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RINGS OF MODULAR FORMS
ON EICHLER’S PROBLEM

SHIGEAKI TSUYUMINE

In his paper [4] or lecture note [3], Eichler asked the problem when
the ring of modular forms is Cohen-Macaulay. We shall try to investi-
gate it for the Hilbert or Siegel modular case.

When the dimension n is one, any ring of modular forms for an arith-
metic group is Cohen-Macaulay, indeed a normal (graded) ring of Krull
dimension two is always Cohen-Macaulay. So we consider the case n > 1.
Unfortunately rings of modular forms do not always have this nice
property. In the case of (symmetric or not) Hilbert modular forms it is
essentially Freitag’s result (see 7.1 Satz [6] and Proposition A in §1.1).
Let A(I") = @, A(I"),, be the ring of Hilbert modular forms for a group 7.
Then the same question for A(I)® = @,—y) AU"), With n = 2 was raised
by Thomas and Vasquez [20], in which it is shown by using the criterion
due to Stanley [18], [19] that A(I)® 1is also Gorenstein if it is Cohen-
Macaulay under some condition on I'. Also Eichler derived some conse-
quence of the ‘hypothesis’ of A(I")® being Cohen-Macaulay with n = 2
in [3].

In this paper we shall show this affirmatively, and moreover get when
A()" is Cohen-Macaulay for general n and r > 2, as well as the case
of symmetric Hilbert modular forms (Theorem 1). Furthermore if n = 2
and if I" acts freely on H? the necessary and sufficient condition for A([")
to be Cohen-Macaulay is given as

(1) dim A(I), = $(— 3l(— D-a + X + h)

where K is a corresponding real quadratic field, {, is its zeta function,
a = [SL(Ox); I'l, Ox being the ring of integers of K, h is the number of
the cusps and 2 is the arithmetic genus of the non-singular model of the
Hilbert modular surface.
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Let us refer to the case of Siegel modular forms, and let A(I") denote
the ring of Siegel modular forms for an arithmetic group I'. When the
degree n of the Siegel space is two, if I" possesses, as its normal subgroup,
the principal congruence subgroup I',(2) of level two, then A(I") is Cohen-
Macaulay. But the Cohen-Macaulayness does not always hold, indeed
A(l(9)) is such an example if 4 > 6. When n = 3, A(I'y(¥)), £ > 3, is no
longer Cohen-Macaulay. We shall show these by disproving the Serre
duality theorem for Proj (A(".(¢))) which should hold if A(I",(4)) would
be Cohen-Macaulay.

This work was done while the author was staying at Harvard Uni-
versity. He wishes to express his hearty thanks to the members of the
Department of Mathematics of Harvard University for their hospitality,
and to the Educational Project for Japanese Mathematical Scientists for
financial support.

§1. Preliminaries

1. Let % be a field, and R be a noetherian k-algebra. We call R
Cohen-Macaulay if any ideal generated by a regular sequence has no
embedded prime. A k-scheme is called Cohen-Macaulay if all of its local
rings are Cohen-Macaulay.

When R is a graded algebra, we have the following (for the detail
see Serre [16] Theorem 2 IV-20, Hochster and Robert [13] §1 (d));

ProposiTioN A. Let R= ®,., R, (R,= k) be a normal noetherian
graded k-algebra of dimension N 4 1. Then the following conditions are
equivalent:

(i) R is Cohen-Macaulay.

(ii) For some (equivalently any) system of homogeneous elements
X, + -+, Xy such that R is integral over Ek[x,, ---, xy], R is free over it.

(iii) Let X = Proj (R), and O, be its structure sheaf. Then the coho-
mology group H*(X, 04(m)) vanishes for 1 <v < N — 1 and for every me Z,
where Ox(m) is Serre’s twisting sheaf.

As an easy consequence of this, we get the following;

CoroLLARY. Let R be as in the proposition, and let r be an integer.
Then R = @,,_y, R, is Cohen-Macaulay if and only if H'(X, Ox(m)) = 0
for 1<y< N —1 m=0modr.

Next one is a part of the famous results in [12].
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ProrositioN B. Let G be a finite group acting k-linearly on R. Sup-
pose either char (k) = 0, or the order of G is coprime to char (k). If R is
Cohen-Macaulay, then so is the invariant subring RS.

If we use the notation of Proposition A, then X is a Cohen-Macaulay
scheme if and only if H*(X, 0x(m)) vanishes for v < N, m € 0 (see for
example, the proof of Theorem 7.6, Chap. III, Hartshorne [9]). So if R
is a Cohen-Macaulay algebra, then X = Proj (R) is a Cohen-Macaulay
scheme. The converse is not necessarily true, indeed an N-dimensional
projective manifold over C carrying non-trivial holomorphic p-forms
(0 <p < N) is such an example.

2. We shall prepare two lemmas for the later use.

LEMMA 1. Let D be a domain in C" and S be a finite group acting
on D as holomorphic automorphisms. Let n: D — Y = D/S be the quotient.
Take an automorphy factor o(g,2) g€ S, ze€ D and consider an action on

4, as

(2) f(z) —> o(g, 2)"'f(g2) .

If F denotes the invariant subsheaf of n.(0,) under this action, then we
have

W(Flp) = F
where Y, is the regular open subset of Y with the inclusion map i.

Proof. Since all non-zero sections f of % over an open subset V
have V as their supports, i.e., {Pe V|fp, =0 in F Q0 ,} =¢, F is a
subsheaf of i (#|;,). Y =Y — Y, is of codimension > 2, since Y is a
normal complex space. Hence any holomorphic function g on z-(V)N
(D — z7Y(Y")) is extendable to whole 7~%(V), and moreover if g satisfies
2) on = (V)N(D — z7'(Y")), then the extension of g also satisfies (2) on
77 %(V). This shows that the injection of & to i, (% |y,) is surjective. q.e.d.

The following is an easy consequence of Corollary to Proposition 5.2.3
Grothendieck [8] (see also Théoréme 5.3.1 and its Corollary).

LemMMA 2*. Let Y be a separated scheme over C, and let & be a
coherent sheaf over Y. Let G be a finite group acting on Y, & compatibly,
and n: Y — Y/G be the quotient morphism. Then we have

* The author was informed this by Prof. T. Oda.
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H(Y, 7)° =~ H(Y|G, (z,.%)°) .

§2. Hilbert modular forms

3. Let K be a totally real algebraic number field of degree n (> 1),
and Of be the ring of integers. SL,(Oy) acts on the product H* of n
copies of the upper half plane H = {ze C|Im z > 0} by the modular sub-
stitution;

a(l)zl + ‘B(l) L g(")zn + ﬁ(") )

Tz 4 607 Tormz 4 5m

z=1(2, " ,2,)—> Mz= (
for M — (‘;‘g) e SL(0y)

where a®, ..., @™ denote the conjugates of «e K in some fixed order.
Let I' be a subgroup of SL(O,) of finite index. A holomorphic function
f on H" is called a Hilbert modular form for I' of weight k if it satisfies

(3) f(Mz) = [1 (12, + 69)f(z)  for any M = (‘;‘f) el .
i=1
The symmetric group ©, of n letters acts on H" as permutations of the
coordinates
22(2’1,'--,Zn)—)O'ZZ(ZU(l),'-',Za(n)) O'G@n.

The automorphism group Aut(K/Q) can be regarded as a subgroup of

&, because it acts on n-tuples (a®, ---, a'™) as permutations, i.e., for
oeAut (K/Q) (o), - - -, (6a)™) is nothing else but the permutation of
(a®, - -+, ™). Let us fix some subgroup S of Aut(K/Q) C©,, and let I

be the composite of S and I' as groups acting on H”. In what follows,
we shall always suppose I' = I' N SL,(Oy), in other words,

(4) ol =1 for any ce S.

A holomorphic function f on H" is called a (symmetric) Hilbert modular
form for 7" if it satisfies both (3) and the identity f(s2) = f(2) for o€ S.
We shall denote by A(I") = ® A(I"),, the graded C-algebra of Hilbert
modular forms for I, A(["), being the vector space of Hilbert modular
forms of weight k, and denote by A(I")™, the subring @, A),.

4. Let h denote the number of the cusps for /. X = H*/I" is com-
pactified by adding A points, and we get a normal projective variety X*,
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which is isomorphic to Proj (A(I)). We shall denote by X,, the regular
open subset of X, hence of X*.

Let £(i) denote the coherent sheaf on X* corresponding to modular
forms of weight ie Z, and let ¥ = #(1). Obviously we have Z(i) ® Z(j)
c#@G+j)for i,j > 0. Let =: X X* be a desingularization. The ca-
nonical coherent sheaf K;. on X* is given by K, = n,K;, K; being the
canonical invertible sheaf on X. K. is determined up to designulariza-
tions (Grauert-Riemenschneider [7]). We shall need also the dualizing
sheaf wy. which gives rise to the functorial isomorphism Hom (&, wy.) ~
H~(X*, #)V for coherent sheaves #. Again by [7], wy« equals i, Ky, where
i denotes the inclusion of X, to X*. If X* is Cohen-Macaulay, then there
are natural isomorphisms H*(X*, #) ~ H" Y (X*, FV ® wy)" for any locally
free sheaf % and for its dual #V. We have the canonical inclusion
Ky« C 0y (loc. cit). Moreover by Freitag [5] Satz 1 we have an equality
Ky = oxslx.

If S is a subgroup of the alternating group, then wy., #(2) are iso-
morphic. Let us show this. Let X° be the open subset of X which is the
complement of the fixed points set. Obviously X°c X;,. For an open
subset U of X° if f is a section of I'(U, #(2)), then fdz, N\ --- N\ dz, gives
a section of I'(U, K, and vice versa. So K, and #(2) are isomorphic
on X° Since the codimension of X° in X is larger than or equal to two
as one can easily see, Ky, #(2) are isomorphic on X, by the extendability
of holomorphic functions. So by Lemma 1 we get wx|y =~ L(2)|x. Let oo
be any cusp, and let U be an open neighborhood at . Then a section
f of I'(U — {=}, £(j)), j€ Z, admits the Fourier expansion

f(@) =c, + Dl ciexp Cry/ =140z + - -+ 4+ 2™z))
i

where 1 varies over some lattice of totally positive numbers in K. So f
is holomorphic at oo, and hence we get i (Z(N)|y_(.) = Z(j), i being the
inclusion U — {0} — U. Thus

L(2) =~ wyr .

Suppose that S is a group not contained in the alternating group.
Let S’ be the normal subgroup of S of index two which is a subgroup of
the algernating group. Let +: (H"/[")* — X* = (H"/[")* be the canonical
projection where IV = §’-I'. If #/(2) is the coherent sheaf on (H"/I")*
corresponding to modular forms of weight two, then we define a coherent
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sheaf #(2). on X* by
(5) I'U, 22).) = {fe 'y (U), £'(2))| f(s2) = sgn (0)f(2), s € S},

U being an open subset of X*. Any section of #(2)_ vanishes along the
fixed points set under the action of the group S/S’. Then £(2)_|y, is
isomorphic to Ky, by the similar argument as above and by [5] the proof
of Hilfssatz 4, and moreover

L(2). ~ wy .
5. Let X* = (H"/I")*, #(i), ¥ = #(1) be as above.

LeEMMA 3. Assume that I' = I' N SL(Oy) acts freely on H". Then
1) £(i) is invertible, and ¥' = £(i),
i) H(X*, 2@) =0 fori>2 v>0, (v = (2, n).

Proof. Let r: X — X* be the desingularization. Then the cohomology
group H*(X, Ky) (= H**(X, 03)V) vanishes for 0 <v < n (cf. [6]). Since
all the higher direct image sheaves Rz, K; (v > 1) vanish by [7], also
H (X*, K;.), 0 <y < n, vanish by using the Leray spectral sequence.

At first let us suppose " = I". Then i) is obvious, and this implies
that # is ample. We have an exact sequence

O )wa \gz >$2/Kx*-———>0,

where #*/K,. is supported only at cusps by the observation of Section
2.4. Tensoring %‘ and taking the long exact sequence

—> H(X*, ' @ Ky») —> H(X*, £**%) —> H'(X*, ¥ @ (£*/Ky.)) —>

we get the desired result since H*(X*, ¥* ® (¥*/Kys)), v > 0, vanishes, and
since also H'(X*, ' ® K,), i >0, v >0, (i,v) # (0, n), vanishes by the
generalized Kodaira vanishing theorem (cf. [7] Satz 2.1) and by the above
observation.

Let us consider the general case. Let us put Y = H*/I', and let .#
be the invertible sheaf on Y* corresponding to modular forms of weight
one. We have shown above that i), ii) hold for Y*, #. To prove i) for
X* %, it is enough to show that for any point x of X*, there is an
neighborhood V at x such that I'(V, #) has a section not vanishing at
x as a function. If x is not a ramification point of the canonical pro-
jection p: Y* — Y*, then nothing is a problem. If x is such a point,
then we can take a point ye Y with x = p(y), and its neighborhood W
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such that I'(W, .#) has a section f not vanishing at y. Then g = > of, 0
running over the stabilizer subgroup at y of S ~ I'/I", is a desired element,
indeed if we take a sufficiently small neighborhood V at x, then g|, is a
section of I'(V, ¥) whose value g(x) at x is not zero. This shows i). ii)
is a direct consequence of Lemma 2, noticing % = (p,.#)". q.e.d.

For any I, there is a normal subgroup /” of finite index such that
"N SL,(Oy) acts freely on H*. Then I'/I” acts on (H"/[")* as a finite
automorphism group, and the quotient morphism p: (H"/I")* — (H"|I")*
= X* is induced. If #'(i) is the invertible sheaf on (H"/I")* correspond-
ing to modular forms of weight i, then #(i) equals to (p,#'(i))". So
by Lemma 3 and Lemma 2, we have the following;

ProprosiTiON 1.
H(X*, #21) =0 for i>2, v>0, (@Gv)+(2,n).
6. Our main theorem is as follows;

THEOREM 1. Let n, I', I', A(I") be as in Section 2.3, and let I be
under the condition (4) Then A(I)" is Cohen-Macaulay for any (equi-
valently some) r > 2 if and only if

n<2, or
(6) n=3, I'.l.~Z3Z at each cusp oo, or
n=4, [, ~Z2Z X Z|2Z at each cusp o ,
where I'., (resp. I'.) is denoting the stabilizer subgroup of I (resp. I') at co.

By Thomas and Vasquez [20], Theorem 2, we also get the following
corollary;

COROLLARY. Let n = 2, and let I’ be SL,(Oy) or its torsion free sub-
group. Then A(I")® is Gorenstein.

To prove Theorem 1 the following is a key proposition.

Proposition C (Freitag [6]). The condition (6) and the following two
conditions (a), (b) are all equivalent to each other.

(a) X* is Cohen-Macaulay,

(b)) H(X*,0x) =0 for 0<v<n.

By the fact we saw in Section 1.1, A(/)” cannot be Cohen-Macaulay
for any r unless (6) is the case. In [20] it is shown that A(I")® is never
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Gorenstein under some condition on I with n = 3. But it is not even
Cohen-Macaulay.

7. Proof of Theorem 1. By Propositions A and C it is enough to
show merely ‘if’ part. We shall give the proofs of two kinds, however
one is available only for n = 2. At first we assume n = 2. Then X* is
a normal surface and hence it is Cohen-Macaulay. We may assume
I'(= I' N SL,(0y)) acts freely on H* by replacing I by a normal subgroup
I of finite index if necessary. Indeed if A(I)™ is Cohen-Macaulay, then
so is A()™ by Proposition B because A(I") is the invariant subring of
A(I") under the action of I'/I”. So we may assume that % is an ample
invertible sheaf by Lemma 3. Since X* is Cohen-Macaulay, we have an
isomorphism between the cohomology groups

H(X*, 277 =~ H"{(X*, L' Q@ o)V

by Serre’s duality theorem. As we have seen in Section 2.4, K. is a
subsheaf of wy. and wy./Ky. is supported only at cusps. Now the similar
argument as in the proof of Lemma 3 will derive the vanishing of the
cohomology groups H" *(X*, " Q wys) for n —v >0, i >0, (i,n —v) £
(0, n) (use wyx instead of #?). So H*(X*, #~') vanishes for 0 < v < n,i > 0.
Together with Proposition 1 and Proposition C (b) we get

H(X*, ) =0
for 0<v<n, i=0Omodr,

where r is any integer greater than one. By Corollary to Proposition A
this implies that A(/")" is Cohen-Macaulay, and our assertion is proved
when n = 2.

In the case n = 3,4 the above argument does not work since (H"/I")*
may not be Cohen-Macaulay even if so is (H"/I")*, where I is a subgroup
of I'. Let us take a normal subgroup /" of I" which acts freely on H".
Then by the virtue of [1] we have a smooth toroidal compactification X’
of X’ = H"/I", on which, we may assume, the finite quotient group I"/I"”
acts in the natural way (cf. [1], [22]). Let us put X = X’/(I"/I"”) that has
only quotient singularities. X (resp. X’) has X = H"/I" (resp. X’) as its
Zariski open subset. Let 7 (resp. n’) be the morphism of the blowing up
X — X* (resp. X’ — X’*), and let + (resp. V) be the quotient map of X'*
to X* (resp. X’ to X). We have a commutative diagram
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) QRN ¢

l l,r

X* — 5 X* |

We shall show that the morphism = enjoys
Rr,0y =0, 0<y<n-—1,

by using our assumption of X* being Cohen-Macaulay. Let #: X — X be
the desingularization. Since X has only rational singularities, the higher
direct image sheaves Rz, 0y, v > 0, vanish. 7o #: X — X* is the desing-
ularization of X* and by the same reason as above R*(ro #),0z|r vanish
for v > 0. Since (R(ro#),04).. = 0 for 0 <y < n — 1 if the local ring at
a cusp oo is Cohen-Macaulay as Freitag showed [6] 4.5, R*(x o #),, 0z vanish
for 0<yv<n—1. Considering the Leray spectral sequence E}? =
Rr (R'%,05) = R**%(no07),0%, we get the vanishing of Rz, 0y for 0 <» <
n— 1.

If #’(i) is the invertible sheaf on X’* corresponding to modular forms
of weight i, then (J,.'*%#/(i))"""" is equal to 7*#(i) by using the facts that
(i) =, ' are birational, (ii) X*, X’* are normal, and (iii) ¥, Z'G@)""" = Z().
H/(X', ©’*%'(i)) vanishes for v < n, i < 0 by the generalized Kodaira vanish-
ing theorem [7]. So applying Lemma 2, we have H*X,z*%(i)) = 0 for
v <mn, 1<0. Since #(i) is locally free near at each cusp, the projection
formula Rz, 2(i) = %) ® R'x,0r holds and hence there exists the Laray
spectral sequence E?* = H?(X*, #(i) ® Rin,0z) => H?* (X, *£(@)). It fol-
lows from this that H*(X*, #(@{)) =0 for v <n, i <0. Now the same
argument as above shows our assertion. q.e.d.

In the above proof, we have shown under the condition (6) that
H/(X*, #(i)) vanishes for 0 <v<n if i # 1. As a consequence of this
we get the following;

ProposITION 2. A([") is Cohen-Macaulay if and only if
H(X* #)=0 for 0 <v<n
together with the condition (6).

8. In what follows, we always assume n = 2, and that /" acts freely
on H®. Let a be the index a = [SLy(Oy); I'], and let % be the arithmetic
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genus » . o (— 1) dim H (X, 05) where X is the nonsingular model of X* =
(H*}I)*. % is equal to 1 + dim. of the space of cusp forms of weight two.
By Shimizu [17] (see also Hirzebruch [10] § 2 Theorem, Freitag [6] 7.2 Satz)
we have a Hilbert polynomial P(k) of A(l):

(7) P(k) = }-L(— 1)-akk —2) + X +

where {; is the zeta function of K, and % is the number of cusps. P(k)
gives the dimension of A(I"), for k> 3, and P(2) equals dim A(I"), + 1.
P(k) must be equal to the Euler-Poincaré characteristic X(#*) = > 2_(— 1)
dim H*(X*, %), which is known to be a polynomial of & (cf. [15]]). Hence
we have

M~ Datrth
= dim HY(X*, ¥) — dim H'(X*, &) + dim H¥(X*, &%) .
Since #* is now Serre’s dualizing sheaf (§ 2.4), H*(X*, %) is just dual to
HY(X*, ¥). So we obtain

dim A(), = (— 4(— Da + 2 + h) + 3 dim H(X*, &) .
Especially the inequality
dim A(I"), > 3(— 3x(— Da + X + h)

always holds, and A(I") is Cohen-Macaulay if and only if the equality (1)
holds by Proposition 2.

(1) is a nice equality in the following sence. If (1) is the case, then
we can compute the generating function Q(¢) = > dim A(I'),t* together
with (7) and with dim A(I"), = P(2) — 1 as

QU = (5 0+ 4 ¢+ O~ M= Dot 2+ 1) — 3]
+ @ + tHEEC(— Da — 2 — h) + 2}} .

It is easy to see Q(f) satisfies — #*Q(t™') = Q(f). By Stanley [18] this

implies that A(I") is Gorenstein.

9. Let X* I be as above. Let X* denote (H*/I)* where [' = &,-T",
and let 2 be the invertible sheaf on X corresponding to symmetric Hilbert
modular forms of weight one. Let us suppose (4). Then if p: X* — X
is the canonical projection, we have the direct decomposition

P L =LDYL_
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where #_ is the coherent sheaf given in the similar way as (5). Since
P2 ® %= £2)., it gives Serre’s dualizing sheaf on X* (§2.4). Thus we
have
H\(X*, %) = Ext! (0., ) ~ Ext' (2, ? @ &_) ~ H(X*, 2)"
and hence
H(X*, %) ~ H(X*,p, %) ~ H(X*, 2)® H(X*, £_)
~ H'(X*, 2) ® H'(X*, 2)" ,
and hence dim H'(X*, ¥) = 2 dim H‘(X*, 2). Thus A(I)) and A([") are
Cohen-Macaulay or not alike by Proposition 2. Summing up the above,
we shall state it as the proposition.

ProposiTiOoN 3. Let K be a real quadratic field, and I be a subgroup
of SL,(Oy) of finite index acting freely on H®. Then the following are
equivalent;

(a) A(I") is Gorenstein.

(b) AW is Cohen-Macaulay.

(c¢) The equality (1) dim A(I"), = ¥ — 3¢(— Da + ¥ + h) holds.
Assuming (4) for S = S,

(@) A(") is Cohen-Macaulay.

The known examples of full rings A(I") for above I are quite a few
yet. At any rate such examples in Hirzebruch [11], which are

K=QW5), I'=TIK5)={MeSL(O)| M=1,mod 5},

and

k=qwz), r=ro{ V).
@) = (M e SL{O)| M = 1, mod 2} ,

are satisfying the conditions in Proposition 3. It may not be unreasona-
ble to expect it in more general case.

10. Let I" be as above. By the method of [20], we can show that
A(I) may possibly be a complete intersection ring only in a finite number
of cases as following. The index a = [SL,(O,): I'] is divisible by 6 because
SL,(O,) has torsion points of order 2,3, on the other hand I not (cf.
Hirzebruch [10] § 1.7). Let us put ¢ = 6f. Then A(I") may possibly be a
complete intersection ring only if (2¢,(— 1)f, h + %) is one of
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(32/3,32), (8, 26), (16/3, 20), (3/3,14), (4,16), (2,11),
(4/3, 8), (10/3,15), (4/3,10), (2/3,7), (2/3,9) .

Considering the vlaues of the zeta functions at — 1, this cannot happen
if the discriminant of K is larger than 105. We skip the proof, which
will be almost the same as in [20].

§3. Single modular forms

11. Let H, be the Siegel space of degree n, i.e., {Ze M,C)|'Z = Z,
Im Z > 0}. The symplectic group Sp(R) acts on H, by the usual modular
substitution

Z—>MZ = (AZ + B(CZ + D)"* M= (AB) e Sp.(R) .

CD
We shall denote by I',(¢), the principal congruence subgroup of level /;
{MeSp,(Z)|M = 1,, mod ¢}.

Let f be a holomorphic function on H,. f is called a Siegel modular
form of weight k for a congruence subgroup I, if it satisfies

f(MZ) = |CZ + DJf(Z)  for M = (‘ég) er.
When n = 1, we need an additional condition that f is holomorphic also
at cusps, which is automatic if n > 1. We denote by A(l") = @0 A,
(resp. S(I") = @0 S(IN),), the graded ring of modular forms (resp. the
graded ideal of cusp forms).
Let X = H,/I", and let X* be its Satake compactification, which is

a normal projective variety isomorphic to Proj (A(I)).

12. Let I" be neat, and let ¥ be an invertible sheaf on X* corre-
sponding to modular forms of weight one. The regular open subset of
X* coincides with X, and #7' is isomorphic to the canonical invertible
sheaf Ky on X. Then by [7], the dualizing sheaf wy. on X* is given by
1,051, 1 being the inclusion map of X into X*, where wy. gives rise to
the functorial isomorphism Hom (%, wy.) ~ H*"+Y%(X* ZF)V for coherent
sheaves &# on X*. Here we note

Oge =~ P

by Koecher’s principle. So if X* is Cohen-Macaulay, then H*(X*, £%)
is isomorphic to the dual of H»®+br-»(X* @n+i-*¥) and hence P(k) =
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(— D)=v2P(n + 1 — k), P(k) denoting the Hilbert polynomial of the
graded ring A(I") or equivalently X(#*).
On the other hand it is shown in [2] Vol. 2-16 that
P(k) = dim A(I"), = dim S(I"), + >, dim S(I"),

Ir’cSpp-1(R)

+ .- 4+ > dim S({), + # (0-dimensional cusps).

I'’cSpi(R)
for &> 0 where I varies over the set of all the subgroups attached to
cusps of X*. (The above is shown in [2] for £ > 0, 2 = Omod 2. However
both sides must be numerical polynomials of & for & » 0, so we get the
above formula.)

13. Let us consider the case n = 2. A(I',(2)) was shown to be Cohen-
Macaulay in Igusa [14]. So for any arithmetic group I" containing [,(2)
as a normal subgroup, A(I") is Cohen-Macaulay by Proposition B. How-
ever the Cohen-Macaulayness fails for I',(4) £ > 6. We shall show it.

Let X* be the Satake compactification of H*/I'(¢) for some ¢ > 3,
and let P(k) be the Hilbert polynomial for A(I"y(¢)). Then if X* is Cohen-
Macaulay, we would have P(3/2) =0 since P(k) = — P(3 — k) by the
observation in Section 3.12. By Yamazaki [23] we can actually calculate
P(k) and hence P(3/2);

P(3j2) = 27370 [] (L = p){(& = 60) [] (1 — p™) + 23} .

This is not zero if ¢ > 6, so in this case X cannot be Cohen-Macaulay
and hence A(I,(l)) £ > 6 are not Cohen-Macaulay algebras.

The similar argument works also for I’ = I'(¢) ¢ > 3 by using the
formula by Tsushima [21]. Indeed if (H,/I'(¢))* were Cohen-Macaulay,
then the Hilbert polynomial P(k) of the graded ring A(I",(£)) would satisfy
P(k —2) — P(2— k) =0 by the observation in Section 3.12. However
actually we have

Pk —2)— P2 —k)
= 27785744 [] (1 — p~)L — N1 — P~k + OK) .
plé
So (H,/T',(£))* is not Cohen-Macaulay. We obtain the following;

ProrosiTiON 4. Let I' =T,4) with n=2, £{>6 or n=3, {>3.
Then the Satake compactification of H,/I'.(¢) is not a Cohen-Macaulay
variety. Especially if A(I') denotes the ring of Siegel modular forms for
I, then A(IN is not Cohen-Macaulay for any integer r.

https://doi.org/10.1017/50027763000021474 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000021474

44

[6]
[71
[8]
(9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

[18]
[19]

[20]
[21]
fzz]

[23]

SHIGEAKI TSUYUMINE

REFERENCES

A. Ash, D. Mumford, M. Rapoport and Y. Tai, Smooth compactification of locally
symmetric varieties, Math. Sci. Press (1975).

H. Cartan, Fonctions automorphes, Ecole Normale Supérieure Séminaire 1957/
1958.

M. Eichler, Projective varieties and modular forms, Lecture Notes in Math., 210
Springer-Verlag Berlin Heidelberg New York (1971).

, On the graded ring of modular forms, Acta Arith., 18 (1971), 87-92.

E. Freitag, Uber die Struktur der Funktionenkdrper zur hyperabbelschen Gruppen
I, J. reine angew. Math., 247 (1971), 97-117.

——, Lokale und globale Invarianten der Hilbertschen Modulgruppen, Invent.
math., 17 (1972), 106-134.

H. Grauert and O. Riemenschneider, Verschwindungssitze fiir analytische Ko-
homologiegruppen auf komplexen Riaumen, Invent. math., 11 (1970), 263-292.

A. Grothendieck, Sur quelques points d’algébre homologique, Tohoku Math. J., 9
(1957), 119-221.

R. Hartshorne, Algebraic geometry, G.T.M., 52 Springer-Verlag New York
Heidelberg Berlin (1977).

F. Hirzebruch, Hilbert modular surfaces, L’Enseigment math., 19 (1973).

, The ring of Hilbert modular forms for real quadratic fields of small dis-
criminant, Lecture Notes in Math., 627 Springer-Verlag Berlin Heidelberg New
York (1976), 287-323.

M. Hochster and J. A. Eagon, Cohen-Macaulay rings, invariant theory and the
generic perfection of determinantal loci, Amer. J. Math., 93 (1971), 1020-1058.
M. Hochster and J. L. Robert, Rings of invariants of reductive groups acting on
regular local rings are Cohen-Macaulay, Adv. in Math.,, 13 (1974), 115-175.
J. Igusa, On Siegel modular forms of genus two (II), Amer. J. Math., 86 (1964),
392-412,

S. L. Kleiman, Toward a numerical theory of ampleness, Ann. of Math., 84 (1966),
293-344.

J. P. Serre, Algébre locale Multiplicitiés, Lecture Notes in Math., 11 (1965),
Springer-Verlag Berlin Heidelberg New York.

H. Shimizu, On discontinuous groups operating on the product of upper half
planes, Ann. of Math., 77 (1963), 33-71.

R. Stanley, Hilbert functions of graded algebras, Adv. in Math., 28 (1978), 57-83.
, Invariants of finite groups and their applications to combinatrics, Bull.
Amer. Soc. (New Series), 1 (1979), 475-511.

E. Thomas and A. T. Vasquez, Ring of Hilbert modular forms, Compositio Math.,
48 (1983), 139-165.

R. Tsushima, A formula for the dimension of the space of Siegel cusp forms of
degree three, Amer. J. Math., 102 (1980), 937-977.

S. Tsuyumine, On Kodaira dimensions of Hilbert modular varieties, Invent. math.,
80 (1985), 269-282,

T. Yamazaki, On Siegel modular forms of degree two, Amer. J. Math., 98 (1976),
39-53.

2856-235, Sashiogi,
Omiya-shi,
Saitama, 330
Japan

https://doi.org/10.1017/50027763000021474 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000021474



