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In [3] K. Goldberg showed that if A is a 0-1 ma t r ix 
that satisfies 

(1) AA* = sA 

then for some permutation ma t r ix P , PAP is a direct sum 
of ma t r i ces each of which is either zero or consists only of 
ones. More recently J. L. Brenner [ l ] proved that if A > 0 
( i . e . A has non-negative entries) and satisfies (1) then there 
exists a permutation ma t r ix P such that PAPV =A f © . . . © A 

I n 
in which each A. is ei ther 0 or all positive, A. > 0 , and 

l l 

satisfies (1) as well. 

In this note we exhibit an argument that is somewhat 
different from those used by the above authors and which yields 
a generalization of both resu l t s . We then specialize sufficiently 
to obtain Brenner 1 s theorem. 

Observe first that if.(l) is satisfied for A > 0 then in 
fact A is symmetr ic and (1) becomes p(A) = 0 where 
p(X) = \{\ - s). Notice that in this simple case the only root 
of p ( \ ) of maximum modulus s is s itself. It is this 
property of p(X) that is significant he re . 

We recal l that a primitive non-negative mat r ix B is one 
k 

for which B > 0 for some positive integer k. 
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(1) 
T H E O R E M , Suppose A i s a n o n - n e g a t i v e n o r m a l 

m a t r i x sa t i s fy ing 

(2) p(A) = 0 

in which p( M i s a m o n i c po lynomia l no two of whose n o n - z e r o 
r o o t s have the s a m e m o d u l u s . Then t h e r e e x i s t s a p e r m u t a t i o n 
m a t r i x P such that PAP ' " i s a d i r e c t s u m , 

P A P ' = A, © . . . © A , 
1 m 

in which e a c h A. i s e i t h e r 0 o r p r i m i t i v e . 
i — ~ — • — • — • ™ 

Proof . Since A''* i s a po lynomia l in A it fol lows tha t 
if P i s un i t a ry and P A P ' i s a s u b d i r e c t sum it m u s t in fact 
be a d i r e c t sum. Now e i t h e r A i s i r r e d u c i b l e [2: p. 75] o r 
t h e r e e x i s t s a p e r m u t a t i o n m a t r i x P such tha t 

An ° ••• ° \ 

P A P 
A^ A „ . . . 0 

21 22 

A A A A / 
m l m - 1 , m m m / 

w h e r e each A is e i t h e r 0 o r i r r e d u c i b l e . By the above 
i i 

r e m a r k A . - O for i > j and if we s et A = A , i = 1, . . . , m, 
IJ ii i 

we have 

P A P " = A, © . . . © A 
1 m 

Now p( A) = 0 c lea r ly imp l i e s tha t p( A. ) ~ 0, i = 1, . . . , m , 

and m o r e o v e r e a c h A. i s n o r m a l . The d i s t i n c t c h a r a c t e r i s t i c 
l 

r o o t s of A. a r e then r o o t s of the p o l y n o m i a l p( X. ) = 0 (not 

count ing m u l t i p l i c i t i e s , of c o u r s e ) . If A. 4 0 then it i s 
i 

(1) The a u t h o r w i s h e s to thank the r e f e r e e for poin t ing out an 
e r r o r in the o r i g i n a l v e r s i o n of th i s r e s u l t . 
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i r r e d u c i b l e and h a s a s imp le pos i t ive root r. M o r e o v e r 
the cond i t ions on p(X) e n s u r e that r i s the only root of 
p ( \ ) of m o d u l u s r . 

It fol lows [2: p. 80] that A. is p r i m i t i v e and the proof 
is c o m p l e t e . 

k 
Now let p(\) ~ \ {\ - s) w h e r e s > 0 and k i s a 

pos i t ive i n t e g e r . Then s is the only root of p( \ ) of modu lus 
s. But we know m o r e : p(A) = 0 i m p l i e s that each n o n - z e r o 
A h a s only s a s a s imp le root and 0 a s a p o s s i b l e mu l t i p l e 

i 
root . Hence A. ha s r a n k 1 ( s ince it i s n o r m a l and in fact 

l 

s y m m e t r i c ) and i s thus of the fo rm A = (u u ). Now, A is 
l a p i 

i r r e d u c i b l e so no u = 0, o t h e r w i s e A. would have a z e r o 
a i 

row and co lumn . Thus no e l e m e n t of A > 0 i s 0 and hence 
l — 

A > 0 and h a s r a n k 1. 
i 

B r e n n e r ' s c a s e i s k = 1. 
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