy) = Jord(cop) (not-
ing that the last two sets are clearly equal). The following is an immediate conse-
quence of Lemma[I0.1]

Corollary 10.2  Jord(6y) = Jord(9).
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We are now ready to define Tripg,. Again, for convenience, we use representations
in the following description of admissible triples when we actually want equivalence
classes of representations; the reader should interpret the discussion below accord-
ingly. Tripg, is the collection of all triples (Jord, ¥y, €) that satisfy the following:

(i) Jord is a finite (possibly empty) set of pairs (p, a), where p is an irreducible,
unitary, supercuspidal representation of a general linear group having p = p,
and a € N with a even if and only if L(s, p, Rg,) has a pole at s = 0.

(ii) If Jord does not satisfy (LI (i.e., there is no (p,a) € Jord with p satisfying
(L)), then Xy = {0y}, where oy is an irreducible, unitary, supercuspidal repre-
sentation of some SO(2#, F), n # 1. If Jord satisfies (L)), then X = {09, cop}
(noting that if coy & 0y, we again have ¥y = {0¢}). When X consists of a sin-
gle element o, we will normally write (Jord, oy, €) rather than (Jord, {oy}, ¢)
for the triple.

(i) e: S — {£1}isafunction onasubsetS C JordU(Jord x Jord) (defined below)
and satisfying conditions (a)—(c) below.

Let us start by describing the domain S of €. S contains all (p, a) € Jord except those

having a odd and (p,a’) € Jord(%,) for some a’ € N; S contains ((p, a),(p’, a’)) €

Jord x Jord when p = p’ and a # a’. Several compatibility conditions must also be

satisfied:

(a) if (p, ), (p,a’) € S, we must have ¢ ((p,a), (p,a’)) = e(p,a)e ™ (p,a’);
(b)
e ((p,a), (p,a")) = ((p,a), (p,a")) e ((p,a"), (p,a"))
forall (p,a), (p,a’),(p,a’’) € Jord having a,a’,a’’ distinct; and

(©) £ ((p,a), (p,a")) = ((p,a’), (p,a)) forall ((p,a),(p,a)) €.
We follow the notation of [M-T] and, in light of (i) above, write £(p, a)e~'(p, a’) for
€ ((p7 a), (p, a')) even when ¢ is undefined on (p, a) and (p, a’) separately (i.e., even
when (p, a) and (p, a’) are notin S).

Let oy € Y. In what follows, we let o be a component of Ind?O 0o (making a
choice, if necessary). The possible o do not depend on the choice of oy € X.

Lemma 10.3 (Jord,o,€) € Trip,, if and only if (Jord, ¥y, €) € Tripgq.

Proof This follows immediately from the definitions and the fact that Jord(c) =
Jord(%,) (cf. Corollary[10.2)). [ |

We now discuss triples of alternated type. Suppose (p, a) € Jord. We again define
(p,a_) by taking a_ = max{a’ € N|(p,a’) € Jordanda’ < a} (noting that
(p, a—) may be undefined). Also, let us write Jord, = {(p’,a) € Jord|p' = p},
Jord, (o) = {(p’,a) € Jord(%) | p’ = p}, and

Jord,(30) U{(p,0)} ifaisevenande(p,min Jord,) =1,

d)(S0) =
Jord,, (%) {]ordp(EO) otherwise.

We call (Jord, ¥, e) € Tripy, a triple of alternated type if the following hold: (i)
e(p,a)e(p,a_)~! = —1 whenever (p,a_) is defined, and (ii) | Jord,| = | Jor /’)(Eo)|.
We write Tripg, ,, for the subset of all alternated triples in Trip,.
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Lemma 104 (Jord,c,¢) € Tripg, ,, if and only if (Jord, %o, €) € Tripgp 4

Proof It follows immediately from Corollary[[0.2] that Jord’(c) = Jord'(3y). The
lemma now follows from the definitions. [ |

This brings us to admissible triples. Here we observe a difference with the case
of O(2n, F), owing to the dependence of 3 on Jord (in particular, on whether (L.I)
holds). First, suppose (Jord, ¥, e) € Trip has (p,a) € Jord with (p,a_) defined
and e(p,a)e(p,a_)"' = 1. Set Jord" = Jord \ {(p,a),(p,a_)} and let &’ be the
restriction of € to SN [Jord’ U (Jord’ x Jord’)]. If Jord satisfies (1)) but Jord’ does
not, let X = {op} (i.e,, choose an element of ¥); otherwise, let £j = 3. One
can check that (Jord’,o,e’) € Tripg,. We say that (Jord’, 3, e’) is subordinated
to (Jord, ¥, €). We say the triple (Jord, ¥, €) is admissible if there is a sequence of
triples (]ord,',Eg),ei), 1 < i < k, such that (i) (]ordl,Eél),El) = (Jord, %y, €), (ii)
(Jordiq, Eém), €;+1) is subordinated to (Jord;, E(()”, gi)foralll <i < k—1,and (iii)
(Jordy, Eék), ex) is of alternated type. Note that the choice of oy € ¥ that may need
to be made does not affect admissibility since (Jord, 09, €) € Tripy, (resp., Tripso’ah)
if and only if (Jord, coy, ) € Tripg (resp., Tripgq ). If a choice is required at the
j-th step, one can replace (Jord;, 0y, €;) for i > j with (Jord;, coy, €;) and still satisfy
the conditions for admissibility (in fact, one can show that the choice made does
not matter). Let us call such a sequence of triples an admissible sequence. We write
Tripgo 44, for the set of admissible triples.

Lemma 10.5 (Jord,o,¢) € Trip 44y, if and only if (Jord, 3o, €) € Tripgo 44,

Proof It is a routine matter to check that if the sequence (Jord;, o, ¢€;) satisfies the
conditions needed to have (Jord, o, <) admissible, then the corresponding sequence
(Jord;, Ef)’), g;) satisfies the conditions for (Jord, ¥, €) to be admissible (noting that
(Jordy, 0, ex) € Tripg ), if and only if (Jord, E(()k), ex) € Tripgg o, by Lemma[10.4).

|

We now turn to the task of classifying discrete series for SO(2n, F), n # 1, using
admissible triples to parameterize them. More precisely, we use Tripg .4, /~> Where
the equivalence relation ~ is defined below:

Definition 10.6 We define the equivalence relation ~ on Tripg, by setting
(Jord, g, €) ~ (Jord', %, ") if the following all hold:
(i) Jord = Jord',
(ii) Xy = X, and
(Gif) &’ e oréeif Xy = {09, co0} (with o 2 cog) and Jord satisfies (L))
iii =
¢ otherwise.
Here, ¢e is defined as in Definition[8.3(ii).

We remark that the equivalence class containing ( Jord, ¥, €) has two elements if
and only if || = 2 and there is some p € Jord which satisfies (I1)); otherwise, the
equivalence class contains only one element.

https://doi.org/10.4153/CJM-2011-003-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-003-2

Discrete Series for SO(2n, F) 369

Theorem 10.7 The discrete series representations for SO(2n, F), n # 1, are in bijective
correspondence with Tripgg, ,4,, / ~. More precisely, we have the following:

(i)  Ifthetriple (Jord, oy, €) has cog = oy, then we take

O(Jord,one) = Res(s)o S(Jord.o.2)

(noting that the restriction is irreducible by Theorem[B.4\1)).
(ii) If the triple (Jord, oy, €) has coy 2 oo, then we take

O
OJord,o0,e) < Resgo O jord, o)

choosing the component whose partial cuspidal support is oy (noting the other
component has partial cuspidal support coo; cf. Theorem[B.4(ii)).
(iil) If the triple (Jord, {0y, coo}, €) has coy ¥ o, then we take

O
O(Jord {os.con}.c) = ReSso O(Jordo.e)

(noting that the restriction is irreducible by Theorem[BA4(iii) ).

Proof This follows from Theorem[8.4land Lemmal[I0.5 [ |

11 Discrete Series for SO(2n, F) via Admissible Triples

Let &y be a discrete series representation of SO(2n, F), n # 1, and (Jords,, X5,,€5,) €
Tripgo 44m @0 admissible triple associated with d by Theorem[I0.7l(noting that if Jord
satisfies (L)), replacing €5, by ées, will produce a ~-equivalent associated triple).
Our aim in this section is to describe the data (Jords,, X5,, €5,) in terms of g, along
the lines of [M-T,T5,T6].

Let 0 be a discrete series representation of O(2n, F) such that §p < Res(s)o 0. Write
(Jords, o5, e5) for its associated admissible triple. Applying Theorem[10.7] the [M-T]
definition (cf. Section 3 of this paper), and Corollary[T0.2] successively, we get

Jords, = Jords = Jord($) = Jord(éy).

In addition, it follows from Theorem [[0.7] that 3, is the partial cuspidal support
of &g. Thus, all that remains is to describe € in terms of d. To this end, we start with
alemma.

Lemma 11.1 Let T be an irreducible admissible representation of GL(m, F), and let
m, o be irreducible admissible representations of O(2n, F), SO(2n, F), resp., with my <
Ressoo 7. Then there is an irreducible representation ©' of O(2(n — m), F) having ™ —
7 x 7' if and only if there is an irreducible representation m of SO(2(n — m), F) having
o < T X 7§. Note that this includes the possibility that 7’ = 1 and 1j = 1 ® e or
I®c

Proof We prove the case m < n; m = n is essentially the same.
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(=): Choose 7§ such that 7/ < Ind$p, 7). Then

T 7 X7 7 x Ind§p 7 22 Indgy (7 % 7))

To = Res$y o IndSy (7 X 7)) 22 (1 3 ) @ (T X )
(cf. [B-J2, Lemma 4.1]). Therefore, (cf. Lemmal[2Z.4i))

o — (7 X ) @ (1 % cmf)

4

o <= T X T§ OF Ty = T X Ty,

and the result follows.
(«<): Here, we have

7 < Ind$y mp — IndS, 7 X ) 2 7 % Ind$, .

It follows that there is some irreducible 7/ < Ind$, ) such that 7 < 7 x 7/, as
needed. ]

We note that by Theorem[T0.7] we may take 5, = &5 (though again, ée; also works
if (1D is satisfied). Since ées5 and ¢; differ only on those (p,a) € Jord satisfying
(LD, we see that &5, |sn(Jordx jord) does not depend on which is used. It then follows
immediately from the lemma above and (3.1)) that
(11.1)

&5, (p, a)sgol(p,a,) =1

a_+1 a—
there is an irreducible representation d; such that 6y — o([v = p, v pl) x4

(noting we could have §; = 1 ® e or 1 ® ¢). By condition (iii)(b) in the defini-
tion of triple (cf. Section 10), this is sufficient to define £5,(p, a)€6_0] (p, b) for all pairs
((p, ), (p, b)) € S.

For (p,a) € S with a even, we cannot have (1)) satisfied. Therefore, &5,(p, a) is
again independent of whether ;5 or ée; is used. We again want e5,(p, a) = €5(p, a).
This may be effected by formally setting £5,(p, 0) = 1 and using equation (ILI) to
define €5, (p, a) for (p,a) € S.

For (p,a) € S with a odd, we can have (p, a) satisfying (LLT). In this case, we give
a characterization similar to that of [T5,T6]. Let py, . . . , p¢ be inequivalent represen-
tations such that the following holds: (p,a) € S with a odd if and only if p = p; for
some i. To start, we make a choice of one component

S<pr X X ppXog=py X+ X pg X cop.
We remark that when coy 2 09, the equivalence follows from the general observation

that if p is a representation of GL(m, F) with m odd, then p ® coy is a Weyl conjugate
of p ® oy.
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In the case 0y = coy, this induced representation has 2¢ components (cf. [G1,
Theorems 5.16, 5.19, 5.20 (mislabeled), and 6.5]). In the case where oy 2 coy and no
pi satisfies (II), there are also 2° components (cf. [G1, Theorems 5.9, 5.19, and 6.5]).
In these cases, each p; X oy is reducible; choosing a component of p; X - - - X pg X 0y
is equivalent to choosing components of p; x o for i = 1,..., /. In particular, we
have p; X 09 = ¢1(p; 00) @ s—1(p; 00), where the components are characterized by

S < p1 X X Py X pip1 X o0 X pp X G1(p309)

and
S L p1 X - X pimy X pigy X -0+ X pp X G_1(p;00).

In the case where oy 2 co and some p; satisfies (I.1)), this induced representation
has 2~ components (cf. [G1, Theorems 5.8, 5.9, 5.16, 5.19, 6.5, 6.8, and 6.11]).
In this case, for each p; satisfying (1)), p; X oy is irreducible, so we do not have the
option of making the choices separately. We also note that if £ = 1, there is no choice
to be made; p; X 0y is irreducible. (In the corresponding situation for O(2#, F), there
is a choice of components for p; x o to be made. Roughly speaking, this choice is
used to distinguish between members of a pair of discrete series, both of which have
the same restriction to SO(2n, F); cf. Theorem [8.4((iii).)

Remark 11.2 For O(2n, F), we fixed a choice of components T < p; X -+ X py X &
(see the end of Section 3). If we want the parameterizations of discrete series to
behave well with respect to Res$, and Ind$,, we should choose 8 < Res$, T. In what
follows, we assume this holds. In particular, we may choose § arbitrarily and then
make an appropriate choice of T (i.e., T < Ind$,, S).

Lemma 11.3 Suppose 0y, 8 are discrete series with &g < Res$, 6 and § % 1. For 0
irreducible, we have

Res?o(e X 0) =0 x Res?O(; o 0 x4 do, lfC50 2 b,
(0 % 89) @ (0 % cdy), if cdg Z do.

Proof The first claim follows from [J4, Proposition 3.5] (an extension of [B-Z,
Lemma 2.12] to non-connected groups). The second claim now follows from

Lemmal[2.3] ]
We now break the analysis into three cases, along the same lines as Theorems[8.4]

and 107

Case 1. coy =2 0yp:  Observe that in this case, if we have chosen T as in Remark[11.2]

then

RCS?O Tn(P§ o) = Cn(P; a0)

(by Theorem [£1). For a € N with a odd and € {£1}, we claim that
5([up,u% pl) % ¢,(p;09) has a unique irreducible subrepresentation, which is
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square-integrable. In particular, any irreducible subrepresentation d, satisfies

a—1

69 = 8([vp, v'T" pl) x 7 (p3 00)
I
Ind$, do < Ind (3((wp,v'T p]) % sy(pi ) )
| (cf. TheoremEIland LemmaZ3)

a—1

6® < (8(lvp. v pl) % 1y(p3)) @ (8(1wp,v'T pl) 7y (p3 o))
U
p)) % 7y (ps0)) o1 8([vp, T p]) X 7, (ps é0)).

—1

5<—>5([1/p,l/“z

It then follows from Theorem[8.4] that

a—1

8o 22 Res§yy 6([vp, T pli Ty (p3 0)) = Res§yy 5([vp, v pls 7y (p3 é07)).

The claim then follows. We denote this subrepresentation by

a—1

50 = 5([VPaV 2 p];g,](p;do)).

Lemma 11.4 Let § and &, be discrete series with 6y < ResSy, 8. For irreducible 0,

a—1 a—1

0= 0 x([vp,v T plimy)(ps0)) if and only if §o — 0 x §([vp,v = pl;s,(p; 00)).

Proof First, by Theorem[84] Res$, & = 8. For (=), Lemma T3 gives

a—

80 = Res$p 6 — Res§y (0 x 6([vp, v p) ;rn(p;cr))>

a—1

>0 5( [Vp,l/ 2 p] ;9;(/7;00))7

as needed. On the other hand, for (<=) we have

8o = 03 3([vp, T plisy(p; 0))
I
8¢5 = Indfy by < (0% 8([vp,v'T pliTy(p30))) @

a—1

: p]) Tn(p; éo’)))

(6 % 6([vp,v
U
§—0x (5([1/p,l/u%lp];7'n(,0;0))

by partial cuspidal support considerations, as needed. ]
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In light of Lemma[3.2]and the preceding lemma, we may define 5, (p, amax) = 7 if
and only if there is an irreducible € such that §o — 6 x 6([vp, = pl; 1, (p; 00)).

Case 2. coy % 0 and (I.J) not satisfied: Observe that in this case, if we have chosen
T as in Remark([I1.2] then

Resg)o T’r/(p; U) = §n(P5 UO) b an(p; UO)

(by Lemmas [5.1)(ii) and 223(i)). An argument similar to that in Case 1 tells us that
for a € N with a odd and n € {£1}, we may define 6([vp, V%p];ﬂ/(p; 0p)) to
be the unique irreducible subrepresentation of 4([vp, VT pl) » g,(p; 00), which is
square-integrable. We note that (cf. Theorem [8.4])

a—1

Ind$) 5([vp, v°T pls oy (ps 00)) = IndSy 5([vp, 1T pls 65 o))

= 5([vp, T pliTy(p3 ).

Lemma 11.5 Let 6 and 6y be discrete series with 6y < Res?o 6. For irreducible 0,

a—1 a—1

0= 0x([vp,v T pliTy)(ps0)) if and only if §o — 0 x §([vp,v = pl;s,(p; 00)).

Proof The proofis similar to that of Lemmal[l1.4] ]

We remark that the proof uses the assumption that (I.J)) is not satisfied (for all of
Jord, not just p) in order to apply partial cuspidal support considerations.
Again, in light of Lemmas[B3.2land[IT.5] we may define £5,(p, dmax) = 7 if and only

dmax —

if there is an irreducible 6 such that §y <— 6 x d([vp, V%p]; 7y (p5 00)).
Case 3. cog ¥ oy and (L) satisfied: In Section 3, we noted that a choice of T

was equivalent to choosing components 71(p;;0) < p; x o fori = 1,...,¢. Since
pi X o9 = p; X coy is irreducible for i = 1, ..., £, we cannot work quite the same way
for SO(2n, F). Instead, we work with py, ..., py in pairs. In particular, for 1 < i <

J <k pi X pj X 09 = p; X pj X cog has two components (cf. [G1]); we denote these
by <-(pi, pj; X0), € € {£1}. They are characterized by

S < pr X oo X pimy X Pigt X oo X pjo1 X pjgr X -+ X pg X s1(pi, pjs Xo)
and

S L p1 X X sy X Pig1 X oo X pis1 X pig1 X - X pg X S_1(piy pis o).

(We remark that it would be awkward to try to choose components of p; x p; X o
directly, as this would require making ¢ — 1 such choices and having the remain-
ing W choices imposed by a compatibility constraint.) Suppose p,p’ €
{p1y---ype}, p % p’, with p satisfying (LI). If we choose T as in Remark [[T.2] it
follows from Note[3.3]that

S (p, p's o) if p’ also satisfies (L)

ResS 7, o) =
s0 T (03 £'50) {g,,/(p,p’;Zo) if p’ does not satisfy (L.I)).
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Fora,a’ € Nwith a,a’ odd and ) € {£1}, we define

a—1

§([vp,v™ p], [Vp’,l/a/T_]p/] 560(p, 05 20))

to be the unique irreducible subrepresentation of

a—1

5([wp.v'T0]) x 8([vp' " T p']) % 6, p's S,

which is square-integrable. We note that (cf. Theorem[8.4and Lemma [3.4)

5([wp.v'T 0], [vo' v " p'] 35000 05 50)
= Resg, §( [vp, Z/L;lp} v, V{‘,;Ip'] sTna(p, p'50))
= Res?od( [Vp, VL?p} , [Vpl, I/H,Z;lp'] 57— —1(p, PI;U))

if p’ satisfies (I.I) and

’

p} ) [Vplvy%pl] ;§77(p7p/;20))

a—1

5( [Vp,l/ 2

= Resg)o§( [Vp7 VL?p} , [Vpl, Vﬂl%lp'] 571y (ps PI;U)>
[vp,v T p

a—1

’ a’—1

2 Res§p, 0 ( = p)s (e’ v = p [T (ps 05 0)

vp
if not.

Lemma 11.6 Let 6 and 6, be discrete series with 6y < Resgo 0. Let p,p' €
{p1,--.,pe}, with p satisfying (L.
(i)  If p’ also satisfies (LD, then for irreducible 6,

a—1 al —1
§— 0x(lvp,v 7 pllvp',v = p' Ly (p, p'50))
or

0% 8([vp,v'T p), lvp' . v = p'lim—p—y(p,p'30))

'—1

o — 0 x §([vp,v'T pl, [vp, v p' s (p, 0’5 D0)).

(ii) If p’ does not satisfy (1)), then for irreducible 0,

5 00 8(lwp, T pl, [vp!, v T ')y (p, 05 0))
or

a—1 al —1
0 x0(lvp,v= pl, [vp',v = p'ls Ty (p, p'50))
a—1 ﬂ

do = 0% 8([vp,v"T pl, [wp, v T p'Licy (p, p's X0)).

Proof The proof is similar to that of Lemmas[IT.4land IT.5] ]
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In light of Lemma[3.5land the preceding lemma, we may arbitrarily choose a value
n, € {Z£1} for £5,(p, Amax); the remaining values of €5, (p’, a/,.,,) are then defined by
the following:

(1) If p’ satisfies (L)),

L1

ax

e5, (0 ) = 1 & 80— 00 8([vp, ™ ], [vp, ™ p Ty (0, 9’5 50))

amax —1

for some irreducible 6.
(ii) If p’ does not satisfy (L)),

’
amax —1 Imax !

€5, (p' s ama) = 1" & 80 = 03 6([wp, vt p], [vp,v T p']iar(p, 0’5 50))

for some irreducible 6.

We note that the two possible choices for 7, give rise to ~-equivalent triples, and
hence correspond to the same element of Tripg, /~.

Having finished the definition of ¢;,, we now have a well-defined map §, —
(Jord(do), Xs,, €5,) sending discrete series for SO(2n, F) into Tripso’adm /~. We now
summarize the results.

Theorem 11.7 The map &y — (Jord(do), Xs,, €s,) implements a bijective correspon-
dence between discrete series for all SO(2n, F), n # 1, and Tripsg 44, /~- Further,
CO(Jord o) = O(Jord,co.c) (Where ¢ - {09, cop} is understood to be {oy, cog }).

A Extension of a Result of Harish-Chandra

In this appendix, we extend a result of Harish-Chandra (cf. [W, Proposition 111.4.1])
to cover the non-connected group O(2#n, F). In particular, we show that if an ir-
reducible tempered representation 7 has 7 — igu0d; and T — igp0; with 6y, 6,
discrete series of standard parabolic subgroups, then §; and J, (and the correspond-
ing Levi factors) are conjugate. We note that this does not use (directly or indirectly)
the results of Goldberg, so we may drop the assumption charF = 0 in this appendix
and simply assume charF # 2. However, we need to retain the convention that the
trivial representation of O(2, F) is not considered a discrete series.

Lemma A.1 Let T be an irreducible tempered representation of O(2n, F). Suppose
T X X8hX6 and T XX %

with 0;, 6] discrete series for general linear groups and §,0’ discrete series for orthogo-

nal groups. Then k = (, and 5] ® --- @ 0; @ 0" is a Weyl conjugate of 6 ® -+ ®

Ok @0 0rd; @ ® 6 ® 6. Thatis, (i) Oy ey 00,071, ..., 0"k is a permutation of

01+, 0k, 01, .. ., Ok, subject to the constraint that if 5] = §;, then 0] = 0;, and (ii)

8’ = §ord’ = ¢6 (noting that if § = 1, this requires §’ = 1).

Remark A.2 Of course, if é§ =2 6, this already gives the result we want.
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Proof Let 7 be an irreducible subrepresentation (necessarily tempered) of Res$, 7.
If 6o < Res$y, d is irreducible (necessarily square-integrable), then it follows from
Lemmal[2.3] that

To <  Res§y (01 X +++ X 0k X §)

X 5 X o X O X g
or
(0 X -+ X 0 X ) D c(dy X +++ X O X &),

and similarly for 7, ..., d;,d’. From [W, Proposition I11.4.1] for SO(2n, F), we must
have / = kand §] ® - - - ® 6] ® 65 a Weyl conjugate of §; ® - - - ® 6 @ dp or c(6; @ - - @
0k ® do). It then follows that 0{ @ - - - ® §; ® 8’ is a Weyl conjugate of §; ® - - - ® 0 ® 0
oré(6; ® -+ ® I ® ). [ ]

Lemma A.3 Suppose 0 is an irreducible representation of a general linear group such
that

S([p, vp]) x -+ x 8([v0p, %p])
k

is a subquotient of  x §([v p, v*p]) X - -+ X 8([v%p,vp]) withb < ¢; < a+1 forall
i. Then 6 = 5([VPp, v~ 1p]) x - x 8([V0p, %1 p]).

Proof For a representation 7 of a general linear group, let us write 7 < 1,7 if 7 is
supercuspidal (not necessarily unitary) and 7 < ry g7 for some standard Levi factor
M (i.e., 1inm consists of the minimal nonzero Jacquet modules). Observe that

Tuin 0([V2p, %)) X -+ x 8([11p, 1p]) >

k

l/“p@...®Vap®ya71p®...®Va71p®...®ybp®...®ybp.
—— —

k k k

Let k; be the number of times v'p appears in the supercuspidal support of
S([vp,vopl) x - x 0([v%p,v°p]), ie, ki = |{j | ¢j < i < a}|. Since ryin(6 x
O([vrp,vp]) X -+ x O([¥*p,?p])) consists of shuffles of r,,;,,0([vp,v%p]) =
VR p®- @1, ., tind([V% 0, 19p]) = @0 p®@ - @U% P, Tin,
we see that

Tiind > 1Vp @ @1V pR1V @ @1 @ @V p @ @1V
—_— ——
k—k, k—ko—1 k*kb

The only irreducible representation with this property is §([t?p, v~ 1p]) x - x
5([vPp, v 1p]), as needed. [ ]

Lemma A.4 Suppose T is an irreducible tempered representation of O(2n, F). Write

T 0 X -+ X 0 X0,
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with &1, ..., 0k discrete series for general linear groups and & a discrete series for an
even orthogonal group. Suppose 0 is a discrete series for a general linear group with

0% 61,...,0k,01,..,0k
(i) Ifo= 0, then p*(0 x - - x 0 xT) contains @ x - - x 0 T with multiplicity 2!
—— ——

¢ ¢
and no other terms of the form 8 x --- X 6 @\.
———

‘
i) If0 2 0, then u*(6 x -+ x 6 tains @ x --- x 0 ith multiplicity 1
(i) IfO 2 en p* (0 x X 0 XT) contains 0 X x 0 @t with multiplicity

l l
and no other terms of the form 6 x --- X § @A.
—_———

L

Proof We start with (i). Writing 6 = §([v~%p,v"p]), an easy calculation, noting
that 0 = 6 requires p = p-gives

atl a+l
M* (8(lv ™ p,v"pD)) = D > o™ p, v ) x ([ p, v p) @ 6([v p, 1 ).
i=—a j=i

Write u*(7) = >, & @ ny. Then

OX X0
w (e x X 0 XT)

!
at+tl a+l a+l a+l ‘ ‘
=2 > ZZ(‘S([V’HP,V“M) x §([v) p, v°p))
ij=—a ji=i iyg=—a jy=iy h

X oo x 8( [T p, v p]) x B[ p, v p)) X &)

@ (3([v" o, pl) - x (W, v p]) )
First, suppose £, = 1 (so n, = 7). This gives rise to the 2% copies of

Ox- - x0T :
14

for each m, we can have either (i) i,, = a+1 (s0 j,, = a+ land §([v="""1p,vp]) =
9) or (ii) i,, = —aand j,, = —a (so §([v/7p,v"p]) = ). Any other choice for the
im, jm produces less than ¢ copies of ¥~%p in the supercuspidal support, so cannot
contribute a copy of
0 x- - xX0®T.
¢

Now, 1.S th t fthe form @ x --- x 8 @A. Th
ow, suppose &, # 1. Suppose there were a term of the form 6§ x --- x 0 ® e

l
contributionto § x - - - x @ from M*(f x - -- x ) has the form 6([/%1 p, v7p]) x- - - x
ﬂg ﬂ_/

https://doi.org/10.4153/CJM-2011-003-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-003-2

378 C. Jantzen

S([V* p,vp]), where ¢/ < £and ki, ...,k are the values from —i; — 1,..., —i; —
1, j1,..., je that are less than or equal to a. Note that since £, # 1, we must have
either £’ < £ or at least one k,, > —a (or both). By Lemma[AJ3] &, must contribute

S p, M p]) x - x ([ p, M p]) x S([w ™ p, v p)) X -+ x 8([v ", 1%p])
=0’

(and this is a nontrivial contribution from above). If §([v~%p, M~ 1p]) x --- x
5([v="p, V%’ p]) is nontrivial, this contradicts the Casselman criterion for the tem-
peredness of 7 (cf. Section 2). Therefore,

& =06([v %, vp]) X --- x 5([vp,%p]) .

—
However, this contradicts @ 2 §y,...,0,01,...,0r Thus there is no term of the
form @ x --- x 6 @\ when &, # 1.
‘
Part (ii) is similar (but a bit easier). Note that in this case, p 2 p. [ |

Theorem A.5 Let T be an irreducible tempered representation of O(2n, F). Suppose
T XXX and T X x5 %

with &;, 8! discrete series for general linear groups and 8,0’ discrete series for orthogonal
groups. Thenk = £ and 6] @ --- ® 6, ® 0’ is a Weyl conjugate of §; ® - - - @ 0 ® 0.
That is, (i) 8{,...,0/,0"1,... , 6y is a permutation of 01, ..., 0k, 01, . . ., O subject to
the constraint that if 6] = §;, then 0] = 0, and (ii) ' = § (noting that if § = 1, this
requires &' = 1).

Proof From LemmalA.Tland Remark[A.2] all that needs to be shown is that §" % ¢§
when &) 22 4. If é§ 2 9, it follows from the previous lemma that p1*(§; X - - - X & x 9)
contains d; X - - - X d; ® d but not §; X - - - X § ® é4. It then follows from Frobenius
reciprocity that we cannot have §" 2 ¢4, as needed. ]
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