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1. Introduction

Kock (1970) defined the notion of a commutative monad in a symmetric
monoidal closed category V and in Kock (1971) showed that the algebras for such
a monad had a canonical structure as a closed category and that the monad had a
canonical closed structure. In this paper we are concerned with the relationship
between distributive laws and commutivity. In particular, the following question
arises: given a distributive law between two monads on / " when is the composite
monad commutative? To answer this question we define commutative distributive
laws and show that if the composite is commutative then the distributive law
must be commutative. We also show that if 5" and J~ are commutative monads
in y with a commutative distributive law between them then the composite is
commutative. So we get that if £f and 3~ are commutative then the composite is
commutative if and only if the distributive law is commutative. In addition we
show that if the monads and the distributive law are commutative then the lifting
of the monad S? to the category of ^"-algebras has a canonical structure as a closed
monad (closed relative to the canonical closed category structure on the 3~-
algebras).

2. Commutative distributive laws

We assume throughout that i is a symmetric monoidal closed category
with equalizers (although some of the results below do not need the equalizer
hypothesis). We also assume that the reader is familiar with ^-category theory
and the theory of /"-monads (see Bunge (1969), Dubuc (1970), or Kock (1970).

Recall that the natural isomorphism p: TT(A ® B,C) -> i\A,t~{B,C))
gives rise to the adjunction - ® B V f(B, - ), Bet". Following Kock (1970) we
denote the front adjunction by / : 1 -> f(B, — ® B) and the back adjunction
byev: /" (S, - ) ® fl-> 1.

Let T be a /"-functor on / \ Kock (1970) defines the natural transformation t"
of bifunctors t"Ay.A ®TB-> T(A ® B) by t"A_B = evTBTum) • ((fA>B • T) ® lTB).
He then defines t'AB: TA ® B -> T(A ® B) by t'AH = T(c) • tBA • c where c is the

180

https://doi.org/10.1017/S1446788700029487 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700029487


[2] Commutative distributive laws 181

symmetry. If T is the ^"-functor part of a ^"-monad 3~ = (T,n,n),he then shows
that if we put i]/AB equal to the composite nA®B • T{t"AB) • t'ATB and ip° = q, then
(T, t/f, i/O becomes a monoidal functor ((Kock 1970) Theorem 2.1, page 6). Also if
$A,B = L*A®B' T(t'AiB)-t'xA B and$° = n{ then (T,$,i$&) is a monoidal functor. If
\}i = $ then the monad T is called commutative.

If y = (T,ri,n) and y = (S,n',n') are two ^"-monads on a ^-category
s/ a -^-distributive law from f to .9" is a ^"-natural transformation A: TS -* ST
such that (1) A • Trj' = ij'T; (2) / • /jS = Sf/; (3) X • nS = Sfi • IT • TX; and
(4) A • Tfi' = n'T • SX • XS. We record here a "^"-version of a result of Beck [1] .
His proof generalizes easily to the T

PROPOSITION. Let h' = (S,n',/*') and JJ = (T,n,n) be -f"-monads on a
f -category s&. Then the following are equivalent.

(1) There exists a t -distributive law X: TS -> ST.
(2) There exists a Y'-monad ff = (-9', fj, jl) in s4T which lifts -9 (i.e., SUr

= UTS;r,'UT =UTfj;ti'UT = UTfi).
(3) There exists a -^-multiplication m: STST -)• ST such that (a) (<S^)m

= {ST,n'r\, m) is a Y-monad in s/; (b) the Y-natural transformation Sn: S -»• ST
and TI'T: T -» ST are Y-monad maps; and (c) the middle unitary law
m • STSn • STn' = ST holds.

We assume from now on that .9" and 3~ are -f -monads on f .

DEFINITION 2.1. A ^"-distributive law X: TS -> ST is called commutative
if the following diagram commutes for all A, B in f\

S(TA ® B)

S(t')

ST{A ® B)

LtMMA 2.2. A: TS -+ ST is a commutative distributive law if and only
if A • T(s') • t" = S(t") • s'.

PROOF (=>) X • T(s') • t" = X • TS(c) • T(s") • T(c) • t"

= / • TS(c) • T(s") -t'-c

= ST(c) • X • T(s") • t' • c

= ST(c) • S(t') • s" • c

= S(f") • S{c) • s" • c

= S(r")-s ' .
The converse is clear.
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PROPOSITION 2.3. IfX is a commutative distributive law then i//ST = Si//T • \\is

and $ST = S\j/T • \j/s •

PROOF. Consider the following diagram:

STA ® STB- >S(STA

I
' TB)-

S(t")

S2(TA ® TB)

ST(STA ® B)

ST(s')

1.

STS(TA

I
!

S2T(TA

STST(A ® B)

STS(t')

SAT

H'T

s2T(t')

S(TA ® TB)

S(t")

ST(TA <g> B)

I
I

ST(t')

S2T2(A ® B)-—y ST2(A ® B)

B)
This commutes since 1. commutes by commutativity of 1 and the rest commutes
by the naturality of the maps involved. But the clockwise direction about the
diagram is Si//T • ̂ s

 a Qd the counterclockwise direction is \j/ST. So \j/ST = S\//T • i]/s.
Similarly \j/ST = SijiT • ij/s.

COROLLARY 2.4. / / Sf and ^ are commutative i -monads and A is a com-
mutative distributive law then y-9~ is a commutative ir-monad.

PROPOSITION 2.5. / / .y$~ is a commutative monad then /. is a commutative
distributive law.

PROOF. Consider the following diagram.
SA®n'TB

T(SA

T(s')

TS(A

ST(st')

STST(A® B)

n'TS
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1 commutes by Lemma 1.1 of Kock (1970); 2 commutes by naturality of n';
3 commutes since n'ST-A = SA-n'TS and n'T-n'ST = ST. 4 commutes by
naturality of (st)"; 5 commutes by Lemma 1.1 of Kock (1970); 6 commutes since

nST • STSn = n'T • S2n • SAT • STn = n'T • S2n • S2Tn - SX

= n'T. SA • SoA • T(s') • t" = nST • ST(st') • (st)" • SnA ® STB- SA ® n'TB

Now consider the following diagram:

SA

S(A ® TB)

S(t")

Sn ® TB STA ® n'T
-i-=- • STA ® TB — > STA ® STB

Sn ST(A ® n'T)
— • ST(A ® TB) -— ' » ST(A ® STB)

ST(A ® B) +-

ST(t")

ST\A ® B) +•

ST(st")

STST(A ® B)

-S2T2(A ® B)
Sn

1 commutes by Lemma 1.1 of Kock (1970); 2 commutes by naturality of t'\ 3

commutes since Sn • ST(t") • Sn = Sp • SnT- (t") = S(t). 4 commutes since

n'T2 • SXT • ST(st") • ST(A ® n'T) = n'T2 - SAT • STn'T • ST(t")

= n'T2 • Sri'T2 • ST(t") = ST(t").

So S(t") -s' = Sfi- n'T2 • SAT • ST(st") • (st)' • STA ® n'TB • SnA ® TB.

Now since £f$~ is commutative we have

/ • T(s') • t" = nST • ST(st') • (st)" - SnA ® STB • SA ® n'TB

= nST • ST(st") • st' • SnA ® STB • SA ® n'TB

Hence A is commutative.

THEOREM 2.6. / / £f and 3~ are commutative ^"-monads in
is commutative if and only if A is a commutative distributive law.

then
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3. The closed lifting

The main purpose of this section is to show that the adjunction F h U:
Y"T ±? T ~̂sr which generates Sf in T^7 is closed, i.e., F and U are closed functors
and e: FU -* 1 and tj: 1 -» l/F = 5 are closed natural transformations if .y, ̂ "
and A are commutative.

We recall some notation and definitions from Kock (1971). In that paper
Kock showed that the algebras for a commutative monad -T = (T, //,/<) had a
canonical structure as a closed monad. He defines the map #JB: Tt'(A, B) -*ir(A, T
(called A in Kock (1971). This map turns out to be the map corresponding to

t' T(ev)
T-T(A, B)® A-+ T(*\A, B) ® A)-—+ TB

under the adjunction — ® A \- ^~{A, — ). Using this he constructs the closed
structure on "¥ T as follows:

To give the internal horn functor of i'1, let A = (A,a) and B = (B,b)
be objects of "TT. Then an object {t~T{A, B), <a, b)) is constructed as follows.
Let the following diagram be a chosen equalizer in i

iT(A, B) • r(A, B) l ' J
R. • r-(TA, B),

T (a, a)

Define the structure <a, b) by commutativity of the diagram

T(UT)T(A, B)) - — > T(r{A, B))

<a,b} r(A, TB)

U1 I
i"T(A,B) >i\A,B)

If 0: B -* B' and a: A' -> A are morphisms in i^T, we define i T{a,fi) by com-
mutativity of the diagram

II1\AB)
'

For base object / in •f''T take / = {T\,\xx). The isomorphism iA is constructed by
commutivity of
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[6] Commutative distributive laws 185

A % 1'(LA) > i\T\,TA)

'A

U1

The morphism j is constructed by commutivity of

Tl Bi^l Ti\A,A) y i\A,TA)

.1.4
•y

iT(A, A) • i \A, A)

Finally L\c is constructed by commutivity of

iT(B,C) U

\ I
i(UT, 1)

\A,B),i '(A,C))—^ p (1 \A,B),i\A,C)

We also follow Kock in the following convention. When we want to show
that two expressions are equal we shall write down a string of equations giving
the result; the equality signs carry explanations: a 0 on top of the equality sign
means: "by naturality of 8." A 'T ' means "by naturality of T," a W means
"by properties of distributive laws," a 'D' means "by definition," and a ' t / r '
means "by the equalizing property of U r . " A number (3.2) refers to that lemma
and a * means "will be explained after the equation."

PROPOSITION 3.1. If <j>: •i~ -> V is a ^-monad map between commutative
monads then V"*: i s -> / ' ' is a closed functor.

PROOF, Define V*: V*( 1 S(A, B)) -> / "I\V'{A), Vf(B)) by UT • V* = Vs.
This is well-defined since

i \a • 4>, B) • Vs = i (<j>, B) • i (a, B) • Us = i \4>, B) • i \SA, b) • S • Us

= i \TA, b) • -r(<j>, SB)- S-Us = ^{TA, b) • "T(TA, (f>) • T • Us.

That V* is an T-algebra map follows from:

Ur • V* • {a, b)s • <t> = Us • {a, b)s • <f> = f\A, b) • 9s • <j> • TUS

= i\A, b) • 0s • <f> • TUT • T f* = r-(A, b) • ir{A, </>) • 6T • TUT • T V*

= UT • (V^A, V* B)T • T V*.

Here * follows from 1.4 of Kock (1971).
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Now define V$: (Tl./ij) -> ^ ( S l , / ^ ) by V% = </>,. This is clearly a T-
algebra map.

Axiom CFl says that the diagram

vH^HA, A))

v* I I ^

s h o u l d c o m m u t e . N o w UT • K* • K * ( / ) • Vo* = Us-j-4>l = 1^(1 ,a ) • 0 s • S/ • fa

= * (1, a) • 0s • <£ • T(j) = t \ \ , a) • i (A, 4>) • 6T • T(j) = UT • j . Here * follows
from 1.4 of Kock (1971;. So we get CFl.

Axiom CF2 says that the diagram

VT(V* V<t>A)

iT((T\,n),V4>(A,a))

should commute. Now UT • i"T(V$, V+(A)) • V* • V*(i) = 1~(</>1,A) • Us • i =

r(<$>\, A) • iT(Sl, a) • S • i = *TT1, a) • Vfrfrl, SA) • S • i t -T(T\,a) •
= i~(<l>UA) • i'(S\,a) • S • i = f(Tl,a) • V((f,l,SA) • S • i t r(Tl,a)
• 1\T\,cj>A) • T • i = UT-i. So we get CF2.

Axiom CF3 says that the diagram

^ , B),

A,B),-tT(V't'J

should commute. Now TT(1, UT)-- UT • i"T( V*, 1) • I • V+ = -f\ V*, V(A, Q)

\, uT) • uT • L • yf = y-( v*, V(A, C » • i"(uT, V(A, Q) • LA • uT • v*

(,i\A,c))-LA• us = i~(\,vs)- vs- v*(.l) = r-(i,us)- uT- v*•

= UT • i'T(\, V*) • V* • V*(l). So we get CF3.

Hence V is a closed functor.
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LEMMA 3.2. / / X is commutative then (a) i^(TA, X) • T • 6A B = O^A TB ' S(T)
and (b) r(SA, X) • 8jA,SB • T(S) = S • QT

A<B.

PROOF, (a) Under the adjunction between - ® TA and i^{TA, —) the
left hand side of the equation correspond to the counterlockwise direction around
the diagram below:

(A,B) ® TA ->• S(f(A, B) ® TA)

S(t")

W® 1) \ . T(s')

; '(A, SB) ® TA -> T(l^(i4, SB) ® A) TS(r(A, B)® A)-> ST{r~{A, B) ® A)

T ® 1 2 T(ev)

evi \TA, TSB) ®TA-+ TSB
TS(ev)

ST(ev)

STB

1 and 5 commute by naturality; 2 commutes since both legs correspond to T
under adjunction (see Kock (1970); 3 commutes by Lemma 1.2 of Kock (1971);
and 4 commutes by commutativity of X.

Now ST(ev) • S(t') • s' = S(ev) • S(T ® 1) • s' (see 2 above)

= S(ev) • s' • S(TAB) ® TA (naturality)

= evO® l-S(TAB)® TA(Lemmal.2ofKock(1971)).

Hence X- ev TASB ®\-0®\=evQ®\- S(TAB) ® 1. So by the ad-

junction we get the result.
(b) By the adjunction of - ® SA with i"\SA, - ) we get that the left hand

side of the equation corresponds to ev • i^(SA, XB) ® 1 • 6T ® 1 • T(SA B) ® 1
= XB • T(et').- T(SAB ® 1) • t'. Now consider the following diagram.

t'
B)

S(Tt\A, B) ® A) TS(r(A, B) ® A)-
s(t')

i T(-r(SA, SB) ® SA)

i T(ev)

TSB

S(f\A, TB)® A) ST(t"(A, B) ® A)-

6

STB

1~(A, TB) ® SA)
1

ev
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1 and 4 commute by naturality; 2 commutes since / is commutative; 6 commutes
since both legs corresponds to S under the adjunction; 3 is just T applied to 6;
finally 5 commutes since it is 5 applied to a commutative diagram (the diagram
commutes by Lemma 1.2 of Kock (1971). So we get the desired result.

THEOREM 3.3. Suppose ff, 3~ and X are all commutative, then F b U:
is closed.

PROOF. Let A = (A, a) B = (B,b) be .^"-algebras. Then F(A,a) = (SA,Sa
• \i'TA • SX). We must show that there exists a natural transformation F:FfT(A, B)
-> i"ST(FA,FB) and a map Fo: (STl,nfT) -> F(Tl,/i ,) which satisfy CF1, CF2,
CF3 of Eilenberg and Kelly (1966). To define F it suffices to find a map
/ : S*'T(A,B) -+ yST{FA,FB) which is an y.^-algebra map. But to define a
map into ~fST(FA, FB) it suffices to define a map into ~f(SA, SB) which equalize
the following diagram.

, SB)

Now define / = >"( — , / J ' ) • S • 9s • SUT. To show that F equalizes the above
diagram consider diagram 1. Each subdiagram commutes either by Lemma 3.2,
^-naturality, or the definition of the maps involved. Using a similar diagram
o n e c a n s h o w t h a t V(Sa • \ijA • S/., - ) • F = r~(-,[*')• S • -f"(k, - ) - i \ - j ( l ' )

• S-6- S- -T(a,B). H e n c e there exists a u n i q u e F: SVT(A, B) -» f'ST(FA,FB)

such t h a t UST • F = r( - , fi') • S • 6s • SUT.

To show that / is an .S^-algebra map it suffices to show that UST • F
• S«o , b}T) • nT • SI = UST • (F(a),F(b))ST • ST(F). Consider diagram 2.

1 and 2 commute by Lemmas 1.4 and 1.5 of Kock (1971); 3 commutes by
Lemma 3.2 above; 4 commutes since •$" is commutative monad (Kock (1971));
5 commutes since/is a distributive law; 6 and 7 commute by properties of monads;
everything else commutes by naturality. So diagram 2 commutes. Hence / is a
ST-algebra map.

It is clear that F is natural. Now define Fo = id. To verify CF1, CF2, CF3
we proceed as follows: For CF\ we need to show tha t ; = F- F(j). To do this it
suffices to show that UST • / = UST -F-F(j). But

USTj = ? ( - , Sa • HrA • SA) • 0ST • ST(j) and Usr • F • F(j)

= •?"(-, n')-S-8s•SUT-F(j)£*X-, fi')-S-Os-St\-, a)-S9T-ST(j)

= r(SA,n') • 8s • S(S) • Srr{A,a) • S8T • STj = i\SA,n') • 8s

• S-ir(SA, Sa) • S(S) • S8T • STj =2 i\SA, fi') • 6s • S"T(SA, Sa)
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• Si \SA,A) • SO1 • ST(S) • STj = r~(SA,Sa) • i\SA,n'TA)

• 1 (SA, S/.) • 0s • S9T • STj = USTj.

Here * follows from the commutativity of if and ** follows easily from Lemma 1.4
of Kock (1971) and naturality.

CF2 says that the diagram

F( 1 T(I A)) - ^ - 1 ~ST(FI, FA)

Fi

F(A,a)
should commute. We have

(./" • f-Fl S= i\ST[,n'A) • S • 0s • Sr\T\,a) • S(T) • SiA L i'\ST\itiA)

• 5 • •/ (Tl, Sa) -0s-S(T)- SiA
 s= t(STl, Sa) • i'~(ST\,n'TA)

•S-0S- S(T)- S(i) 3=2 y '(STUSa) • 1 (STl,fi'TA) • S

• 1 (T\,}.A) • T • es • si = y ( s n , Sa • ^TA)

• *\T\,s;.A)- s- T- iSA = uST • J.

So we have CF2.

CF3 says that the diagram:

[B, C) £Q Fi r{ i T(A, B), i T(A, Q) • rST(FrT(A, B), Fr\A,

I
rST(i sr(FA,FB), X ST(FA,FC))- ^ - ^ i'ST{Fi~\A, B),iST(FA,FC))

commutes. We have

i '( - , UST) • Usr • i S'(F, ! ) • £ • / = y ( / , I ) • / ( I , UST) • L ' • F

= y •(/ , i) • y \usr, i) • LSA • uST• F D=r-r(suST,i)• -r{§, i) • LSA • s-suST

= i ( s ( u S T ) , \ ) - i ( i , s ) - s - SL- s u S T D= i \ \ , s ) - r ( \ , n ) - s - e s

• S 1 \ - , VST) • S(UST) • S(L) = y ( I , UST) • Usr • iST(\,F) • F- F(L)

vhere equation * follows from Lemma 3.2 of Kock (1971) and S = V(\,fi')-S-6S.

That U is a closed functor follows from Proposition 3.1 since it arises from
he monad map rj'T: T -* ST.
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To show fj: 1 -» UF is a closed natural transformation we must verify
CN1 and CN2 of Eilenberg and Kelly (1966). CN1 says that fjt = (UF)°.
But (UF)° = U(F°) • V°M U(id) • tji-i = rjv

CN2 says that the following diagram should commute

i T(A, B) r r ( 1 > / ? ) >• rT(A, UFB)

UFi'T(A,B)—-X UfST(FA,FB)—> ir(UFA.UFB)

But this follows easily from the fact that t\': 1 -> S is a closed natural transfor-
mation (see Kock 1971).

To show that e: FU -» I is a closed natural transformation we first of all
verify CN1 which says £ l • (Ft/)0 = (STl . / i J . But et • (FU)° = et • F(U°) • F°

i'ST = n'T- S2n- SAT- Sr)STti'ST = n'T- S2n • S2t]T- rj'ST

= n'T • n'ST = (STl,/(,). So CN1 holds.
CN2 says that

FUiST(A,B)^-^ Ft '(UA,UB)-^ i"ST(FUA, FUB)

i 'ST(A'B) f^feTj " iS1(FuA>B)

should commute. Now

USi • rST{l,e)F-F(C)£ r(SA,b)-i(SA,Sr,B)- r(SA,n') • S • 9s • S(UST)

i ' r(SA,b)• r(SA,iiTB)• r{SA,s2n)-s-es-s(uST)

1 r\SA, b) • V (SA, fi'TB) • S • t\A, SqB) • 0s • S(UST)

= r{SA,b) • r(SA,n'TB) • i\SA,S2HB) • **(SA,SATB) • i~(SA,SriSTB)

• S • f(A, SfjB) • 6s • S(UST) =' nSA, b) • TT(SA, HST) • * \St,A, STSTB)

• ST • r(A, Sr,B) • 9s • S(UST) £ r{SA, b) • t\Sr]A, STB) • r(STA,fiST)

• ST • TT(A,St,B) • 9s • S(UST) r=" r(SnA,B) • V(STA,b) • r(STA,nST)

• ST • 9ST • Sr,r(A>B) • S(UST) *= nSriA, B) • r(STA, b) • r{STA, ST(b))

• ST • 9ST • Sijt-M.B) • S(UST) = t\Sr,A, B) • T(STAt b) • ST

• r{A, b) • 9ST • SnnA.B, • S(UST) & UST • rST(e, 1) • e.
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Here * follows from the fact that S2fiB • SXTB • SnSTB = S2fiB • S2nTB = 1,
and ** follows from the fact that b is an .yj/"-algebra structure and so b • nST

= b • ST(b). So CN2 holds. Therefore e is a closed natural transformation.

has a canonical closed monadCOROLLARY 3.4. S, the lifted monad in
structure if £f, 3~ and ?. are commutative.

4. Two examples

1. A monoid in i is an object M of i" together with maps e: 1 -* M and
m : M ® M - » M s a t i s f y i n g ( 1 ) m - M ® m = m - m ® M ( 2 ) m • M ® e

= m • e ® M = M. If M is a monoid in i" then we can form a y^-monad
.M = ( — ® M,n,n) where n and /t are obvious. If £f = (S,n',fi') is any ir-
monad in i" then the map s': SA ® M -* S(A ® M) form the components of a
/'-distributive law. By Proposition 1.5 of Kock (1970) this distributive law is
always commutative.

2. A comonoid in i" is an object C of i>' together with the maps e: C -* I
and S: C -> C ® C such that S®C-S = C®6-5 and e®C-<5 = C®£-<5 = C.
It is clear that the f-functor i'\C, — ): i1" -» ir can be given the structure of a
/ -monad in an obvious way using e and 8. Now if T = (T, n, fi) is any ^"-monad
in /", then the map 0£._: Tt\C, ) -* i"(C, T( )) can be easily shown to be
a /"-distributive law using Lemmas 1.4, 1.6 and 1.7 of Kock (1971). We claim
that this /"-distributive law is always commutative.

LEMMA 4.1 1 ® ev • a = ev • s' ® C: (A ® i \C,B))
A ® /'(C,B) -• i'(C,A ® B) is the canonical map.

PROOF. Consider the following diagram:

i C -» A ® B where

(C,B))®C

V(B,A

1 (C,B))®C

(L ® 1)

[V \i (C, B), 1 (C, A®B))® i ~(C, B)] ® C
M

i\B,A® B)® B i"(C,A®B)®C

A® B
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1 commutes by naturality; 2 commutes since / ® 1 • 1 ® ev = 1 ® ev • f ®
(1 ® 1) and evBiA@B • fA ® B = A ® B; 3 commutes by Lemma 1.3 of Kock
(1970) page 3; 4 commutes by definition of M (M is the composition of "T).

PROPOSITION 4.2. 0 is a commutative distributive law.

PROOF. Consider the following diagram:

[TA®1'(C,B)]®C -> TA®(i\C,B)® C) ev -+TA® B

t' ®

\T(A ® 1\C,

T(s") ®

T1\C,A

1

\
B

1

®

))]<g

B) (E) C

T((/

4

i '

1

4®

_ — — •

1\C

s" ®

T^(i

\C,1

B))

1)

(C

n(A

/I

(8

® B)

B))®

T(a)

® C) .

c

/'

3

-—̂

2

T(\ (S

T(ev)

ev

\

\

\

\

•> T ( X ®

1 commutes by Proposition 1.5 of Kock (1970); 2 and 4 commute by naturality
off'; 3 commutes by the lemma; and 5 commutes by Lemma 1.2 of Kock (1971).)
Note that the counterclock way around the diagram corresponds to 0- T(s )-t'
under the usual adjunction.

Now consider the following diagram.

.s" ® C i (C, t') ® 1
[TA ® i \C, B)] ® C > i (C, TA ® B) ® C > i\C, T(A ® B)

I
ev

TA ® (i\C,B) ® C) -> TA® B

ev

T(A ® B)
ev

1 commutes by the lemma and 2 commutes by naturality of ft). Since the clockwise
direction corresponds to i (C, t') • s" we get that 9 is commutative.

https://doi.org/10.1017/S1446788700029487 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700029487


[14] Commutative distributive laws 193

co

h
CO

3 hi
CO

to CO

I

OQ
CO
h.
Co

^"
on
hi

h. \
a.
i
i

Xh.co

to
h.

co

V V

V

-<

^

2 •
h
CO

h.

2

CO

h

2

CO
hi

co
h.

Sf

h.

I

OQ

h.
CO

->• co

CO

h.
CO

a

V

hi
co

co
h
CO

6
2

oo

co

OQ

CO

• v
CO

03
CO

CO
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E

60
CO
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