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Stratification Theory from
the Weighted Point of View

To the memory of Professor Nobuo Sasakura

Toshizumi Fukui and Laurentiu Paunescu

Abstract. In this paper, we investigate stratification theory in terms of the defining equations of strata
and maps (without tube systems), offering a concrete approach to show that some given family is
topologically trivial. In this approach, we consider a weighted version of (w)-regularity condition and
Kuo’s ratio test condition.

Stratification theory is a fundamental tool in constructing topological trivializa-
tion for families of varieties or maps. The key notion in stratification theory is the
regularity condition between strata. The (w)-regularity defined by V. Verdier ([26]) is
very important in studying algebraic and analytic varieties. Nowadays many regular-
ity conditions are known. We can find a lot of information about this in the excellent
survey [25]. See [1, 2] also for weaker regularity condition ((c)-regularity).

The idea was first presented by R. Thom [24] (for further development see for
instance [16] and [7], and also a good survey can be found in [6]). At that time the
purpose was mainly to show that, in some suitable set up, topological stable maps
are dense (successfully proved). Using the existence of some good tube systems for
a regular stratification, they showed the existence of a vector field whose integration
gives a topological trivialization.

This approach was good enough for the study of topological stability, but unfor-
tunately, in our opinion, the expression was not explicit enough to show that some
given family is topologically trivial.

In this paper, we investigate stratification theory in terms of the defining equations
of strata and maps (without tube systems), offering a concrete approach for solving
the above problem.

The paper is organized as follows.

In Section 1, we present a criterion for Verdier’s (w)-regularity conditions and
Kuo’s ratio test condition in terms of the defining equations of the strata. Next we
give an explicit construction of a vector field for topological trivialization. The key
step in our construction is the use of a new projection formula (Lemma 1.4) allowing
us to treat at the same time the non-complete intersection case. In this approach, it
is possible to consider a weighted version of (w)-regularity condition and Kuo’s ratio
test condition, and we do this in Section 2. We show that these conditions imply the
integrability of the vector fields constructed by the method in Section 1. In Section 3,
using the regularity conditions defined in Section 2, we prove the isotopy lemmas.
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Actually, using a partition of unity, we patch up together the vector fields constructed
in Section 2.

With appropriate modifications one can use the same techniques in the complex
analytic case to obtain analogous results. Because the modifications are standard, we
concentrate ourselves only on the real case.

After this paper was written, L. Wilson sent us the manuscript of the thesis of his
Ph.D student Bohao Sun ([21]), in which he also considers weighted (w)-regularity
conditions.

1 Regularity Conditions

1.1 A criterion for (w)-regularity

Let (x,y) = (X1, -+, X, Y1, - - -, Ym) denote a system of coordinates of R" and X, Y
submanifolds of R"*™. For notational convenience we also use x,+s = ys. We assume
that

Y={(x,y) €ER:x=---=x,=0}.

Let 7p denote the orthogonal projection of R**"” to the normal space of X at P € X.
Then, following [25], we say X is (w)-regular over Y at 0 € Y, if for any unit vector v
tangentto Y |mp(v)| < |x| at P € X near 0. Here A < B means there is some positive
constant C with A < CB. Of course we may restrict v to the members of a basis of
the tangent space of Y at 0.

We next assume that X is some open set in the regular locus of the variety defined
as the zero locus of some C*-functions F; (x, y), . . ., Fp(x, y) near 0, i.e., setting F :=
(Fi1,...,Fp), the Jacobi matrix of F has rank k on X near 0, where k < p is the
codimension of X in R"™™. We note that the normal space of X is generated by the
gradients of the functions F; (j = 1,..., p) at each P € X near 0.

Let jy,..., jx beintegerswith 1 < j; < «-+ < jx < p. Wesset ] = {j1,..., jk}»
F]: (Fjl,...,ij)and
dF]:dFjl /\-‘-/\dij, wheredFj: a—dx,',
5 Xi
i=1
 OF;
dxF] = dijl VACERIVAN dijk, where dij = a—dx,—,
Xi

i=1

and we define d*F; by dF; = d.F; + d*F.
ForI Cc {1,...,n},SCAl,...,m}, JC {1,...,p} with#I + #S = #] = k, we

6(2}:} 5 the Jacobian of (F;) with respect to the variables x; (i € I) and y, (s € S).

If S = @, we simply denote it by g—i’ We then define ||d,F||, ||d*F|| by the following
formulae:

set

oF, |

2 2 2
|d.F| —;depju where ||dF/]| _; -
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oF, |’

O(xr, ys)

IFI* =) |°Fy|* where [|dF > =
J [,8:542

Let |x| denote the function defined by |x|* = }_"_ | |x;|*. For a matrix M we have
used |M]| as the absolute value of its determinant det(M) if M is a square matrix or 0
otherwise.

Theorem 1.1  The following conditions are equivalent:

(i) X is (w)-regular overY at 0.
(ii) ||d*F|| < |x|||dxF|| holds on X near 0.
(iii) For any C'-functions ¢; (j =1,...,p) near0, ands =1,...,m,

P P
OF; OF;
’ ng goja—yi‘ < |x| sup{ ’ jgl cpja—xj 1= 1,...,11} holds on X near 0.

(iv) For ] C {l,...,,ph 1 = {i1,..,ix} C{l,...,n}withl <i <--- <
k1<ms=1,...,m,

OF
’ L_| < |x|||d<F|| holds on X near 0.

Oxr, ys)

The condition (iii) is inspired by several conditions appeared in T. Gaffney’s paper
[8]. This theorem was essentially proved in [8] in real (or complex) analytic case. His
proof uses the notion of the integral closure of a module. The first author thanks
Leslie Wilson for informing him about the existence of that paper. It is also possible
to obtain a similar result for Kuo’s ratio test condition and we present it in Section 1.5.

We next state some sufficient conditions for (w)-regularity. For j = 1,..., p, we
set i
» oF) |2 |d.Fl
[|d EU % = ‘ d , and hj=
) z]: i1<Z<:ik_1 ax{ilv'"aik—l} ! deF[]] ||
where

FU]: (an"'aFjua"'vij) iijJZ{jl,...,jk},j:ja,
/ (0,...,0) ((k—1)-tuple) ifj ¢ J.

Here, " is the notation indicating that we omit the letter (or the portion) to which "

is attached.

Corollary 1.2 X is (w)-regular over Y at 0, if for j = 1,..., p the following inequal-
ities hold on X near 0,

d.F
Slxlhj, s=1,...,m (or, equivalently, | d"F;|| < |x|%> .
X

‘ j
ys
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Corollary 1.3 X is (w)-regular over Y at 0, if the following inequalities hold on X near
0,

[[d<F]l :
|Fill < Il ldeEjll, - lldeFjll < hj = m, forj=1,...,p.

By (iii) in Theorem 1.1, the first inequality here is a necessary condition for (w)-
regularity. Note that when p = k = 1, this is just Teissier’s c-condition (see [22, 23]).

1.2 Linear Algebra (c¢f. also Section 6 of [17])

We present here some lemmas in linear algebra which are needed later on. Let V
denote a real vector space with dimension #, and V* denote the dual space of V.
Let ey, ..., e, denote a basis of V, and ef, ..., e} the dual basis of V* defined by
€/ (ej) = d;;. We consider a positive symmetric bilinear form of V:

(,):VxV =R

For an element v € V, vV denotes the linear functional of V' defined by vV (w) =
(w, v). This induces an identification between V and V* by v — v". Then, we have
e/ =31, gije; where gi; = (ei, ¢j). Thus, e = Z;-':l gije}/ where (g'/) denotes the
inverse matrix of (g;;).

It is well known that this bilinear form (, ) induces bilinear forms on the exterior
products /\k v, /\k V*. This is defined in the following way. The set {e;, A--- Ae;, |

i] < --- < it} gives a basis of \*V, and the bilinear form is defined by
(e, Ao Neig e Ao Nej) = i Givse

Similarly, the set {e} A---Aef | i) < -+ < it} gives a basis of /\k V*, and the
bilinear form is defined by
(ef /\"'/\eive; /\.../\e’]‘fk> :gi1j1 ...gikjk.
Let a/ = PO a{e,— (j = 1,...,k) denote vectors in V, and b/ = > bfef (j =
1,...,k) covectors in V*. Under the identification (/\k V)* = /\k V*, we have (by
[19], Theorem 9, p. 78),
(b A ABY @ A A ab) = det(B(a))

Letal = > alje,- (j =1,...,p) denote vectors in V, and W the linear span of
al, ..., aP, assumed to be of dimension k < p. Weset Wt = {v € V | (v,w) =
0,Yw € W} Forv= (vi,...,v,) €V, weset

_ . Z]'1<-~<]'k ¢11,---,jk((ajl)v A A @)Y A el*) (@' Ao Nal Av)
= Z 2j1<-4.<jk éj, jk((ajl)v ARRRNA (ajk)v) (@it A+ Nakk)

i=1  Laji<o<jp Pl

Here ¢;, ... ;, (1 < ji < --- < jx < p) denote some constants such that the denomi-
nator is not zero.
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Lemma 1.4 The image of wis W, and m: V. — W is the orthogonal projection
with respect to ( , ).

Since we could not find this lemma in literature, we present here a complete proof
of it.

Proof Obviously 7 is a linear map. Since 7(a’) = 0, we have 7(W) = 0. Therefore
it is enough to see that 7(v) = v forany v € WL . Forve Whandj=1,...,p, we
have (a/)V(v) = {(a’,v) = 0. Thus we obtain

Z((ajl)v A A @)Y Aer) (@ A N al Av)e;
_ (ain)¥(al1)  (a’r)"(v) ,
= Zdet< e (@) () )angkel

a7 9
a V) 1<nq<k
= ((ajl)v VARERIAN (ajk)v) (ajl Ao A ajk)v

Then we obtain

Z Dirronii Z((ajl)v A A @)Y A e;‘) (@' A ANa Av)e

Ju<e-<jk i
= D> Gji(@)Y A A@DY) @A At
Jr<e--<jk
Thus we obtain 7(v) = v forv € W, [ |
Note that

( > G (@)Y A A @)Y (o) /\~--/\aj")) 7(v)

<<

i=1 ji<--<jg

for any constants ¢;, .
Since v = Z?:l (e)*(v)e;, if weset ¢;, i = 1, we get the following formula

(a',al) (a,v)
Zj1<~-<jkdet< alr

v

D <ej, det({alr, alt)) 1 <<k
il Jk

w(v) =
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Remark 1.5 Let V be the tangent space T, M of a manifold M at a point x. Then

V* is its cotangent space Ty M. Let (, ) be a Riemannian metric. Let xi, ..., x, be a
local coordinate system around x, a%, ey % the usual basis of T M, dx,...,dx,

the usual (dual) basis of T; M.

Let Fy,...,F, be C'-functions and assume the Jacobi matrix of (Fy,...,F,) is
of rank k on X C ﬂle F;l(O), and ¢;, j, (1 < ji < --- < jx < p) positive
functions on the zero set of (Fy,...,F,). Applying the previous lemma with a/ =
grad F;, where grad F; is the gradient vector of F; i.e. a vector with dF; = (grad F;)",
we obtain that the orthogonal projection of v € T, M to the tangent space T, X is
expressed by the following form.

(L.1)

Zj1<~~<jk i (AF; Ao NdFj A dx)(grad Fj A--- Agrad Fj, Av) 9
o> L

Zjl<~~<jk ¢j17~~~7jk|‘dFj1 ANEN /\dij”z Ox;

1.3 Proof of Theorem 1.1

Lemma 1.6 X is (w)-regular over Y at 0 iff the following inequalities hold on X near
0foreach JC {1,...,ph#] =k

(a) |(dF; A dx;, dF; Adys)| < x| ||dES|IP for1 <i<m1<s<m
(b) |(dF; A dy;, dF; Ady)| S x| ||[dES||P for1 <i<s<m
(©) 1dFS|I* — || dE; A dys|* < || [|dEs|[* - for1 <'s < m

Proof This is a consequence of the definition of (w)-regularity and (1.1). We can see
this taking particular functions ¢, ; in the expression (1.1). Namely, one can take
Gjroie = LA T = {j1,. .., jx}; 0, otherwise. [

Proof of (ii) = (i) Since the left hand side of (c¢) does not contain the terms con-
taining g—);{ for 1 < j < p,and ||dF;||> = ||d.F)||* + ||d*F;||%, (c) is equivalent to the
following inequality.

[dF||* < || l|deFl|.

By Cauchy-Schwarz, (b) comes from (c). Thus we have that X is (w)-regular over Y
at 0 iff the inequalities (a) and (c) hold on X near 0.

We now assume (ii). We then have ||d*F||*> < |x|*||d.F|* on X near 0. Since we
may assume that |x| is very small, (c) trivially holds. By Cauchy-Schwarz inequality,
this implies (a). This completes the proof. ]
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Proof of (i) = (iii) We first remark the following equality:

zz%?f

i#n+s j=1

<dF]/\Z<p]( dys) ,deAd)'s>

dF} AN d}/5>

OF;
Z‘P} By, HdF] A d)’SHZ
j=1

Then, by (a) and (b), we have

’2%87‘ ldFy A dy||* < Z]Zga]a ‘ (dF; A dx;, dFy A dys)]
i#n+s j=1

sy ]Zw(fﬂ x| | dF.
i#n+s j=1

Then by (c) we have

p P
OF; OF;
|2 i, | ENP <[ | ks sl + b )
j=1 $ j=1 s

< 2’2%7‘ < l4F.

i=1 j=1

Summing up for all ] and s we get the desired inequality, which completes the
proof. ]

In Section 2 we shall prove the generalized weighted version (Theorem 2.1) of the
equivalence (ii) < (iii) < (iv), and this will complete the proof of our theorem.

Proof of Corollary 1.2 We define d; by the formula: d,* = Dy Do ss—t | 2 B(xf LS 2.
By Cauchy-Schwarz inequality, the inequality in Corollary 1.2 implies d; < |x|do,
which implies (iv) in Theorem 1.1. [ |

Proof of Corollary 1.3 Obvious. Use Corollary 1.2. ]

1.4 Kuo’s Vector

Let U be a neighborhood of 0, and Y = {x; = --- = x,, = 0}. We assume that X is
the regular locus of the zero locus of C*-functions F; (j = 1,..., p), and assume the
codimension is k.
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Let v be a tangent vector to Y. The purpose of this subsection is to give an explicit
construction of a tangent vector £ to X which is an extension of v and dp(§) = v
where p is the natural projection defined by (x, y) — y.

We first remark that any multiple of the orthogonal projection of v = """ | csai%
to the tangent space of X may not have this property (except the case m = 1). »

Fors=1,...,m, we use the following notation:

dYE; _Z B ]d des, and d9F; = d9F; A--- AdYE,

Let us consider the orthogonal pI‘O]eCtIOI‘l of - to the tangent space of X in the space
definedby y); =--- =y 1 =y =--- = }’m =0.
This is expressed by

P > p(dVE;, dYF)) Ox; > y(dOE;, dOF)) dys’

zn: Z] ¢]<d(S)F] AN dx,‘, d(S)F] A\ d}/5> 6 + Zl' ¢]<d(5)F] A\ dys, d(S)F] A\ d)/S) a

9

where ¢; are any positive function on X. Its multiple whose 5y, -component is 1, 1s

expressed by the following formula:

Zz]gﬁ,(d@F,Adxi)(gradxF,A6%)3+1
22191l Ox; Dy’

i=1

where grad . F; denotes the wedge product of the gradients in coordinate xi, . . . , x,.
Letv =3}, csai% be a unit C'-vector field tangent to Y. Then the above construc-

tion implies the following C'-vector field £ is tangent to X:

‘= Z Z;’H:I >, ¢)(dVF; A dx;)(grad, Fy A 8%5) 9 )
P > @1lld<Fyl> Ox;

: ) 9
Since grad, F; has zero 9. components, we thus have

+ .

- ZZ,QS](dF]/\dx,)(grad EiAY) 9
>y b1lldeF|? dx;

We call this £ a Kuo’s vector, because T.-C. Kuo expressed this vector in such an explicit
formin [15] whenm = p = 1, (see also [11, 12, 14]). Here we remark that the %—
component of & (say &;) is

m BF; BF;
Z]I#I k1 91 30 A0x,x;) O(x1,y5)

gi = Cs
Z Z],I ¢]|6Ff|2

s=1 8_x1
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We assume that X is (w)-regular over Y at 0. Then the inequality (ii) of Theo-
rem 1.1 implies
> (dFy A dx;, dFyp AvY)
> lld:E?
In this situation, we say that {£, v} satisfies a relatively Lipschitz condition on (X,Y)

near 0. It is possible to show that the flow of {£, v} is unique on X U Y near 0. We
will mention this trick again in Section 2.4 in the weighted setup.

<|x| fori=1,...,n0nX near0.

1.5 Ratio Test Conditions

We use the same notation as in Theorem 1.1. We define |(x, )| and |y| by

G )P =D P+ Iyl and [y =" Iyl
i=1 j=1 s=1

We say that X is (r)-regular over Y at 0, if for any unit vector v tangent to Y
|[mp(v)] |(x, ¥)| = o(|x|) whenP = (x,y) — 0,P € X.
Here “A = o(B) when P — 0” means limp_,o |A/B| = 0. This was defined in [12].

Theorem 1.7  The following conditions are equivalent:

(i) Xis (r)-regular over Y atO0.
(ii) ||d*F|||(x, y)| = o(|x| ||d<F||) when (x, y) — 0 on X.
(iii) For any C'-function ¢ (j =1,...,p) nearOands=1,...,m,

", OF;
‘Z@ja} [(x, )| = o(|x] ||d<F|]) when (x,y) — 0onX.
=1 ’

(iv) For J C {1,...,,ph I ={i1,...,ikm1} C{L,...,n}withl <i; < --- <
1 <nms=1,...,m,
OF;
———— | |(x, ¥)| = o(|x| ||dF||) when (x,y) — 0onX.
sl = o Lt y
Proof This is proved in exactly the same way as Theorem 1.1 (we omit the details).

Proposition 1.8  We continue the notation in Section 1.4. When X is (r)-regular over
Y at 0, the flow of Kuo’s vector field {&, v} is unique.

Proof We first remark that £ does not depend on the choice of ¢, and we set ¢; = 1.
We first consider the case m = 1. If X is (r)-regular over Y at 0, then the inequalities
obtained by replacing |(x, y)| by |y| from the inequalities in (ii), (iii), (iv) of Theo-
rem 1.7 hold. This shows that the Kuo’s vector ¢ satisfies relative version of Nagumo’s
criterion (Corollary 6.1 on page 32 of [9]) and we have uniqueness of the flow.
Assume that m > 1. Let C be the integral curve of v. Then the flow of £ is in
7~ 1(C) and we can reduce the problem to the case m = 1 and we are done. [ ]
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2 Weighted Versions of (w)-Regularity

In the previous section we present (w) regularity in terms of defining equations in
some coordinate. This allow us to consider a weighted version of (w)-regularity con-
dition. We present it in this section. The treatment here is inspired by the earlier
work of the second author [18].

2.1 A Weighted Version of (w)-Regularity

Let (x,y) = (X1, ,%Xu, ¥1,--.,¥m) denote a system of coordinates of a neighbor-
hood U of 0 in R"""” and X, Y disjoint submanifolds of U. For notational convenience
we put x,4s = ys. We assume that

(2.1) Y={(x,y) €eU:x =---=x, =0}
We fix a weight w = (wy, ..., w,), and consider the function defined by
(2.2) llxll = [1x]lw = (|%1 Wbt |, %)i, where w = wiw; - - - w,,.

We next assume that X is some open set in the regular locus of the variety de-
fined as the zero locus of C*-functions Fy(x, y), ..., F,(x, y) near 0, i.e., setting F :=
(Fi1,...,Fp), the Jacobi matrix of F has rank k on X near 0, where k is the codimen-
sion of X in R"*. We note that the normal space of X is generated by the gradients
of functions F; (j = 1,..., p) at each P € X near 0.

We define ||d.F||w, ||d*F||lw> Dw(£) by the following formula:

OF) |\ 2
anl)

OF, )2
a(xl,)/s)

OF, ) :
—_— . Herew; = wi.
O(x1, ys) ! Z

i€l

(2.3) ld<Flls = D lldcFyll5, - where || d.Fy5, = Z(lel\x’
J I

(24) IS =) IF)l5, where [dFjlg = ) (Ileii’
J

1.S:S4D

25 Dw0?=> Y (|x|xf

] L1,S:#S=(

We consider the singular metric of R"*" defined by

N 1 ifi=
(2.6) <HX\W’7,IIXII‘/%> = ij = {0 L
i j ifi # j.

Here, we understand that w,,4; = - -+ = Wy, = 0. We first remark that
Wiy +'--+W,'k)

2(
<d-xi] JARERWA d-xik7 dxi] JARERRA d‘xik> = H‘x”W

and (dF, dF) = ||dF||%, (d.F, d.F) = ||d.F|3, etc.
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Theorem 2.1  The following conditions are equivalent:

(i) Dyw(m) S Dy(m—1) <--- < Dy(1) < Dy(0) holds on X near 0.
(ii)) ||d*F|lw S ||diF||lw holds on X near 0.
(iii) For any C'-functions ¢ (j =1,...,p) near0,ands=1,...,m,

P n p
OF; OF:
05| <Dl S| oldson X nearo

j=1 i=1 j=1 1

(iv) For J C {l,...,p5 I = {i1,...,ik1} C {l,...;n}withl <i < --- <
k1<ms=1,...,m,

W’1+'”+W’.k—1
w

OF,

I~ A(xp, ys)

< ||dxF|lw  holds on X near 0.

(v) ForJc{l,...,pti=1,...,n,s=1,...,m,
|(dE; A dx;, dFy A dys)| < ||x||% (| deF||2  holds on X near 0.

(vi) For some positive C'-functions ¢y on X with ] C {1,...,p},i=1,...,n s =
1,...,m,

}Z(ﬁj(dF]/\dx,-,dxF]/\dyS) ,SHxHx’Z(b]deF]va holds on X near 0.
J J

We say that X is weighted (w)-regular over Y at 0 with respect to w (or w-(w)-
regular for short), if one of the above equivalent conditions holds in some coordinate
system (x, y) with (2.1). If w; = --- = w,, = 1, these coincide with the usual (w)-
regular condition. However, it is not immediate to see that (ii) is the same condition
as in the homogeneous case.

We also state the weighted version of Theorem 1.3.

Corollary 2.2 X is w-(w)-regular over Y at 0, if the following inequalities hold on X

near 0:
l|d<F[w .
d°Fjllw < 1 d:Fllw,  ld:Fllw S deF U [ forj=1,...,p.
Proof The proof is similar to that of Corollary 1.3, and we omit it. |

2.2 Proof of Theorem 2.1

Since implications (i) = (ii) = (iv), (v) = (vi) are clear, it is enough to see (iv) =
(iii) = (i), (iii) = (v), and (vi) = (iii).
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Proof of (iii) = (i) We assume (iii). By the inequality in (iii), we have

ZIII

and Dy (1) < Dy, (0) = ||d.F||w. Similarly we also have

glll

OF,
3(x1, X,‘)

Wi

(2.7)

’ OF;
a(xI ys

Wi

a(xfa }’sl 9 xl)

’ 3(961,}’517%2

and, using (2.7), we obtain Dy, (2) < Dy(1) on X near 0. In a similar way we obtain
that Dy, (¢) < Dy, (¢ — 1) (¢ = 2,...,m), and this completes the proof. [ |

Proof of (iii) = (v) We assume (iii). Using (iii) in a similar way to the previous
proof, we have

OF OF
dF; A\ dx;, d.Fy A dys)| = 2wrtw) T 1
s )] = | S ) s
OF OF
< lx||¥i 2wrtwetw; ] ‘ ]
Sl S b |
< 1l Il
and we are done. [ |

Proof of (vi) = (iii) Since

m

OF; OF;
Z 8}(31 dF}/\dX,,d F]/\d}/s = Z dF]/\dyt,d F]/\d}/s> = 8}/Z||dF}H‘2m

we obtain
Ly " OF; a j
DD 50D GdFy A dx, duFy Ady.) = Z ’Z@HdF]IIi-
=1 i=1 vy j=1 s

Thus we obtain

4 n P
OF,; OF, . .
2o Sl < S0 S eig | | S0 ot A ds dF) A dy)
j=1 S i=1 j=1 1 7

n p
OF;|
S w2 | I S el R
i=1 j=1 ! ]
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Dividing by ||d,F;||2,, we obtain (iii). [

Proof of (iv) = (iii) (iv) implies Dy (1) < ||dxF|lw on X near 0. Then, by Cauchy-
Schwarz inequality, we have

[(dF; A di, dVF; A dy,)| S [l duFsf - on X near 0.

We next remark the following equality:

—OF; © _ /a9 © op _ 9
Za—xiw Fy Ady,,d F,Adx,>_<d Fy Ady.,d F,/\(d Fi= 3, dy5)>

i=1 s

OF
——L||dF|%-
3y Il

Thus, we obtain

. OF, 2 NS O 0
’2%5‘ l[d<Fly < Z‘Z%‘%’ [(d”'Fy A dxi, d*Fy A dys)|
j=1 s i=1 j=1 '

n p
<SS 0 25 laE
~ ]8x,- w X w*

i=1 j=1

Summing up the inequalities, for all  and dividing by ||d,F|%, we obtain (iii).  ®

2.3 ODE Problems

To construct a topological trivialization using the weighted (w)-condition (or Kuo’s
ratio test condition), we consider the following classical ODE problem

dx
(2.8) - f(t,x), x(to) = xo
where x = (x1,...,x,). If f(¢,x) is continuous, it is well known that the solution
x = x(t) exists (see [9], Theorems 2.1, page 12). We fix a weight w = (wy, ..., wy)
and consider the function ||x|| = ||x||, defined by (2.2).

We say f(t,x) satisfies a weighted Lipschitz condition with respect to the weight w
(or, w-Lipschitz, for short) if the following condition holds:

| ft,x) — f(£,%)]|w S ||x — &||w  for any x, X near xo.

We say that f(¢,x) is weighted Lipschitz, if it satisfies a weighted Lipschitz condition
for some weight w.

Lemma 2.3  If f(t,x) is weighted Lipschitz near (t,x) = (to, x0), then (2.8) admits at
most one solution near t = t,.
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Proof Let x(t), and x(¢) be two solutions of (2.8) with x(t,) = x(ty) = x¢. Since
t t
50 = xi(t) = [ f(s50) ds. 5le) = ) = [ fi(s.509) ds
to to

we have

x;(t) — x;(¢) = / {ﬁ(s, x(s)) — ﬁ(s, x(s)) } ds.
Thus

2w
w;

D lxi(e) — %(8)
i=1

(s x(s)) } ds

2w

SZ /’f sx(s) (s x(s))‘ds) "
SZIt—to

i=1

< Z/ ’f s, x(s) (s x(s)) ‘ 0 ds (since [t — 1| < 1).

w ds (by Holder)

/|f (5,x(5)) — fi(s,%(s))

We remark that the w-Lipschitz condition implies that there is C > 0 such that

S 10 — sl O3 -l

i=1 =1

2w
» we thus have

2w ¢
vi ds = C/ (s) ds.
to

Setting (1) = >0, |xi(t) — % (1)

(1) < Z | fi(s, %) = fi(s, %)

b j=1
We here set ®(t) = f (s) ds. Then we have = p(t) < CP(t). Since
d 7C(t 7 C(t—t
— )P O —(t) - C® <0
(e (1) = ( ~L(1) —co) <
and ®(t) > 0, ®(ty) = 0, we obtain ®(t) = 0, and we are done. [ |

We say f(t, x) satisfies a weighted Nagumo condition with respect to the weight w
(or, w-Nagumo, for short) if the following condition holds:

for any f near t; and any x, X near x;.

||f(t7x) - f(tax)Hw ~

We say that f(t,x) is weighted Nagumo, if it satisfies a weighted Nagumo condition
for some weight w.
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Lemma 2.4 If f(¢t,x) is weighted Nagumo near (t,x) = (o, xo), then (2.8) admits at
most one solution neart = t,.

Proof Let x(t), %(t) be the same as the proof of Lemma 2.3. We define o(t) =
(t —to) - ||(x — %) /(t — to)||2 and as in the previous proof we get

o(t) < / JEOIPR

s— 1y

We set () = " 26 gs. Then

ty s—to

d (2@ _ »l) -2 <o
dt\ t —1t, (t—t)* —
Since ®(t) > 0, (¢y) = 0, we obtain ®(¢) = 0, and we are done. |

Note that weighted Lipschitz condition trivially implies weighted Nagumo.

2.4 Kuo’s Vector

We consider the Euclidean space R"*" with the singular metric defined by (2.6). Let
U be a neighborhood of 0, and Y = {x; = - - - = x,, = 0}. In this section we assume
that X is the regular locus of the zero locus of C*-functions F; (j = 1,..., p), and
assume the codimension is k. By elementary calculation, we can express the gradient
vector field of the function F; with respect to this singular metric is expressed as
follows:
" OF, " OF.:
grad F; = grad F; + Z 8)/1 8?/5’ where grad F; = Z Hx”i’waixj%

s=1 i=1

Using the same construction as Section 1.4, the C!-vector field

" 6y(dEy A d)(grad Fy Av)
6 = Z L d 2 8_ + v
P Z}d’]” Fll3 Xi

is tangent to X. Here we remark that the % -component of £ (say ;) is

(2.9)

1 5 > oilldE R

s=1

We assume that X is w-(w)-regular over Y at 0. Then the inequality in (vi) of Theo-
rem 2.1 implies

(2.10) 1€ < |lx]lw on X near 0.

In this situation we say that {¢, v} satisfies a relatively w-Lipschitz condition on (X, Y)
near 0. By the same way as the proof of Lemma 2.3, we can show that if (2.10) holds
then the flow of {¢, v} through 0 € Y is in Y near 0, and the flow of {¢,v} on XU Y
near 0 is unique.

Obviously we obtain the following:
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Theorem 2.5 The conditions in Theorem 2.1 are equivalent to the following condition:

(vii) The Kuo’s vector & satisfies (2.10) for any C'-vector field v = > | Csa%'
Remark 2.6  Assume that the closure of X is X U Y. We consider the parametrized
family f, given by f,(x) = F(x, y). We consider an extension of £ to the neighbor-
hood U of 0 and denote it by . If the denominator ||d,F||? is not zero on U — Y,
there are no problems to extend £ on U. In this case, the integration of & gives a C°-
R-trivialization of the family {f, },cy (if it is relatively w-Lipschitz or w-Nagumo).
In general, if we set

Zn Z/ ¢y (dFyAdx;)(grad, FyAv) 9 y onlU —Y
=150 6y lldeFy |2+ 50 [F; |5 Oxi ’
v onY,

(2.11)

s
Il

this is the desired extension on U. Here e; are some positive integers. We remark that
¢ satisfies a relatively (w)-Lipschitz (or (w)-Nagumo) condition, if £ does so.

Thus, by Theorem 2.1 of [9], page 94, the integration of £ gives a family of home-
omorphisms which trivialize the family (R",X,,y) (y € Y) near 0 where X, =
{x € R" : (x,y) € X}. Actually in this way we obtain a C’-K-trivialization of

the family {f, },ev.

The notations R, K we use here are the standard ones. For the definition and
more about these equivalence relations, consult the excellent survey [27].

Theorem 2.7 (Same notation as above) Suppose that X is w-(w)-regular over Y at
0 and that the singular set of the variety defined by Fy,...,F, isY. Then the family
(R",X,,y) (y € Y) near 0 is topologically trivial.

Theorem 2.8 (Same notation as above)  We assume that F; (j = 1,..., p) are real
analytic. We write for 1, ..., p the weighted Taylor series of F;(x, y) by Hja,(x,y) +
H]-.,djﬂ(x, y) +---, where

Hi(x,y) = Z CitaPIXT - x5 wian + - - wyo, =4

a=(aq,...,(y)

is a weighted homogeneous {-form in variables x with respect to the weight w =
(Wi,...,wy). If the Jacobi matrix of (Hl,d1 (%, 95y Hpa, (%, y)) in variables
(x1,. . .,%y) is of codimension k on its zero locus, then the family (R", X, y) (y € Y) is
topologically trivial.

See [5], for a similar topological triviality theorem.

Proof Let d denote the least common multiple of d;’s and d;’s, where d; = 3 jes d;.

We set dV) = d/d), ¢; = ||deFy|2¢" 2 and e; = d/d;. It is enough to see that the
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vector field defined by (2.11) satisfies a relatively w-Lipschitz condition, that is,

(2.12)
| IdFy 2 dFy A dxi, deFy A dys)
J

i ) e
< el (32 ey 3 + D7 1)
J J

holds on R"*" near Y.
The weighted expansion of the right hand side of (2.12) with respect to the weight
w is given by

Hy(x,y) + Hi (%, ) + -+,

where Hy(x, y) is a weighted homogeneous ¢-form in variables x (not necessarily
polynomial). By our supposition the zero set of H;(x, y) is in Y. So the right hand
side of (2.12) is not zero on R"*" — Y near Y, and the vector field defined by (2.11)
is well-defined. We are also able to write the weighted expansion of the left hand side
of (2.12) by

(2.13) Ka(x,y) + Kger1 (6, ) + -+,

where Ky(x, y) is a weighted homogeneous ¢-form in variables x with respect to the
weight w. Using these expressions, we see that Hy is not zero outside the origin, and
this implies our inequality. u

Using the method above, we can show the following

Proposition 2.9 LetV be a set defined by Fy(x) = - - - = F,(x) = 0inR". We consider
amap f: VXR™ — RP. Wedenoteby f,: V — R? the map defined by f,(x) = f(x, y)
for x € V. We also denote by the same letter f an extension of f to R" x R™. Assume
that the Jacobi matrix % is of constant rank (say k) on (V. — {0}) x R™. If the
following inequalities hold on V. x R™ (resp. R" x R™) fors = 1,...,m, i1,...,ik_1
withl < i) < -+ < ix_y < n then the family f,, y € R", is CO-K vy -trivial (resp.
CO-R(V)-trivial).

Wiyt tWi 8(F],f]')
[
8(xi13 ct 7xi)<_17y5)

S Nldx(E llw-

For some other conditions, equivalent to this inequality, see Theorem 2.1.

This application was very much inspired by Maria Ruas’s talk (related to
J. N. Tomazella’s PhD. Thesis) at International Symposium “Topology of Singular-
ities” held in Kochi, 1998. Here Ky = R(V) - €. We used the standard notation
from [27]. For the definition and more about R(V'), see [4].

https://doi.org/10.4153/CJM-2001-004-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2001-004-9

90 Toshizumi Fukui and Laurentiu Paunescu

2.5 Weighted Nagumo Regularity Conditions

Using Lemma 2.4, it is possible to give a similar treatment to Section 2.4. We replace
[xllw by [|x/Iy! || 11 (2.3),(2.4), (2.5), and denote them by ||dyF||w, [|d*F|[w, Dw(£),

respectively. We define a new singular metric by replacing ||x||w by H x/ |yl H L, in (2.6).

Theorem 2.10  The following conditions are equivalent:

(i) Forl=1,...,m Dy(l) = o(Dy(l — 1)) when (x,y) = 0, (x,y) € X.
(i) ||d*F|lw = o(||d<F||w), when (x,y) = 0, (x,y) € X.
(iii) For any C'-functions ¢ (j =1,...,p) near0, ands =1,...,m,

i aFj - - X
el =o(3] 5

(iv) For ] C {l,...,p5hL 1 = {i1,...,ikm1} C{L,...,n}withl <i < --- <

wi P

i OF;

S0 2]) whenxn) 0. €,
W= !

k1 <nms=1,...,m,
Wiy Heeetw,
X i ik—1 8F] ~
— = o(||d.F||w) when (x,y) — 0, (x,y) € X.
’ ¥l ’ Ox1, ys) I g g

(v) Forjc{l,...,pLi=1,...,ms=1,...,m,

|<dF]/\dxi7dxF]/\dys>| = 0(

w;
X -
T IRIR)  when ) = 0,650 €
Iyl
(vi) For some positive C'-functions ¢y on X with J C {1,...,p},i=1,...,n 5=
1,...,m,

}Z¢]<dF] A dxi, dxF] A d}/5>
]

(&
=0 —_—
|yl

Proof The proof is similar to that of Theorem 2.1, and we omit the details. |

3 @HJXF/H%v) whert (x, 7) — 0, (x, y) € X.
wo

We say that X is w-Nagumo regular over Y at 0 if one (thus any) of the equivalent
conditions above holds. In the same way as in the proof of Proposition 1.8, we obtain
that the Kuo’s vector £ has a unique flow under w-Nagumo regularity.

3 Construction of Vector Fields for the Isotopy Lemmas
3.1 A vector field for the first isotopy lemma

Let (x,y) = (X1,--,%n, Y1, -, Ym) denote a system of coordinates of R"*". Let
p: R™™ — R™ denote the projection defined by p(x,y) = y. We set Xo = 0 x
R". Let X3, X;, . .., X; denote disjoint submanifolds of R"*" satisfying the following
conditions:
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(i) The dimensions of any two (thus all) connected components of Xj are the same
fork=1,...,s.

(i) m<dimX; <dimX, < --- < dimX.

(iii) X; is weighted (w)-regular (or, w-Nagumo regular) over X; at each point of Xj,
for0<i< j<s.

(iv) The restriction of p to Xo U X; U - -+ U Xj is proper fork =1,...,s.

Then, we show that {Xj ,}o<i<s (¥ € R™) is a topological trivial stratification
(the first isotopy lemma), where X; , = {x € R" : (x,y) € X;} fori = 0,1,...,s.
We construct such a trivialization following [20] (see Chapter I) under the following
supposition:

(v) ThereisaC?*-map F® = (Fik), . ,F;,’;)): R"™™ — RP; so that the closure of Xj
is the zero locus of F¥) and that X; is its regular locus.

By the tubular neighborhood theorem, we have the following:

(1) There is a tubular neighborhood T; of X; and a submersion m;: T; — X; for
i=0,1,...,sso that m|, is the identity and my = p|y,-
(2) momj(x) =mi(x)forxe T;NTjfor0 <i< j<s.

Locally we can use the construction in Section 2.4, understanding as a local system
of coordinates some of components of F) (x-coordinates) and 7; ( y-coordinates).

Without (iv), we claim there are C!-vector fields & (i = 0,1,...,s) on X; so that
{&}o<i<; yields a continuous vector field on Xy U X; U - - - U X; so that

(3) d(?‘(ﬂx})fi =¢ OIlX]‘ NT;for0<i< j<s.
(4) {&,&;} on {X;,X; N T;} satisfies a relatively weighted Lipschitz (or, Nagumo)
conditionfor 0 <i < j <s.

We show this fact by induction on s. We first assume s = 1. Because of parti-
tions of unity, it is enough to see it locally and it has been already shown this fact in
Section 2.4.

We assume that there are such &’s fori = 0,1,...,s — 1, and C!-vector fields &;,
(i=0,1,...,s— 1) on X,, such that fori = 0,1,...,s — 1,

(6) d(milu.nx.)&is = & where U; is a small neighborhood of X;.
(7) {&,&i}t on {X;, X; N U, } satisfies a relatively weighted Lipschitz (or, Nagumo)
condition.

Shrinking U;’s, if necessary, we have for0 < j <i <s
(7) d(mjlu,nx)éis = &;
(8) {&j,&ist on {Xj, X, N U} satisfies a relatively weighted Lipschitz (or, Nagumo)

condition

((8) follows from (v)).
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We remark {U;j N X }o<j<x U {Xk} is an open covering and we take its refinement
{Vi}osi<s defined by

Vioi = U1 N X
Vi—2 = Us—» N X; — (a small closed neighborhood of X,_)

s—1
Vi=UnNnX— (a small closed neighborhood of U Xl-)

i=2

s—1
Vo=UyNX, — (a small closed neighborhood of U Xi)

i=1
V=X, — (a small closed neighborhood of U Xi) .
i=0

Let {9 }o<i<s be a partition of unity on X; subordinate to {V;}o<i<s;. Then & =
Zf;& 1;&;s is the desired vector field on X;.

Using (iv), we show that the integration of {&;}o<i<; yields a family of homeo-
morphisms which trivialize the family (X; ,,, y) (y € R™).

3.2 A lemma in Linear Algebra

We use the notation in Section 1.2. Let A = (a{)izlwn;j:lwp be an n by p matrix
and b = (bj)jjl,,,,’p a column vector of dimension p. We set @/ = (a, ..., a}, —b)
for j=1,...,p. Assume that rank A = k. We set,fori =1,...,n,

(3.1) X =

We assume that the denominator is not zero.
Lemma 3.1 Ifrank(Ab) = k, then Ax = b where x = (x;)i=1,... s

Proof It is enough to see that

(3.2) (A —b) (’f) —0.

Consider the subspace W generated by @/, j = 1, ..., p. Multiplying the orthogonal
projection of e,;; to W+ such that the last component is 1, we get the result using
Lemma 1.4. |

Remark 3.2 When n = p = k, this reduces to G. Cramer’s formula.
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3.3 A Vector Field for the Second Isotopy Lemma

To obtain an analogous treatment for the second isotopy lemma, we should construct
a vector filed trivializing a family of maps under some reasonable conditions. We
present here a construction of such a vector field in the case of two strata. Then using
patching and induction (in a reasonable setup) one can proceed in constructing a
vector field for a second isotopy lemma type result (like Section 3.1).

We consider the Euclidean spaces R"*"” with coordinates x = (x;,...,%,), ¥y =
(F1s- -+ ¥m)> and R* ™" with coordinates x' = (x!,...,x.), y' = (¥ly. ., yh0).
Set

Y ={(x,y) eR"":x=0}, Y ={,y)eR"™ :x' =0},
p: R"™™ — R™  the projection defined by p(x, y) = y, and
P R S R™  the projection defined by p’(x’, y') =y’
Let X, X’ be submanifolds of R* R" +m’ respectively. We assume

(i) X is the regular locus of the zero locus of C2-functions Fi(j=1,...,p). We
assume the Jacobi matrix of (Fy, ..., F,) has rank k on X.

We now consider a C2-map f: XUY — X’ UY’ so that

(ii) f(Y) C Y’,and f|y is a submersion,
(i) f(X) C X', and f|x is a submersion,
(iv) p’of=foponXnearY.

Suppose there are vector fields v/, £’ and v on Y/, X’ and Y respectively so that

(v) d(p'|x)E =+,
(vi) d(fly)v=1v".

We want to construct a vector field £ on X such that

(1) dplx)§ =,

(2) d(flx€=¢".

(3) ¢ and v define a C%-vector field on X U Y.

(4) {w, &} satisfies a relatively weighted Lipschitz (or, Nagumo) condition on {Y, X}.

To describe such &, we write

{-Z@F-H/ onX’, and ¢ = Z{, +v0nX

where ¢/ (j = 1,...,n') are C'-functions on X', and &; (i = 1,...,n) are C'-
functions on X. It is enough to find &;’s so that
OF  OF 0
0x; dy,
33 % 3_1{ €i _ /
(3.3) oxi Oy w) j
af  off v
Ox; a)/k :

https://doi.org/10.4153/CJM-2001-004-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2001-004-9

94 Toshizumi Fukui and Laurentiu Paunescu

where fj =xlof (j=1,...,n"), ff = yjof(l=1,...,m'),and v = Zl’:‘:lvkﬁiyk'
Now we consider the regularity condition for f, namely,

(vii) (p, f): X = Y Xy, X' is a submersion.

See Lemma (1.2.4) in [7] and [10] for the relation between (vii) and Thom’s (ay)-
condition.

If we assume (vii), (3.3) has a solution. So, by (v), it is enough to find & (i =
1,...,n) on X near Y so that

OF,  OF,
(3.4) o) (S Z ().

Thus, it is enough to solve the following system on X near Y:

(3.5)

JF, 0 OF,
A(&) =b where A = (g’g) ,b=b —b", b = (5{) b = <‘g_f> (vi)
Ox; J

Ox; Oyk

Therefore, (vii) implies the existence of ¢; satisfying (3.5) for any v and & ]’ . In other
words, (vii) implies

(3.6) rank A = rank(A b) = ¢ (constant) on X near 0.
By Lemma 3.1, §; defined by (3.1) is a solution for (3.5).

Proposition 3.3  We assume (i)—(vii). We consider the singular metric defined by
(26). £ =), 5,'0% + v is relatively w-Lipschitz, if the following inequalities hold for

s=1,....mi=1,...,nonX nearO0:
(3.7) ’Z by (deFy AdY fr0 A dxi)(gradx FyAgrad, fir A i) ’

o dys

S e | 32 dn ey A defirl3)
N
- 0

(3.8) ‘ > 61 (deFy Adfyr A dxi) (gradx Fy A grad, fir A 5) ‘

[IE

S Il D2 b lldufy A gl
L]

where pr = /\je]’ J]Cj, ij =d.f; + f;dt and t is a parameter, #] + #]' = {, and
¢}.j0 are some C'-functions so that the right hand side is nowhere zero on X.
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Proof Obvious. n

Since the left hand side of (3.7) is

Z ¢I]’||xH2WI a(Flvf]’) a(Fhf]’)
T 0(x_qiy, ys)  Oxr

1) LIDi

if ¢; j» are non-negative, then (3.7) comes from

(3.9)
IV M % <3 ol XEDI] o nearo.
Similarly, if ¢; ;- are non-negative, then (3.8) comes from
(3.10)
o Pl laty | TH 5 01 ey | 22 on oo

J,J%s1

Proposition 3.4 We assume (i)—(vii). If £’ satisfies a relatively w’'-Lipschitz condi-
tion, then (3.8) follows from the following inequality:

(3.11)
w! _
Grp 1 f Il %l

w | O, frr—iv) w
| < ST gl

on X near 0
O(x—giy) o ’

8(F]7f] ‘

forany I, ], J' with ' 3 j, I 3 i. Here, ¢} ) are some non-negative C'-functions so
that the right hand side is nowhere zero on X.

Proof It follows that [{]] < ||f||  on X near 0 and (3.10). [ |
In the propositions above we assume that J C {1,...,p}and J' C {1,...,n'}.

Proposition 3.5  We assume (i)—(iv). We also assume that F and f are real analytic.
Consider the weighted expansion of F and (fi, . . ., fur) with respect to the weight w. We
assume that the weighted initial form of (fi,..., fu/) has its degree a multiple of w'.
We assume that the Jacobi matrix of weighted initial form of (Fy,...,Fp, fi,..., fu’)
by the variables (x, . . ., x,) is of constant rank on X and that the closure of X is X UY.
Then for any relatively w'-Lipschitz vector field {&',v'} on (X', Y") and any lift v on
Y of v/ there is a vector field & on X with (1)—(3) so that {£,v} on (X,Y) is relatively
w-Lipschitz.

Proof Same as that of Theorem 2.8, and we omit the details. |
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Example 3.6 (Example 2.5.10in [6]) Let F: R®> — R be the function defined by

F(X, ¥, Z) =y x2k+1 _ sz2€+1.

We consider the restriction of the map f: R* 3 (x, y,2) = (y,2) € R* to F~1(0). Set
Y ={x=y=0}and X = F~!(0) — Y. Note that f|(X,Y) is always a Thom regular
map. If k < ¢, one can see we can apply Proposition 3.5. However if k > /¢, our
assumptions in Proposition 3.5 are not satisfied, and it is shown in [6] that actually
% does not admit a continuous lift by f on F~1(0).

It is also possible to obtain a similar criterion for weighted Nagumo conditions as
above, and we leave it to the reader.

We also remark that a pinch map does not satisfy Thom’s (a)-condition, and so
the use of (ay)-condition is somehow restrictive. It is clear that there are maps with
pinching so that there are £’ and v’ satisfying the following conditions:

(i) (3.6).
(ii) The inequalities which imply a relatively weighted Lipschitz condition for £ (de-
fined using (3.1)).
Example 3.7 Consider the map f: R> — R® defined by
(x, y,t) = (&', y',t") = (P, xty + Xt ).

This map has pinching, i.e. the stratum {x = 0} is sent to #'-axis, and f is a local
diffeomorphism on the stratum {x # 0}. Following our method one can find that

the vector field |x’ |3/ 2 a?' + % has a lift % by f (note that for example % does not
lift properly), and f;: R2 — R2, fi(x, y) = (x*,x*y + x°t) is topologically right-left
trivial.
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