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Abstract

In this article we consider whether, for integrable functions on the unit ball of C", the mean-value property
implies (@, B)-harmonicity. We find that the answer is affirmative when 0 < n + @ + 8 < py, but is negative
when n + a + 8> py. Here py is a constant between 11.025 and 11.069.
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1. Introduction

Let B, be the open unit ball in C", and let S and B, be its boundary and closure. The
group of all one-to-one holomorphic maps of B, onto B, will be denoted by Aut(B,).
This group is generated by the unitary transformations and the involutions ¢, of the

o - Piz=(1-1aP)"Q
®a(2) = 2 a . ad Vze B,
1-{(z,a)
where P, is the orthogonal projection from C" onto the one-dimensional subspace
generated by a and Q,z :=z— P,z, for all a € B,.
The invariant Laplacian or Bergman Laplacian on B, is defined, for all f € C*(B,),

by

Af(2) = A(f 0 9)(0) = 4(1 = IP) Y (83 — 2Z)DiD; f,

ij=1
where A is the ordinary Laplacian and D; = §/0z;. It commutes with every ¢ € Aut(B,)
in the sense that

Af)oy=Alf o).
The M-harmonic functions in B, are those for which A f=0.
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Let v denote Lebesgue measure on C" normalized so that v(B,)=1. If f is
M-harmonic, then its mean value over spheres of center 0 and radius r at most 1
is £(0) (see [17, p. 51]). If f is also in L'(B,, v), then

fB fowdv=f(0) VYy¢eAut(B,). (1.1)

We can also describe this property by saying that f satisfies the invariant mean-value

property.
In 1993 Ahern et al. (see [3]) proved a surprising result.

THeEOREM 1. The invariant mean-value property (1.1) characterizes M-harmonic
functions in L'(B,, v) if and only if n < 11.

This paper is motivated by an attempt to understand the reason for the curious
dependence on the dimension in Theorem 1. To this end we generalize Theorem 1
to (a, B)-harmonic functions.

Generalized M-harmonic functions, or («, 8)-harmonic functions, are the functions
annihilated by the differential operator A, g, given by

Bagg = (1= ) ) 0y~ 52)DiD; + aR + BR - o,
i,j=1

where @, 8 € C and R is the radial derivative, given by R = 3’ ; z;D;. If @ = =0, then
the operator 4A¢ is just the invariant Laplacian A. The operator A, , is the Laplacian
for the Bergman space with weight (1 —|z|*)*. The more general operators A, were
introduced by Geller [13]. They appear in a natural way when we consider certain
derivatives of M-harmonic functions. It was proved in [2] that A, gu = 0 implies that
Agp-1(Ru — Bu) =0. The operators A,z also appear when computing the Laplace—
Beltrami operator on forms.

We now give the definition of the mean-value property to which the title of our
paper refers. To make this notion meaningful, as well as for simplicity, we will from
now on assume that & and 8 are two real numbers satisfying the conditions that

n+a+B>0, n+a>0, n+p>0.
For notational simplicity, we write
p:=n+a+p.

It was shown in [13, Theorem 1.1] that if A, gf =01in B, and 0 < r < 1, then

2F1(=a, =B n; ) f(0) = fsf(ré“) do(?), (1.2)

where ,F(a, b; c; z) is the Gauss hypergeometric function (see Section 2 for the
definition) and o denotes the normalized surface-area measure on the unit sphere S.
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We multiply (1.2) by 2n72"~! and integrate over [0, 1) to get

Coj; f(2)dv(z) = f(0) (1.3)

and

I T+a+ Dl(n+B+1)
T+ DIn+a+B+1)

Co= {Zn ‘fol P F(—a, -B; n; ) dr}
Here the last equality follows by (2.1) in Section 2. It is proved in [2, Lemma 1.2] that
Ao l(f © g1 = [(Bapf) 0 @l (1.4)
for each a € B,,. Here
hP@ =1 =@~ (za)f VzeB,.

This implies that (f o g, )" is also (a,B)-harmonic. Thus applying (1.3) to
(f 0 pa)h” shows that

(@) =Co f (f o g™ dv VaeB,. (1.5)
B,

This is the mean-value property to which the title of our paper refers. This property
is invariant in the sense that (f o <pa)h5,“’ﬁ ) satisfies this property for each a € B,
whenever f satisfies the property.

The question again arises as to whether this invariant mean-value property
characterizes the (a, 8)-harmonic functions in L!(B,, v). In our main result, p, is a
constant between 11.025 and 11.069, which is made precise in Definition 4.8.

THeorem 1.1. Suppose that n+a+8>0, n+a>0 and n+>0. For integrable
functions in B, the mean-value property (1.5) implies that (a, B)-harmonicity if and
only if n + a + B < po.

The proof of the above theorem follows the main lines of [3]. However our
study of Berezin-type transforms is interesting in its own right. These results are
included in Section 3. In Section 2, we review some of the standard facts on Mobius
transformations and the Gauss hypergeometric function and establish a few elementary
lemmas. Section 4 is devoted to the study of the eigenspaces of A,g. Finally we
complete the proof of our main result in Section 5.

2. Preliminaries

We begin by summarizing some properties of the mapping ¢, which will be used
later.

Lemma 2.1. For all a € B, the mapping ¢, has the following properties.
®)  ¢a(0) =a and ¢,(a) = 0.
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(1) The mapping ¢, is an involution; that is, ¢, o ¢, = id, where id is the identity
mapping.

(iii) Forall z,w e B,

(I =<a, a))d - (z,w))

(I =<z, a)(1 = (a, w))’

1 = {@a(2), pa(w)) =

(iv) The (real) Jacobian of ¢, is given by

(1 _ |a|2)n+1

(Jr 0a)(2) = 1=z a0

A number of special functions will appear in this paper. We use the classical
notation ;,F(a, b; c; z) to denote the hypergeometric series

o (a)(b)
oFi(a,bic;2)= )y ————
kZ:;A O Kl

where c #0, -1, -2,..., (a)o = 1, and for all positive integers &,
(ay=ala+1)---(a+k-1).
We list the following formulas for easy reference (see [4, Ch. 2]):

I'(c)I'(c—a—-b)

2Fi(a,b;c; 1) = m, (2.1)
2Fi(a,b;c;2) = (1 =2, Fi(c —a, c — b; ¢; 2), (2.2)
2Fi(a, b;c;2) = _ 1o f 1 A - e, by A1) dE, (2.3)
(DT (e = ) Jo
where Rec>ReA>0and z¢[1, +o0).
LemMma 2.2. Suppose that Re ¢ >0, Re 6 > 0 and Re(c —a — b + 6) > 0. Then
fo = 0 S Fy(abs i di = ?(Z)E(j)f(g);(j = ll: - g)) L

Proor. Note that, under our hypotheses, both sides of (2.3) are continuous functions
of z at 1. The lemma then follows by letting z tend to 1 and applying (2.1). m|

Lemma 2.3. Forallze B, s,teRand c> -1,

d
Ja—etra =gy = ) @.5)

and

(1-wP)dviw) T+ DI +c) _ L
g, (1 =(z, w)(1 —{w, 2)) T+ 1+0) 2Fi(s, n+ L+l (26)
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Proor. It is well known that, if 1 € C, |4| < 1 and y € R, then

) gzzkdk

(=07=2, 7%

k=0

We also recall that

f @O0 do(() = 6kew|z|2"

for all nonnegative integers k and ¢. Thus

do (@) - (5 2 o)(5: Deto)a
| cemi-cw s{k e Freorfao

=0 =0
-y f @O do)
kf:O

_ N (9 (0 k! K
T LK K ()

2F (s, 1515 |2).

We may now use polar coordinates (w = r{) and (2.5) to obtain

(1 = W)€ dv(w) B 1 - - s
S, TG =y =2, 7 s s P

Now (2.6) follows after an application of (2.3). O

Levmva 2.4. ForallkeZ™,

Fm+a+1+mnn+ﬂ+1+@<Fm+a+lﬁm+ﬁ+n
F2(n+%(a+ﬁ)+1+k) B Fz(n+%(a+ﬁ)+l) ‘

2.7)

Proor. The logarithmic derivative of the gamma function, , which is defined by

I (x)
I'(x)

is called the psi or digamma function in the literature. Its second derivative satisfies

d
Y(x) = o log I'(x) =
x

- 1
W' (x) = =2 — <0.
jz_(; (x+ j)?

Hence  is concave on [0, o). Thus

z//(n+a+1+x)+¢/(n+ﬁ+1+x)—2z//(n+a;rﬁ+1+x)§0.
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This implies that the function

IFn+a+1+x)I(n+B+1+x)
Rn+3@+p) +1+x)

is decreasing on [0, c0), and our result follows. m]

3. Berezin-type transforms %;

For all nonnegative integers k, define the measure v; on B, by
dviw) = (1 = [wHk dv(w).

For all f € L'(v;), the Berezin-type transform %, f of f is defined by

Bif(2) = Cy f F@. NP (w) dvi(w) Yz € B, (.1)
B,

where
In+a+k+DI'n+B+k+1)

T+ DLkt Dl(i+ a+B+k+ 1)
Hence we can rephrase the definition of the mean-value property in the form %, f = f.

It will be helpful to recast our mean-value property using the integral operator %.
If we replace w by ¢,(w) in (3.1), we obtain a second formula for %, f, namely

k

(1 _ |Z|2)n+a+ﬁ+k+l(l _ |W|2)k
Bif(2) = Cy fB oy T (L = G 2y Fw) dv(w). (3.2)
Lemma 3.1. Suppose that a, z, w € B,,. Then
RSB WS (2) = h™P (W) (). (33)

Proor. It suffices to show that

(I =<{g(a), w)(1 = (a, 2)) = (1 = a, g: (W1 = (z, w)),
which follows easily from Lemma 2.1. O
Now we prove the ‘Mobius invariance’ of the Berezin-type transforms.

ProposiTion 3.2. Let k> 0. If f € L'(v;) and a € B,, then

B 0 9PN = [(Bif) © 0P . (3.4)

Proor. Note first that, if £ € L'(v), then (f o ¢ )h'™® € L1(v;). For all z € B,, the
map Qg,;) © Pa © ¢, is an automorphism of B, that fixes 0. Hence it is a unitary
transformation (see, for example [17, Theorem 2.2.5]), which we denote by U.
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Since ¢,, ;) and ¢, are involutions,

Pa © Q7 =Py, (2) © U (3.5)

and
U o ¢ (a) = ¢4(2). (3.6)
Thus

Bil(f © 0)hSP1(2) = G fB F@alpWDSP (0 ()R (W) dvi(w)

= Gy fB L@y (UWDASE (W)™ (2) dvidw)

= ck{ fB F@eWGE () dm(w)}hff’ﬁ)(z)
= (B gD (),

where, in the second inequality, we use (3.5) and (3.3); in the third equality, we use
the rotation invariance of v; and the inner product (:, -); and in the fourth inequality we
use (3.6) and (3.1). O

ProrostTioN 3.3. If f € L™(B,, v), then for every nonnegative integer k,

I'm+a+DIn+p+1)

B fllo < co- 3.7
1B Al P+ la+p+ 1) A1 (3.7)
Proor. It follows immediately from (3.2) that
1o12\ptk+] (1- |W|2)k }
1% flle < Ci 33313{0 122 fB T il

By applying (2.6) and (2.2), we may write the expression in braces in the form

In+DHI'(k+1) (a+ﬁ a+p
- R (-—E& -

s n+k+1; 2).
T+k+1) 2 2 " l

Note that the above hypergeometric function is increasing on the interval [0, 1) since
its Taylor coefficients are all positive. Thus this hypergeometric function is bounded
above by

1 1 ] N T+l +0In+a+B+1+k)
zFl(—E(a+ﬂ),—§(a+ﬁ),n+k+ 1; 1)_ ot %(a+ﬁ)+ 0 .

Thus I( 1+ T+ B+ 1+k)
n+a+1+kIln+p+1+
”‘%kf”oo < 1 ”f”oo
2n+5(@+p)+1+k)
Now (3.7) follows from the above equality and (2.7). O
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ProrosiTioN 3.4. Let k be a strictly positive integer. Then B is a bounded linear
operator on L' (v), and
Im+a+DI'n+p+1)

Rn+ia+p)+1)

12l < (p +2)

Proor. Let f € L'(v). It follows immediately from (3.2) that

(1 _ |Z|2)p+1+k
B, |1 — <Z, w>|p+n+2k+2

1B fll < C sup{(l — WPy dV(z)}IIfIh.

weB,

After the change of variables z — ¢,,(2), the integral becomes

(1 _ |Z|2)(1 _ |W|2) p+1+k I] _ <Z, W)| p+n+2+2k 1= |W|2 n+l
fB( 1= (z )P ) ( =P ) (|1 — G w>|2) P

(1 _ |Z| )p+k+l
~ i) f T o).

Hence

1- 2\p+k+1
%I < Ci Sup{fB % dV(Z)}

weB,
< IF'n+DI'(o+k+2)
S To+n+k+2)
1 1
X suszl(z(p+n+2),E(p+n+2);p+n+k+2;|w|2).

weB,

Applying a similar argument to that in the proof of Proposition 3.3, we obtain

”%”<( p+l)r(n+a+l+k)r(n+ﬁ+1+k)
= k 2 +p)+1+k)
S('O_'_z)l"(n+a+1)1"(n+/3+1)

R2(3(n+p)+ 1)

where the last inequality follows by (2.7).

Note that %, does not carry L!(v) into L'(v) when p > 0 because

(1= Py
———d
fgn =G wyp 7
tends to oo as |w| tends to 1. However we do have the following result, whose proof is
similar to that of Proposition 3.4 and is omitted.
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ProPOSITION 3.5. The operator By is a bounded linear operator from L'(v) to L'(vy).

Moreover,

n+a+1DI(n++1)
R+ ia+p) +2)

%0 flliy) < (0 + 20 + 1) 1AL o)

forall feL'(v).
ProposiTioN 3.6. If f € L'(v), then
lim ./ - Il =0.
Proor. We first assume that f € C(B,). We proceed to show that % f — f pointwise
as k — oo. Note that it is enough to prove that %, f(0) — f(0) as k — co. The general

result then follows by Proposition 3.2: we simply apply this limit to (f o ¢,) hg‘l’ﬁ ).
Note that

P f(0) = f(0) = Cy f Lf(w) = £(O)] dvie(w) + (C = 1)£(0),
B,

where

¢ Cf J In+a+1+Im+B+1+k)
= Vi, = .
s T T T+ 1+ C(n+a+ B+ 1 +k)

It is an immediate consequence of Stirling’s formula that Ci— lask - .
To show that

C f Lfw) = f(O)] dvi(w) = O (3.8)
B,

as k — oo, we split B, into a (sufficiently) small ball 6B, and a spherical shell B, \ §B,,.
We correspondingly decompose the integral into two parts. Then (3.8) follows by
estimating the integral over 6B, using the continuity of f and estimating the integral
over B, \ B, using the boundedness of f and the inequality

In+a+k+DI'n+B+k+1)
“ an\éBn D) < Fn+ DI'k+ DI(n+a+B+k+1)

(1 =6

Finally, by Proposition 3.3 and Lebesgue’s dominated convergence theorem, we find
that

klim f |Bif — fldv=0 VfeC(B,).
—00 B,
The general case follows by Proposition 3.4 and the density of C(B,)in L'(v). O

Prorosition 3.7. Suppose that k and € are nonnegative integers, and k + € > 0. Then

e%)kr%g = '%)lt@k on Ll (V)
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Proor. By Proposition 3.4, the expression %%, f makes sense for all f € L'(v) when
k>0 and ¢ > 1. Proposition 3.5 implies that the expression %, %, f also makes sense
for all fe L'(v) when k> 1. Hence %%, f is well-defined for all f € L'(v) when
k+¢>0.

Let f € L'(v). To prove that %, %, f = B, %, f it suffices to show that

BB f(0) = B P f(0),
by Proposition 3.2. For notational simplicity, we write
c=a+f+n+k+{+1,
sSi=n+a+f+1, =n+B+Ll+1,

s=n+a+k+1, t:=n+B+k+1.

Note that c+n+1—s"=tand c+n+1—¢ =s. In addition, a simple calculation
shows that

(1 = 1zP) dv(z)
5, (L= @w)¥ (1= (w, )

BB f(0) = CLCy fB f(w)<1—|w|2)"( )dv(w>. (3.9)

The change of variables z — ¢,,(z) in the inner integral yields

(1 - )
d
an T=Gwyr(d—may

[ R R el o
By

11—z w)? 1= wP? 1= w2 /1 =z, w)l?

— (1- |Z|2)C(1 - |W|2)C+n+l—s’7ﬂ
B fB" (I-(z, W>)C+n+lis/(l —{w, Z))C+n+lfﬂ dv(z)
2\¢
=(1- Zk—ff (1 -1z .
( |W| ) B, (1 _ <Z, W>)l(1 _ <W, Z))S V(Z)

T+ DI(c+ 1)

T(n+1+c) (1= 2Pt sn+ 1+ e Il

where the last equality follows by (2.6). Inserting this into (3.9), we deduce that

I'n+ DI(c+1)

BB f(0) = CrCy T+ 140

(3.10)
X f FnA = WP o F (2, 530+ 1+ ¢ W) dv(w).
B,
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On the other hand, interchanging the indices k and ¢ in (3.9) shows that

BB f(0) = CrCy f Fo)(1 = [wHE
B,

(1 - |y
% {fB =Gy —(m oy ‘MZ)} dv(w)

(3.11)
_CC I'n+DHI(c+1)
T T+ 1+ 0
X f SO = WP 2F (s, 1 n+ 1+ ¢ wl) dv(w).
Bn
A comparison of (3.10) and (3.11) now establishes our result. O

The following proposition gives the relationship between the Berezin-type
transforms % and the differential operators A, g.

ProposITION 3.8. For all nonnegative integers k and f € L'(v),
AapPBif = (o +k+ Dk + ) Bif — Prir ).
Proor. By (1.4) and (3.4), it suffices to establish that
NapBif (0) = (o + k + 1)k + B f(0) = Brir f(0))  VfeL' ().

This may be shown by differentiating under the integral sign and regrouping terms. O

In other words, for all strictly positive integers k, the operator identity

P :(1 B k(j(:ﬁk))%k_l

holds. The next corollary is an immediate consequence of this identity.

CoroLLARY 3.9. Suppose that k is a positive integer and set

k

p
Gip() = I_I(l - j(pﬂ,)) Viec.

J=1

Then By = Gy p(Dap)PBo on L1(v).
Let

= A

G:=[](1- =) vaec (3.12)
g g Jo+J)

It is clear that G, is an entire function and that G, converges to G,, uniformly on

compact subsets of C as k — co. It should not be surprising that the function G, plays

an important role in the solution of our problem.
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4. The eigenspaces of A, g

Let @ and B be fixed. For all A € C, we define the function space

Xy :={f € C*(B.) | Aupf = Af).
In particular, when A = 0, we see that X is the space of all («, §)-harmonic functions.

Prorosition 4.1. Let A,y € C be related by

A==yl -. 4.1)
Then the radial functions in X, are the constant multiples of
(1 =12 2F 1ty =, y = Bs s |2

Remark. From now on, we will always assume that A and y are related as in (4.1).

Proor. We will only sketch of the proof, as it is similar to that of [1, Theorem 2.1].
Recall the following ‘radial-tangential’ expression (see [2]):

1 _ -1 _ _
Aap=(1- |z|2){ﬁ((1 ~ PR - Lo+ =R + R)) +aR+BR - a,B},

where
0 0

L," = Z[— -Zi—
/ @Zj jazi

l© . i
and  Lo=—> D ULijlij + LisLip).

i<j

For radial functions, the operator A, 3 has the form

(1-r)
4

{(1 - rz)d—2 + [2" ~ Ca+25- 1)4% - 4a,8}f,

Bapf = dr? r

where r = |z].
Let f € C*(B,) be radial. Then f(z) = (1 — r?)”g(r*) for some function g defined on
[0, 1). This converts A, gf = Af to the form

x(1=x0g" () +{n-Q2y—a-B+Dxlg'(x) - (y —a)y - Pg(x) =0

for all x € (0, 1). But this is just a hypergeometric equation, and its only solutions that
are smooth at 0 are multiples of

2F1(ty —a,y =B n; x).

Hence f is a multiple of
(1 =P 2F1(y =,y = By 3 1),

and our result is established. ]
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CoroLLary 4.2. If Aggf = Af in B, and 0 <r <1, then
fs Fle WP O do (@) = (1= P 2 Fiy =,y =B @) (42)
Proor. If f € X, then so is its radialization f*, given by
= [ ovau
% ()

where % (n) denotes the group of all unitary transformations on C" and dU denotes
the Haar measure element on %/ . It follows by Proposition 4.1 that

i) = —12PY 2F\(y —a,y - Bin; 12P) (4.3)

for some constant C. Letting z = 0 in (4.3) we get C = f(0) and hence
ff(ré) do(Q)=(1=r) Fi(y —a,y = Bin; ) f(0) Yre(0,1).
s

This is (4.2) with f in place of (f OQDZ)hg“’B ). The general case of (4.2) follows
from (1.4), that is, the Mobius-invariance of X;. O

CoroLLARY 4.3. Suppose that =1 <Rey <p + 1 and f € X, N L' (v). Then

I DI 1-
Bof)= LF sz(f f) Y f2).

Proor. We integrate using polar coordinates and apply (4.2) and (2.4) to obtain

PBof(z) = Co f f (%(W))hgaﬁ)(w) dv(w)
B,
1
= 2nC,y f r2"-1{ f FlorOYR P (r7) da(g)} dr
0 N

1
= {200, f P =AY S = 0y = s ) dr| Q)
0
FrMI'ty+ DI'n+a+p+1-7y)

=nC s
O T iy s S
which is precisely the assertion of this corollary. O
For all s € C, we set
I+ DI(s+1 -
N PR AR Rt VAPY}

T(s+ 1)
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Lemmva 4.4. Let A and y be related as in (4.1). Then

1
Dy(y)

Gp() =

Proor. The jth factor in the product (3.12)

(e8]

=[]+ 32

J=1

122524 )

Recalling the well-known identity

is equal to

(e8]

e (1 3)e
— 14 2 )e/
o+ ¢ [ e

j=1

where 6 is the Euler—Mascheroni constant, given by
J

1
9:1’( L )
lim(2 7 ~logJ

the conclusion now follows easily. O

We define the region
Y,:={yeC|-1<Rey<p+1}.

Then y — Ais a two-to-one map from the region X, onto a region 2,,. Arguing as in [3,
Section 3.1], it is easy to deduce that

Im1\2
ng{/lecmem(—rjz) <p+1}C{/l€C|Re/l<p+1}. (4.4
o

The relationship (4.1) between A and y enables us to work with the region X, which
is more manageable than €. Changes of variable of this kind have already been used
extensively (see, for example, [3, Section 3.1]).

CoroLLARY 4.5. Suppose that 1€ Q, and f € X; N L'(v). Then
Bof = f1Gp().

PropoSITION 4.6. We have X; N L'(v) # {0} if and only if A € Q.
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Proor. Take f € X; N L'(v) \ {0} and a € B, \ {0}. Then g, defined by
g:=(f o g™,

also lies in X; N L!(v) (by ‘Mobius invariance’) and hence so does gﬁ, its radialization.
Moreover, g* # 0 since

g0)=5(0) = f(a) £ 0,
by the choice of a. Thus g* is a nonzero multiple of the function g, given by

20(2) := (1= |z 2F1(y — @,y = B m; 1z).

Now it suffices to show that gy € L'(v) if and only if A € Q,,. Integration in polar
coordinates yields

1
f ol dv=n f (1= P AFy(y -y = By ms PP dr?,
B, 0

By [12, Vol. I, p. 76, (9)],
2Fi(a,b;c;2) ~ 177+ cz?

for large z (with a logarithmic factor if @ — b is an integer). Therefore gy € L' (v) exactly
when

-l <Rey<p+1,

that is, exactly when 1 € Q,,. m]

ProrositioN 4.7. If A € Q,,, then G,(A) # 0 and G;(/l) #0.

Proor. From (3.12), the zeroes of G, occur at p + 1, 2(p + 2), 3(o + 3), ..., and none
of these lies in €, by (4.4). Logarithmic differentiation of (3.12) yields

- 1
G, (D) =Gy ) ——r.
? 3 jz_;/l—J(P'*'J)

Each of these summands has a negative real part when
Red<p+1

and hence has a negative real part for all A € Q,,. O

For all y € I, such that A € Q,, Corollary 4.5 shows that X; N L'(v) is a subspace of
the eigenspace of %, with eigenvalue ®,(y). Since our main concern is the equation
PBof = f, we need to investigate the set of points in X, at which @, (y) = 1.
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DeriniTion 4.8. Let S € R be the collection of all positive real numbers s for which
there exists a positive real number ¢ such that ® (-1 — if) € R and @,(—1 —ir) > 1. We
define

po :=inf S.

Then 11.025 < py < 11.069 by [20, p. 34].

Proposition 4.9 (See [20, Theorem 4.5]). There are no zeroes of the function ®, — 1
in 2,\O0, p} if and only if p < py.

Further, if p > po, then the equation ®,(y) =1 has solutions in Z,\{0,p}. The
number of these solutions is finite for each p, but tends to oo as p — oo.

We define the set E, by
E, ={1€Q, |Gy =1}.

CoroLrary 4.10. We have E, = {0} if and only if p < po.

5. Proof of Theorem 1.1

The rest of the proof of our main result, Theorem 1.1, mimics the argument given
in [3], and we only sketch it.
By Proposition 3.5, the subspace

M:={feL'W)|%Bof =f)

is closed in L'(v). We define Ag’{ﬁ to be the restriction of A,z to M. Propositions 3.8
and 3.4 imply that A} is bounded from M to L'(»). Moreover, for all f € M,

BoAYsf =0+ ) Pof — BrBof) = Ny

by Propositions 3.8 and 3.7. Thus Ag’{ﬁ carries M into M.
Since
Grp(D) = Go()

uniformly on compact subsets of C as k — oo, it follows that
Grp(As) = Go(Al)

in the topology induced by the operator norm. Corollary 3.9 and Proposition 3.6 now
imply that f = GP(A%,) f forall f € M. That s,

Go(AYp) = idy, (5.1)
where idy, denotes the identity map on the subspace M.

By Corollary 4.5 and Proposition 4.6 the set E, is exactly the point spectrum of
A%. In addition, E,, is finite for all positive p by Propositions 4.9 and 4.4.
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Now let Q be the monic polynomial which has a simple zero at each point of E,
and no other zeros in C. As G/(1) # 0 in Q,, there exists an entire function H such that
HQ =G, —-1and H(1) # 0 for all A€ E,. Since H has no zero on the point spectrum
of AM | the spectral mapping theorem implies that 0 is not in the point spectrum of

B’
H(Afyﬁ). Therefore H (Ag’{ﬁ) is a one-to-one operator. Now (5.1) shows that

H(AM,) O(AY) =0,

and it follows that Q(Ag’{ﬁ) =0.
Corollary 4.5 tells us that

MnX,=X;NnL'®)

for all A € E,. We now apply [3, Lemma 4.1] to the Banach space M and the operator
A}, to deduce that

M:Q@&mva

A€E,

The theorem now follows from this decomposition and Corollary 4.10. O
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