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MODULAR FORMS OF HALF INTEGRAL WEIGHT AND

THE INTEGRAL OF CERTAIN THETA-FUNCTIONS

SHINJI NIWA

§ 0. Introduction.

Recently G. Shimura [1] constructed modular forms of integral
weight from the forms of half integral weight. His construction is
rather indirect. Indeed, he proved that the Dirichlet series, obtained
from a form of half integral weight, multiplied by a certain L-function,
corresponds to a modular form of an integral weight by means of the
characterization of modular forms due to Weil.

In this paper, we shall give a more direct method of constructing
modular forms of integral weight, using Siegel-WeiΓs indefinite theta
series, and at the same time prove the conjecture related to the level of
such forms (the former part of (A) in §4 of [1]). The relation of the
theory of the theta series and Shimura's result was first pointed out by
T. Shintani [2], Indeed, he constructed, in contrast to Shimura's result
modular forms of half integral weight, using an indefinite theta series,
and showed that this correspondence is almost reciprocal to Shimura's.
We note that our use of the theta series is, however, different from
Shintani's.

Let N be a positive integer, χ a character modulo AN and χx = X[^~)

with a positive integer λ. We denote by H the complex upper half plane,
and by x = (xl9 x2, x3) an element of the vector space R\ For g e SL(2, R)
we define a function on R3 by fix) = (xx — ίx2 — xz)

λ exp ((—2π/N)(2xl + x\

+ 2xD). For κ = 2λ + l9z = u + iveH and for the lattice U = Z®NZ

Φ(iVZ/4) in Q\ we define a theta series θiz,g) by

= Σ χi(^>(3-*)/4(exp (2πί(u/N)(xl -

where V v e R is viewed as a scalar of the vector space 2?3, and
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148 SHINJI NIWA

g e SL(2, R) operates on R* through the symmetric tensor representation,
that is, gx = (x[, x2, x'3) e R3 is determined by

/ x1 x2/2\t = ( x[ x'2j2\
\xJ2 a, / \x'J2 xί ) '

2/2 xz ) \x'2/2

This series is naturally derived from Weil's representation, and there-
fore a transformation formula in z is guaranteed. Now, we consider
the Petersson inner product of θ(z, g) with a cusp form of half integral
weight with respect to z. Then, this inner product is a function of
g e SL(2, R) which becomes a holomorphic modular form of integral
weight on H. Such forms essentially coincide with those constructed

by Shimura, as precisely stated below. Let F(z) belongs to Sκ(42V, χί — Π

that is, F(σz) = χ(d)(^~\j(σf z)κF(z) for every σ = ft hλ e Γ0(4N), where

j(σ, z) = θ(σz)/θ(z) and θ{z) = ΣZ— exp (2πin2z). Then, G(z) = F(-l/4Nz)
X (42V)~c/4(—i^)"c/2 belongs to Se(4iV, χ), and has a Fourier expansion
G(z) = Σ*=i α(^) e x P (2πifc2). Determine A^t^) by the relation

- = L(s - λ + 1,

where L(s, χ) = 2]?-i χ(n)n~s. Then, putting w7 = f/ + iff = —l/2Nw with

0 -1/2 )> w e obtain

THEOREM. Aswmme A: Ξ> 7, ίfeen ίfee function

Φ(w) = (2N);(-2Nw)-"(4v0-" ί vfc/2^(2;, σiyB.)F(z) dudv (z = u + iv)

o/ w belongs to ©β_i(2N, χ2) and feas a Fourier expansion

c ]Γ]»-i Ai(n) exp (2πinw) ,

c = (-l)W^ / 2 + 1 / 42-4^ / 2 + 3 / 2Re(VT - ΐy and 2) is ίfce fundamental
domain of Γ0(4iV) on ί ί .

We denoted by ©,-I(2JV, χ2) the space of integral modular forms Φ

of weight K - 1 satisfying Φ(>w) = χ2(d)(cw + d)'-ιΦ(x) for r = (^ ^)

eΓ0(2N). Denote by ©iC_1(2N,χ2) the subspace of ©κ_1(2iV, χ2) which
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THETA-FUNCTIONS 149

consists of cusp forms. Then the function Φ in Theofem belongs to
©,_i(2JV, χ2) by virtue of the magnitude of the growth of Ax{n).

This theorem assures that the above conjecture related to the level
is true when t = 1 with the notation of [1]. The more general cases,
when t is an arbitrary square-free positive integer, are obviously reduced
to this case. Details will be given in §3.

We note that, in contrast to the situation in the theorem, the inte-
gral of θ with respect to wf is, as well known, an Einsenstein series
according to the Siegel formula.

I wish to express my hearty thanks to Drs. T. Asai, T. Shintani
and Y. Kitaoka, who gave me various important suggestions.

§ 1. Weil representation and theta series.

The purpose of this section is to explain the transformation formula
of θ introduced in the preceding section. For this purpose, we introduce
Weil representation under the formulation by Shintani [2]. Let Qin) be
a nondegenerate n by n symmetric matrix of signature (p, q) with
rational coefficients, and let <#,?/> = ιxQy be the inner product of x and

y in IP. For σ = (* h\ in SL(2,R) and f(x) in L\Rn), Weil represen-

tation σ —> ro(σ) is defined as follows:

(ro(σ)f)(x)

(\a\n/2e[(ab/2χx, x}]f(ax) , for c = 0 ,

= |det QΓ |cΓ/ 2 f e\«*'x>-**'*>+ d<v>v>]f(3,)dV ,
v jRn L 2c J

f or c φ 0 ,

where e[x] = exp (2πix). Put r(σ) = ε(σ)q~pr0(σ) with

e(o) =

Assume that <(#,#> takes integral values on the lattice L in Qn. De-
note the dual lattice of L by L*, and for heL*/L and feS(Rn), define
the series θ{f, h) by ΣXΘL f(h + x) then we obtain

PROPOSITION 0 (Shintani). For a = (* ^)eSL(29Z) such that
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150 SHINJI NIWA

ab(x, x}, cdζx, x} = 0 mod 2 for all xe L, we have

θirQiσ)f, h) = Σ c(h, k)σθif, k)
JceL*/L

where cQi, k)σ is equal to

δk.aκe[(flb/2χh,k>]

for c — 0, and equal to

X Σ
reL/cL

for c Φ 0. Moreover, if c = c(x, x) = 0 (mod 2) /or ewn/ a; e L*

cL* c L are satisfied, then, for d < 0 and c ^ 0, c(h, k)σ is given by

reL/dL L 2d

COROLLARY iShintani) 0. Under the same assumption as above, as-

sume that f satisfies rikiθ))f = (cos# — ίsmθ)~κ/2f for all θ, where kiθ)

— ( C ) Λ α n) and fc is a positive integer, and put θiz, f, h)
\ — SlU u COS u J

= v~φirQiσz)f, h) then we get the transformation formula

i^Jγp-q)ssnc(cz + d)~κ/2θiσz, f, h) = Σ c(h> k)βθiz, f, k) , (c Φ 0) .

Throuhout this paper we determine V~z = ^1/2 by —τr/2 < arg z1/2 <̂  7r/2.

Now, we give some examples and explanations for later use.

EXAMPLE 1. We consider the case n = 1, Q = (2/2V), L = iVZ and

/(a?) = exp i-i2π/N)x2), then we have p = 1, g = 0, L* = Z/2, rikiθ))f

= icosθ — isinθ)-1/2f and θiz,f,O) = ^(N^), where tf(«) is defined in §.0.

From Corollary 0, it follows for σ = (^ ,) e Γ0(4iV) that (Vΐ) s g n c (^

and c(0,0)σ = WT)ssnc Kσ,z)icz + d)-1/2(~

We note that cQι,k)σ in Proposition 0 does not depend on / . We can

interprete this representation by the so-called Fock representation. We

define a map / : L\R) -> H = L2iC,expi—πzz)dz) by the integral trans-

formation (//)O) = I kix, z)fix)dx, where / e L\R) and kix, z) = exp
JR

X (—Trm^etxVm^] exp ((ττ/2)22), then / is bijective and maps the Hermit
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exp(—2πx2) in L\R) to the polynomial zε in
dxε ^ιχ

H up to a constant multiple. Moreover one can easily check, by direct

calculations, that Ir(k(θ))f = (costf - isin0)-1/2M(e")//, where feL\R),

Q = (m) and M(eiθ) is the map such that M(eίθ)g(z) = g(eίθz) for g(z) e H.

In this way we can find a function fι>e in L2(R) satisfying r(k(θ))f1>e

= (cos# — i sin#)~ ( 2 e + 1 ) / 2/ l f e for a positive integer ε. Namely, fι,e(x)

= H£2^πnix2), where #,(#) = (—l)e exp (x2/2)-^— exp (—x2/2) is a so-

called Hermite polynomial.

Put again m = 2/N and let L be as above; then θ(z,fltβ90) = ^lfβ(«)

= i;"f/2 Σ"=-oo H(2V2Nπvx) exp (2πίNzx2) satisfies 0X ,(σ«) = (—)j(σ9 z)(cz
\ d J

+ d)εΰ1>e(z) according to the independence of c(h, k)a to / . In the same

way θu£-l/4Nz) = (2N)ε/2 x (V:z2E)2e+1θXz) can be shown with Θ6(z)

EXAMPLE 2. Next we consider the case n = 2 and Q = (2/iV)

X ί 2 ~ 2 V that is, <x, y> = (-4/2V)(a?1»2 + a ^ ) and L = 4NZΘ (iVZ/4),

then p = g = 1, r = r0 and L* = Z θ (Z/16), and 4iVL* = L satisfies the

assumption of proposition 0. Put L ; = Z0(iVZ/4), heL': then for

jί J ) eΓ0(4Λ0, c(Λ,fc)# = (5fc,αΛ and θ(ro(σ)f,h) = θ(f,ah) are valid.

If feS(R2) satisfies r(k(θ))f = eίeV, and if we define Θ2,θ(z,f) by

= (

hβL'/L*

then we obtain

Θ2tε(σz,f) = fc(β)(cz + d)%,£z,f) .

We explain how to find / with this property. P u t Q = m x ί __2 )>m

> 0. We define part ia l Fourier transformation F by

Λoo

(Ff)(x19 x2) ~ V2m f(x191) exp (Aπϊmtx^dt ,
J -oo

(F~ιf)(x19 x2) = V2m /(a?!, ί) exp (—&πimtx2)dt .
J -oo
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One can easily check that r(σ)f = FR(σ)F~ίf9 where (R(σ)f)(x) = f((xl9 x2)σ)9

and so r is a representation of SL(2, Λ) although Weil representation is

not always a multiplicative representation. Put f'(xl9 x2) = (#x + ix2Y

X exp (-2m^(^ 2 + xt)), f2tε(x) =

X exp(—2mπ(a;ϊ + a©); then R(k(θ))f = e2ΐ6*/' and /2,e has the required

property. Generally, the Weil representation commutes with the action

of the orthogonal group of Q on L\Rn). In the present case, the

elements of that group are diagonal matrices in SL(2,R). Put fη(x19x2)

— f2,ε(v~lχι> Vχ2) with f2>e above, and put m = 2/JV. Put Θ2ιe(z, rj)

= 02t,{z,fv). Then we have

X exp (—2πίuxιx2 — ——πx\η2 —
\ 4

X

Observing that /2)δ = Fff and using the Poisson summation formula, we

obtain a different expression of θ2t6:

X Σ Zi(»i)(a?i2 + x*Y exp ( -
NrfV

EXAMPLE 3. We denote by r^ the Weil representation in the vector

space Vf,(i = 1,2,3), and by Li9Lf,r(i),hieLf and d(hi9 k^)a correspond-

ing lattices, etc. If V3 is the orthogonal sum of Vx and V29 then r^3)

= r™ ® r$2),r(3) = r(1) ® r(2), and c3(h39 k3)σ = c^^, fcO.CjίΛ,, &2), is obvious

2 / \
for h3 = (fex, ft2), fc3 = (fci, fe2). If n = 3, Q = — 1 a n d L = ANZ

N\-2 I
®NZ@(NZ/4)9 then, according to preceding two examples, we have

c(h9k)σ = δkr

for feL2(R*)9 σ= ( j J) e Γ0(4N) and h9keL'/L with L' =

Θ(iVZ/4). Consequently, if r(k(θ))f = (cos0 — sin0)-*/2/ is satisfied,

then, defining 0β(z,/) = ΣΛGLVL lιθι)θ{z9 / , ft), where &(&) = χx(h^9 h
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s= (h19 h2, h3) and K — 2λ + 1 is an odd integer, we obtain

θiσz9f) = χι(d)(—-)j(σ,z)(cz + d)λθc(z,f)

by Corollary 0. One can take here fι,ε(x2)f2,λ-siXι,x3)Λε = 1> >>0, or

their linear combinations for such / ( # ) . In view of (x — iy)Λ

ί)%fz(x) = («i — ia?2 — #3)* e χ P i—wiπi2x\ + xl + 2xξ))

is available, too. On the other hand, the action of SL(2,R) in R2 de-
fined in §.0 gives an isomorphism of SL(29R) with the orthogonal group
of Q. Let gfeL\Rz) be defined by igf)ix) = fig~ιx) and m = 2/2V;
then 0(s,flr) defined in §.0 coincides with θ(z,gf3). The action of ro(k(θ))
commutes with that of g in L2(R3),gf3 has the same property as /3, and
the required transformation formula of θiz,g) is

θiσz, g) =

Remark. We note that /3 has the property fzik(θ)x) = emθf3(x), and
so θi

§ 2. Construction of the modular forms identical with Shimura's (Proof of

the theorem).

Let F(z) be in Sκ(4N,χ(—)]. Since F(z) is rapidly decreasing at

each cusp of ©, while θ(z9g) is at most slowly increasing there, the
following integral is well defined:

^(w) = (4^)~* vφθ(z,

Put

Φ(w) = Ψ[ -

dudv

2Nw

(this is the function given in Theorem). Then, in view of

i.e.

(a b\ίxx x2/2\(a c\ = ίx[ x'2/2\
\c d)\x2/2 x3 J\b d/ \x'2/2 x'9 ) '
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χ'2 = 2cax
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+ abx2 4

ι + (αcί -

- 62^3

f c6)a;2 -h 2bdx3

=i c2xι + cdx2 + d2xz ,

and a,deZ,ce NZ/2 and b e 4Zfor f =

both lattices L = 4iVZ0iVZΘ (iVZ/4) and U = Z θ i V Z Θ (2VZ/4) are

stable by f, and x[=a?xλ (mod 42V) for x = (xl9 x29 xz) e L', so we obtain

^(0, fflr) = χ\d)θ(z, g) and consequently.

= f(d!)(cfw + df)2Ψ(w)

for γ = ί , ,,J e Γ0(2N), recalling the remark in the preceding section.

It It is easy to see that θ(z, σiw) is slowly increasing on H x H.

Therefore, if Ψ(w) is holomorphic on H, then we can conclude that Ψ

is an integral modular form of weight 2λ and so is Φ, too. The holo-

morphy of W is a direct consequence of Shintani's result

operator on SL(2, R), (see [2], § 1). By the Green's formula we have

Dβ f υ<»θ{z,

equivalently

Put ^(w) = ΣS=-oo αTO(7) βχP (2πίmξ). Then, from the above partial dif-

ferential equation, we have am{rj) = 6TO exp (—2πmτj) + cm exp (—2πmή)

X %"2;ι exp (4τrra)?)d9, (m ^ 0) and ao(ή) = b0 + c0η~2λ+\ where exp (—2πmτi)
Jo

X P 9 - M exp (4π:m3?)dj? = 0 {η-^^e"
m"). On the other hand ηψ{w) = 0(» + 1/)?)

Jo

uniformly in ξ as will be showed. Thus am(ή) = 0((^ + l/τj)η~λ)9 since
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Γ ψ \Ψ{w)f dξ = ΣZ— \am{η)\ψ .
Jo

Hence we have cm = 0, (m > 0), and bm = 0, (m < 0), (cm = 0, (m <̂  0))
considering the behavior at oo (resp. at 0). Thus Ψ(w) is holomorphic
on H. We show ηψ(w) = 0(η + 1/η). Using the notation in §0,

XQL'

Put M = Z/4 Θ Z/4 Θ Z/4, then

Σ |/(V¥σi»a5)| ^ Σ l/CWσ-^)! = Σ |/(V^σ^)| for reSL(2,Z) .
X6I'

If η > cλ > 0 and |f | < c29 then there exist 0 < hj(x) e S(R), (j = 1,2,3)
such that

( )/(,%) ^ ^1(^1)^2(^2)^3(^3)

for all x = (xx, a52, ̂ 3) e i?3. Thus

0 w-vvo

^ ( Σ WVU

where ίĉ  e | Z . Therefore

Σ

for v) = ξ + i 7 , (|f I < c2, η > d > 0). Put U = {w = ξ + ίv\ \ξ\ ̂  J, <η > 0,

|te;| ^ 1}. Let Cj < ̂ ΛsΓ/2, c2 > | and choose γeSL(2, Z) for w e H such
that fW e U. Then

^ Σ
M

+ 1)) = O(0*r3/2

Thus | ^ , σ 4 j | = 0(i;(3-)/4(iΓ3/2 + l)(^ + 27-1)) for all weH and ^ e H, and
j/yίw) = 0(57 + η'1) for all weH.

We can also give a different proof of the holomorphy of Ψ which
is expected to be extended to the case K = 3,5 with some modification.

For this, it is enough to investigate the generators of SJ^N, χ(—Π

https://doi.org/10.1017/S0027763000016445 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000016445


156 SHINJI NIWA

which are given by Poincare series Gn(z) = Σ , χ ( d ) ί — )K<r>zy\cz + d|~*

X exp (2πinσz), (σ = ( j J) e Γ.\Λ(4Λ0, n = 1,2, • ). Put

Jo Jo v

Then, we can easily evaluate this integral and have Ψn(w) = X^i1? cw,fcψTO

where cn>lc are constants and, denoting by X f c,(fe=:l, •• ,fe(^)), repre-
sentatives of Γr

0(2Λ7r)-equivalence clases of

Γ z = /2- ψ x2/2U2-
I V 2/\x,/2 x3 /\

is given by

The meaning of the letters Δk,Γk, • is as follows: γk = yt" Λ is

determined by Xk = ±^Lγ~A xXr? and det r, = l. We set Γk

= γkΓΌ(2N)γ^1. Δh means the stabilizer in Γk of γkXίγk, and χ' is a
character of dk\Γk. Thus, we have proved the holomorphy of Ψn, and
consequently of all ¥.

Now, let Ω(s) be the Mellin transform of Φ(iή), the convergence of
which will be shown later; then

Ω(8) = Γφ(iv
Jo η

Jo

Γ
Jo ^

with do2; = dudv/v2. From the definition of θ(z, g) and the relation
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(x - iyy = ± lλ)Hλ_.{x)Ht{y)(-ΐ)' ,

we have a simple expression

for θ(z,σiη), where Θ2tλ_s,θlte are the functions defined in §1. Therefore,
changing the order of integration formally for a moment, justification
of which will be given later, we obtain

Ω(s) = φ) ± (λ)i6 ί v«Ψ(z)θUε(z)\Γ hi-te> r^-'^
e=o \ ε / J Φ LJo η

with φ) = (~ΐ)x(2N)λ-s4s-2λ(2V2^fN)-λ. Note that we can exchange the
summation and the integration as above. By virtue of the different
expression of θ2t6 given in Example 2, the integral in the bracket becomes
an Eisenstein series

S-e-D/2

X Γ( S ~ o
2

Changing the variable z to —1/ANz and using GO) =F(—l/4:Nz)(AN)-κ/i

X (-^)~Λ / 2 and

we obtain

Ω(s) = φ)

where c2(s) is like φ) above and 7e(s) is given by

/ e ( s ) = f G(z)θe(z)v^s+ε+2)/2π-(s-e+1)/2r( s ~ £ + 1 \

+ x y \ 4 N x 2 z + B J -

X f" Γ
Jo Jo
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containing Rankings arguments. We note that θe(z) = 0 if ε is odd.
The convolution appearing in Ie(s) is easily computed by the Fourier

expansion θ£z) = Σ?=-~ (2v)-ε/Ήe(2V2rϋk) exp (2πk2z) and by the partial
integration, that is,

Γ Γ G(z)θs(z)duv(s+ε)/2—
Jo Jo v

- 2) . . (s -

where D(s) = ΣΓ=i a(k2)k~s with G(z) = Σ?=i α(fc) exp (2πikz). Using well
known formulas of jΠ-function, we obtain

/.(β) = 22-2*τr-s

consequently, we have

where c is the constant given in §.0.
There still remains the investigation of the asymptotic behavior of

Φ(iή) as ΎJ—>0 and oo. But, it is exactly same as that in Shimura's
paper. In fact, Θ2tλ_£z,7j) is majorized by η'^'^v^'FXzyη), where Fs(z,ή)
is given by

F£z,η) - Σ l*i« + ^ r e exp ( -
Nyfv

(x, eZ,x2e Z, (xl9 x2) Φ (0,0)) .

Therefore, if β be the smallest integer ^(λ — ε)/2, then

9 V > C > 0, C <

V 0

y V>c>0, C

where ^, ί1 and fe are positive constants depending only on ε and c.
Put C/ = {z = M + iv e i ϊ | |w| ^ | , \z\ ^ 1}, choose ^ e SL(2, Z) such that
ULiϊiU^)® and put T(z) = v*/2θlt9(z)F(z), then Tfos) = 0(^(1;)) for
«e U where gt

fs are some rapidly decreasing functions. Put F[(z9 rj)

= η-λ+°-1v-*+*FXz9η),then f I Γ ^ ) ^ ^ , ^ 1 ) ! ^ ^ Σf-i ^ f T{γiz)F'lriz,η-')
J® Jcr
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X dQz <; Σί- i β< vviηagi(v) exp {—πη2hv~ι)dv hold for all 37 > 1 with some
J c

constants cu ei9 vu a. Since γfμv~μ exp (—πη2hv~ι) < Cμ for μ > 0 with some

constant C, and τf~α vViηagi(v) exp {—πη2hv~ι)dv < Cμ vn+μgi(v)dv = C£

with some constant C£, then 17(3)02, J-.(S, J?"1)! doz = 0(̂ ~ )̂ for any μ > 0,

(22 > 1). In the same way we get = 0 Of) for any μ > 0, (27 < 1).

Thus, T(z)θ2tχ_β(z9η~1)ηs is integrable on (2,9) e S χ β + . Hence the formal

computations are justified, and the theorem is proved.

§ 3. Supplementary discussions.

We assume K > 7. The main theorem of Shimura [1] is as follows.

Let G(z) = 2]ίΓ-i cί(n)e(nz) be an element of Sj(4N, χ), let ί be a square-

free positive integer, let Xt = X\^—) ί —) be a character, and put

= Σ?=i At(ri)e(nw) with Â OO determined by the equality

Then, Φt belongs to ©^iC^, χ2) with a certain positive integer Nt.

In §4 of [1], he conjectured that 2N can be taken as Nt.

COROLLARY TO THE THEOREM. The above conjecture is true.

Proof. Since G(tz) = Σ»-i b(n)e(nz) belongs to SκUtN,χ(~\\ our

theorem implies that Φ'(w) = Σn=i B^rήeinw), determined by the equality

Σ Bλ{
l

belongs to ©c_1(2ίΛΓ, χ2). Since 6(m2) is equal to α(£&2) or 0 according as

m = tk or t does not divide m,

= (f; At(m)m-S)t-S

\m=l /

holds and so Bi(%) = At(njt) or 0 according as t\n or ί̂ %. Hence,

φ'(w) = Φί(ίw), and so Φ£(σw) = (cw + ΦΎ((ί)Φι(w) for all σ =

with ΓJ(2N) = {(* J)6Γ,(2Λ0|6 = 0(ί)}. Put Γ. = {(J J
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ez\. Then, since Γ0(2N) is generated by ΓTO and Γ&2N),Φt belongs to

By considering the reproducing kernel function of the space

N , χ ί — \ \ and the orthogonality relation, we can also give the

inverse map like Shintani's. We denote by ψ' the map G —> φ'{G) = Φ1

and put ψ = cψf with the constant in Theorem. Denote by ψ the map
F-* ψ(F) = W with the notation used in the first paragraph of §.2.
Then, our theorem says that the diagram

is commutative, where we denote by c, τ the maps G(z) —> t{G)(z)
= G(-l/ANz)(AN)-κ/\-iz)-κ/\ W(w)-*τ(W)(w) = Ψ(-l/2Nw)(2NY(-2Nw)-2λ,
respectively. For the sake of simplicity, we assume that ψf is bijective
and that Gi9 (ί = 1, ,<2), are the common eigen-functions of the Hecke
operators which form a basis of Sj(4tN,χ). Put Ft = c(Gi)9Ψi — i^~ι°ψ)iGd
and φt=zφ(Gi). Then, Fi9Ψi and Φ̂  are the orthogonal basis of S

= shN,χ(— \\ @,.1(2N,χa) and ®Λ^2Nff)9 respectively, because Φt's

also are the common eigen-f unctions of the Hecke operators. We denote
by (*,*) the Petersson inner product. Put K(z, zf) — J^ml CiFi(z)Fi(zf)
with d = (Fi,Fi)~\ then K(z,zr) is a reproducing kernel function of S,
i.e. (F(z),K(z,zr)) = F(z'). Define ί(2, w) = (XfosO, ^ ~ ^ ; , O ) , then,
we have (F(s), 6>(«, w)) = (F(«), ̂ "λ6>(2;, σ4t0)) = ψ(F)(w) and 0(s, w)
- Σ?-i CtFteWάw). Therefore, φ(z9 w)9 W^w)) = Ci(Wu ΨtWάz). Put
F(z) = (β(2, σ4w),^<(w)). Then, as is proved in [2] for a special case or
can be proved with slight modification for many other cases, F(z) belongs
to S9 hence F(z) = CiiW^Ψ^Fiiz), and we obtain a way to get the invere
image of ψf as far as the common eigen-functions concern.

In [3], K. Doi and H. Naganuma constructed a Hubert modular
form with respect to a real quadratic field Q(VD) from an integral
modular form of one variable. This situation is similar to that of [1],
and the methods of the proofs of [1], [3] are the same. Thus, [3] can
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be reformulated by means of the ideas of this paper. In this paper,
we used the theta series of a ternary zero form, and the discussion was
based on the classical isomorphism, 0(2,1) « SL(2,R). We can find a
quaternary quadratic form Q with signature (2,2), which does not split
over Q but splits over Q(VΠ), such that the orthogonal group of Q is
isomorphic to SL(2, R) x SL(2, R) and the group of units of Q corresponds
to the Hubert modular group with respect to awl)). The theta series
of Q takes the place of θ(z,g), in this case, and the inner product of
this theta series with a cusp form of one variable gives rise to a Hubert
modular form.
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