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NONOSCILLATION OF SECOND ORDER
SUPERLINEAR DIFFERENTIAL EQUATIONS

L. H. ERBE, H. X. XIA AND J. H. WU

ABSTRACT.  Some sufficient conditions are given for all solutions of the nonlinear
differential equation y”(x) + p(x)f(y) = 0 to be nonoscillatory, where p is positive and

for a quotient 7y of odd positive integers, ¥ > 1.

1. Introduction. The main purpose of this paper is to present some criteria for all
solutions of the following second order nonlinear differential equation

(1.1) ') +pof(y) = 0

to be nonoscillatory, where p: R* — R*, R* = [0,00), is positive and continuous,
f:R — R s continuous and

1.2) 0< inf @< sup f—&”<oo

yeR\{0} Y1 T yepigoy Y

for a quotient 7y of odd positive integers, ¥ > 1.
Equation (1.1) includes the so-called (generalized) Emden-Fowler equation

d du
1.3 —[ z—]+ ' =0, >0
(1.3) dtp()d[ q(t)u >
under the standard Liouville transformation
d dt
s= [ and ys) =) if /w—:oo
Jo p(r) 0 p@)

or the alternative transformation
oo dr 11 o dt
s = e s) = su(r) if — <
A= CEE O A

where p: R* — R* \ {0} and ¢: R* — R* are continuous (cf. [20]). This equation arises
in various applications such as gas dynamics, fluid dynamics, relativistic mechanics,
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nuclear physics and chemically reacting systems, and its positive solutions give rise to
ground states for certain semilinear elliptic problems (cf. [14], [15]).

A great deal of research has been devoted to the study of oscillation and nonoscillation
of solutions and various criteria have been established to guarantee the oscillation of
all solutions or the existence of nonoscillatory solutions. For details, we refer to [10],
[15], [20] and the references therein. However, as Fowler [13] indicated, the Emden-
Fowler equation may at the same time possess oscillatory and nonoscillatory solutions.
Therefore it is an interesting but difficult problem to find general conditions to guarantee
all solutions are nonoscillatory. In [16], Nehari proved that all solutions to the equation

(1.4) Y () +px)y’ =0

are nonoscillatory if p(x)(x1n x)%l is nonincreasing for sufficiently large x. This result
was subsequently improved by Chiou [5], Nehari [17] and Kaper-Kwong [15]. In [15],
it was shown that all solutions to equation (1.4) are nonoscillatory if there existsa 5 > 0
such that p(x)x%}(lnx)ﬁ is nonincreasing for all sufficiently large x. However, the tech-
niques employed involve clever but complicated use of differential and integral inequal-
ities and identities.

In [8]-[12], the first author of this paper and his collaborators established some
nonoscillation criteria by using a suitable change of variables and the energy function
method. For example, in [12] it was shown that all solutions to equation (1.4) are
nonoscillatory if p(x)x¥ (Inx)? is nonincreasing and p()c)xwl+2 (Inx)" is bounded for some

pair (3,7) with 3 > 0 and 22 + 24 > 1.

It is the purpose of this paper to continue the above geometrically enlightening method
for equation (1.1) by employing a more general transformation. In Section 2, we will in-
troduce our transformation and energy functions, and prove our general results which
involve some auxillary functions. It turns out that nonoscillation criteria depend on the
choice of this function. In Section 3, we will illustrate how to select this function to pro-
duce a series of nonoscillation criteria. It is shown that all solutions of equation (1.4)
are nonoscillatory if there are pairs (5;,n;) with 8; > 0, 3; > 0, % + % > 1.
% + 55 > 0fori = 2,3,...,N, such that p)x T [TY.,[In'(x)]* is nonincreasing
and p(x)xlz_" H{":l[lni(x)]”f is bounded, where In' x = Inx, In(x) = ln(lni_'(x)) for1 <

i <N.

2. Transformations and energy functions. Making the following change of vari-
ables

1
2.1 x=¢é,y=g)e"u, 0<a< 3

where g: R — R is an undetermined twice continuously differentiable function satisfying
g(#) > 0 for sufficiently large #, we can rewrite equation (1.1) as

2.2) (p(t)u’)l +a(t,yyu=0
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where
2.3) p() = g2V
2.4) a(t,u) = p(0)[o(0f (g(e™u) /8" e u” — A(®)]
2.5) o(t) = p(e')g' (el 0D+

_[g'0  Ra—1go B
(2.6) o) = [ ot ot o 1)].
It is easy to prove the following facts
2.7 a(t,u) >0 implies |u| > kja(D),
(2.8) at,u) >0 if |u| > ka(),
2.9) /Ou a(t,s)sds >0 implies |u] >k {lﬂ] ﬁa(t),
(2.10) /O“a(t,s)sds>0 it Jul >k2[7+ 1}_‘05(:),
where '
@.11) k :[lﬁ k :[iﬁ

’ Y R P
o) f )
2.12 = AL =
@12 2 Y T iy
and
()

(2.13) a(t) = [U(t)}

Our general nonoscillation criterion is as follows

THEOREM 2.1.  Suppose

(i) ki [2]7T >k,

(i) 1imy_o0 p(£) = 00, liMy_00 M) = (1 — @),

(iii) & [f 0]<o 4 [g(t)eo"] >0,

(i) L1 000] <0, LZAD] >0

(v) liminf, o [ d[p*(s)A(s)c?(s)] > O
withte” = 6 and § > 0O satisfying

1 Y+1

el (2

Then all nontrivial solutions of equation (2.2) are nonoscillatory.

Y—1

0<o< .
Y+1

)L‘ kz} and A=

PROOF. By way of contradiction, we assume that there exists a nontrivial oscillatory
solution u(?) of equation (2.2). We construct the following energy function

E@) = (oo @ + 2000 [ ate, s ds
u() f(g(0)e's)

"/(t) vt

2.14)

1
= [p(u ()] + 2p2(z)[ (t) / ds — §A<t)u2<t)].
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With some manipulation, we get

u) f(g(1)e™'s)

(2.15) E'(t) = 2[pX0)o ()] / e ds — [PP(ONOV (1)
a t ot

Condition (iv) guarantees that the first two terms of E’(¢) are non-positive. From condition
(iii), we have

ey u® f! _ -1
22 (00 ()f() 8[ g(t) )} s:2p2(t)a(t)/()f(ws)wws w? f(ws)w,ds

’Y(,) Yt w2y
u(®) [ dw f ws)] f(ws)ws
= 20" )/ [ ]dws [ (ws)7] w+l ds
<0

where w = g(t)e™. Therefore, E'(f) < O for all ¢ > #,. Since u(?) is nontrivial, E(t) =
[p(Hu’ ()% > 0 whenever u(¢) = 0. It then follows from the oscillating property of u and
the monotonicity of E(¢) that E(r) > 0 for all > 1.

Whenever u'(f) = 0, E(t) = 2p(?) j“(’) a(t,s)sds > 0. From (2.9) and condition (i), we
get

1+
2.16) lu(t)| > ky [7 7 a0 2 koo,

Therefore, |u()| > k() for all 6 in a neighborhood of 7.

Now suppose #, and ¢4 are successive zeros of u. We can find {r,}, {,} and {s,},
satisfying t, < r, < Tp < sy < tne1 With |u(ry,)| = koa(r), [u(sn)| = kao(sn), |u| > ke
on (7, s,) and /(1,) = 0. Hence from (2.16), we get

7;— 1}7 l(X(T,,).

We assume u(t) > 0 on (¢,, t,+1) (in case u(f) < 0, the argument is the same). Since
lu(®)| > kya(t) on (rn,s,) we have a(t,u) > 0 from (2.8) for t € (ry,sn). Then, equa-
tion (2.2) implies p(¢)u’(¢) is nonincreasing on (r,, s,). Consequently, with (2.17) in mind,

(2.17) [u(ra)| > ki [

we have
[ g(H)e™ 2t
50— i) > [ [g(r | =
> u(t)dt
e
(2.18) > ¢ (=) /r: u'() dt

= ™" u(r,) — u(ry)]

= e " y(r,) — kza(rn)]

+1
> e*m—’")[k (7 5 ) () — kya(ry)|.
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1
Since a(t) = [538—28] ', the condition (iv) implies () is nondecreasing. We have, by
(2.18),
Y+1

(2.19) (T — r)u'(ry) > e‘(T”*’”)[k] (T) = _ kz]oc(r,,).

To estimate u'(r,,), we observe that E(r,) < Ey = E(ty) for t, > to, and

o2 . [N, 2 Y
(2.20) Lo(ro)u’ (r)]” + /0 2p°(ra)lo(rp)ers’ — A(ry)slds < E(rp) < Ejp.

Note that

2020 [ lero ()’ ~ Ars)ds
_ 2P’ (rma(rwkg"!
Y+1
2c|k;“

= —;ﬁpzm)a(m)[

(1) — PPNk o (1)

1

)\(rn)] = - pz(rn)/\(rn)k%[

o(ry)

Ar) 17T 1201k
= G| 28] [25 1]

= — A P*(r)Ar) (1)

A(mﬁ

o(ra)

Therefore, from equation (2.20), we deduce

[p(ra)u' (r) > < Ak p* (ri)A(r)ed*(ra) + Eo
which implies
(2.21) W (ra) < [p"2(rn)Eo + AKBA(ra) o ()]

It is easy to see that, from the condition (v), lim,_.o, p>()A(H)a’(t) = o0o. If we choose

¢ > vAa(l — «), then (2.21) gives

(2.22) u'(ry) < ckya(r,) for sufficiently large n.

Combining (2.19) and (2.22), we see that

(Tp — 1) > iz—efv"”") [k| (u) T ko]

3 2
or,
1 Y+ 1\
Y — I'n (Tn—"rn) - k —_— k ] — 5
o> Lo () ] =
from which it follows
(2.23) Sp— Iy >T.
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On the other hand, by (2.15) we get

2[p* (Do ()]
Y+1

and on (ry, s,), we have |u| > kya. Then

E®< (@) — [P OND) W (2).

E®< %[pz(t)a(r)]’k;“a’”a) — [PONOV KA (2)
2 F\& F\+
e

- Salr(@)]

where F(t) = p*()A\(t) and G(¢) = c;p*(t)o(t). Integrating (2.24) and using (2.23), we
have

E(00) — Elto) = /, “E) dr

< ioj / E'(t) dt
< I [ GlFE)

< __—_ Z / " d[k%pz(t))\(t)ozz(t)]

_ k2(7 )& 2 2
- - zl / dlP2 (OO a(1)]
= —00

which contradicts E(¢) > 0. This completes the proof.

3. Nonoscillation criteria. We are now in the position to state our main nonoscil-
lation criterion

THEOREM 3.1.  Suppose that k; [TW] = > ky and for some o with 0 < o < %, we

have
(i) d[/%} <0, dlg(lnx)x*] > 0;

(i) d[g(Inx)x**p(x)] <0, d[g*(Inx)x*>*~\(Inx)] >0,

(iii) 1imy_o g2(Inx)x>*~! = 00 and lim,_,,, M(Inx) = a(1 — @),

(iv) liminf, o, [ d[g(0ns) /(p(s)sO~DI-02) 7] 5 0
where k = €', g, A and T are defined in Theorem 2.1. Then all solutions of (1.1) are
nonoscillatory.

PROOF. It suffices to verify condition (iv) of Theorem 2.1. Since lim, ., A(¥) =
a(l — a), we can delete the term A(s) in the condition (iv) of Theorem 2.1. Then

liminf " Al HMs)ad(s)] > 0
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is equivalent to
N L = 1)(1—ap2\ 721
llxrgg)lf/x d[g (lns)/(p(s)s ) ]ds >0

with x = ¢'. This completes the proof.

Taking g(¢) = t* for 4 > 0 in the above theorem, we get the following

;
COROLLARY 3.1.  Suppose that k; ["T]’ > ky and for some 3, a with 3 > 0 and
I<a< %, we have

(i) d[f2] <0, dipex=0(inx] <0,

(ii) liminf, o [ d[(In )7 /(p(s)s*0~ 1)+2) >0
where k = € and T is defined in Theorem 2.1. Then solutions of equalton (1.1) are
nonosczllatory

This corollary implies the main result of [12] if we select a = 1e = =k =

2
ky = 1land f(x) = x".

The following result indicates our nonoscillation criteria depend on the choice of the
auxiliary function g. For simplicity, we let f(x) = x".

COROLLARY 3.2.  If(3; >0, B2 > 0and n1,m2 € R are given so that

20, N 2my >
Y+3 v-—-1

and

203, . 2m >0,
Y+3 v-—1

then all solutions of equation (1.4) are nonoscillatory in the case where
(i) p()c))clEé (Inx)? (Inlnx)* is nonincreasing,
(ii) p)xF (Inx)" (Inlnx)™ is bounded.

PROOF. Let g(t) = #*In"1, 3 = p(Y +3) >0, B, = v(Y+3) > 0 and o = . Then

d[gz(lns)/< (S)S(v—l)(pam)%]
= d[ 2(lns)/(;o(s YT —"—,+1)]
= d[(p(S)sT In® s(lnlns)ﬁz)‘rfl(lns)%+%(lnln s)?%ﬁ%]

2np—B)

> [p(s)s I s(In lns)”z]‘_l(lns) = (ln Ins) T

x d[(Ins) e (Inlns) m*r:r]
~— Zﬂl 2,81
>M =
(7 +3 + ¥—1
> cd(Ins)

1
)-;(1 §)B 1 (Inlns) 5 ds
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for some constant ¢, where by (ii) we assume
| p(s)s™ *(Ins)" (Inln " <M
for a constant M > 0. Then it follows that

/ d[g¥(Ins)/ (p(s)71s7) ]| > clnk > 0.
Therefore, condition (iv) of Theorem 3.1 is satisfied. The proof is then completed.

By selecting more delicate auxiliary functions g, we can establish more general
nonoscillation criteria. For example, letting g(f) = ;’:z(lni_l(t))”i, where In'(f) =
Int, In*(z) = In(In ) and In'(r) = In(In""' (1)), we get

COROLLARY 3.3.  If there exist n pairs (B;,n;) with3; > 0,8; > 0for2 <i<n

such that
28 2 28, , 2 .
(i) 35+ > land 35 +:15 > 0for2 <i<n.
(ii) p(x)x% (ln (x)) is nonincreasing,

(iii) p()x’ T, (In'(x))" is bounded.
Then all solutions of equation (1.4) are nonoscillatory.

The proof is similar to that for Corollary 3.2, and therefore is omitted.
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