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A Beurling Theorem for Generalized Hardy
Spaces on a Multiply Connected Domain

Yanni Chen, Don Hadwin, Zhe Liu, and Eric Nordgren

Abstract. The object of this paper is to prove a version of the Beurling-Helson-Lowdenslager invari-
ant subspace theorem for operators on certain Banach spaces of functions on a multiply connected
domain in C. The norms for these spaces are either the usual Lebesgue and Hardy space norms
or certain continuous gauge norms. In the Hardy space case the expected corollaries include the
characterization of the cyclic vectors as the outer functions in this context, a demonstration that the
set of analytic multiplication operators is maximal abelian and reflexive, and a determination of the
closed operators that commute with all analytic multiplication operators.

1 Introduction

The setting for this investigation is a finitely connected domain Q in C with analytic
boundary curves I'. The Lebesgue spaces are defined relative to harmonic measure
w corresponding to an arbitrarily chosen point W in Q. Versions of the Beurling [3],
Helson-Lowdenslager [14] theorem in this context have appeared earlier in the work
of Sarason [23], Hasumi [13], Voichick [25, 26], and Rudol [21], although by using
Royden’s definition of inner function (see [19]), we can write the theorem in the sim-
pler more traditional form (see Theorems 3.3 and 4.6). Our version is modeled on the
one obtained by Royden [19] for Hardy spaces on a multiply connected domain. It
describes the invariant subspaces of the set of all multiplication operators induced by
bounded analytic functions but does not address the more difficult question of the in-
variant subspaces of “multiplication by z” alone, which was attacked by Royden [19],
Hitt [15], and Aleman and Richter [1,2]. In addition to the added simplicity of our
representation, it also allows us to address the matter of uniqueness.

In addition to the Lebesgue space p-norms, we also consider more general contin-
uous gauge norms & on L (T, w) with an L'(T, w) dominating property. This leads
us to general Lebesgue spaces L*(T, w) and Hardy spaces H*(I') where we obtain a
general Beurling-Helson-Lowdenslager type invariant subspace theorem (see Theo-
rem 4.6).

We begin in Section 2 by collecting some of the needed background. The domain
Q has an analytic covering map 7 from the unit disk D onto Q) that induces a measure
preserving transformation from the unit circle T onto I', and consequently an isomet-
ric composition operator C, from the Lebesgue space L? (T, w) for 1< p < oo into its
counterpart L? (T, m) on the circle, where m is a normalized Lebesgue measure on T.
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The Hardy spaces on Q) were introduced by Parreau [18] and Rudin [20] as consisting
of analytic functions f with |f|? dominated by some harmonic function. As on the
disk, these functions have boundary limits, and hence the spaces H? (Q) can be iden-
tified with isometrically isomorphic subspaces H?(T') of L? (T, w). The Hardy space
theory of the unit circle has been extended by the first author [4, 5] by considering
norms that are more general than the Lebesgue norms, and these are introduced in
Section 2.2.

Although the Hardy space theory of a multiply connected domain is in large part
similar to that of the unit disk (see Royden [19, Section 1 and 2]), the multiple con-
nectivity introduces some interesting differences. In particular, not all harmonic func-
tions on Q) have single-valued harmonic conjugates, because the holes in Q can give
rise to periods and multiple valued harmonic conjugates. A consequence, for example,
is that whereas on the unit circle L*>(T, m) has an orthogonal direct sum decompo-
sition into a subspace of analytic functions, a subspace of constant functions, and a
subspace of co-analytic functions, on T the space L*(T, ) has a similar decomposi-
tion, but with an additional n-dimensional subspace resulting from the possibility of
periods from each of the # holes. Also, inner functions in this context turn out to be
multiple valued if the restriction that their boundary values need to be unimodular
is enforced, but if we follow Royden [19] and relax the boundary condition to that of
constant modulus on each of the connected components of I', then the multiple value
problem can be made to go away.

The L? case of the Beurling-Helson-Lowdenslager theorem is dealt with in Sec-
tion 3, where we make use of the Forelli [8] projection operator P, which maps
L'(T,m) onto the range of C; acting on L'(T, w). It is shown that if M is a sub-
space of L*(T, w) that is invariant under multiplication by every function in H*(T),
then the image of M under C; can also be obtained by applying P to the invariant sub-
space of the unilateral shift generated by C,(M). This fact is used to show" that these
subspaces M are either of the form ygL*(T, w) or 9 H*(T), where E is a measurable
subset of I and ¢ is a function on I' having constant modulus on each component of
I'. As a corollary we obtain a special case of Royden’s result [19, Theorem 1] that when
M s included in H*(T'), then ¢ is inner. It is also shown that in this context, as well as
that of the circle, the cyclic vectors of the set of multiplications by H*®(T') functions
on H?(T) are the outer functions.

The L*(T, w) case is dealt with in Section 4 by using a slight modification of the
proof of the first author in [5] (see also [9,10]). Every continuous, dominating, gauge
norm on L= (T, w) induces the same topology as the weak* topology on the ball of
L*(T,w), and this coincides with the topology of convergence in measure on the
ball. As in the case of the unit disk, the space H*(T') consists of the members of
H'(T) that are also in L*(T, w), and thus members of L* (T, w) having reciprocals in
L*(T, w) differ from outer functions by functions of locally constant modulus. This
makes it possible to use the L?(T', ) result to show that the invariant subspaces of the
H>(T) multiplication operators on L*(T, w) have the same form as those in H*(T).
Consequently, invariant subspaces in H*(T') also are determined by inner functions

UIn a private communication, Alexandru Aleman has indicated that he has also obtained this result
by different means on a region where the boundary curves are circles.
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¢ and have the form ¢ - H*(T'), a result that contains the full version of Royden’s
invariant subspace theorem mentioned in the preceding paragraph.

Section 5 establishes some properties of inner functions on the basis of invariant
subspaces. On the disk the only simultaneously inner and outer functions are con-
stants, but on a multiply connected domain being both inner and outer is equivalent
to being inner and invertible, and the group of such functions is quite substantial.
Also in this section, the cyclic vectors in H*(T') are characterized as outer functions.

Section 6 shows that the spaces H* (T) fit into the multiplier pair context of [12] and
consequently the algebra of multiplication operators by H* (T') functions is maximal
abelian and reflexive. The paper concludes in Section 7 with a characterization of the
closed operators on H*(T') that commute with the analytic multiplication operators.

2 Preliminaries
In this section we review some known facts for later use.

2.1 Hardy Spaces on Q

Let O be a bounded multiply connected domain in C with analytic boundary curves
Iy,...,T,. Assume that Q c IntTy, and let Q; be IntTy when j = 0 and ExtT; in
the extended complex plane when j > 0. Also assume that for 1 < k < » the sets Ty
together with their interiors are pairwise disjoint subsets of Qg. Thus, Q = N7_, Q;.
Fix a point w in Q) and let ®; be the Riemann mapping function that sends the open
unit disk D onto Q; with ®;(0) = w for 0 < j < n. Because the boundary of Q
consists of analytic curves, the functions @; are analytic on ID. We will treat the T;
as parameterized curves when convenient with parametrizations given by I'j(t) =
®;(e') for 0 < t < 2m. It follows that with T = Ty +- - + T}, the points of Q have index
one relative to the cycle I' and points of the complement of () have index 0.

The parameterizations I'; give rise to arc length measure on I' defined by ds =
|T;(¢)| dt at points I';(¢) of . (More precisely, arc length measure on I' is the mea-
sure that is obtained on each component T; of T separately by lifting the measure on
[0, 2] that has Radon-Nikodym derivative |I'}(#)| relative to Lebesgue measure us-
ing the map ¢ — ®;(e’").) But there exists a measure w on I' that is better adapted to
our needs and can be related to normalized Lebesgue measure m on T by means of
the Koebe mapping function 7: D — Q. The function 7 is analytic, surjective, locally
one to one, and it has the property that every point w € Q lies in a disk D,, whose
inverse image under 7 is made up of connected components that are each mapped
bijectively by 7 onto D,, (see Conway [6, Chapter 16]). Also, T can be chosen so that
7(0) = W, and the additional requirement 7/(0) > 0 makes 7 unique. Since I is made
up of analytic curves, there exists an open subset Ty of the unit circle T over which 7
has an analytic continuation, such that 7(Ty) = T, and such that the complement of
Ty in T has Lebesgue measure 0 (see Tsuji [24, Theorem XI. 17]).

Every continuous function f on I has a continuous extension to Q that is harmonic
on (), which we also label f. By the maximum principle, evaluation at a point w of Q
is a continuous linear functional on the space C(T') of continuous complex functions
on I'. The Riesz representation theorem implies the existence of a probability measure
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w,, on the Borel subsets of I' such that f(w) = [} f dw,,. It can be shown that

dw, 1 dgy
ds 27 on’

where g,, is the Green’s function for Q with pole at w and the derivative is in the
direction of the inward pointing normal. More importantly for our purposes, the
measure w,, can also be related to normalized Lebesgue measure m on T as follows.
If f is a continuous function on Q that is harmonic on Q, then f(w) = [, f dw,,, and
f o 7is a bounded harmonic function on D with boundary values also given m-a.e.
by f o 7. For z € D, let m, be defined by dm, = P, dm, where P, is the Poisson kernel
for evaluation at z. Thus, if 7(z) = w, then [ f o dm, = f(7(2)) = f(w), and
consequently the transformation of integral formula implies w,, = m,7~!. We state
this as a lemma for easy reference.

Lemma 2.1 IfzeDandw =1(z), then w,, = m,7".

Knowledge of the measures w,, makes the solution of the Dirichlet problem ex-
plicit; if f € C(T), then for w € Q, f(w) = ;. f dw,, gives the harmonic function
on Q) having the original f as its boundary function. The relation between m, and
w,, makes it easy to derive properties of w,, from corresponding ones for m,. The
following is an example.

Corollary 2.2 Each of the measures w,, is boundedly mutually absolutely continuous
with respect to arc length measure.

The case of z = 0, and hence m, = m, is particularly important. In this case we
will write W for 7(0) and simply w for wg. Thus, it follows from the preceding that
the operator C, of composition with 7 maps each of the spaces L? (T, w) (1< p < o0)
isometrically into L? (T, m), and there is an expectation operator € on L? (T, m) hav-
ing the same range as C;. When p = 2 the operator € is the orthogonal projection
of L?(T, m) onto the range of C,. If it is only assumed that f € L'(T, w), then the
function on Q given by f(w) = [} fdw, is harmonic and can be shown to have
non-tangential boundary limits given by f w-a.e.

Let H*(Q) be the space of bounded analytic functions on Q. The mapping C,
can also be thought of as a transformation of functions on Q into functions on D,
and as such transforms H*(Q) into a subspace of H*(ID). The set & of all disk
automorphisms o, i.e., linear fractional transformations of D onto itself, that satisfy
7o ¢ = 7 is the covering group of 7. It has the following useful property.

Lemma 2.3 A measurable function F on T has the form F = f o T for a measurable
function f onT ifand only if Fo o = F forall 0 € &.

Since functions in H*® (D) have non-tangential limits a.e. on T and 7 is analytic
on Ty, it follows that all functions in H* (Q) have non-tangential limits w-a.e. on T.
Furthermore, it also follows that the Nevanlinna class Nev((2), consisting of all ana-
lytic functions on () that are quotients of functions in H* (£)), has the property that
all its members also have non-tangential limits w-a.e. on I'. These limits define their
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boundary functions, which constitute the class Nev(T'), and H*(T) is the subspace
of boundary functions of members of H* (Q). Thus Nev(T') shares with Nev(T) the
property that the vanishing of one of its members on a set of positive measure entails
its vanishing almost everywhere.

The space H?(Q) for 0 < p < oo is defined to consist of all analytic functions f
on Q such that |f|? < h for some harmonic function 4 (see [20]). In this case there
is a smallest such harmonic function A, the least harmonic majorant of |f|?, and it is
used to define | f]|, as h(#)"?, which is a norm making H? (Q}) into a Banach space
when1< p < co.

Suppose f € H?(Q) and h is a harmonic function satisfying |f]? < h on Q. If
fi = fotand h; = ho 7, then f; is analytic on I, h; is harmonic on D, and |f;|? <
hy. 1t follows that f; € H? (D). (Reason: if (f1),(z) = fi(rz), then [;|(f1),| dm
Jphidm = hy(0) for all r € [0,1)). Taking the supremum over r shows that | fi]|,
hy(0)Y?_ If h is the least harmonic majorant of | f|?, then, as Rudin [20] showed, h;
is the least harmonic majorant of | f1]?. Here is the argument: call the least harmonic
majorant of |f;|? for the moment hg, so by < hy. If ¢ € &, then |fy o 0|’ < hyo 0,
and hence |fi|? < hg o 0, implying hy < hg o 0. Because & is a group, it follows that
hg o o = hg for all 0 € &, and thus hy = h, o T for some harmonic function h, that
majorises |f|? on Q. Consequently, h < h;, it follows that h; < hg, and the argument
is complete. Since h; is the least harmonic majorant of fi, | fi[ , = | f[ > and therefore
C, maps HP(Q) isometrically into H?(ID). Moreover, the image of H? (Q) under
C. consists of all functions f; in H? (D) satisfying fi o 0 = f; for all 0 € &. This
observation could have been used to establish that H?(Q) is a Banach space when
1 < p < oo on the basis of the known fact that H? (D) is a Banach space.

Just as each of the Hardy spaces H? on the disk is isometrically isomorphic to its
space of boundary functions, the same is true for the region Q. Let f be in H?(Q)
and, as above, put fi = f o 7. Then f; is in H?(D) and has a boundary function
i defined almost everywhere on T. Since f; o ¢ = f; for all ¢ € @, it follows that
ﬁ 00 = ﬁ on T, and therefore ﬁ = fo 7 for some function fon I that belongs to
L?(T, ) and has the same norm as f;. If { € Ty, w;, = 7({), and £; has non-tangential
limit /;(¢) at {, then, because T is analytic at {, it follows that f has non-tangential
limit /() = f((¢)) = f(wp), and thus f has boundary function f at almost every
point w;, of T. The process of taking limits of an H? (Q) function at boundary points
is reversed by forming integrals w ~ [, f dw,,, which are analogous to the Poisson
integrals on the disk. In summary, the space H? (Q) can be viewed equivalently as the
collection of analytic functions f on Q for which | f|? has a harmonic majorant, or as
the isometrically isomorphic subspace H? (') of LP(T, w) consisting of the bound-
ary functions of members of H? (), or as the subspace of H? (D) consisting of those
functions invariant under composition with all members of &, or as the subspace of
HP?(T) with the same invariance property relative to . We will make use of these dif-
ferent views more or less interchangeably. Moreover, it can be shown that the rational
functions with poles off Q are dense in H? (Q) (weak* when p = 0.)

Although largely similar to the Hardy space theory of the unit disk, the theory for
a multiply connected domain Q differs significantly in one respect. We will confine
ourselves here mainly to discussing the L* case, which we will need in Section 3. In

IN N
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the case of the disk there is the familiar decomposition L?(T, m) = H*(T) @ H3(T)*,
where H3(T)* is the set of complex conjugates of the functions in H?(T) that are or-
thogonal to 1 (the set of functions vanishing at 0). The counterpart of this decompo-
sition for Qis L*(T, w) = H*(T) ® H3(T')* @ N(T), where N(T) is an n-dimensional
subspace of bounded functions, and Hj(T)* is the set of complex conjugates of the
functions in H?(T)that are orthogonal to 1 (the set of functions vanishing at #). The
subspace N(T) is the span of functions Q, ..., Q,, and it is orthogonal to the set of
real parts of the rational functions with poles outside of Q. The exact specification of
the Q; is given by Q; dw = % ds, where each h; is the harmonic function on Q with
boundary values 1 on I; and 0 on T with k # j. These functions will be encountered
again in Section 2.3, but for a full discussion see Fisher’s book [7, §4.2 and $4.5]. The
subspace N(T) that they span is of importance because C, maps not only H?(T) into
H?(T), but in fact C,(H*(T) ® N(T)) = E(H*(T)); see [8].

2.2 Gauge Norms

In [4] the first author introduced the study of Hardy spaces on T under a family of
norms that properly includes the p -norms. Since our interest is in the space I' with
the measure w, we will introduce norms of this type in a more general setting. Let y
be a nonatomic probability measure on a g-algebra in a set X, and let « be a norm on
L (X, u). We call « a gauge norm in the case where «(1) = 1and a(|f|) = a(f) for
all f € L(X, u), and we say it is continuous in the case where
H(lﬂ}:I)llo a(ye) =0.
Also, we will call « dominating in the case where | f|; < a(f) whenever f € L (X, u).
The property should more properly be called one-norm dominating, but we will use
the shorter locution. It was shown in [4, Proposition 2.2] that if a continuous gauge
norm on L* (T, m) is rotationally symmetric in the sense that a(fy) = a(f) forall 6
where f3(z) = f(e'®z) forall f € L(T, m), then « is dominating.
A gauge norm « can be extended to all measurable complex functions f on X by

a(f) = sup {a(s) : s is a simple function and 0 < s < |f]} .

Let £%(X, p) consist of all measurable functions f such that a(f) < co. If a is a
continuous dominating gauge norm on L*° (X, u), then its extension to £L*(X, u) has
the same properties. The space £*(X, ) is a Banach space, and we define L* (X, p)
to be the closure of L*° (X, ) in £L%(X, p).

Let a be a dominating, gauge norm, and define its dual norm o' on L (X, p) by

o' (f) = sup{‘ ffhdy| thel™(X,p)and a(h) < 1}.
X
The following are Lemma 2.6 and Proposition 2.7 from [5].

Lemma 2.4  The dual norm o' of a dominating gauge norm « is also a dominating
gauge norm.
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Proposition 2.5  Suppose o' is the dual norm of a dominating gauge norm «a on
L=(X, ). The dual space (L*(X, u))* is L% (X, u) in the sense that if ¢ is a continu-
ous linear functional on L*(X, ), then there exists a unique F € L% (X, ) satisfying
lo| = a'(F) such that for all f € L*(X, u), fF € L'(X, u) and ¢(f) = [ fFdu.

Throughout the rest of the paper, without explicit assumption to the contrary, «
will be assumed to be a continuous, dominating, normalized gauge normon L*(T, w).
The set of these norms constitute a set that we will label 1. Also 9., will be DT with
the essential supremum norm adjoined.

Hardy spaces in this context are obtained by defining H*(T') to be the subspace
of L*(T, w) obtained by taking the a-norm closure of H*(T). Since L*(T,w) is a
closed subspace of L!(T, w), H*(T) is a closed subspace of H'(T'). Thus, we can de-
fine H*(Q) as the subspace of H'(Q) consisting of those functions whose boundary
functions are in H*(T). For f € H*(Q) and w € Q, we have f(w) = [, fdw,,
and since w,, is boundedly absolutely continuous with respect to w, it follows from
the dominating property that point evaluations are continuous linear functionals on
H*(Q) and by extension on H*(T). Thus, H*(Q) is a functional Banach space and
provides an equivalent but different view to H*(T).

2.3 Harmonic Functions, Periods, and Harmonic Conjugates

For each j between 0 and #, let h; be the solution to the Dirichlet problem on Q
corresponding to the boundary function yr;, and note that, because the boundary
curves are analytic, each h; has a harmonic extension to an open neighborhood of
Q. Hence, for 0 < j < n, we have hj(w) = [; xr; dw,, = @, (T;). We will call a real
linear combination of the functions h; with 1 < j < n a harmonic unit. (Royden [19]
calls these functions harmonic measures, but we will reserve that term for the actual
measures w,, introduced above.) Thus, if d = (ay,...,a,) € R”, then the typical
harmonic unit is the function u; = Y7 a;h;. Observe that a harmonic unit plus a
constant gives the most general linear combination of all the & for 0 < j < n.

On the disk every harmonic function has a harmonic conjugate, but on an annulus
centered at 0, for example, the harmonic function u(w) = loglw| does not have a
single-valued harmonic conjugate, and thus there is no analytic function on the entire
annulus that has u as its real part. However, the following lemma shows that one
can construct an analytic function f on Q from any given harmonic function u by
modifying u by the addition of an appropriately chosen harmonic unit.

If u is harmonic and real-valued on (), then let v be the harmonic conjugate of u
on Dy satisfying v(w) = 0. Then f = u+iv is an analytic function on D5. If y isaloop
in Q) at W, i.e., a path in Q with W as both initial and terminal points, then f can be
continued analytically along y to produce a second holomorphic function f, = u+iv,
on Dy. The difference f - f, = i(v - v,) is both holomorphic and pure imaginary
and therefore constant with the value iv, (w). The real number Per(u,y) = v, (W) is
the period of the harmonic conjugate of u on y. It is not hard to see that u will have
a (single valued) harmonic conjugate on Q precisely when analytic continuation of f
along a path in Q depends only on the end points of the path, and this condition is
equivalent to Per(u, y) = 0 for every loop y at w.
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The period Per(u,y) can be expressed in terms of u with the aid of the Cauchy-
Riemann equations,

ou

(2.0) Per(u,y) = [— ds=- > ds,
Y

where % indicates the directional derivative in the direction of the unit tangent vector
t=9'(t)/ly' ()| of y at y(t), and 37 indicates the directional derivative in the direc-
tion of the interior unit normal vector 7 = if. Using Green’s formulas, one can see
that the second integral in (2.1) is constant, as y varies over its homotopy equivalence
class in O, and thus the period is a function defined on the fundamental group 7;(Q)
of Q, which is a free group on n generators, and Per is a homomorphism of 7;(Q)
into R. Hence to determine if u has a harmonic conjugate on €, it suffices to check
that Per(u,y) = 0 for each y in a set of generators for 71;(Q), and these can be taken
to be curves y; for 1 < j < n, each with T} in its interior, with T} in its exterior when
k # j, and such that each point interior to I'; has winding number one.

Lemma 2.6  Ifuis areal-valued harmonic function on Q, then there exists a harmonic
unit ug such that u + ug is the real part of an analytic function on Q).

Proof If u is harmonic on Q and u; is a harmonic unit, then, by the above dis-
cussion, it will suffice to show that @ can be chosen so that Per(u + uz,y;) = 0 for
0 < j < n, which by equation (2.1) translates into f a”“ ds = fy] 9u dsforl< j< n.

Consider the integral f a““ ds = Yi_ ax [ h" ds Each yjis homotoplc to I in
Q, and since hy, is harmomc on Q,

oh f oh oy |
f O g = ds= [ 1,5
an

The n x n period matrix with entries p; x = [, h; a—n" ds is known to be symmetric and
invertible (see [7, p. 80] and [17, pp. 38-41]). Thus the condition that u imposes on a
is that the system of equations

Zn: pika f ou ds 1<j<n
jkdk == [ = <)<
i v; on
has a solution, which it does by the invertibility of the period matrix. ]

2.4 Outer Functions and Eigenfunctions of the Group &

In [19] Royden defines an inner function on ) as a bounded analytic function having
a boundary limit function on I' that has w-a.e. constant modulus on each boundary
component I'; for 0 < j < n. He also calls an analytic function f € Nev(Q) outer in the
case where log|f (w)| = [;log|f|dw,. If w = 7(2), then w,, = m,7™" by Lemma 2.1,
and thus his condition becomes

log|f o 7(2)| = [rlog|f| dm,7t! = leog|f o 7|dmy,,

which is the condition that f o 7 be outer on D. Thus, a function f is outer on  in
Royden’s sense if and only if f o 7 is outer on ID in the usual sense, and it follows, as
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in the case of the unit disk, that Royden’s condition holds for all w € Q if and only if
it holds for a single point. This establishes the following lemma.

Lemma 2.7 A function f € H'(T) is outer if and only if f o T is outer in H'(T).

We remark that the above argument showing that f is outer in H(T) if and only
if f o 7 is outer in H'(T) also shows that Jensen’s inequality for an H'(T) function
implies the corresponding inequality for functions in H'(T). For if f € H'(T), then
f ot eH'(T), and consequently for z € D, log|f o 7(z)| < [ log|f o 7| dm, implying
log|f(w) < [y logl|f|daw,.

Additionally, we note that if u is an integrable real-valued function on I' and the
harmonic function defined for w € Q by u(w) = [ u dw,, has a harmonic conjugate
v on , then the function f = exp(u + iv) on Q is outer.

The following lemma is a basic tool that will be needed on several occasions. It
is essentially Forelli’s [8, Lemma 5] with a slightly more explicit description of the
eigenfunctions.

Lemma 2.8 Ifn is a character of ® (i.e., a homomorphism of & into T), then there
exists an invertible outer function F in H*® (T such that |F| is constant m-a.e. on each
of the sets T} (I} ) for 0 < k < n and for every 6 € &, Fo g = n(o)F.

Proof To construct the required function F, we begin with a harmonic unit u =
> ko1 arhy where each ay is a real constant that remains to be specified. Let U =
u o T to obtain a bounded harmonic function on D with boundary function U =
ZZ:I Ak X1 (Ty)-

If € is the harmonic conjugation operator on L*(T, m), then the matrix of C rel-
ative to the usual orthonormal basis for L*(T,m) is diagonal with negatively in-
dexed entries i, positively indexed entries —i, and 0 as entry at 0, so we observe that
C* = -C. Put V = C(U) and F = exp(U + iV). Then F is outer in H*(T) and
|F| = Xr_o €™ xz-1(r,)» where ag = 0, so it will fulfill the requirements, provided the
condition F o 0 = §(0)F for all o € & is satisfied. The task at hand is to show that for
1 < k < n, the g, can be chosen to satisfy this condition.

Observe that o € & implies that (F o 0)/F = exp i(V o ¢ — V') no matter how the
ay’s are chosen, because U o ¢ = U. The equation has an analytic function on the
left side and a function taking values in T on the right, and thus these functions are
constant, with the constant, say #;(¢), dependent upon o. Clearly, #;(¢) = 1 when
0(z) = z, the identity of the group &, and because #;(0) = (Foa)/F, it follows that
is a homomorphism of & into T. Thus, it remains to show that the a; can be chosen
so that i, = 1.

The group & is isomorphic to the fundamental group m,(Q). If {61, 02, ..., 0, } isa
set of generators of &, then since the values #,(0;) for1 < j < n completely determine
11, it suffices to show that by an appropriate choice of the a, we have #,(0;) = #(0;)
for 1< j < n. Suppose 7(0;) = e'%. Since 71(0;) = expi(V oo - V) = e'V((0) the
requirement is that the a; can be chosen so that the system of equations V(¢;(0)) =
0; for 1 < j < n has a solution.
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Observe that if P; is the Poisson kernel for evaluation at ¢;(0), then
(2.2) V(0;(0)) =(V,P;) = (U,E(E(-P}))),

where (-, -) is the inner product on L?*(T, m), and, as before, € is the projection on
the range of C;. In Fisher [7] it is shown that if y; is the loop chosen in the proof
of Lemma 2.6, then y; can be lifted to a curve in ID with initial point 0 and terminal
point, say {j, and if g; is the unique member of & satisfying 0;(0) = (;, then the g; so
chosen form a set of generators for &, and EC(-P;) = C;(Q;), where Q; dw = % ds.
Thus, equation (2.2) leads to

n

V(0;(0)) = (Ce(u), C(Q))) Z (hi, Q)).-

Note that (hg, Q;) = [ hj %hnk ds = pj and (pj ) is again the period matrix of Q),
which is symmetric and invertible. Thus, the condition on the ay is Y}_; axpj x = 6;
for 1< j < n, and again it can always be satisfied. ]

3 Beurling-Helson-Lowdenslager Theorem for L(T, w)

In [8, Theorem 1] (see also Fisher [7, Section 4.5]) Forelli proved that there exists
a projection P of H*(T) onto C,(H*(I')) satisfying P(fg) = fP(g) for all f in
C.(H*(T)) and gin H*(T). As Forelli noted, the projection is defined on L' (T, m)
and maps it onto C,(L!(T, w)). It is obtained as follows. Let P be the polynomial
whose 7 zeros are the critical points of the Green’s function of Q with pole at w. Since
E(H=(T)) = C,(H*(T) + N(T)),and P- (H>(T) + N(T')) = H*(T) (see [8] and
[7] again), it follows that 1/P € H**(T) + N(T') and there exists p € H*(T) such that
&(p) = C,(1/P). Thus, if P is defined for f € L'(T, m) by P(f) = C.(P) - E(pf),
then the following proposition holds (see [8]).

Proposition 3.1 (i) P(L>(T)) = C.(L(T)).

i) P(L(T)) = Co(12(D)).

(i) For all f € (T, ), y € H(T), P(yCe(f)) = PW)CH(1).
() P(H(T)) = C-(H=(T))

() P(H(T)) = C,(H(T)).

A basic idea for proving the Beurling—-Helson-Lowdenslager theorem for L*(T, w)
is contained in the following lemma (see [13]). We will write M, for the operator of
multiplication by .

Lemma 3.2 Suppose M is a closed subspace of L*(T, w) that is invariant under M,
for every member w of H*(T) and

(3.1) N =span{éC,(g): € H”(T) and g e M} .

Then N is a subspace of L*(T, m) that is invariant under multiplication by every func-

tion in H(T), and P(N) = C.(M). If M c H*(T), then N ¢ H*(T).

Proof Suppose M is a closed subspace of L?(T, w) that is invariant under multiplica-
tion by every function in H*(T'), and let N be defined by (3.1). Then N is the smallest
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H®(T)-invariant subspace that includes C,(M). By Proposition 3.1(iv), Forelli’s pro-
jection maps H*(T) onto C.(H*(T)), and thus it follows (Proposition 3.1(iii)) that
when P is applied to a generator & - C.(f) of N the result is P(&) - C,(f), which is
a member of C;(M) because the first factor is in C,(H*(T)), C; preserves prod-
ucts, and M is invariant under multiplication by functions in H**(T). Thus, P(N) c
C.(M). The opposite inclusion is true because, by Proposition 3.1(iii), P fixes all
members of C.(L*(T,w)), and hence we have P(N) = C,(M). The last assertion is
immediate. ]

Theorem 3.3 Let M be a closed subspace of L*(T, w) that is invariant under M, for
every v € H(T). Then either

(i) M= ygL*(T,w) for some measurable subset E of T, or
(ii) M = @H?(T) for some ¢ € L= (T, w) such that |¢| is constant on each of the
components of T'.

In the case where M c H*(T') we have that ¢ is a Royden inner function.

Proof Suppose M and N are as above. By Lemma 3.2, P(N) = C,(M). Since
N is a subspace of L*(T) that is invariant under multiplication by all functions in
H>(T), either (i) N = yrL?(T, m) where F is a measurable subset of T, or else (ii)
N = gH?*(T) where q is a unimodular function on T. Thus, it remains to analyze
P(xrL*(T,m)) in case one and P(gH?*(T)) in case two. For this we use Lemma 2.3,
arguing the two cases separately.

Observe that the generators of N are mapped into other generators of N under
composition with members of &, and thus N is invariant under composition with
elements of &. Therefore, if 0 € &, then in case one xr 0 0 = yrf for some f in
L*(T, m), and consequently yz o ¢ < xp. Since this holds for all members of the
group &, it follows that yg o 0 = xp. Thus, there exists a measurable subset E of T
such that yr = yg o 7. Thus, we have

C(M) = P(N) = (xo 1) - P(LA(T,m)) = Co( e - L(D)),

which implies M = yg - L*(T, w), thereby completing the proof in this case.

In the second case, invariance of N under composition with members of & leads
to go o = qf, for some f, € H*(T). Since q o 0 and g are unimodular, it follows
that f, is inner. Also, g o 67! = gqf,-1, and hence on composing with ¢ we obtain
q=1(qfs)-(fs100), whichimplies1 = f, - (f,-1 0 ¢). Thus, the inner function f, has
an inverse in H* (T) and is therefore a constant in T. Call it (¢), so g o 0 = n(0)q.
Again it is clear that (o) = 1, when o(z) = z, the identity in &. Also, we have
n(o1002)q = (g0 01) o 02 = n(01)1(02)q, and it follows that # is a homomorphism
of & into T. By Lemma 2.8, there exists an invertible function F in H* (T), with |F|
constant on the sets 7' (I;) for 0 < j < n, and satisfying F o 0 = (0)F forall o € .
It follows that q/F is unchanged by composition with members of &, and therefore
Lemma 2.3 implies g/F = ¢ o 7 for some ¢ € L* (T, m). Since g is unimodular and
|F| is constant on each set 77 (T};), it follows that |¢| is constant on each of the sets ;.
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Since FH**(T) = H*(T), we have N = (¢ o 7) - H?(T). As in the first case, we
now have

C:(M) = P(N) = (po1)-P(H*(T)) = C.(9-H*(T)),

which implies M = ¢ - H*(T) as required.

If M ¢ H*(T), case (i) cannot occur, and consequently ¢ € H?(T). Since |¢|
is constant on the connected components of I, ¢ is a Royden inner function. This
completes the proof. ]

The question of uniqueness of the representation will be addressed in Section 5
(see Theorem 5.2). In the following we identify the cyclic vectors for H*(T) as the
outer functions. The general case of this result will also be obtained in Section 5 (see
Theorem 5.4).

Theorem 3.4 A function f € H*(T) is cyclic in the sense that H* (T) - f is dense in
H*(T) if and only if f is outer.

Proof 1If f is cyclic, then the invariant subspace M it generates is all of H*(T). In
this case the invariant subspace N of Lemma 3.2 is generated by f o 7 and is also all of
H?(T). Thus, f o 7 is outer in H*(T), and consequently Lemma 2.7 implies that f is
outer in H*(T). Conversely, if f is outer in H*(T'), then Lemma 2.7 implies that f o T,
which generates N, is outer in H*(T), and thus N = H?(T). This in turn implies that
M = H*(T), and consequently f is cyclic. [ |

4 Beurling-Helson-Lowdenslager Theorem for L*(T, w)

Throughout this section « will be a continuous, dominating, normalized gauge norm
on L*(T, w), i.e, a € N. To generalize Theorem 3.3 to the spaces L*(T, w), we use
the same technique as that of the first author in [5] with a few modifications neces-
sitated by the multiple connectedness of the domain of the members of H*(Q). In
that paper invariant subspaces of the single operator multiplication by z on L*(T, m)
were considered, in which case invariance under that operator is enough to imply
invariance under multiplication by all H**(T) functions. In the multiply connected
case, the invariant subspaces of the operator multiplication by z are more complicated
(see [1,2,15]), and so we assume invariance under multiplication by all H**(T) func-
tions. A basic idea in [5] was also devised earlier by Gamelin [9,10] to study invariant
subspaces in certain generalized H? spaces.
Let B be the closed unit ball of L* (T, w). The next lemma is [5, Lemma 2.9].

Lemma 4.1 Ifa e, then

(i) on B the a-topology, the | - ||2-topology, and the topology of convergence in mea-
sure coincide, and
(ii) B is a-closed.

Lemma 4.2 H*(T)=H(T)nL*(T,w).
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Proof The inclusion of H*(T) in H'(T) is a consequence of the dominating prop-
erty, and its inclusion in the intersection follows. For the opposite inclusion, sup-
pose ¢ € L*(T,w) is in the annihilator of H*(T). By Proposition 2.5, there exists
F e £L(T, w) such that for all f € L*(T, ), f F € L'(T, w) and ¢(f) = J; fFdw.

Because ¢ is in the annihilator of H*(T), we have /. f Fdw = 0 forall f € H*(T),
and it follows from [7, Theorem 4.8] that PF € H'(T), where P is the polynomial
whose zeros are the critical points of the Green’s function of Q with pole at w. Further,
because P - (H*(T) + N(T')) = H'(T), it follows that F € H'(T) + N(T), and thus
F = F + Fy, where F; € H'(T') and Fy € N(T). Since 1€ H*(T) and /. f dw = 0 for
all f e N(T), [;1Fidw = [ 1F dw = 0, and thus F; € Hy(T).

Suppose g € H'(T') n L*(T, w). Then gF € L'(T, ), and because Fy is bounded,
gF € L'(T, w), and consequently C,(gF,) € L'(T,m). Also, from g € H'(T') and
F, € Hy(T), it follows that C,(g) € H'(T) and C,(F,) € Hy(T). Thus, the product of
C:(g) and C;(F,) is in Hy(T), which implies [, gFi dw = [.(gF1) o 7dm = 0. Since
H?*(T)* and N(T) are orthogonal in L*(T, w), and since H*(T) is dense in H'(T), it
follows that /. gFy dw = 0. Consequently, ¢(g) = 0, and the Hahn-Banach theorem
now implies that g € H*(T'), thereby giving us the required opposite inclusion. W

The next lemma is fundamental for what follows.

Lemma 4.3 Ifb € L(T,w) and 1/b € L*(T,w), then there exists a function y
having w-a.e. constant modulus on each connected component of I', and there exists an
outer function h € H*(T) such that b = wh and 1/h € H*(T).

Proof If b satisfies the hypothesis, then, since L*(T, w) c L'(T, ), it follows that
log|b| is integrable, and hence there exists a harmonic function u on Q with log|b| as
its boundary function. By Lemma 2.6, there exists a harmonic unit u such that u —ug
has a harmonic conjugate function v on Q. Put h = exp(u — ug + iv) to get an outer
function on  such that |4| has a boundary function |ble™°, and thus h € H*(T). If
v = b/h, then |y| = e which is constant on each of the sets I';. Finally, 1/k is in both
H'(T) and L*(T, ), and thus Lemma 4.2 implies 1/h € H*(T). [ |

Proposition 4.4 Let M be a weak* closed subspace of L™ (T, w) that is invariant
under multiplication by all members of H*(T). If M is the closure of M in L*(T, w),
then M is also invariant under multiplication by members of H*(T') and M = M n
L*(T, w).

Proof That M is invariant and M ¢ M n L*° (T, w) are immediate. For the opposite
inclusion we show that if ¢ is a weak* continuous linear functional on L* (T, w) with
M in its kernel, then ¢(g) = 0 for every g € M n L*(T, w). By the Hahn-Banach
theorem, this will imply that M n L= (T, w) c M. For this, suppose F € L'(T, w)
and | fFdw = 0 for every f € M. Apply Lemma 4.3 with b = 1/(|F| +1) to get an
outer function h € H**(T) such that 1/h € H'(T') and a function v that has constant
modulus on each of the sets I'; for 0 < j < n satisfying b = yh. We have hF ¢
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L*(T, w), since
1 |F
|hF| = — i .
vl [F|+1

There exists a sequence (h,) in H*(T) such that lim,_ o |1/h - A, |1 = 0, and thus
|F = hyhF|y = |(1/h = hy,)hF|1 < |1/h = hy|1]|hF] e = 0 as v — oo.

If g, € M, then h,hg, € M, and it follows that [ hyhg,Fdw = 0. If g € M, then
there is a sequence (g,) in M such that a(g - g,) — 0 as 4 — oo, which implies
|g = gully = 0, since « is dominating. Thus

| [shhrda| =| [ (g~ g)hhFdo| < g gululhhF] -0

as y — oo, and consequently [, gh,hF dw = 0 for every v.
Finally, if in addition to g € M we also assume that g € L*(T, w), then we have
that

‘/rngw‘ :‘frg(F—hth)dw‘ < lgle|F = hyhF]; >0

as v — oo. Thus, [ gF dw = 0, which completes the proof. ]

Proposition 4.5  Let M be a closed subspace of L* (T, w) that is invariant under mul-
tiplication by all members of H®(T). If M = M n L*°(T, w), then M is weak* closed
and invariant and M = M™“.

Proof That M is weak* closed follows from Lemma 4.1 and the Krein-Smulian the-
orem, as in [5]. Invariance is immediate.

It is clear that M~* c M. Consider f € M, and apply Lemma 4.3 to b = 1/(|f] +1),
thereby producing a function ¥ with w-a.e. constant modulus on each component
of T and an outer function h € H*(T) with 1/h € H*(T') such that b = yh. There
exists a sequence (h,) in H*(T) such that a(1/h - h,) - 0 as v — oo. Since |hf]| =
[l f1/(If] +1), it follows that 4 f € M and Af is bounded, and hence hf € M. The
same is true of each hyhf, and a(f — hyhf) < a(1/h - h,)||hf]cc > Oasv - oo.
Therefore, f € M™%, and the proof is complete ]

With Propositions 4.4 and 4.5 in hand, we can now prove the principal result, the
Beurling, Helson-Lowdenslager theorem for a space with a continuous, dominating,
normalized, gauge norm on a multiply connected domain. As mentioned in the in-
troduction, the last statement contains Royden’s version of Beurling’s theorem in [19,
Theorem 1].

Theorem 4.6  Let M be a closed subspace of L(T', w) that is invariant under M,, for

every v € H(T). Then either

(i) M= yeLl*(T, w) for some measurable subset E of T, or

(i) M = ¢H*(T) for some ¢ € L= (T, w) such that |¢| is constant on each of the
components of T'.

The result is also true in the case where « is the essential supremum norm when M is
weak* closed. When M c H*(T'), case (ii) holds and the function ¢ is a Royden inner
function.
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Proof The case of L*(T, w) was handled in Theorem 3.3. Suppose M is a weak*
closed subspace of L*(T, w) that is invariant under M, for every y € H**(T), and
let M be the closure of M in L*(T, w). The preceding case then applies to M, and
Proposition 4.4 implies that M is obtained by intersecting M with L* (T, w). Since
the intersection of ygL?(T, w) with L=(T, w) is ygL*° (T, @) and the intersection of
oH*(T, w) with L= (T, ) is H* (T, w), this case is proved.

Next let M be a closed subspace of L*(T, w) for a € 9. By Proposition 4.5, if M =
MnL*(T, ), then M is weak* closed and invariant under each M, with y ¢ H**(T).
The preceding case now implies that either M = ygL*° (T, w) or M = pH*(T). The
closure of M in the « topology is M, by Proposition 4.5, the « closure of ygL*° (T, w)
is ygL*(T, w), and the « closure of 9 H*(T') is o H*(T').

The final assertion is clear, and thus the proof is complete. ]

5 Inner Outer Factorization

As mentioned previously, the Royden definition makes a function inner if it is in
H*(Q) and its boundary function has w-a.e. constant absolute values on each con-
nected component of I'. Let I(Q) be the multiplicative semigroup of inner functions
on Q and let I"'(Q) be the subgroup of invertible ones. As usual, I(T), I"}(T) will
be the sets of their boundary functions on I'. The Royden definition of inner func-
tion allows one to describe all of the invariant subspaces of the H* (T') multiplication
operators on H*(T'), including {0}, very simply. They are the subspaces of the form
@H*(T), where ¢ is inner, but the correspondence is not one-to-one. It is easy to dis-
regard this phenomenon on the disk, since if two inner functions produce the same
invariant subspace of H*(T), then they differ by at most a multiplicative constant of
modulus one.

The multiply connected case is more complicated than that of the disk. A minor
difference is that with Royden’s definition the constant 0 function is inner. Also, a
nonzero multiple of a nonzero inner function is inner and gives rise to the same in-
variant subspace. A modification of this situation, making it a bit more in line with
the situation on the unit disk, can be made by defining a normalized inner function as
one whose absolute boundary values on the outer boundary Iy of Q) are one w-a.e.,
and from here on inner functions on Q other than the trivial one 0 will be assumed to
have this normalization. Thus, a Royden inner function, or as we will say from here
on, simply inner function, on Q will be either the constant 0 function or a bounded
analytic function ¢ on Q such that |¢| has boundary values w-a.e. equal to 1 on the
outer boundary Iy and w-a.e. (necessarily nonzero) constant values on each of the
remaining connected boundary components I'j, 1 < j < n. Equivalently, a nonzero
inner function ¢ is a member of H*(T) that satisfies log|¢| = X7, a;xr, for some
real constants aj, 1< j < n.

But a more fundamental difference is that there are nonconstant invertible inner
functions. For example, on a zero centered annulus with outer radius 1, the functions
w* with k € Z are all normalized inner and invertible. Kuratowski in [16] (see also [22,
p. 211]) studied functions without zeros on Q. He showed that if points a, a3, ..., a,
are chosen in the complement of O with one of them in each bounded component of
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that complement, and if

(5.1) fw)=(w-a)"-(w-a,)k,

where ki, k», . . ., k,, are integers, then every analytic function ¢ on Q having no zeros
is homotopic to a function of the form f. This means that ¢(w) = f(w)ef™), where
g is analytic on €). Moreover, the k;’s are uniquely determined by ¢, and g is uniquely
determined up to the addition of an integer multiple of 27ri. Moreover, ¢ is bounded
if and only if Re g is bounded above, and ¢ is invertible in H** () if and only if Re g
is bounded both above and below. It follows that ¢ is an invertible inner function
precisely when, in addition, there exists a harmonic unit u such that u = Re g +log]f|.

Proposition 5.1 Let ¢ be a nonzero inner function in H*® (T'). Then the following are
equivalent:

(i) @ isinvertible,

(ii) @ is outer,

(iii) for some o € Moo, 9H*(T') = H*(T),

(iv) forall @ € Moo, 9H*(T) = H*(T).

(v) there exist integers ki, ky, . . ., k, inducing f as in (5.1) and there exists g in H(Q))
with bounded real part such that log| f| + Re g is a harmonic unit and ¢ = feS.

Proof It is easy to see that (i) is equivalent to each of (iii) and (iv). Also, (iv) implies
that ¢ is cyclic for H*(T), which, by Theorem 3.4, implies that ¢ is outer. Finally, if
¢ is outer, then Theorem 3.4 implies 9 H*(T) is dense in H*(T). Since ¢ is inner, it
is bounded below on T, and thus ¢ H*(T) is closed, hence all of H*(T). Therefore,
¢ is invertible. Equivalence of (i) and (v) follows from the discussion preceding the
statement of the proposition. ]

We will call two inner functions equivalent if they differ by an invertible factor,
which is necessarily inner. Modulo equivalence, I(Q) has a lattice structure given by
divisibility. For ¢,y € I(Q), we say ¢ divides y, written

¢y,

if and only if there is a p € I(Q) such that y = pg. Since I(Q) is cancellative, p is
unique up to equivalence. Also, ¢ and y are equivalent if each divides the other.

Theorem 5.2 Suppose ¢ and y are inner functions on I'. Each of the following implies
the others.

(i) ¢ and y are equivalent,

(i) ¢HY(T)=yH(T),

(i) pH™(T) = yH=(T),

(iv) for some a € Noo, H*(T) = yH*(T),
(v) forevery a € Moo, pH*(T') = wH*(T).

Proof The last four cases follow from the first, because if p is an invertible inner

function, then pH*(T') = H*(T) for all a. In each of the last four cases ¢ is a multiple
of v and vice versa, which makes ¢ and y equivalent. ]
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Suppose @ # S ¢ I(€)). We say that p € I(Q) is a least common multiple of S if
and only if p is divisible by every element of S and if ¢ € I(Q) is divisible by every
element of S, then o | p. It is clear that if there is such a p, then it is unique modulo
equivalence. Although uniqueness is only for equivalence classes, we write

p =LCM(S)

to denote that p is a least common multiple of S.

Similarly, we say that p is a (unique up to equivalence) greatest common divisor
of S, denoted by p = GCD(S), if and only if p divides every member of S, and every
o € I(Q) that divides every member of S must also divide p. The proof of the following
proposition follows immediately from Theorem 4.6 and the fact that

N yH'(Q) and spanHl(Q)( U le(Q))
yeS yeS
are always closed H* (Q)-invariant subspaces of H'(Q).

Proposition 5.3  Suppose @ # S c I(Q) and ¢,y € I(S). Then

() yleifandonlyif pH'(Q) c yH'(Q),

(ii) y and ¢ are equivalent if and only if each divides the other,

(iii) y = LCM(S) if and only if yH' (Q) = Nyes yH' (Q),

(iv) y=GCD(S) ifand only if yH'(Q) = spanHl(m(Uwes vH'(Q)),

(v) LCM(S) always exists; GCD(S) exists if and only if Nyes yH' (Q) # {0}. In
particular, if S is finite, then GCD(S) exists.

The inner-outer factorization of elements of H'(T'), and hence of elements of every
H%(T), could have been obtained earlier by transferring f € H'(T) to H'(T) via C,,
but we will obtain both the factorization and the characterization of cyclic vectors as
outer functions here as consequences of the Beurling theorem in this setting, Theo-
rem 4.6. Here a vector f is cyclic for a space H*(T') means H**(T') - f is norm dense
(resp. weak™* dense) if & = ||| oo, in H*(T).

Theorem 5.4  Suppose f € H*(T). The following are equivalent:

(i)  fisouter,

(ii) f is cyclic for H*(T),

(iil) f is cyclic for H*(T),

(iv) f is cyclic for all H*(T) with o € N,
(v)  fiscyclic for some H*(T) with o € M.

Proof (i) is equivalent to (ii). This is implied by Theorem 3.4.

(ii) implies (iii). Suppose f is cyclic for H*(T) and M = (H*(T)-f)™", where the
last superscript designates the weak* closure. If M = M~I"l2, then M is a ||-||,-closed
invariant subspace of H?(T'), and Theorem 3.3 implies that M = ¢ H?*(T) for some
inner function ¢. Since f is cyclic and belongs to M, H*(T) c M, and thus M =
oH*(T) = H*(T). Proposition 4.4 implies M = M n L*(T,w) = H*(T), so f is
cyclic for H*(T).
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(iii) implies (iv). Suppose f is cyclic for H* (T) and a € 9. Put M = (H*(T)-f)~“
and M = M n L*(T, ). By Proposition 4.5, M is weak* closed and M~ = M. Since
f € M and f is cyclic for H®(T), M = H*(T), and thus M o> H*°(T). It follows that
M = H*(T) and f is cyclic for H*(T).

Trivially (iv) implies (v), so we can complete the proof by showing that (v) implies
(iii). Suppose f is cyclic for some H*(T'). Put M = (H*(T) - f)"* and M = M.
Since M is a closed invariant subspace of H*(T) that contains the cyclic vector f,
M = H*(T). Proposition 4.4 implies M = M n L (T, w) = H*(T), so f is cyclic for
H>(T). [

The cyclicity condition for bounded functions of the preceding theorem can now
be expanded to hold for all functions in H*(T) for arbitrary a.

Corollary 5.5 A function f € H*(T) is cyclic if and only if f is outer.

Proof Let f be any vector in H*(T') for arbitrary a € 91, and let M be the cyclic
subspace of H*(T') generated by f, i.e., M = (H®(T) - f)~%. Itis clear that if & is any
function in H*®(T'), then the cyclic subspace N generated by A f is included in M. We
will show that /& can be chosen to be outer so that the reverse inclusion holds.

Put g = 1/(|f] +1). Thus, g € L=(T, w) and é € L*(T, w). Lemma 4.3 implies the
existence of a function y with constant modulus on each connected component of I
and an outer function /1 in H* (T) such that ;- € H*(I') and g = yh. Then hf € Mand
there exist &1, € H*(T) such that a(—hy) — 0as k — co. Because |hf] = ‘%l|f| < \Tlp|
hf isbounded and hence a( f—hihf) = a(hf (5 —hi)) — 0. It follows that the cyclic
subspace generated by & f contains f and therefore M is included in N.

We have shown that the cyclic subspace generated by f is also generated by the
bounded function hf. Thus, f in H*(T) is a cyclic vector for H**(T) if and only if
the bounded function A f is, and Theorem 5.4 therefore implies that f is cyclic if and
only if hf is outer. But h is outer; it follows that hf is outer if and only if f is, and
hence f is cyclic if and only if it is outer. ]

Corollary 5.6  Every function f in H'(T) has a factorization f = ¢g, where ¢ is inner
and g is outer. The factors are unique up to equivalence.

Proof If f € H'(T), let M be the cyclic subspace generated by f. This is a closed
invariant subspace, and Theorem 4.6 implies M = ¢H'(T) for some inner function
. Then f = ¢g for some g € H'(T). If h € H'(T), then gh € M, and consequently
there is a sequence of vectors hy in H* (T') such that || f — ¢h; - 0as k - oo, and
this implies | hxg— k|1 — 0. Thus, g is a cyclic vector for H'(T'), and, by Corollary 5.5,
g is outer.

If f = yh is a second inner-outer factorization of f, then the relation £ = % shows

that £ is an outer function having boundary values that have constant absolute val-

ues on each connected component of T. Thus, y = £¢, and £ is an invertible inner
function by Proposition 5.1, which makes ¢ and y equivalent. ]
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Suppose 0 # f € H'(Q). We define the zero set for f to be
Z(f)={weQ:f(w)=0}.

There is also a multiplicity function ms: Z(f) — N defined by m¢(a) is the order of a
asazero of f. Suppose K is a subset of Q without limit pointsin Q and v : K — N. We
can define a closed H* (T')-invariant subspace M (KK, v) to be the set of all f € H*(Q)
such that K c Z(f), and for every a € K, m(a) > v(a).

Proposition 5.7  Suppose K c Q has no limit points in Q and v : K — N. There are
only two possibilities.
(i) M(K,v) = {0}, which means that (K, v) is determining for H'(Q), i.e.,if f,g €
H'(Q) and f |g= g [k and my_g > v on K, then f = g. If v is the constant 1 on
K, this means that K is determining for H'(Q), i.e., f = g on K implies f = g.
(ii) There is an inner function ¢ such that
(@) M(K,v) = pH'(Q),
(b) Z(¢) =K, and
(c) my=w.

Proof Suppose (i) is false and M(K,v) # {0}. It follows from Theorem 4.6 that
there is an inner function ¢ such that M(K,v) = pH'(Q). Since ¢ = ¢ -1 € M(K, v),
we know that K c Z(¢) and v < mg on K. Assume, via contradiction, that a € K'and
v(a) < my(a). Then ¢/(z - a) € H'(Q), so ¢/(z—a) € M(K,v) = pH'(Q). This
implies 1/(z — a) € H'(Q), an impossibility. Hence, v(a) = m,(a) for every a € K.
A similar argument shows that ¢(a) # 0 for every a € Q \ K. Hence Z(¢) = K and
My = V. |

Corollary 5.8 If0# f € H'(Q), then there is a unique (up to units) factorization of
the inner part of f into a product g1, where o H'(Q) = M(Z(f), ms) and Z(¢y) =
3.

Proof If f = ¢h is the inner-outer factorization of f, Z(h) = @, so Z(f) = Z(¢)
and my = my,. If ¢ is the unique (up to equivalence) inner function for which

9oH'(Q) = M(Z(f), ms) = M(Z(g), my),
we see that there is a unique (up to equivalence) inner function ¢; such that ¢ =
PoP1-

We call ¢, in the preceding corollary the Blaschke factor of ¢ (or f) and ¢, the
singular factor of ¢. It is clear that I"'(€Q) is precisely the set of functions that are
both inner and outer.

Suppose u, v are inner; then w = GCD(u, v) is the unique, up to a unit factor, inner

function such that
[uH'(Q) +vH'(Q)] e wH'(Q).

We write w = GCD(u, v).
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Lemma 5.9 If ¢, p and y are inner functions and GCD(¢, p) = Land ¢ | py, then
¢y

Proof Choose a Royden-inner function y such that py = ¢y. Since GCD(¢, p) =1,
we can choose sequences (¢, ), (d,) in H*(Q) such that |c,¢ + d,p — 1|; - 0. Then
lw(cnp + dup —1)|1 — 0. This means ¥ = lim, 0o ¢(c,¥ + d,y) € 9H'(Q). Hence,
1y u

6 Multiplier Pairs

In this section we will show that the multipliers of H* (Q) are the functionsin H*(Q),
and that (H*(Q), H(Q)) is a multiplier pair in the sense of [12].

Theorem 6.1 Suppose o € N, v € H*(Q), and yH*(Q) c H*(Q). Then y €
H*(Q).

Proof It was observed earlier that H*(Q) is a functional Banach space on Q. It
follows from [12] that every multiplier of H*(Q) is bounded on Q, which means
yve H*(Q). [ |

Welet H(Q) denote the vector space of analytic functions on Q, and we give H(Q)
the topology of pointwise convergence. This makes H(Q) a Hausdorff topological
vector space. Pointwise multiplication is a bilinear map

-t HY(Q) x HY(Q) - H(Q)

that is jointly continuous, since the evaluation maps at points in Q) are continuous on
H*(Q). The constant function 1 is an identity, and multiplication is associative on a
triple whenever the factors are all in H* (Q). Moreover, the set H* (Q) of multipliers
isnorm dense in H*(Q). It follows that (H*(Q), H(Q)) is a multiplier pair as defined
in [12]. The following is an immediate consequence of Theorem 1 of that paper, where
an algebra of operators is called reflexive if it contains every operator whose invariant
subspaces include those of the algebra.

Proposition 6.2 If a € M, then the algebra H* (Q), acting as multiplications on
H*(Q), is maximal abelian and reflexive.

Proof Reflexivity follows because point evaluations are continuous linear function-
als that are eigenvectors of the adjoints of all multiplication operators. ]

Suppose that p: H*(Q) — H*(Q) is a unital homomorphism and ¢ = p(z).
Since z — A is invertible in H**(Q) whenever 1 € C \ Q, we see that ¢(Q) c Q.
It follows from the open mapping theorem that either p(Q) c Qor¢ = Ay € I. It
follows that for every rational function f with poles off Q) that p(f) = f o ¢. Itis easily
shown that if ¢ = Ag € T, then p does not extend from H* (Q) to a bounded operator
on H*(Q). Thus, the only composition operators on H*(Q) in the multiplier-pair
sense [12] have the formC, f = f o ¢ for some analytic ¢: O — Q. We do not know
which ¢’s give a bounded operator, but we denote this class by F. A local composition
operator T on H*(€)) is an operator such that, for every f ¢ H*(Q) thereisa ¢f € F
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such that Tf = fo¢y. Alocal multiplication operator on H*(Q) is an operator S such
that, for every f € H*(Q) thereis a gy € H*(Q) such that Sf = g¢ - f. Here are
immediate consequences of (H*(Q), H(Q)) being a multiplier pair with multipliers
in H*(Q) (see [12, Theorems 2 and 4]).

Proposition 6.3  Suppose o € N.

(i)  Every local composition operator on H*()) is a composition operator.
(i) Every local multiplication operator on H*(Q) is multiplication by some member
of H*(Q).

7 Affiliated Operators

Let ¢ be a quotient of functions in H*(T): ¢ = ¥ o, where y and 7 are inner and have
no nontrivial common inner divisor and u and v are outer in H*(T'). If D consists of
all f e H*(T) such that ¢ f € H*(T), then let M,, be the linear transformation from
D into H*(T') defined by M, f = ¢f. Then M, is a closed operator on H*(T') with
domain D, and M, commutes with multiplication by every function in H*(T).

We will obtain a more useful form for the graph of M, than

Graph(M,) = {(f,¢f): feD}.

The functions u and v have moduli with integrable logarithms, and thus log(|u|+|v]) is
also integrable. By taking the harmonic extension of log(|u| + |v|) to Q and adding an
appropriate harmonic unit to it as in Lemma 2.6, we are able to construct a harmonic
conjugate of the sum on (), and by exponentiating the resulting analytic function, we
obtain an outer function F in H*(T') with a boundary function satisfying

(1/C)(lul + v]) <[Fl < (1fe)(Jul + [v])

for constants ¢, C > 0. Thus, if a = u/F and b = v/F we obtain a pair of outer functions
in H**(T) satisfying

(71) c<lal+ bl C
and ¢ = %%

The mapping @ : H*(I') —» H*(T') x H*(T') defined by
(7.2) (g) = (nbg, yag)

has its range in Graph(M,, ), and we will show that it is bounded and invertible when
H*(T') x H*(T) is given either of the equivalent norms a»(f,g) = a(f) + a(g) or
a5(f,g) = a(|f]+|gl)- Equation (71) implies that ® is a bounded operator relative to
o that is bounded from below in the sense that a,(®(g)) > c;a(g) for some ¢; > 0
and all g in H*(T). This is because both y and # have absolute values that lie in some
interval [¢/, C'] with ¢’ > 0 and

a5 (©(g)) = a(lnbgl+|vagl) = a( (Inb] +|yal)|g]) = xa(g),

where x is a number in the interval [cc’, CC']. Thus, the range of @ is a closed subset
of Graph(M,,).
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To see that Graph(M,,) is included in the range of ®, suppose f € D, we also have
that ¢ f € H*(T'). Then both f and ¢ f belong to H'(T') and

APTLE |a| L. C
5] < ( £1) < -Ifl+ lofl

which implies that both f/b € H'(T) and f/b € L*(T,w). By Lemma 4.2, f/b €
H*(T). Also, if of = h, then yaf = nah, which implies # | waf, and, since v and
1 have no nontrivial common inner divisor and a is outer, it follows that # | f. Thus
f/(nb) € H*(T), and consequently if g = f/(nb), then, by the definition (7.2), we
have ®(g) = (£, ¢f)-

We can summarize the above as follows.

Proposition 71 If ¢ is a quotient of functions in H* (T'), then there exist inner func-
tions y and n with no nontrivial common inner divisors, and there exist outer functions
a and b in H* (T) such that ¢ = "' % and such that the mapping © of equation (7.2) is

a boundedly invertible mapping ofH"‘ (T) onto
Graph(M,) = {(nbg. yag) : g € H*(T)}.

Suppose that T is a closed operator defined on a subspace D(T) of H*(T) and
into H*(T) such that T commutes with every multiplication operator M, with h €
H®>(T). By [11], there exists a quotient ¢ of H*(T') functions such that T f = ¢ f forall
f €D(T). The graph of T is a closed subspace of Graph(M,,) that is the image under
® of a closed subspace M of H*(T'). The commuting of T with all multiplications
by members of H*(T') makes M invariant under multiplication by all members of
H>(T), and hence, by Theorem 4.6, M = £H%(T) for some inner function &. It
follows that Graph(T) = £ Graph(M,,).

Theorem 7.2 If T is a closed operator defined on a subspace D(T) of H*(T') and
T commutes with all multiplications by members of H* (T), then there exists ¢ = £ Z
where y and n are Royden inner functions without a nontrivial common inner divisor
and a and b are outer in H*, and there exists a Royden inner function & such that
D(T) =ED(My) and T = My, | D(T). If, in addition, T is densely defined, then n =1
and D(T) = bH*(T).

Proof Only the last assertion remains to be verified. If T satisfies the additional
requirement of having a dense domain, then it follows from Proposition 7.1 that # must
be invertible and can therefore be absorbed into y. Also, from the same proposition
and the discussion preceding the statement of the theorem, it must be the case that £
is invertible, and therefore it is not necessary. Thus, D(T) = D(M,) = bH*(I'). ®

In the case of densely defined operators of the preceding theorem, the functions ¢
can be written in the form ¢ = %%, where y is inner and a and b are bounded outer
functions. These functions constitute the Smirnov class of Q.
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