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Harmonicity of Holomorphic Maps
Between Almost Hermitian Manifolds

Domingo Chinea

Abstract. In this paper we study holomorphic maps between almost Hermitian manifolds. We obtain
a new criterion for the harmonicity of such holomorphic maps, and we deduce some applications to
horizontally conformal holomorphic submersions.

1 Introduction

A map f: M — N between Riemannian manifolds is harmonic if it is a critical point
of the energy density of f. In [3], J. Eells and J. H. Sampson proved that a holo-
morphic map between Kahler manifolds is a harmonic map. This result was gener-
alized by A. Lichnerowicz for a holomorphic map between almost Kéhler manifolds
and also for a holomorphic map between a semi-Kiahler manifold and a quasi-Kéhler
manifold (see [8]). Harmonic morphisms are harmonic maps which satisfy the addi-
tional condition of horizontal conformality. In [6], S. Gudmundsson and J. C. Wood
obtained conditions for a holomorphic map between almost Hermitian manifolds to
be a harmonic or a morphism harmonic, and they generalized a result of B. Watson
on the harmonicity of certain almost Hermitian submersions (see [10,11]).

In this paper we study holomorphic maps between almost Hermitian manifolds;
we obtain a new criterion for the harmonicity of such holomorphic maps, and we
deduce some applications to horizontally conformal holomorphic submersions.

In Section 2 we recall the definitions and some properties of harmonicity, al-
most Hermitian manifolds, and holomorphic and horizontally conformal maps. In
Section 3 we give an expression for the tension field 7(f) of a holomorphic map
f: M — N between almost Hermitian manifolds (see Proposition 3.1) which gen-
eralizes the one obtained by S. Gudmundsson and J. C. Wood in [6] when N is
quasi-Kéahler. Also we obtain the criterion for the harmonicity of holomorphic maps
(Theorem 3.3). In section 4 we introduce, for a horizontally conformal holomor-
phic submersion f: (M, J,g) — (N, J',g’), the tensor B defined by B. Watson and
L. Vanhecke in [11] for almost Hermitian submersions, and we obtain relations be-
tween the divergences of the almost complex structures J and J’ and the tensors B
and 7(f) (Propositions 4.5 to 4.8). These results are applied in Section 5 in order to
study the harmonicity, the minimality of the fibres, and the transference of structures
on horizontally conformal holomorphic submersions, which generalize some results
of S. Gudmundsson and J. C. Wood, and of B. Watson and L. Vanhecke for almost
Hermitian submersions ([10] and [11]).
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2 Preliminaries

Let (M, g) and (N, ¢’) be two Riemannian manifolds and f: M — N a smooth map.
We denote by V and V' the Riemannian connections on M and N, respectively and
by V/ the pull-back of the Riemannian connection V’ on N to the pull-back bundle
f~'TN — M, which is given by V)f(V = Vi,xV for X € ¥(M) and V a C*>-section
on the induced bundle f~'TN. The tension field T(f) is the trace of the second
fundamental form of f, i.e,

T(f) = (V] fule) = fu(Veer)),
k=1

where {ej, ..., ey} is alocal orthonormal basis for X(M).

We recall that f is harmonic if it is a critical point of the energy density function
of f. This condition is equivalent to 7(f) = 0.

The map f: M — N is said to be a harmonic morphism if for each open subset
U of N with f~}(U) # @ and each harmonic function h: U — R the composition
ho f: f~1(U) — R is harmonic.

We recall that a map f: M — N between Riemannian manifolds of equal di-
mension is conformal if, for each point x € M, the induced linear map (i.e., the
differential) f..: TxM — TfN is conformal with respect to the Riemannian met-
rics. Horizontal conformality is a generalization of this concept to the case when
the target manifold is of lower dimension than the domain. If f: M — N is a map
between two Riemannian manifolds, and x € M is a non-degenerate point, we de-
compose the space T, M into its vertical space V., = Ker f., and its horizontal space
H, = (Ker f*x)L, i.e., the orthogonal complement of V,, so that TM =V, & H,.
The map is said to be horizontally conformal if for each point x € M either the rank of
fax 18 0 (i.e., x is a critical point), or the restriction of f., to the horizontal space I,
is surjective and conformal (here x is regular point). This second property is equiva-
lent to that ¢’ (£.X, f.Y) = A’g(X,Y) for all horizontal vector fields X and Y. If we
put A = 0 at the critical points, A\: M — [0, 00) is a continuous function which is
smooth at regular points, but whose square \? is smooth on the whole of M.

When dimM < dim N, the only horizontally conformal maps are the constant
mappings. If \> = 1 the map is called a Riemannian submersion and if grad \> € V,
f is called horizontally homothetic.

The following result is a characterization for harmonic morphisms (see [2] and

[7]).

Theorem 2.1 A smooth map f: (M,g) — (N,g’) is a harmonic morphism if and
only if it is a horizontally conformal harmonic map.

The above theorem expresses in analytical and geometric terms an essentially an-
alytical object and provides a handle on harmonic morphisms.
Also, in [1], P. Baird and J. Eells proved the following.

Theorem 2.2 Let f: (M,g) — (N,g’) be a non-constant horizontal conformal map.
Then
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(1)  If N is a surface then f is a harmonic morphism if and only if its fibres at regular
points are minimal.
(ii) Ifdim N > 3, then any two of the following conditions imply the third:
(a) f is harmonic,
(b) the fibres of f are minimal at regular points,
(c) f is horizontally homothetic, i.e., f.(grad(\?)) = 0.

Now let (M, ], g) be an almost Hermitian manifold of dimension 2m. Then we
have J> = —Tand g(JX, JY) = g(X,Y) for X,Y € X(M), I being the identity trans-
formation. In such a case, every point x of M has a neighborhood U, and local vector
fields Xi, . .., Xy on Uy such that {Xy, ..., Xy, JX1, ..., JX,} is alocal orthonormal
basis for X(M), which is called a local Hermitian basis. The fundamental 2-form ®
of M is defined by ®(X,Y) = ¢g(X, JY), for X, Y € X(M).

In [4], A. Gray and L. Hervella obtained a complete classification of the almost
Hermitian manifolds, where the different classes correspond to U (n)-invariant sub-
spaces of the representation space W; ®W, ®W3DWj. Let us recall some well-known
definitions of some classes of almost Hermitian manifolds involved here. An almost
Hermitian manifold (M, ], g) is said to be:

* Kihler (= {0})if V] = 0.

* nearly Kihler (= W) if (Vx])X =0

* almost Kihler (= W,) if d® = 0.

° quasi-thler (E W, & W2) if (ij)Y + ijj)]Y =0.

* semi-Kihler (= W1 @ W, @& W3) if 6] = 0, where § denotes the codifferential in
(M, g).

The relations among these classes are represented in the following diagram (where
— denotes strict inclusion).

nearly Kéhler

Kihler < quasi-Kahler ~——— semi-Kihler

almost Kihler

Relations between almost Hermitian structures.

We recall that a map f: M — N, between two almost Hermitian manifolds
(M, ],g)and (N, J’,g"), is holomorphicif J' o f, = f. o J.

The result obtained by Lichnerowicz on the harmonicity of holomorphic maps
between a semi-Kahler manifold and a quasi-Kéhler manifold was also induced by
Gudmundsson and Wood in [6]. Indeed, they proved that if f: M — N is a holo-
morphic map and if N is quasi Kéhler then,

m(f) = = £Ud)).

A smooth surjective map f: M — N is called a Riemannian submersion if f has
maximal rank and f, g is a linear isometry, where J{ is of Horizontal distribution
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associated to f. We say that f is an almost Hermitian submersion if f is a Rieman-
nian submersion which additionally is holomorphic. For a detailed study on almost
Hermitian submersions we refer the reader to [10].

Riemannian submersions are special cases of horizontally conformal maps. If
f: M — N is a horizontally conformal submersion and holomorphic then we say
that f is a horizontally conformal holomorphic submersion, with dilation .

The fibres of a horizontally conformal holomorphic submersion are almost Her-
mitian manifolds, of dimension 2(m — n), with the induced structure by the total
space (M, ], g), and which also is denoted by (], g). In general, the horizontal distri-
bution H(M) is not completely integrable.

If f: (M, g) — N is a submersion, we can introduce the fundamental tensors of f
which are given by (see [9]):

TgF = hV,gvF + ‘VVVEhF,

AEF = thEVF + VVhEhF,

for all vector fields E and F on M, where h and v denote the horizontal and vertical
projections, respectively.
If f is a horizontally conformal submersion we have

Proposition 2.3 ([5]) Let f: (M,g) — (N,g’) be a horizontally conformal submer-
sion with dilation \ then,
1
AxY = E{V[X,Y] — Ng(X,Y) grad, (A7)}

forall X, Y horizontal vector fields.

3 Holomorphic Maps and Harmonicity

In this section we will obtain an expression for the tension field for any holomorphic
map between almost Hermitian manifolds that we will use to deduce a characteriza-
tion of its harmonicity.

If f: (M,g) — (N,g’) is a smooth map, we denote by trac, f*(V']’) the trace of
the tensor field f*(V’]’) by g, which is given by

2m
tracg f*(V']") =Y (Vi) fees
i=1
where {ej, ..., ey} is alocal orthonormal basis on (M, g). Then we have,

Proposition 3.1 Let f: (M,],g) — (N,]J’,g’") be a holomorphic map. Then the
tension field T(f) of f is given by

7(f) = J'(trac, f*(V']") — £.(6])),
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Proof Let {Xi,...,Xu, JXi,..., JX,n} bealocal Hermitian basis in M. Then

m

7(f) = S [ VE A0 — (VX0 + Vi fUX0) — £V, JX0)]

k=1

Now,

5] = (Vx DX + (Vx ) JXi)]

Vx Xk = VixXe) = Y J(VxXi + Vx JX),
k=1

)
k=1
K
k=1
and then we have,

> (VX + Vix JX) = J6] = JO (Vi JXk — V5. X0).
k=1 k=1

On the other hand, since that f,([X,Y]) = V4 f,Y — V) f.X forall X, Y € X(M),
we have

Fo(Vx IXe = Vi X0) = ful[Xe, JXi)) = Vi feUXe) — Vg fu(X0).

Thus, we deduce

() = Y (Vi LX) + Vi foUX0) = fJSD) + £ (Vi JXk = VX))

k=1

M-

k

Il
—

I
NE

[V feX0) + Vi feUX0) + T/ (V. UXD) = Vi fe(X)] = fu(JS ).

»
Il
—

Furthermore, from definition of V/ and as f is holomorphic it follows that:

SUIVE A0 + Vi foUX0) + T(Vg fUXD) — Vi fu(X0)]

k=1

= ]/(Z[v}*xk]/f*xk - ]/v}*xkf*xk - v;/f*)(kf*xk - ]/v}/f*xk]/f*xk])
k=1

=JO (VI X+ (V] I fXi])

k=1
= J'(tracg f*(V']")).

This completes the proof. u
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If (N,J’,g’) is quasi-Kéhler (or nearly Kihler or almost Kihler), then
trac, f*(V'J’) = 0, hence from the above proposition we deduce the following.

Corollary 3.2 [6] Letr f: (M, ],g) — (N, ]’ g’') be a holomorphic map. If N is
quasi-Kihler then the tension field T(f) of f is given by

7(f) = =T (f(3))).

From Proposition 3.1 we obtain a criterion for the harmonicity of holomorphic
maps between almost Hermitian manifolds.

Theorem 3.3 Let f: (M, ],g) — (N, ], g") be a holomorphic map. Then f is har-
monic if and only if trac, f*(V']") = f.(0]).

From this theorem we deduce the following result of Lichnerowicz, [8].

Corollary 3.4 Let f: (M, ],g) — (N,]’,¢') be a holomorphic map from a semi-
Kdhler manifold to a quasi-Kdihler one. Then f is harmonic.

4 Horizontally Conformal Holomorphic Submersions

Next, we will find the expressions between the divergences or codifferentials of the
almost Hermitian structures of the total and base spaces and on the fibres of one hor-

izontally conformal holomorphic submersion, and we will relate them to the tension
field.

Let f: (M, ],g) — (N, J',g’) be a horizontally conformal holomorphic submer-
sion. We define a tensor field B by

B(E7 F) = ‘VV;,E]]’IF - ‘VV];,E]’IF + thE]‘VF - hV]hE‘VF,

for all E,F € X(M). The tensor B was defined by B. Watson and L. Vanhecke for
almost Hermitian submersions (see, [11]).
From this definition we have the following.

Proposition 4.1 Let f: (M, ],g) — (N, ], ¢’) be a horizontally conformal holomor-
phic submersion. Then for all horizontal vector fields X, Y on M,

(i) B(X,Y)=Ax]JY — A)xY,
(i) B(X,Y)— B(Y,X) = 2g(JX,Y)A? grad, (\~2),
(iii) B(X,Y) = B(JX, JY).

Now, if M is quasi-Kéhler we have the following.

Proposition 4.2 Let f: (M, ],g) — (N, J',¢’) be a horizontally conformal holomor-
phic submersion. If M is quasi-Kdihler then, for all horizontal vector fields X,Y on M,

(i) AxJX = —4 (X, X)J(grad, (A7),
(i) B(X,Y) = X (—g(X,Y)J(grad (\~?)) + g(JX,Y) grad (A?)).
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Proof If M is quasi-Kihler, then
VxJX = VixX = J(VxX + V xJX)
If X is horizontal, from vertical part of this equation we have
AxJX — ApxX = J(AxX + Ajx JX).
Now, from definition of A we have that Ax JX = —A;xX and AxX = A;xJX. Thus
2AxJX = 2JAxX = —g(X, X)\* J(grad, (A ™?)),

and
B(X,X) = —g(X,X)\*J(grad, (A %)),

and hence we deduce that
B(X,Y) +B(Y,X) = —2g(X,Y)\*J(grad, (\™?)).

Now the result follows from the above proposition. ]
Also, we have the following.

Proposition 4.3 Let f: (M, ],g) — (N, ], ¢’) be a horizontally conformal holomor-

phic submersion. If M is quasi-Kdihler then B vanishes on horizontal vector fields if and
only if grad (A ™2) = 0.
From this proposition one can easily deduce the following result of B. Watson and

L. Vanhecke ([11]).

Proposition 4.4 Let f: (M, ],g) — (N, ], g’) be an almost Hermitian submersion.
If M is quasi-Kihler then B vanishes on horizontal vector fields.

Next we obtain relations between the divergences of the almost complex structures
J and J’. We denote the divergence of ] on the fibres of f by 0.

Proposition 4.5 Let f: (M, ], g) — (N, ], ¢’) be a horizontally conformal holomor-
phic submersion. Then

v(6]) = 6]+ % trac B+ n\*J(grad, (A ™2)).

Proof Let{Ei,...,En—n,JE1,..., JEm—n,F1,...,Fy JF1,..., JE,} be alocal Her-
mitian basis, being Ej vertical vector fields and Fy horizontal vector fields. Then

(o)) = v() (Ve DEi + (Ve DIED + v (Ve DFj + (Y, N JF)])

i=1 =1

m—n n

=v(Y (Ve DE + (Vg DIED +v() (Ve JFj = Vi, F))

i=1 =1

— J(VEFj + Vg JE)].
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Now
V(S oUVEDE+ (Ve DIET) = 3T,
i=1
v(VE JFj — Vg, Fj) = B(F;, F)),
and
v(VE,Fj+ V5, JFj) = ApFj + Ajp, JFj = —A"? grad, (A72).
Thus, using these relations in the expression of v(J J) we obtain the result. ]

Proposition 4.6 Let f: (M, ], g) — (N, J',¢’) be a horizontally conformal holomor-
phic submersion. Then
tracg f*(V']") = \*6'J.

Proof Let {Ei,...,Epn—n, JE1,..., JEm—n,F1,...,Fy, JF1,..., JF,} be alocal Her-
mitian basis, being E, vertical vector fields and Fy horizontal vector fields obtained as
follows: if {F{,...,F,, J'F| ..., J'F]} is a Hermitian basis on N we consider F* the
horizontal lifts ofF]’-, j =1,...,nand normalize by setting F; = /\F;-‘, where \ 1s the
dilation of f. Then

trace f*(V']') =Y [V}, IV fuFj + (Vi IV fJFj] = X6 ) [

j=1
From Propositions 3.1 and 4.6 we obtain the following.
Proposition 4.7 Let f: (M, ],g) — (N, ], ¢’) be a horizontally conformal holomor-
phic submersion. Then the tension field T(f) of f is given by
T(f) =N ] = J'f.(6D).
Finally, combining Propositions 4.5 and 4.6 we have the following.

Proposition 4.8 Let f: (M, ],g) — (N, ], ¢’) be a horizontally conformal holomor-
phic submersion. Then

87 = 6]+ Ltrac B+ nA\ J(grad, (A2) + A2(8'J)* + (J'r(f))*

where (6']')* and (J'7(f))* are the horizontal lifts of 6" ]’ and J'7(f) on M respec-
tively.

5 Harmonicity, Minimality and Horizontally Conformal
Holomorphic Semi-Kahler Submersions

In this section we will apply the results obtained in Section 4 previous to horizontally
conformal holomorphic submersions with total or base space a semi-Kéihler mani-
fold. For these submersions we will study the harmonicity of f, the minimality of the
fibres, and the transference of the almost Hermitian structures between the total and
base spaces and the fibres.

First, from Proposition 4.7 we have the following.
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Theorem 5.1 Let f: (M, ],g) — (N, ], g’) be a horizontally conformal holomor-
phic submersion with dilation \. Then f is harmonic (and so a harmonic morphism) if

and only if f.(5]) = N25']'.
We can also deduce the following.
Proposition 5.2 [6] Let f: (M, ],g) — (N, J', ¢’) be a horizontally conformal holo-

morphic submersion with dilation X\. Then, any two of the following conditions imply
the third:

(1) f is harmonic and so a harmonic morphism,

(ii) N is semi-Kdhler.

(i) fid] =0.

Corollary 5.3 Let f: (M, ],g) — (N, ], g’) be a horizontally conformal holomor-

phic submersion with dilation A, with semi-Kahler total space M. Then N is semi-
Kihler if and only if f is a harmonic morphism.

Now, from the definition of the tension field 7( f) it is not hard to check that
7(f) = =20m — n) fu(H) + (n — DA’ fu(grad,, (A7),
where H is the mean curvature of the fibres. Then from Proposition 4.7 we have
J'fo(8]) = XT'6']' +2(m — n) fu(H) — (n — D)A* fu(grad; (A™2)).
Thus, we obtain the following.

Proposition 5.4 Let f: (M, ],g) — (N, ], ¢’) be a horizontally conformal holomor-
phic submersion with dilation X\ , with semi-Kdhler total space M. Then , ifn # 1 and
m # n, any two of the following conditions imply the third:

(i) N is semi-Kdhler.

(ii) The fibres of f are minimal.

(iii) f is horizontally homothetic, i.e., gradH()\”) =0.

Also, by using Proposition 4.5 we have the following.

Proposition 5.5 Let f: (M, ],g) — (N, ], ¢’) be a horizontally conformal holomor-
phic submersion with dilation X , with semi-Kdhler total space M. Then, any two of the
following conditions imply the third:

(i)  The fibres are semi-Kihler.

(ii) tracB =0.

(iii) grad,(A™?) =0.

In a similar way, from Proposition 4.8 we deduce the following.

Proposition 5.6 Let f: (M, ],g) — (N, ], ¢’) be a horizontally conformal holomor-
phic submersion with dilation X , with base space N and semi-Kdhler fibres. Then, the
total space M is semi-Kdihler if and only if f is harmonic and

% tracB = —n/\zf(gradv(/\_z)).
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Now, if f: (M, ]J,g) — (N,]J’,g’) is an almost Hermitian submersion then
grad(A=2) = 0, ( A = 1). Thus, from above propositions we have,

Proposition 5.7 [10] Let f: (M, J,g) — (N, ]J',¢’) be an almost Hermitian sub-
mersion with semi-Kdhler total space M. Then N is semi-Kihler if and only if the fibres
of f are minimal.

Proposition 5.8 [11] Let f: (M, ],g) — (N, J',¢’) be an almost Hermitian sub-
mersion with semi-Kihler total space M. Then the fibres are semi-Kdihler if and only if
tracB = 0.

Proposition 5.9 [11] Let f: (M, ],g) — (N, ], g’) be an almost Hermitian submer-
sion with base space N and semi-Kihler fibres. Then the total space M is semi-Kihler if
and only if f is harmonic and trac B = 0.

We note that on a Riemannian submersion, the harmonicity is equivalent to the
minimality of the fibres.
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