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IMPROVING ON BOLD PLAY WHEN
THE GAMBLER IS RESTRICTED
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Abstract

Suppose that a gambler starts with a fortune in (0, 1) and wishes to attain a fortune of 1 by
making a sequence of bets. Assume that whenever the gambler stakes an amount s, the
gambler’s fortune increases by s with probability w and decreases by s with probability
1 — w, where w < % Dubins and Savage showed that the optimal strategy, which they
called ‘bold play’, is always to bet min{ f, 1 — f}, where f is the gambler’s current
fortune. Here we consider the problem in which the gambler may stake no more than £
at one time. We show that the bold strategy of always betting min{¢, f, 1 — f} is not

optimal if £ is irrational, extending a result of Heath, Pruitt, and Sudderth.
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1. Introduction and background

Suppose that a gambler starts with a fortune in (0, 1) and wishes to attain a fortune of 1
by making a sequence of bets. If the gambler’s current fortune is f then the gambler may
stake any amount less than or equal to f. The gambler wins the amount of the stake with
probability w and loses the stake with probability 1 — w. Following [8], we refer to this game
as red-and-black. Clearly the gambler should never stake more than 1 — f, which is enough to
ensure that the gambler will reach the goal if the bet is won. The strategy in which the gambler
always stakes min{ f, 1 — f} is called bold play.

In [8], Dubins and Savage developed a general theory for gambling problems. For red-
and-black, they showed that if 0 < w < %, which means that the game is subfair, then bold
play is the optimal strategy, in the sense that it maximizes the probability that the gambler will
eventually reach the goal. Their proof is also given in [2, Chapter 7] and [10, Chapter 24].
See [1] for some computations comparing the probability that a gambler will reach the goal
using bold play to the probability that a gambler will reach the goal using other strategies.

This result has been extended in several ways. Dubins and Savage [8] also considered
primitive casinos, in which the gambler loses the stake s with probability 1 — w and wins
s(1 — r)/r with probability w, where 0 < r < 1. Note that the game in which r = % is
red-and-black. They showed that bold play is optimal when the game is subfair, which in this
case means w < r. Chen [5] considered red-and-black with inflation, in which the goal is not to
reach 1 but to reach (14 «)" after n bets, for some n. He showed that bold play is optimal when
w < % A different extension is to incorporate a discount factor, so that the gambler receives
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a utility of ", where 0 < 8 < 1, from reaching 1 on the nth bet. Klugman [12] showed that
bold play is optimal for subfair red-and-black with a discount factor. However, for some subfair
primitive casinos, there exist discount factors for which bold play is not optimal (see [4] and
[6]). See also [17] for a discussion of the optimality of bold play in some two-person games.

Several authors have considered discrete versions of this problem in which the gambler’s
initial fortune and the amount of each bet must be integers and the gambler’s goal is to attain a
fortune of n. An extensive discussion of discrete gambling problems such as this can be found
in [13]. Bold play remains optimal when w < 5. Ross [15] showed that the timid strategy of
staking exactly 1 each time is optimal in the superfalr case when w > l . See also [16] for an
analysis of the superfair case when the minimum bet is 2. Dubins [7] showed however, that if
the win probability is less than % but is allowed to depend on the gambler’s fortune, then bold
play need not be optimal.

Another direction of work concerns gambling problems in which there is a limit to how
much the gambler may bet. The simplest problem of this type involves red-and-black in which
the gambler may bet no more than £ € (0, %) at one time. In this case, we define bold play as
the strategy in which the gambler, whose current fortune is f, always stakes min{¢, f, 1 — f}.
Wilkins [18] showed that if w < % and £ = 1/n, for some positive integer n > 3, then bold
play maximizes the chance that the gambler will reach the goal. Chen [3] showed that bold play
remains optimal when there is a discount factor in addition to a limit of 1/x on the stake. In
[14], the optimality of bold play in continuous-time gambling problems was established under
rather general restrictions on the gambler.

However, Heath ef al. [11] obtained an important negative result for discrete-time red-and-
black. They showed that if the gambler can stake at most £, and if 1/(n +1) < £ < 1/n
for some n > 3 or if £ is irrational and % <l < %, then there exists an ¢ > 0 such that if
O <w < 8 then bold play is not optimal. To see heuristically why this is true, suppose that
7 <t< 3 and the gambler’s initial fortune is f = 5 — §, where § is small. If the gambler
plays boldly and loses the first bet, then the gambler’s fortune after one bet will be 1 5 —£—34.
The gambler’s fortune can at most double to 1 — 2¢ — 2§ after the second bet and, therefore,
can be at most 1 — 2§ after two more wins. However, if the gambler first stakes £ — § and plays
boldly thereafter then, even with an initial loss, the gambler can reach the goal by winning the
next three bets. Consequently, for sufficiently small §, first betting £ — § makes the gambler
more likely to achieve the goal after winning three or fewer bets. As w | 0, the probability
that the gambler can win four bets before going bankrupt becomes very small relative to the
probability that the gambler wins three bets. Therefore, first betting £ — § is a better strategy
than bold play for sufficiently small w.

The purpose of the present paper is to extend this result by showing that when ¢ is irrational,
bold play fails to be optimal for all w < 5, not just for very small w. The case of rational E
remains open except when £ = 1/n forsomen > 3. Note that when £ is rational and <l < 7 ,
it is not even known whether or not bold play can be improved upon for very small w.

To state our result more precisely, define the function s: [0, 1] — [0, 1] by s(f) =
min{¢, f,1 — f}. We think of s(f) as the bold stake for a gambler whose fortune is f.
Denote by X the gambler’s fortune after k bets, when the gambler plays boldly. Note that
(X1)p2 is a Markov chain whose transition probabilities are given by

PXpt1=f+s(f) | Xpe = f) = w, (D
PXipi=f-s(HIXe=fH=1-w. 2
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Define Q(f) = P(Xy = 1forsomek | Xo = f), which is the probability that a gambler
who starts with a fortune of f will eventually reach the goal. Our main result is given in the
following theorem.

Theorem 1. Suppose that w < % and £ is irrational. Then there exist f € (0,1) and

e € (0,s(f)) such that

wO(f +s(f) —e) + A -w)Q(f —s(f) +¢) > Q(f). 3)

If a gambler begins with a fortune of f and stakes s(f) — ¢ then the gambler’s fortune after
one bet will be f 4 s(f) — & with probability w and f — s(f) 4 ¢ with probability 1 — w.
Consequently, the left-hand side of (3) is the probability that the gambler will eventually reach
the goal using the strategy of first staking s(f) — ¢ and playing boldly thereafter, while the
right-hand side of (3) is the probability that the gambler will reach the goal using (only) bold
play. Therefore, (3) implies that the strategy of first staking s(f) — & and then playing boldly
is superior to bold play and, hence, bold play is not optimal.

2. Proof of Theorem 1

In this section, we will prove Theorem 1. The key to the proof will be the following
proposition. Here, and throughout the rest of the paper, all logarithms are assumed to be base 2;
that is, we write log n instead of log, n.

Proposition 1. Let S = {f: P(Xr = 1—{ for some k | Xo = f) > 0}. Thatis, S is the set of
all f such that a gambler who starts with a fortune of f and plays boldly could have a fortune
of exactly 1 — £ after a finite number of bets.

(1) Suppose that f € S. Then there exists a constant C > 0 such that if 0 < ¢ < £ then

O(f) — O(f —e) > C(1 — w)~loge,

(ii) Suppose that f ¢ S. For all C > O, there exists a § > 0 such that if 0 < & < § then
0(f) = Q(f —&) = C(1 —w)~ 8"

(iii) If € is irrational then there exists an f € (£, 1 —£) suchthat f —€ € Sand f + £ ¢ S.

Proposition 1 implies that Q(f) — Q(f — ¢) is larger when f € § than when f ¢ S. In
other words, the difference between having a fortune of f and having a fortune of f — ¢ matters
more to the gambler when f € S than it does when f ¢ S. Proposition 1(iii) states that when
£ is irrational, we can find an f such that f —s(f) € Sand f + s(f) ¢ S. We will show that
if a gambler starts with a fortune slightly below f then it is better to make slightly less than the
bold stake, so that the fortune will not fall below f — s(f) if the bet is lost. This will imply
Theorem 1.

An important tool for the proof of Proposition 1 is a coupling construction in which we
follow two gamblers simultaneously. We present this construction in Section 2.1. We prove
Proposition 1(i), 1(ii), and 1(iii) in Sections 2.2, 2.3, and 2.4 respectively. Then, in Section 2.5,
we show how Theorem 1 follows from Proposition 1.

2.1. A coupling construction

Throughout this and the next two subsections, we consider two Markov chains (X;)72 , and
(Y2, We define Xo = fi and Yo = f>, where f; > f>. Both chains evolve with the
transition probabilities given by (1) and (2). Consequently, we can think of X} as the fortune,
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after k bets, of a gambler whose initial fortune is f], while Y% is the fortune, after k bets, of a
gambler whose initial fortune is f>.

We assume that these sequences are coupled, so that both gamblers win and lose the same
bets. To construct this coupling, we work with the probability space (2, ¥, P) defined as
follows. Let Q = {0, 1}°°, and denote sequences in 2 by w = (w1, wy, ...), so that ® — w; is
the ith coordinate function. Let %y be the trivial o-field and, for positive integers k, let F; be
the o -field generated by the first k coordinate functions. Let ¥ = o (¥7, %2, . . .) be the product
o-field. Let P be the product probability measure with the property that P(w; = 1) = w and
P(w; = 0) =1 — w for all i. We then say that the two gamblers win the ith bet if ®; = 1 and
lose the ith bet if w; = 0. In particular, for k > 0, we define X;41(w) = Xk (w) + s( X (w))
and Yi11(w) = Yi(0) + s(Yi(w)) if wgy1 = 1, and Xpq1(0) = Xp(w) — s(Xi(w)) and
Yir1(w) = Yi(@) — s(Yi(w)) if g1 = 0.

We now make some remarks pertaining to this construction.

Remark 1. Since s(f) = min{¢, f, 1 — f}, we see thatif f < g then |s(g) —s(f)| <g— f.
Therefore, f 4+ s(f) < g+ s(g) and f — s(f) < g — s(g). It then follows by induction and
the construction of the sequences (X);2, and (Yx)2, that X; > Yy for all k. Likewise, the
fact that |s(g) — s(f)| < g — f implies that X; — ¥; < 2X(f} — f»), for all k.

Remark 2. The fact that X; > Yj for all kK means that if Y; = 1 then Xy = 1. Since Q(f1) =
P(Xy = 1 for some k) and Q(f2) = P(Yx = 1 for some k), it follows that Q(f1) > Q(f2).
That is, the function f +— Q(f) is nondecreasing.

Remark 3. Note that

E[Xi41 | Fil = w(Xg +s(Xp) + (1 — w)(Xg — s(Xg))
= X + Qw — 1)s(Xx)
< Xk,

where the last inequality holds because w < % Therefore, (X;)p2, is a supermartingale
with respect to (¥)72,. By the same argument, (Y;);2,, is a supermartingale with respect
to (Fi)z=- By the martingale convergence theorem (see [9, Chapter 4]), there exist random
variables L and L; such that X; — L almost surely (a.s.) and Yy — Ly a.s. ask — oo. If
0 <e < lthens(f) > ¢for f € [e, 1 — €]. It follows that L; and L, must be {0, 1}-valued
random variables. Furthermore, it is easy to see that, for sufficiently large k, X = land Y, = 1
on {L; = 1} and {L, = 1}, respectively. Thus, Q(f1) = P(L1 = 1) and Q(f2) =P(L> = 1),
from which it follows that Q(f1) — Q(f2) =P(L; = 1 and L, = 0).

2.2. Proof of Proposition 1(i)

We begin with the following lemma, in which we compute the gambler’s probability of
reaching the goal starting from a sequence of fortunes approaching 1.

Lemma 1. Foralln > 0, we have Q(1 —27"¢) =1— (1 —w)"(1 — Q(1 — ¥)).
Proof. The statement is obvious when n = 0. Suppose that the result holds for some n > 0.

Since s(1 —2~+D gy = 2=(+Dy 3 gambler whose fortune is 1 — 2~ "D ¢ will, after the next
bet, have a fortune of 1 with probability w and a fortune of 1 — 27"¢ with probability 1 — w.
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Thus, by the Markov property,

Ol =27y =+ (1 —w)Q(1 —27"0)
=w+1—wd—(1—-w"1-Q(l —0))
=1—(1—-w"1 -0 -0).

The lemma now follows by induction on 7.

Proof of Proposition 1(i). Let fi = fand fo = f —¢, where 0 < ¢ < £. Since f € S,
there exists a positive integer k such that if B denotes the event that X3 = 1 — £ and X341 = 1,
then P(B) > 0. Note that, for 0 < j < k, we have X ;1 — Y;41 > X; — Y; unless either
Xj>1—fandX;y; =1orY; < £andY;y; = 0. Therefore, if B occursthenY; <1—£—¢
and, thus, Y;4+1 < 1 — ¢. Combining this observation with Remarks 2-3, we obtain

Q(f)—Q(f —e)=P(Li=1land L, =0)

>P(B)P(L, =0 B)

> P(B)(1 — Q(1 —¢)).
Choose a nonnegative integer n such that 2~"*D¢ < ¢ < 277¢ which implies that
n <log? —loge. By Lemma 1,
Q(l _ 2—()‘1-‘1—1)6)
=1-(-w*d-00-0)
< 1— (1 _ w)l-i-loge—log&‘(l _ Q(l —E))

0l —¢)

IA

Thus, Q(f) — Q(f —¢) = C(1 —w)~1°2¢ where C = P(B)(1 — w)'t1°2¢(1 — 9(1 — 0)).
2.3. Proof of Proposition 1(ii)

Our next step is to prove Proposition 1(ii), which gives an upper bound for Q(f) — Q(f —¢)
when f ¢ S. We will compare the sequences (Xi)p2, and (Yi);2, when fi = f and
f2 = f —&. Although (X} — Y;)2, is not a supermartingale, we will be able to construct a
supermartingale by considering the differences between the gamblers’ fortunes at a sequence
of stopping times. It will then follow that the gamblers’ fortunes remain similar enough for us
to obtain the desired upper bound on Q(f) — Q(f —¢) when f ¢ S.

Given f and f* such that 0 < f* < f < 1, we define

1 if f = f~,
h(f, f*) = {s(f) =s(f*)
f=r
Note that —1 < h(f, f*) < 1forall fand f*. If£ < f* < f <1—Lthens(f) =s(f*) =¢,
which means that 2(f, f*) =0. If f* > ¢and f > 1 — £ then A(f, f*) <0, while if f* < ¢
and f < 1—{then h(f, f*) > 0. Also, recall that w; = 1 if the gamblers win the kth bet, and
that wx = 0 if the gamblers lose the kth bet. We have

otherwise.

(I + h(Xi (@), Yi(@))(Xi (@) — V(@) if oppr =1,

X —Y, =
1 @) = Yt @) =10 @), V@) (X @) — Ye@)  if opgr = 0.

“
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Define
Wi = (1 — w) ™I = (), — yj~loe =), 5)

By (4), we have

E[Wit1 | Fil = w(l 4+ h(Xg, Yi)) "8 W, + (1 — w)(1 — h(Xy, Yi))~ 2= wy
= g(h(Xk, Yx)) W, 6)

where
g(x) = w(l +x)7 120w 4 (] _ ) (1 — x)~ logll—w)

for —1 < x < 1. Note that
g/ (x) = —log(1 — w)(w(l + x)~12I=W=1 _ (] _ y)(1 — x)~loeli=w)=1)

Suppose that 0 < x < 1. Since 0 < —log(l — w) < 1, we have (1 + x) " logd—w)=1 1 apd
(1 — x)~logd=w)=1 5 1 Therefore,

g (x) < —log(l —w)(w — (1 —w)) <O.

Since g(0) = 1, it follows that 0 < g(x) < 1, for x € (0, 1].
We now introduce four lemmas that will help us to define a supermartingale.

Lemma 2. Suppose that 1 — ¢ < fr < fi < 1. Then E[W{] = W).

Proof. We have s(f1) = 1 — fi and s(f2) = 1 — f>. Therefore, h(f1, fo) = —1. Since
g(—1) =1, it follows from (6) that E[W] = Wj.

Lemma 3. Supposethat f» < fi < 1—L. Define a stopping time R as follows. Ifh( f1, f2) > %

then let R = 0. If h(f1, f2) < % then let R(w) = inf{j: w; = L or h(X(w), Y;(@)) > }}.
Let L = |1+ (1 — 2¢)/¢], where |-] is the integer-part function. Then R < L and
E[WRr] < Wo.

Proof. Proceeding by contradiction, suppose that R(w) > L for some w. Then the gamblers
must lose the first L bets. However, by the definition of L, any gambler who starts with a fortune
of at most 1 — £ and then loses L consecutive bets has a fortune of at most £. Therefore, there
existsa j < L such that 0 < X; < £. Since X; > Y;, it follows that ¥; < £ and, thus,
s(X;) = X and s(Y;) = Y;. However, this means that (X, Y;) = 1 and, thus, R < j,ie.a
contradiction. Hence, R < L.

For j < R,wehave Y; < X; <1 — £ and, therefore, 0 < h(X;, Y;) < 1. Since g(x) < 1
for x € [0, 1], we have, with the aid of (6),

E[W(+Dar | Fil= Wirr Lir<jy +E[W;11 | Fi11ir> )
= Wjrr Lir<j) +8(h(X;, Y;)W; Lig> jy
< Wjrr,

where 1 is the indicator function and x A y denotes min{x, y}. Therefore, (W;A R)?O:O isa
supermartingale with respect to (¥;)32,,. Note that 0 < W;.g < 1 for all j, so the optional
stopping theorem (see [9, Chapter 4]) gives E[Wg] < Wj.
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Lemma 4. Suppose that fo < fi <1 —{. Let
T(w) =inf{j > 1: 0; = Lor h(Xj-1(®), ¥j-1(w)) = 3}.
Let L = |14 (1 —2¢)/¢] asin Lemma 3. Then T < L + 1 and E[Wr] < aW,, where
a=1-(1-gxU-w?.

Proof. Define the stopping time R as in Lemma 3. Then 7 = R if and only if the gamblers
win the Rth bet; otherwise T = R + 1. Clearly T < L + 1 by Lemma 3. Let A be the event
that the gamblers win the Rth bet. Then

E[Wr] =E[E[Wr | Frl] = E[Wr 14 +E[Wg41 | Frllacl.

By the strong Markov property and (6), E[Wg41 | Fr] = g(h(Xg, Yr))Wg. If the gamblers
lose the Rth bet then h(Xg, Yg) > % Therefore, since g is decreasing on [0, 1],

E[Wg41 | Fr]1ac < g(5)Wg Lac.
Thus,
E[Wr] < E[Wg 14 +8(5)Wg 1ac] = E[Wg — (1 — g(3))Wg Lacl. @)
If A€ occurs then the gamblers lose the first R bets, and (X}, Y;) < % forall j < R. If
h(Xj,Yj) < % and the gamblers lose the (j + 1)th bet, then X ;1 — Y41 > (X; — ¥;)/2.
Thus, on A we have Xg — Yg = 27R(f; — fo) = 27L(fi — f>). Therefore,
E[Wg 1ac] = EIQ7H(fi — £2)) 71507 14e]
— 2L log(l—w) WO P(AC)
= P(A%)(1 — w)- Wy, ®)
Since A€ occurs when the gamblers lose the first L bets, we have P(A¢) > (1 — w)L. Thus,
since E[Wg] < Wy by Lemma 3, combining (7) and (8) gives
E[Wr] < E[Wg] — (1 — g(;))(1 — w)*" Wo
< (- —-gnU—w?HWo
=aWy,
which completes the proof.
Lemma 5. Suppose that fo <1 —{€and 1 —1{ < fi < 1 —1£/2. Define the stopping time T by

ifw; =1,

T(w)=4. . . 1 .
inf{j >2: wj =lorh(X;—1(w),Yj—1(®)) = 5} otherwise.

Let N(w) =1 —aifw; = landlet N(w) = 1ifw; =0. ThenT < L+2and EINWr] < W,.

Proof. Let A be the event that the gamblers win the first bet, which means that w; = 1. We
have
E[NWr] =E[E[NW7 | £1]] = E[(1 — o)W1 14 +E[Wr | F1]14c].
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If the gamblers lose the first bet then X1 = f; — s(f;) = 2f1 — 1 < 1 — £. Therefore, by
Lemma 4 and the Markov property, we have T < L + 2 and E[W7 | F1]1ac < aWj14e.
Thus,

E[NWr] < E[(1 —a)W; 14 +aW; 14¢]
= w(l —a)[(1 +h(f1, ) (fi — fo)]" e~
+ (1 —wal(1 = h(fi, )(fi — fr)] 80—
= [w(d —a)(1 +h(f1. )78 + (1 — w)a(l — h(f1, ) E W,
< [w(l — )27 020=w) 4 (] _ y)g2~ loed—w) 1y,

w
- <—(1 —a) +a>W0

1—w
< Wo,

which completes the proof.

By combining Lemmas 2, 4, and 5, we can obtain Proposition 2, below, in which we construct
the supermartingale needed to prove Proposition 1(ii). We first inductively define a sequence
of stopping times (Tk),‘zio. Let Ty = 0. Given T, we define T4 according to the following
rules.

1. If Y7, (w) = 1 — £ then let Ty | (w) = Ty (w) + 1.

2. If X7, (w) < 1 — £ then let
Tir1(@) = inf{j > Ti(®) + 1: wj = Lor h(Xj—1(®), Yj—1 (®)) = 3}.

3. Suppose that Y7, (w) < 1 —£and 1 —¢ < X7, (w) < 1—£/2. If w7, ()+1 = 1, meaning
the gamblers win the (7T + 1)th bet, then let Ty41(w) = Tr(w) + 1. Otherwise, let
Tis1(@) = inf{j > Ti(®) +2: w; = Lor h(X;_1(®), Yj_1(®)) = 1}.

4. If Y7, <1 —LCand X7, > 1 —£/2 then let T4 = Ty.
Proposition 2. Define the sequence of stopping times (Ty);2, as above. For k > 0, let
B =t{j {0, 1,....k—1}: Xy, <1—4¢},

where 1S denotes the cardinality of the set S. Let N = 1 —« in the event that, for some j < Ty,
we have Yj_1 < 1 — £ < X;_1 and the gamblers win the jth bet. Otherwise, let Ny = 1.
Define Zy = a BNy Wr,. Then (Zi)72,, is a supermartingale with respect to the filtration
(F1)32- Furthermore, Ty < Ty + L + 2 for all k > 0.

Proof. Let A1 be the event that Y7, > 1 — £ and let A, ; be the event that X7, < 1 — £.
Let Az betheeventthat Y7, <1 —€and1—¢ < X7, <1 —£€/2. Let A4 be the event that
Yy, <1 —/{and X7, > 1 —£/2. Note that, for all k, exactly one of these four events occurs.
We consider the four cases separately.
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First, suppose that Ay occurs. Then X7, > 1 — ¢, so By4+1 = Bi. Also, note that
Ti41 = Tx+1and Y7, > 1 —2,50 Niy1 = Ng. Therefore, by Lemma 2 and the strong Markov
property,

E[Ziyi1ay, | Frl=o PNeE[Wy,, | F1,114,,
= o PN E[Wr41 | Frllay,
= o B NWp 14,
- Zk lAlyk . (9)

Next, suppose that Ay ; occurs. Then X7, < 1 — £, so By = By + 1. The gamblers lose
bets Tx +1,..., Txy1 — 1,50 X; < 1 —£€for Ty < j < Txy1 — 1. Therefore, Nyi1 = Ni. By
Lemma 4 and the strong Markov property,

E[Ziyi 14y, | Frl=a BHONGEWy,, | F1]14,,
= a_(Bk+1)Nk(a WTk) 1A2_k
= C(_BkaWTk 1A2,k
= Zi L{ay,y - (10)

Suppose that A3, occurs. Then X7, > 1 — £, so By41 = Bi. Since X7, < 1, we
have Ny = 1. If the gamblers win the (7; + 1)th bet then Nyy; = 1 — «. Otherwise,
X741 = X1, —s(X7,) =2X7, — 1 < 1 — £ and the gamblers lose bets Ty +2, ..., T4 — 1,
s0 Ni+1 = 1. By Lemma 5 and the strong Markov property,

E[Zk+1 1A3.k | ‘(}‘VTk] = (XﬁBk E[Nk+1WTk+1 | ‘T:Tk] 1A3,k
< a Bewr 14,
= Zi1as, . )

Finally, if A4y occurs then Tyy = Ti. Therefore, Nyy1 = Ny and Wy, = Wr,. Since
X1, > 1—¢,wealsohave By = By and, thus, Zy41 = Z. Therefore, E[Zy41 14,, | F1,]1 =
Zi 144, This fact, combined with (9)—~(11), gives E[Zy+1 | F1] < Zi. Hence, (Zk)}?ozo is a
supermartingale with respect to the filtration (F7,);,,.

To complete the proof, note that clearly Tx+1 < Ty + L + 2 if Ay or A4y occurs. The

strong Markov property, combined with Lemmas 4 and 5, implies that Ty < Tj + L 4 2 if
Aj  or Az occurs.

We now use Proposition 2 to establish an upper bound on Q(f) — Q(f — ¢) when f ¢ S.
We will need one more lemma.

Lemma 6. Fix f ¢ S and let N be a positive integer. Then there exist a positive integer M
and a positive real number § such that if fi = f and fo = f — ¢, where 0 < ¢ < §, then the
following statements hold.

Q) IfXp=1—Land Y, <1 —Lthenk > M(L +2), where L = |1+ (1 —2¢0)/¢].
(i) Let Dy =8{j € {0, 1,....,k—1}: X7, <1—+Cor Xy, =1}. Then Dy > N.

Proof. Let R, be the set of all possible values of Xy, and let Ry = Uﬁ:o R;. Note that Ry
is a finite set because there are only 2% possible outcomes for the first k bets. For all g € [0, 1),
let v(g) be the number of consecutive bets that a gambler whose fortune is g must lose for the
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fortune to drop below 1 — £. Thatis, v(g) = 0 when 0 < g < 1 — £ and, for positive integers k,
v(g) = k when 1 —27%t1¢ < ¢ < 1 —27K¢. Let Vi = max{v(g), g € Ri}. Let My = 0.
Let Mit1 = M; + Vy42) + 1, i >0, and let M = My. Choose 6 > 0 small enough that
Ru+nyN(1—€,1—0+6) = @. Let § = 2~ML+29. We will show that the two conditions
of Lemma 6 are satisfied for these choices of M and é.

Suppose that k < M(L +2). If X > 1 —£€then Xy > 1 — £+ 6, since f ¢ S and
R,N(1—¢1—¢+06) = 2. By Remark 1, we have X; — ¥, < 2ke < 2MUL+2s = ¢,
Therefore, Yy > 1 — £. This proves the first part of the lemma.

To prove the second part we claim that, fori =0,1,..., N — 1,

DMi+VM,-(L+2)+1 > Dy, + 1. 12)

To see how (12) implies the second part of the lemma, first note that Dy, = Do = 0. Suppose
that Dy, > i for some i > 0. Then Dy, , = DMi+VM[(L+2)+1 > Dy, +1>141by (12).
Hence, by induction, (12) implies that Dy; > N. Thus, we need only to prove (12). First,
suppose that either XTM <1l—Z{or XTM = 1. Then Dy, 41 = Dy, + 1. Since (D,-);?io isa
nonincreasing sequence and Vi, (1.42) > 0 we have (12).

Thus, it remains only to prove (12) when 1 — £ < X Ty, < 1. Write v for v(X Ty, ). Note
that v < VTM ,and Ty, < M;(L + 2) by Proposition 2. Therefore

Ty, +v =Ty, + V1,
SM;(L+2)+ Vym,(L+2)
= Mi + Viye+2)(L +2)
< M(L+2). (13)

‘We now consider two cases. First, suppose that the gamblers lose the bets Ty, +1, ..., T, +v.
Then X; > 1 —£for Ty, < j < Ty;4v—1and X1,, 1 < 1 —£. Also, by (13) and the first part
of the lemma, we have Y; > 1 —£for Ty, < j < TlMi+v_1. Therefore, by the definition of the
sequence (7;)32 P have Ty, 4 = Ty, + k for 1 < k < v. It follows that XTM,-+v <1-—¢,
which means that Dy, 4v+1 = Dy, + 1. Thus, DMI.JrvMI_(LH)H > Dpy,4v+1 = Dy, 41, which
is (12). Finally, we consider the case in which, for some j € {1, ..., v}, the gamblers lose the
bets Ty, + 1,..., Tny; + j — 1 but win the bet Ty, + j. Then, X7, +; = X7, ., = 1 and
Dp;+j+1 = Dy, + 1. Hence, Dty vy, 40 +1 = Dy, + 1, which is (12).

Proof of Proposition 1(ii). Fix C > 0and f ¢ S. Since 0 < o < 1, there exists a positive
integer N such that
a N1 —a)(1 —w) el > ¢l

Define M and § as in Lemma 6 and fix ¢ € (0,8). Define (Tx)72, and (Z)p2, as in
Proposition 2, with f; = fand o = f —

By Remark 3, there exist random variables L1 and L such that X; — L a.s.and Yy — L»
as.ask — oo, and Q(f) — Q(f —¢e) = P(L1 = 1 and L, = 0). Let A be the event that
L; = 1 and Ly = 0. Then there is an integer-valued random variable K such that, on the
event A, we have X7, > 1 —¥{/2 and Y7, < 1 — £. By Lemma 6(i), in the event A, we
have Tx > M(L + 2) and, thus, K > M. It also follows from Lemma 6(i) that if X7, = 1
for j < M then Y7, = 1 and, therefore, L, = 1. Consequently, in the event A, we can see
from the deﬁmtlons of (B;)72, and (D;)?2, that By = Dy and, thus, using Lemma 6(ii),
Bk > By =Dy = N.
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Since (Zx)p2, is a nonnegative supermartingale, it follows from the martingale convergence
theorem (see [9, Corollary 4.2.11]) that there exists a random variable Z such that Z; — Z
a.s. and E[Z] < E[Zp]. On the event A, if j > K then T} = Tk and, thus, Z; = Zg = Z.
Hence, using (5),

Z lA = ZK 1A
— o BENg (1 — w) loeX1e —Y10) 1,
>a N1 —a)(1 —w)~lel/2 g,

>Cc11,.

It follows that E[Z] > C~!P(A). Thus, Q(f) — Q(f —¢) = P(A) < CE[Z] < CE[Zy] =
C(1 — w)~'02¢ a5 claimed.

2.4. Proof of Proposition 1(iii)

Let D' = SN[0,/1and D> = SN[1 — ¢, 1]. Define a sequence of stopping times (rk),fio
by 1o = 0 and 734 = inf{n > r;: X,, € [0, £] U [1 — ¢, 1]}, for all k£ > 0. Then define

D ={f: P(Xy; =1—1Iforsome j <k | Xo = f) > O}

Let D} = DiNI0, ¢]and D} = DyN[1—¢, ¢]. Note that D! = [ Ji2, D} and D? = | J2, D7.
We have D} = @ and D} = {1 — ¢}. Fork > 1,

Dy ={f €l0,£]: P(Xs, € D1 | Xo = f) > 0}UD_,
DI={fell—£1]: P(Xy, € Dty | Xo=f) > 0} UDZ .

Suppose that Xg = f. If f € (¢,1 — £) then s(f) = £ for all k < 71. Therefore,
Xy = f +nt for some n € Z. If, instead, f € [0, €] then s(f) = f, in which case either
X1 =Xy =0o0rX; =2f. If X; =2f then X, =2f + n{ forsomen € Z, where n = 0 if
2f €[0,1JU[1 — ¢, 1]. Likewise, suppose that f € [1 — £, £]. Then s(f) = 1 — f, so either
X1 =X, =1lor Xy =2f—-1.1fX;=2f—1then X;,(f) =2f —1+nlforsomen € Z,
wheren =0if2f —1 € [0,£]U[1 — ¢, 1].

We claim thatif f € D'U D? then there exist integers a, b, and ¢ such that f = 27¢(a+b¥).
Furthermore, we claim that if f # 1 — ¢ then we can choose a, b, and ¢ such thatc > 1,a > 1,
aorbisodd, and a > 2 if f € D>. We will prove these claims by induction on k. Note that
Dy = {1 — ¢} so, for f € Dy, we cantakea = 1, b = —1, and ¢ = 0. Now, suppose that our
claims hold when f € Dy_1, where k > 1. To show that our claims hold when f € Dy, we
consider two cases.

First, suppose that f € D,i \ Dx—1. Then P(X;, = g | Xo = f) > O for some g € Dy_;.
Since 0 ¢ S, we must have 2 f + n{ = g or, equivalently, f = (g — nf)/2 for somen € Z
andg € Dy_1. If g=1—£then f = (1 —m+ 1)0)/2,s0 f =27 (a + bl), wherea = 1,
b=—(mn+1),andc=1.Ifg#1—¢theng =2"(a+ bl), wherec > 1,a > 1l,anda or b
is odd. Then f = 2=tV (a + bt — 2n€) = 27tV (g + (b — 2°n)€). Note that c + 1 > 1,
a>1,and b —2nis odd if b is odd, so a or b — 2n is odd.

Next, suppose that f € D,% \ Di—1. Then P(X;, = g | Xo = f) > 0 for some g € Dy_;.
Since 1 ¢ S,wehave?2f —1+nf = g or, equivalently, f = (14+g—nf)/2forsomen € Z and
geDy1.Ifg=1—Lthen f = 2—(n+1)£)/2. If n+ 1 wereeven then f = 1 —m{ would
hold for some positive integer m; since D% C [1—¢, 1], we would have f € {1 —¢, 1}, whichis
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a contradiction because 1 ¢ D,% and 1 —¢ € Dy_y. Therefore,n+1isodd, so f =27 “(a+b¥),
where ¢ = 1, a = 2, and b is odd. If, instead, g # 1 — £ then g = 27“(a + b{), where ¢ > 1,
a > l,andaorbisodd. Then f = 2=+ (2 4a4+bt—2nl) = 2= CTD[Q2+a)+(b—2n)L].
Note thatc+ 1 > 1,2¢+a > 2, and either 2 +a or b — 2°n is odd because 2¢ and 2n are even
and either a or b is odd. It now follows, by induction, that our claims hold for all f € D'uDZ

Since ¢ < %, we can choose a positive integer m such that 1 — mf € (€,2¢]. We can
then choose positive integers d and n such that 2741 —mb) <1 —2¢and 2791 — 0) +
nt € (1 —20,1—2¢). Let f = 2791 — mt) + nt. Note that f € (¢, 1 — ¢) and that
f—€=2"%1—m¢t) + (n — 1)£. Suppose that a gambler who starts with a fortune of f — ¢
loses the first n — 1 bets, then wins the next d +m — 1 bets. After the n — 1 losses, the gambler’s
fortune will be Z_d(l — m{). Then, after d wins, the fortune will be 1 — mf. After m — 1
additional wins, the gambler’s fortune will be 1 — £. Consequently,

P(Xyimya—2=1—L|Xo=f—-4¢) >0,

which means that f —¢ € S. We now show by contradiction that f+¢ ¢ S, which will complete
the proof. Suppose that f 4 £ € S. Since f + £ > 1 — £, there exist integers a, b, and ¢ such
thata > 2, ¢ > 1l,aor bisodd, and f + ¢ = 27 + b¢). We also have f + £ =
2741 + 2%(n + 1) — m)€). Therefore, 2%(a + bt) = 2¢(1 + 24(n + 1) — m)¥) and, so,
29q —2¢ = (2°2%(n + 1) — m) — 29b)¢. Since ¢ is irrational, we must have 29q — 2¢ =
224 + 1) — m) — 29b = 0. Thus, 2¢a = 2¢ and, since a > 2, it follows that a is even and
¢ > d. Therefore, b is odd and b = 2°=4(2%(n + 1) — m), which is a contradiction.

2.5. Obtaining Theorem 1 from Proposition 1

Suppose that £ is irrational. By Proposition 1(iii), there exists an fo € (¢, 1 — £) such that
fo—€e€ Sand fy+£ ¢ S. Let f = fo — e, where 0 < ¢ < £ and ¢ is small enough that
f € (£, 1—1¢). We will show that, for sufficiently small ¢, we have

wO(f+l—e)+A-w)Q(f —L+¢e) > O(f), (14)
which implies Theorem 1 because s(f) = £. Note that
wO(f+l—e)+A-w)Q(f —Ll+e)=wO(fo+L—-28)+ (1 —w)Q(fo— 0. (15)
Since f +— Q(f) is nondecreasing, we have

0N =w(f+O+A-w)O(f - =wl(fo+ O+ T -w)Q(fo—L—¢). (16)

Since fy — £ € S, it follows from Proposition 1(i) that there exists a constant C > 0 such that

O(fo—0 — Q(fo— £ —e) > C(1 — w)~lee, (17)

Let Co = C(1 — w). Since fo + £ ¢ S, Proposition 1(ii) implies that, for sufficiently small ¢,
we have

O(fo+0) — Q(fo+ € —2¢) < Co(l — w)~182% = C(1 — w)~'o2e, (18)

Let B = C(1 — w)~'°2¢, Equations (15)—(18) imply that
wo(f+L—e)+ (1 —-—w)O(f—LC+¢e)—0(f) > —wB+ ({1 —-—w)B=(1-2w)B >0,

for sufficiently small ¢, which gives (14).

https://doi.org/10.1239/jap/1118777173 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1118777173

Improving on bold play when the gambler is restricted 333

Acknowledgements

The author would like to thank Lester Dubins for introducing him to this area and for helpful
discussions regarding this work. He would also like to thank David Gilat for bringing [11]
to his attention, and two anonymous referees for their useful comments. This research was
supported by an NSF Postdoctoral Fellowship.

[1]
[2]
[3]
[4]
[51
[6]
[7]

[8]

[9]
[10]
(11]

[12]
[13]
[14]

[15]
[16]
[17]
(18]

References

BAK, J. (2001). The anxious gambler’s ruin. Math. Mag. 74, 182-193.

BILLINGSLEY, P. (1995). Probability and Measure, 3rd edn. John Wiley, New York.

CHEN, R. (1976). Subfair discounted red-and-black game with a house limit. J. Appl. Prob. 13, 608—613.
CHEN, R. (1977). Subfair primitive casino with a discount factor. Z. Wahrscheinlichkeitsth. 39, 167-174.
CHEN, R. (1978). Subfair ‘red-and-black’ in the presence of inflation. Z. Wahrscheinlichkeitsth. 42,293-301.
CHEN, R. AND ZAME, A. (1979). On discounted subfair primitive casino. Z. Wahrscheinlichkeitsth. 49, 257-266.
DusIns, L. (1998). Discrete red-and-black with fortune-dependent win probabilities. Prob. Eng. Inf. Sci. 12,
417-424.

DUBINS, L. AND SAVAGE, L. J. (1976). Inequalities for Stochastic Processes: How to Gamble if You Must. Dover,
New York.

DURRETT, R. (1996). Probability: Theory and Examples, 2nd edn. Duxbury Press, Belmont, CA.

FRISTEDT, B. AND GRAY, L. (1997). A Modern Approach to Probability Theory. Birkhéduser, Boston, MA.
HEATH, D., PRUITT, W. AND SUDDERTH, W. (1972). Subfair red-and-black with a limit. Proc. Amer. Math. Soc.
35, 555-560.

KLuGMAN, S. (1977). Discounted and rapid subfair red-and-black. Ann. Statist. 5, 734-745.

MAITRA, A. AND SUDDERTH, W. (1996). Discrete Gambling and Stochastic Games. Springer, New York.
PESTIEN, V. AND SUDDERTH, W. (1985). Continuous-time red and black: how to control a diffusion to a goal.
Math. Operat. Res. 10, 599-611.

Ross, S. (1974). Dynamic programming and gambling models. Adv. Appl. Prob. 6, 593-606.

Rurth, K. (1999). Favorable red and black on the integers with a minimum bet. J. Appl. Prob. 36, 837-851.
SeccH], P. (1997). Two-person red-and-black stochastic games. J. Appl. Prob. 34, 107-126.

WILKINS, J. E. (1972). The bold strategy in presence of a house limit. Proc. Amer. Math. Soc. 32, 567-570.

https://doi.org/10.1239/jap/1118777173 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1118777173

