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IRREDUCIBLE AUTOMORPHISMS OF
CERTAIN p-GROUPS

D. Z. DJOKOVIC AND J. MALZAN

Introduction. The chief purpose of this paper is to find all pairs (G, 6)
where G is a finite special p-group, and 8 is an automorphism of G acting trivially
on the Frattini subgroup and irreducibly on the Frattini quotient. This problem
arises in the context of describing finite groups having an abelian maximal sub-
group. In fact, we solve a more general problem for a wider class of p-groups,
which we call special F-groups, where F is a finite field of characteristic p. We
point out that if p is odd, then an F-group has exponent p. On the other hand,
every special 2-group is also a special GF(2)-group.

As a byproduct cf our theory of F-groups we obtain an interesting result
about non-singular subspaces of alternating matrices over finite fields (Theorems
10 and 12). These results can be stated in terms of alternating forms. Ana-
logous results are obtained for quadratic forms over GF(2") (Theorem 13).
Theorems of this type are known for matrices over reals, complexes or quater-
nions [1; 2].

We conclude with an open problem about non-degenerate F-groups (Section
5).

Notation.

Z(G) = the centre of a group G,
®(G) = the Frattini subgroup of G,
G’ = the commutator subgroup of G,
Ng(H) = the normalizer of H in G,
Cy(a) = the centralizer of an element ¢ € G in the subgroup H of G.
If H is a subgroup of G then
core(H) = N xHx ™.

T€G

|IS] = the number of elements of a finite set S.

G = N —< H is the semi-direct product of N and H with N < G. It will
always be clear from the context how H acts on N.

A group H of automorphisms of a group G is regular if for every a € H,
a # 1, the centralizer

Cola) = {x € Gla(x) = «}

of ¢ in G is trivial.
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p will always denote a prime number. We say that a finite group is a p’-group
if |G| is not divisible by .

A finite p-group is called special if either it is elementary abelian or nilpotent
of class two with Z(P) = P’ = &(P). If, moreover, |®(P)| = p then P is
called extra-special. See [6, Chapter 5] or {7, Chapter III, § 13] for the basic
properties of these groups.

1. The structure of G. In this section G will denote a finite group having
an abelian maximal subgroup 4. In the case where 4 < Gwe have (G: 4) = p
where p is a prime. The structure of such groups is known [8]. Hence we will
only be interested in the case when 4 is not normal in G.

First we show how one can construct finite groups G having an abelian sub-
group 4 which is not normal in G.

Let P be a non-trivial special p-group (of exponent p if p is odd) admitting
a cyclic p’-group of automorphisms H which is trivial on ®(P) and acts ir-
reducibly and non-trivially on P = P/®(P). Let D be an abelian p-group
containing a copy of ®(P). Define K = (D X P)/R where R consists of all
(x,x~1) forx € ®(P). We extend the action of H to D X P and K by specifying
that it acts trivially on D. Now let B be an abelian p’-group admitting an
epimorphism f: B— H. Let G = K —< B where B acts on K via f. The sub-
group 4 = BD of G is abelian and proper. We claim that it is maximal in G.
Indeed, if M is a subgroup of G containing A properly then M M P contains
& (P) properly and the irreducibility of P under the action of B implies that
MM P = P.Hence M D AP = G.

We claim that 4 is not normal in G. Otherwise it follows from 4 = B X D
that B is normal in G. Hence G = B X K, contradicting that B acts non-
trivially on K.

We prove next that there are no other examples.

THEOREM 1. Let G be a finile group having an abelian maximal subgroup A
which is not normal in G. Then
(i) Ng(4) = 4, Z(G) = core(4), and A N xAx— = Z(G) for all x €
G\4;
(ii) (G : A) = p"for some prime p.
Let A = B X D where D 1is the p-Sylow subgroup of A and B its unique p’-
complement. Then
(iii) Z(G) = By X D where By = B M Z(G),
(iv) there exists a special p-subgroup P of G such that P 1 G, P Z A, G =
AP, A NP =D N\ P = &(P), and P has exponent p when p is odd,
2 or 4 when p = 2.
(v) B acts irreducibly and non-trivially on P = P/®(P) and the kernel of
this action 1s By;
(vi) B = B/By1s cyclic;
(vii) DP1sa p-group and G = (DP) —< B.
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Proof. It is clear from our hypotheses that Ng(4) = A. We have Z(G) C
Ng(A) = A. On the other hand if x € G\A4 then xA4x~! % 4. Hence 4 and
xAx~! centralize 4 M xAx~! and generate G, implying that core(4) C 4 N
xAx~' C Z(G). Thus (i) is proved.

Let 4 = 4/Z(G), G = G/Z(G). It follows from (i) that 4 is a maximal
subgroup of G, Ng(4) = A and that 4 has trivial intersection with each of its
conjugates. Hence, by [6, Theorem 7.7, p. 39] G is a Frobenius group with
complement A. By [6, Theorem 3.1, p. 339] we have G = N —< 4 where N is
nilpotent and |4| divides |N| — 1. Since NV is a direct product of its Sylow
subgroups and &V is maximal in G it follows that &V is a non-trivial p-group for
some prime p. Since (G: A) = (G: A) = |N| the assertion (ii) is proved.

Since 4 divides [N| — 1 = p* — 1 (say) it follows that 4 is a p’-group, i.e.,
Z(G) D D and (iii) is proved. Let N be the pre-image of N in G, and let S,
be the Sylow p-subgroup of N. Then S, DD, N = Z(G)S, = By X S,,
S, < G and G = AS,. By [6, Theorem 3.8, p. 183] there exists a special p-
subgroup P of S, such that P is B-invariant and B acts irreducibly and non-
trivially on P = P/®(P). Thus P Z A, P 1 G, G = AP.

We claim that ®(P) C A Otherwise we have G = 4®(P), ®(P) < G and
P = ®&(P)(4 M P). By a well-known property of the Frattini subgroup this
implies that P = 4 M P, which is a contradiction. Hence ®(P) C A NP C P
and since B acts irreducibly on P we must have ®(P) = 4 N P.

Assume now that p is odd. (If p = 2, it is immediate that P has exponent 2
or 4, by definition.) By [6, Lemma 3.9, p. 183] the elements x € P satisfying
x? = 1 form a subgroup P; of P. We have ®(P) C P; C P and so by irreduci-
bility of P we must have either P, = ®(P) or P, = P. The first possibility is
ruled out because P isanon-trivial special p-group and p is odd. Thus P, = P,
i.e., P has exponent p.

Hence we have proved (iv) and the first part of (v). Assume that ¢ € B acts
trivially on P. Then (Z(G), a) is normalized by 4 and P and hence it lies in
core(4) = Z(G). Thusa € Z(G) M B = By and (v) is proved.

Let a € Bbesuchthat C = Crp(a) is non-trivial. Let C be the pre-image of C
in P. Since B is abelian it is clear that B normalizes C. Since P4 S C C P
we must have C = P by the irreducibility of P. Thus a acts trivially in P and
by (v) we have a € By. This proves that B is a regular p’-group of automor-
phisms of P. By [6, Theorem 3.14, p. 187] B is cyclic and (vi) is proved.

It is clear that (vii) holds because D C Z(G), D is a p-group and conse-
quently DP is a p-group normal in G.

The theorem is proved.

It is clear that the problem of constructing finite groups G having an abelian
maximal subgroup 4 is now reduced to the following problem:

Construct all pairs (P, 8) where P isa non-trivial special p-group (of exponent
p if p is odd) and 6 is a p’-automorphism of P fixing ®(P) elementwise and
acting irreducibly on P = P/&(P).
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We shall solve this problem completely in the remaining part of this paper.
In fact, we solve this problem for a somewhat larger class of groups which we
call F-groups (F being a field).

2. F-groups. Let F be any field, and let V, and V; be F-vector spaces.
Let also ¢: Vy X Voy— V) be an F-bilinear form. We construct a group V' =
Vo X Vi having the following multiplication:

(x, ), y) = (x+«, 9+ + ¢x,x)).

This is a group because ¢ is a normalized 2-cocycle. The elements (0, y) in
V form a subgroup of V, canonically isomorphic with V;. Further, V, C Z(V)
and V), is canonically isomorphic with V/V;. The group V will be called in
this paper an F-group. Whenever we refer to an F-group V we shall regard
Vo, Viand ¢ = ¢ as part of the structure of V.

“In V we have (x, y) = (x, 0)(0, y), (x, ¥)™! = (—x, —y + ¢(x, x)) and
hence the commutator

[(x,9), (&, 5]

[(x,0), &', 0)]

(=%, ¢(x, %)) (=", ¢(«, ")) (x, 0) (+", 0)
(—x—a', ¢(x, x) + & (', &)

+ ¢(x, &) (x + &, ¢ (x, "))

= 0, ¢(x, ") — ¢(x', x)).

Further, it is easy to check that

VICe(V) C Vi CZ(V).

Given two F-groups V and W, we shall say that a homomorphism 6: V' — W
is an F-homomorphism if 6(V;) C W, and the induced map 6y: Vo — W, and
the restriction 6;: V; — W; are F-linear.

We shall denote by Aut(V; F) the group of F-automorphisms of V.

If F has characteristic p, an odd prime, then every non-trivial F-group has
exponent p. This follows directly by computation. If p = 2, then every non-
trivial F-group has exponent 4 or 2.

For each bilinear function ¢ we define

¢ (x,9) = ¢(x,y) — ¢y, x).

We shall say that an F-group V is special if 11 is generated (as a vector space
or, equivalently, as a group) by the image of ¢/, where ¢ is the bilinear func-
tion associated with V.

I

i

Definition 1. Let ¢: Vo X Vo — V; be an F-bilinear map. Then we shall say
that ¢ is non-degenerate if for every non-zero linear function ¢: V; — F the
composite bilinear form ¥ o ¢ is non-degenerate. Similarly, if Q: V, — V;
is a quadratic map of F-vector spaces Vy and V) then we shall say that Q is

https://doi.org/10.4153/CJM-1977-037-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1977-037-8

IRREDUCIBLE AUTOMORPHISMS 337

non-degenerate if the bilinear map Q(x 4+ y) — Q(x) — Q(y) is non-degenerate.
We shall say that an F-group V is non-degenerate if the bilinear map ¢}/’ is
non-degenerate.

Our definition of non-degenerate quadratic maps is analogous to the defini-
tion of non-degenerate quadratic forms given in Bourbaki [3, Definition 2, p.
54]. Some other authors call such quadratic forms non-defective if char F= 2.
See, for instance [5, p. 33].

LEMMA 2. Every non-degenerate F-group V is a special F-group.

Proof. Assume that V is not special. Then there exists a non-zero linear form
Y: Vi — Fsuch that V' C Ker(y). Hence ¢ 0 ¢’ = 0, contradicting that 7 is
non-degenerate.

LemMmaA 3. If V is a non-degenerate F-group, then V' = ®&(V) = Vi C Z(V).
If also V1 # 0, then Vi = Z(V).

Proof. From the previous lemma V is a special F-group, and so V' = V..
It follows that V' = &(V) = V.

If V0, and (x, y) € Z(V), then also (x, 0) € Z(V), and therefore
¢ (x,2) = ¢(x,2) — ¢(z,x) = 0forall z € V. Since V; ## 0 we can choose a
non-zero linear form ¢: V; — F, and since ¢ o ¢’ is non-degenerate, we must
have x = 0, completing the proof.

LeEmMMA 4. Let p be an odd prime. If P is a p-group of exponent p with a central
subgroup P; such that P/P; is abelian then P is a« GF(p)-group.

Proof. We may consider Py = P/P; and P, as GF(p) = F-vector spaces.
First, we choose a family of elements a; € P (¢ € I, I totally ordered) such
that the a; € P, form a basis of Py. Then the elements

a,{’“...ai,“"", 11<12<<’Lk,6¥1€F

are coset representatives for Py CC P. The 2-cocycle ¢ associated with this
extension can be computed as follows:

ay ar B Br __ a1tp1 artBk arfBs
1) ay,™ .. .ay™ay” eyt = ay cee Qg H (@, @],
>$

Using now additive notation we have

dla@y + ... Foudy, 813y + ...+ Bidy) = Z Bl s, ag,l.

>3

Hence ¢ is F-bilinear, and it is now clear that P is isomorphic to the GF(p)-
group built using Py, P; and ¢.

LEMMA 5. Let P be a 2-group with a central subgroup P; of exponent 2 such
that P/ P, is of exponent 2. Then P is a GF(2)-group.

Proof. Again, we may consider Py = P/P; and P, as GF(2) = F-vector
spaces, and choose a family of elements a; € P (2 € I, I totally ordered) such
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that the a; € P, form a basis of Py. The elements
. ay®t, << . <iya; =01

are coset representatives for P; C P. In order to compute the 2-cocycle ¢ we
can use formula (1) of the previous lemma noting that if for some index 1,
a; = B, =1, then

a“a;+51 . atkak'i“ﬁk

is not in general a coset representative. In this case, however, if we let a;* = by,
then b; € P, and

airar+l3r = atT‘Yrb irarﬁr
where v, = 0, 1 and v, = «, + 8, mod 2. Hence in this case

¢(Olldi1 + ...+ ayl i, B1d + ...+ IBkdik)
K
= Z aTBTbir + Z afﬁs[airyaia]'

7=1 T>8

Thus again ¢ is F-bilinear, and we are done.

LemMa 6. If V and W are F-groups, and 6: V — W is an F-homomorphism
then

0(x,y) = (B0(x), 62(y) + bo1(x))

where 02 V,— Wy, 1 = 0,1, are F-linear maps, and 6o1: Vo — W 1s a quadratic
map such that we have

(2) oéw' 0 (6o X 0p) = 610 ¢y

and
(3) Oy + &) — Oor(x) — 001 (x") = dw(Bo(x), Oo(x")) — O1(dy(x, x')).

In particular, ¢w(0o(x), Oo(x')) — 0:1(dy (x, x')) 1s a symmetric bilinear map.
If char (F) = 2, then this map is alternating. Conversely, if 0, 6, and 0y, satisfy
these conditions, then 6 € Aut(V; F).

Proof. From 6(x, y) = 6(x, 0) - 6(0, y) = 6(x, 0) - (0, 6:(y)) and the defini-
tion of 6, it follows that 6(x, y) has the form given in the Lemma. Equation (2)
follows from

dw' (00(x), 60(x")) = [(Bo(x), o1 (x)), (Bo(x"), Bor(x"))]
= 0([(90, O)r (x/y O)]) = 01<¢V/(xr x/))
Equation (3) follows from
0((x, 0)(x",0)) = 6((x + &', v (x, x"))
= (Bo(x + &'), 01(¢v(x, %)) + o1 (x + x')),
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and
6(x,0)-6(x',0) = (Bo(x), Bor(x)) (Be(x"), Bo1(x"))
= (Bo(x) + 00(x"), Bor(x) + o1 (x") + 0w (6o (x), B0(x")))

The converse is straightforward.

3. Irreducible automorphisms of finite F-groups. For the rest of this
paper the field F and all the groups will be assumed to be finite.

Definition 2. If V is an F-group we denote by Aut,(V; F) the subgroup of
Aut(V; F) consisting of those F-automorphisms which fix all the elements of

Vi CV.

ProrositioN 7. If V is a special F-group admitting an automorphism 6 €
Auto(V; F) such that the tnduced automorphism 6y € Aut(V,) 1s 1rreducible as
an F-linear transformation, then V 1s non-degenerate.

Proof. By equation (2) of Lemma 6, it follows that ¢’ is preserved by 6,.

Let ¢ be a non-zero linear form on V;. By the irreducibility of 6, if follows
that Ker(y o ¢’) = 0 or V, because 6, preserves the form y o ¢’. We have
Ker(y o ¢') # V, because otherwise Im (¢') C Ker(¥) contradicting the
hypothesis that 1 is a special F-group. Hence Ker(y o0 ¢') = 0 and ¢ o ¢’
is non-degenerate.

This completes the proof of the proposition.

Definition 3. Let f(X) be a monic irreducible polynomial over a finite field
F = GF(q), g = p". An F-representation of f(X) is a pair (V, 6) where V is a
special F-group, 8 € Aut,(V; F), 6 has p’ order, and the induced automorphism
6o has f(X) as its characteristic polynomial. (This last implies that 6, is ir-
reducible on V).

Definition 4. If (V, 6) and (W, w) are F-representations of f(X) then a
morphism (V, 6) —» (W, w) is an F-homomorphism ¢: V — W such that
wOo =004

Let (V, 6) be an F-representation of f(X) and let N be a subgroup of V.
Then V = V/N is also a non-degenerate F-group, the induced automorphism
 of Visin Aute(V; F) and (V, 8) is also an F-representation of f(X). We say
that (V,8) is a quotient of (V, 9).

ProrosiTION 8. If 1V is a non-degenerate F-group, and if Vi # 0, then the
dimension of Vy1s even.

Proof. Let ¢ be any non-zero linear form from V; to F. By Definition 1,
¢y is non-degenerate. Therefore ¥ 0 ¢/ is a non-degenerate alternating form
from V, to F, and this implies that the dimension of V is even.

It follows from Proposition 8 that if f(X) is an irreducible polynomial of
odd degree and (V, 6) is an F-representation of f, then V; = 0, and V = V,.
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We introduce some notation. Let
FX) =X"+ o X"+ .. L+ ap.
If a,, # 0 we define
JX) = ot X"f(X)

noting that if f(X) is irreducible and f = f, then @, = 1 and m must be even,

unless m = 1.
We also define the (m — 1) X (m — 1) matrix M (f) as

_ozm ] _Clm_2 Ap—3 (X(]~1
Up—1  Qp
M) =y . -
(o3 (ed] ()
L—az ag . . . Oz,,l_ —010 ]

where ag = 1.

We denote by 7(f) the rank of M(f). We shall prove later that when f(X)
is irreducible in F[X] then

_im—1 iff#f
r(f) = {m/2—1 if f = fandm > 1.

THEOREM 9. Given any monic irreducible polynomial f(X) € F[X] there exists
an F-representation (V, 6) of f(X) which is universal in the following sense: Every
F-representation of f(X) is 1somorphic to a quotient of (V, ). This universal
F-representation (V, 0) 1s unique up to isomorphism. Also, dim(Vy) = m =
deg (f), and dim (V) = m — 1 — r(f).

Proof. Recall that F = GF(q), ¢ = p". Let Vo and U be F-vector spaces
with bases ag, ai, . . ., ap—yand by, . . ., by respectively. Let b be the column
vector whose coordinates are the vectors by, ..., b,—1. Then M(f)b is an
(m — 1)-tuple of vectors in U. Let N be the F-subspace spanned by the vectors
M(f)bandlet V, = U/N.Forx € Vweletx = x + N.

Let ¢ be the bilinear map from V, X 1V, to V; defined by

_Jo ifi<j
¢((L,, (l/) - {bj—-i lf’L g ]
where by = 0if p # 2, and, if p = 2,

m—1
bo =f(1)—2( ; bilraey +azages + ...+ am_iam)) .

We construct an F-group V = V, X V; using this ¢.
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Let an F-automorphism 6, of V¢ be defined by

90((11') = Q41 for0 1< m—2
00(@n—1) = —ano — am_11 — ... — q1p_1 (= an, say).

Note that the characteristic polynomial of 6, is f(X) and hence 6, is ir-
reducible as an F-linear automorphism of V.

We claim that ¢ (0(x), 6o(x’')) — ¢(x, x’) is symmetric. This is equivalent
to the statement that ¢’ (x, x") is fp-invariant. Since ¢’ is alternating, it suffices
to check that ¢’ (6¢(a;), 0o(a;)) = ¢'(as, a;) for 0 £ 1 < j =< m — 1. Thus we
have to show that ¢' (a1, a;01) = ¢'(ay, a;), 0 £ 1< j <m — 1. This is
clear if j %2 m — 1. If j = m — 1, this equation becomes

¢‘/ (U«i+1» — Qply — Op—101 — ... — alam—l) = Em—l—l
or

ndir1 + ometbi + oo bt —@meibi — o — b2 = b1
This follows from the definition of V; as a quotient.

In case p = 2 we must check further that the form ¢(fo(x), 6o(x")) —
¢ (x, x') is alternating. It is enough to check that

¢(00((Li), 00((11)) = ¢(ai, ai) for 0 é 7 é m — 1.

This is clear unless 7 = m — 1. In that case we need to show that ¢ (an, a,) =
l_)o, i.e.,

m—1 m—1
4)( ZO Opy— i@ 4, Z;) am_jaj) = I—)(), i.e., Z am_iam~jl_)]-._i = f(1)2 1-)0
i= Jj=

0<i<j=m—1
which follows from our definition of b,.

Since this bilinear map is symmetric and, if p = 2, alternating, there exists
a quadratic map 61 : Vo — V7 such that

0or(x + &) — o1 (x) — 0 (x") = ¢(Bo(x), 6o (x")) — d(x, x');
see 3, Proposition 2, p. 55] for the case of quadratic forms. Now we define 6 by
0(.’)(3, 3’) = (00(3‘:)! 001(06') + 3’)

It is a straightforward check that § € Aute(V; F). Since f(X) is irreducible,
the order % of 8, is a p’-number. Hence the order of 4 is of the form p’k. Then
if ¢ = 6”°, where s is chosen so that s = 7 and p* = 1 mod &, ' will have order
k. Thus, by replacing 6 by ¢’, if necessary, we may assume that 6 is a p’-element.
Therefore, (7, 6) is an F-representation of f(X). Also dim (V) = m, dim (V)
=m—1—r(f).

We claim that (7, 6) is universal. Let (W, w) be any F-representation of
f(X). We can assume that W, = V, and w, = 6. Define a linear map r: U —
W1 by

7(b;) = ¢ow'(ap,a;) forl <1 = m — 1.
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We claim that N C Ker(r). For all integers k& we write a, = 6¢*(ao), con-
sistent with the notation for a; used above. We compute

i = T(@moip1tbr + ...+ ab; — op_i1bs — ... — aohp—y)
= ¢p (@0, 0m_ir101 + ... F Ui — Qo101 — ... — Qolp—;)
= ¢w' (@0, m—it101 + . . .+ ana;) — dw’ (@0, tme sy + . .. F @olm—y).
Now by equation (2) of Lemma 6, ¢y’ is fp-invariant, and so

ow' (@o, o101 + . . . antys)

= —w (a1, am—i100) — dw' (a2, Am—ipato) — ... — ¢ (a4, anao)
= —¢w' (@, tnip10—1 + Om_iyotos + ...+ ana_y)
= —¢w (@0, m—; + . .. F+ Ap—sp10_1)
so that
¢i = —ow (ag, ant—i + ... + com_s)

= —¢u (a0, 0 (anao + an—1a1 + . .. + aoay))
= —ou (ag, 8~40)) = 0.

Since this is true for all 7, 1 £ 7 £ m — 1, we conclude that N C Ker(r).
Let o, be the 7-induced map from V, = U/N — W,.

The bilinear map o1 (¢ (x, x')) — ¢w(x, x’) is symmetric because ¢, 0 ¢y’ =
¢w’ by definition of 7 and o;5. If p = 2 we claim that this map is alternating.
Thus we have to verify that

oi(py(as, ai)) = ¢wlas, a;) for0 =7 =m — 1.
But o1 (¢v(a;, a;)) = a1(bo) = 7(be) and since
(aiv 0)2 = (Or ¢W(aiy ai))y
(w((liy 0))2 = ((00(ai), w01((li))2 = (0, Sw (@i, ai+1))

it follows that ¢w (¢4, a,) is independent of 7. Thus we just have to justify the
single equality 7(by) = ¢w(as, ao). Since

m
Z ity = 0
=0

we have

0

m m
¢W( ZO QA — i@ 4y Zo am—ﬂj)
i= =

I
AR

O ity pw (@4, aj)

1 0

= am—iam—j¢W,(a'ir (1]-) +f(1)2¢‘W(a01 ao).

Si<jSm

=3
A
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Using the identity

Z am—ia0¢W,(ai» ap) = ¢W'( Zﬂ Om—iQ 4y am) =0

0=i<m—1

the preceding equality gives
f(l)_2 Z im0 (g, a5) = ¢w(ao, ao).

0= i< jSm—1

The left hand side of this equality is 7(b,), since
bo = f(13_2 Z am—‘iam—jbj—i-

0= i< jSm—1
Hence we have 7(by) = ¢ (as, ao) and the map o1(py(x, ') — ow(x, x’) is
shown to be alternating when p = 2.
It follows that there exists a quadratic map oo1: Vo — Wi such that

cu(x + %) — go1(x) — co1(x') = o1(¢pv(x, %)) — dw(x, x).

Now we define ¢: V— W by a(x, y) = (x, 01(y) + co1(x)). It is easy to
check that ¢ is an F-homomorphism and consequently o: (V, 8) — (W, w) is
a morphism. Since ¢ is onto and Ker(s) C V; the F-representation (W, w)
is a quotient of (V, 6). Thus (V, 6) is a universal representation.

By a dimension argument it is clear that the universal F-representation is
unique up to isomorphism.

The theorem is proved.

4. Universal representations. In this section we compute 7(f). In the
course of this we prove a theorem about maximal non-singular subspaces of
the space of alternating matrices over a finite field.

As before, ¢ = p*. .S, (2m, q) is the symplectic group, consisting of 2m X 2m
matrices X with elements from the field F = GF(q) satisfying ‘XJX = J
where

7o ( 0 I,,,)
-1, 0/~
We shall consider these matrices X as operators on the space of column vectors

Frm = T, We shall use M(F) = M (q) to denote the set of all s X s matrices
over F, and by K (F) = K(q) the set of all alternating matrices over F.

THEOREM 10. If A € M, (q) has irreducible characteristic polynomial f(X)
then the space K(4; q) = {X € Ka,(q); '"AXA = X} has dimension m if f = f
and 0 if f # f. Aswell, if 0 # X € K(A4, q) then X is non-singular.

Proof. Let X € K(4;q), X # 0. Note that Ker(X) is A-invariant because
v € Voand Xv = Oimply that0 = Xv = (‘AXA4)v = ‘4X (4v) and X (4v) =
0. By the irreducibility of 4 and X # 0 we must have Ker(X) = 0, i.e.,
X is non-singular. Now ‘4XA4 = X and so ‘4 = XA7'X"!, ‘4 and A~ are
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similar, and the characteristic polynomial f of 4 satisfies f = f. Therefore if
f # f we have K(4; q) = 0.

Assume then that f = f. Leta = ay, as, . . . , as, be the distinct roots of f(X).
They are all in F(a) = GF(¢*™). Then 4 is similar in Ms,, (¢*") to the diagonal
matrix D with diagonal entries ai, as, . .., az,. The dimension of K(D; ¢*")

over F(a) is the same as the dimension of K(4; ¢) over F [4, (29, 5), p. 200].
A matrix X € Ks,(¢*") belongs to K(D; ¢*") if and only if DXD = X, i.e.,
ot = £; where X = (£;;). We may assume, since f = f, that a,,; = a;!
for 1 = ¢ < m. The above equations imply that &;; = 0 unless j — ¢ = %m.
Now it is clear that

dim p K (D; ¢*") = dim (K (4, ¢)) = m.

LEMMA 11. For each finite field F = GF(q), and each positive integer 2m there
exists an irreducible polynomial f(X) in FIX] of degree 2m such thal f = f.

Proof. Let L = GF(¢*™). The multiplicative group of L has order ¢ — 1.
Let a be an element of L of order ¢™ + 1. Let f(X) be the minimal polynomial
of @ over F. Then L = F(a), since if F(a) has order ¢" then we must have
g™ + 1|¢" — 1 and since 7|2m it follows that » = 2m. Also a=! = a*" is also a
root of f(X). Therefore f = f and the lemma is proven.

Definition 5. A subspace L of M (F) is called non-singular if every non-zero
matrix in L is non-singular.

THEOREM 12. In K., (q) the dimension of a non-singular subspace is < m.
This upper bound is always achieved.

Proof. Let S be a non-singular subspace of K,,(¢). By choosing a basis
X1, ..., X, we can express any X in S as

X=a1X1+....+aka.

Then det(X) = (P{(X))? where Pf(X) is the pfaffian of X. P{(X) is a
homogeneous polynomial in the a; of degree m. If & > m then by Chevalley's
theorem [9, p. 13] the polynomial P{(X) has a non-trivial zero, contradicting
the hypothesis that .S is non-singular. Therefore dim (S) < m.

By the previous lemma, a polynomial f(X) of the desired kind can always
be found. Let 4 € M,,(g) have characteristic polynomial f(X). Then dim
K(4, q) = m, K(4, q) is non-singular, and the upper bound is achieved, as
claimed.

We remark that the problem of finding maximum dimension for real non-
singular subspaces of symmetric, skew-symmetric, etc. matrices has been con-
sidered for real, complex and quaternionic matrices [1; 2].

The set of all upper triangular matrices in M (F) = M (q) wlll be denoted
by Ty(F) = Ts(g)-
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TuEOREM 13. If A € M., (q), ¢ = 2", has irreductble characteristic polynomial
f(X), then the space T(4; q) = {X € T2,(q), '"AXA = X mod K, (q)} has di-
mensionm if f = f,04f f # f. Aswell,if X € T(4;q) and X # 0 then X + ‘X
s non-singular.

Proof. Suppose 0 % X € T(A;q). Then '4XA = X + B with B alternating
and so '4'XA = 'X 4+ B. Adding,

AX + XA = X + X

and so, as in the proof of Theorem 10, X 4 ‘X is either 0 or non-singular.
It remains to show that X 4+ ‘X 5 0 or, equivalently, that X is not diagonal.
We can assume that 4 has the form
0 aa?
10
1 0
1

O 1 al_

and that the diagonal matrix X has diagonal entries &1, &, . . ., £,. By equating
the diagonal entries of ‘A4X A4 and X we get that

Si=6=...=fm

and
Eom = aon’1 + aom1e + ..+ ar?bon

so that f(1)2¢; = 0, and the §; are 0. This is a contradiction, and so X + ‘X is
non-singular.

Leta bearootof f(X). Then F(a) = GF(¢*) and 4 is similar (in M2, (¢*™))
to a diagonal matrix D with diagonal entries @ = ai, @s, . . . , as,. If f = f then
these may be taken asay, . . ., o, ar™%, . . ., a,~! while if f # f then a; # a;7!
for all < and j. The dimension of T'(D, ¢®*") over F(a) is the same as the di-
mension of 7'(4, q) over F. Matrices X € 1'(D, ¢**) satisfy

DXD = X mod K, (¢*™).
If X = (Eij)y then aiaj&j = Ei]’ \/Vhere o = ak_m_l if & > m andf = f., and

aa; # 1forall 4, jif f  f. If f = f, £;; = O unless j — ¢ = m, and these may
be chosen arbitrarily, while if f # f, £;; = 0 for all 4, j. Hence

m iff=7F
0 iff#f
THEOREM 14. Let (V, 0) be a universal F-representation for a monic irreducible

polynomial f(X) of degree k over the field F = GF(q). If f # f then dim(V;) = 0
while if f = f then k is even, k = 2m, and dim(V;) = m.

dimpw T (D; ¢"™) = dimzT(4;q) = {
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Proof. If k is odd then f s f and dim (V) = 0 by Propositions 7 and 8.
Assume, then, that kiseven. If 7} # 0, then let y: VV; — F be a non-zero linear
form. Then ¢ o ¢/ is an alternating bilinear form which is invariant under 6,.
Theorem 10 implies f = J, and dim(V;) £ m.

Take Vy = F?", considered as column vectors. We choose a matrix 4 €
Mo, (q), A = 6y, having characteristic polynomial f(X). We take V; = K (4, ¢)*
if gis odd, and V, = T'(4, ¢)* if ¢ = 27, where * denotes the dual. We define
a bilinear map ¢: Vo X Vo — V; as follows: ¢(x, v) is the linear function on
V1 defined by

o(x,y)(X) = %Xy € F.

Using this ¢ we define the F-group V = 1, X V..

If gis odd we define 8(x, g) = (Ax, g). Itis casy to check that 6 € Auty(V; F).

If ¢ = 2" we must check that the form ¢(4 (x), 4(y)) — ¢(x, vy) is sym-
metric. This is equivalent to the claim that ¢’ is 4-invariant. This follows from

¢ (Ax, Ay)(X) = W'AXAy — W AXAx = %'A(X + X)Ay
= (X + X))y = ¢'(x, y) (X).

We also claim that the form ¢(A4 (x), 4(y)) — ¢(x, y) is alternating. This
follows from

(p(Ax, Ax) — ¢(x,x))(X) = W'AXAx — x'Xx =0

because ‘AX A4 — X is alternating.
Thus there is a quadratic map 6y1: Vo — Vi satisfying 6o, (x + v) — 01 (x) —
001 (y) = ¢(4(x), A(v)) — ¢(x, y) and we define 6: V — V by

0(x, g) = (Ax, g + 001 (x)).
By Lemma 6, 6 € Auto(V; F).
We claim that V7 is a special F-group. It is enough to show that

¢ (x,y)(X) =0forallx,y € Vo= X = 0.
But
¢ (x,y)(X) = w'AXAy — WAXAx = w'A(X — 'X)Ay =0

for all x, v implies X = ‘X. But if ¢ is odd, X is skew-symmetric and we have
X =0.Ifg = 2", and X = ‘X then, since X is triangular, X must be diagonal.
By Theorem 13, this cannot happen unless X = 0.

We require as well that 6 have p’ order. If it does not, then we replace 6 with
an appropriate power of 8, as in the proof of Theorem 9.

Clearly (V, 6) is the universal F-group for f(X) which we require, since
dim (V) = m and, by Theorem 12, dim (V) < m.

TuEOREM 15. If f(X) and g(X) are irreducible polynomials of degree 2m over
F, satisfying f = J and g = 3, and if (V, 0) and (W, w) are the universal F-
representations of f and g respectively, then V and W are F-isomorphic.
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Proof. Choose A € Mo, (q) having characteristic polynomial f(X). Since 4
is irreducible, its centralizer in M, (q) is F[A]. It is clear that F[A4] is a finite
field with ¢*" elements. We may assume without loss that f(X) is such that 4
has order ¢" + 1. By the proof of Lemma 11, this can be done. There is an
element B in F[4] whose minimal polynomial over F is g(X). It follows that
B is irreducible.

Suppose now that ¢ is odd. We claim that

K(4;q9) CK(B;q).

By [7, Satz 9.23, p. 228] and the fact that the characteristic polynomial of B
satisfies g = 7 so that B is conjugate to an element of Sp(2m, q), B+ =1
and so B = A° for some s. It is now clear that

K(4;q9) CK(B;q).
Similarly, if ¢ = 2.
T(4;q9) C T(B;q).

By Theorems 10 and 13 these spaces have the same dimension and so K (4 ;q) =
K(B;q)if gisodd, and T(4;q) = T(B;q) if ¢ = 2"

It is clear from the construction of the universal F-representation in Theorem
14 that V and W are F-isomorphic.

5. An open question. Let V = V(2m, g) be the non-degenerate F =
GF(q)-group with dim Vy = 2m, dim V; = m such that there exists 6 €
Aut,y(V; F) which induces an F-irreducible linear automorphism 6, in V,. (We
have seen in the previous section that such a group is unique up to F-isomor-
phism.) Recall that V' (2m, ¢) is a non-degenerate F-group.

Question 1. If W is a non-degenerate GF(q)-group, ¢ odd, dim Wy = 2m is it
true that W is an F-quotient of V(2m, ¢)?

This question is equivalent to the following question about matrices:

Question 2. Let L be a subspace of K, (¢q), ¢ odd, such thatif X # 0, X € L
then X is non-singular. Is it true that there exists 4 € M,,(¢) having ir-
reducible characteristic polynomial and satisfying ‘4XA4 = X for all X € L?

We conjecture that the answers are affirmative.

It is interesting to remark that if V' = 1V (2m, 2) then the quadratic forms
YoQy, where Qv (x) = ¢y (x,x) and ¥: V1 — GF(2) is any non-zero linear form,
are all of (—1)-type (see [7, p. 248]).
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