SUMMABILITY METHODS ON MATRIX SPACES
JOSEPHINE MITCHELL

§1. Introduction. The matrix spaces under consideration are the four
main types of irreducible bounded symmetric domains given by Cartan (5).
Let z = (z;;) be a matrix of complex numbers, 2’ its transpose, z* its conjugate
transpose and I = I™ the identity matrix of order n. Then the first three
types are defined by
€)) D = [3|I — zz* > 0],

where z is an # by m matrix (z < m), a symmetric or a skew-symmetric
matrix of order # (16). The fourth type is the set of complex spheres satisfying

|#'s] < 1,1 — 22*z + |2'3]% > 0,

where z is an # by 1 matrix. It is known that each of these domains possesses a
distinguished boundary B which in the first three cases is given by

2) B = [u|uu* = I].

(In the case of skew symmetric matrices the distinguished boundary is
given by (2) only if # is even.)

In § 2 we consider the following problem for the first type of domain with
m = n, in which case « is a unitary matrix, the (real) dimension of B is 2 and
of D is 2n% Let f(u) be a real integrable function defined on B and consider
the integral operator

3) 1G,9) = [ PGwse av,
where P(z, u) is the Poisson kernel (14)
4) Pz, u) = V'idet"(I — z2u*)™'(I — 22) (I — uz*) ",

V is the Euclidean volume of B, and dV the Euclidean volume element. It
is known that I(f, z) is a harmonic function of zif I — 2z* > Oor I — z2* < 0.
(I proved this fact in (14) for z € D but the proof is valid for all z and u € B
for which det(I — zu*) £ 0. It is easilv proved that det(] — zu*) = 0 for
u € B and all z such that I — 22¥ > 0 or I — 2z* < 0.) Here a harmonic
function is a function of class C? which satisfies on D the Laplace equation
corresponding to the invariant metric of D, that is, the metric invariant with
respect to the group of 1 to 1 analytic transformations mapping D onto itself
(14). This invariant metric is given by

ds?® = o[(I — 22%)dz(I — z*2)"1dz*],
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where ¢(4) is the trace of the matrix 4 and dz = (dz;), and the corresponding
Laplace equation is

4o[d(I — 2*2)8' (I — 22%)] = 0, 9 = (9/9z).

It has been proved by Hua and Lowdenslager that given a real function f,
continuous on B, there exists a function F, harmonic on D, such that F(z) —
f(uy) as 3 —uo € B radially, that is, along the set puo, 0 < p < 1 (6; 9).
Further, if F is continuous on the closure D of D and satisfies certain other
conditions due to Lowdenslager on the boundary of D other than B, then F
is unique (8). Now for the particular case of the unit circle, 22 = 1, if we merely
assume that f is integrable on it, then I(f, puto) — f(uo) as p—1(0 < p < 1)
(20); this method of approach is known as A bel-Poisson summability of Fourier
series. We prove this result for matrix spaces. (See note added in proof).

In § 3 we consider for the first type of domain (z < m) some properties of
complete orthonormal systems (CONS) of complex homogeneous polynomials
defined on D. The space D is circular with center at z = 0, that is, if 2 € D,
then e¥z € D for 0 < 6 < 27. Hence any two powers

s t.
() P@E) =11 =, Q@) = IT =it
’ 7.k
S, £ non-negative integers, for which
(6) D SwE D b
ik Ik

are orthogonal, that is,
) (P, Q) = fD P(2)Q(z)dW =0

(dW is Euclidean volume element on D) (6). Also if f € class L? on D, which
means that f is single-valued and analytic on D and has finite norm ||f]| =
[(f,f)]% (2), then the set {P} is complete with respect to functions of class
L2 (6).

Here we refine conditions (6) to show that (P, Q) # 0 implies

(8) styk=zk:t»k, Zs,-,,=};tj,‘ =1,...,nu=1,...,m).
3 J

By means of (8) the set of powers { P} is subdivided into disjoint subsets whose
members need not be orthogonal to each other. The elements of a subset are
made into an orthonormal set by the Gram Schmidt formulas, thus giving a
CONS of homogeneous polynomials {¢} on D. We note that Hua has con-
structed a CONS of functions of class L? on D using representation theory
(6).

In § 4 applications of the CONS {¢,} are given. First an Abelian theorem
is obtained and then a Tauberian theorem for the orthogonal series > a,¢,
as z approaches [/, 0] of B along the matrix [r, 0] where 7 is the diagonal matrix
[r1, ..., m), 0 <r7; <1. Next a Cauchy’s inequality is obtained for the
Fourier coefficients a,. Finally two mean value theorems, which generalize
analogous theorems for the unit circle, are proved.
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§2. Poisson summability.

1. Reduction of integral (1.3) to.normal form. Rauch outlined this reduction
to me. The transformation
(1) w = zuy’, woy = 1,
takes z = uo into w = I and also leaves D and B invariant since under it
I — ww* = I — 2z*. Also if # — v under (1) P(z, u) — P(w, v) and
I 1C) 0

det"s = 9(u) det"v det"u,’

av,

where
0= (_I)A%n(rﬁ-l) H du,-k
ik

(14). Now du = dv u,, the Jacobian of which is d(#)/d(v) = det"so (3). Thus
aV,—dV, Also f(u) — f(vuo) = fo(v) so that I(f, 2) — I(fo, ).
If w — I along the set of points pI (0 < p < 1), then

det(I — ww*) = (1 — p?)*
and
0=U—-w"){I —w*) =1 — w* — vw* + ww*
=I(1 + p% — p(v +v%).

Now v is unitary equivalent to a diagonal matrix v, which is also unitary (10,
Theorem 41.41), that is,

2) v = U*opU.
Thus if vp = [dy, . . ., d,], then d,d; = 1 and we can write d; = €% (0 < 0, <
27). Hence
Q = U*[I(1 + p* — p(vp + vp)]U
and
det Q = det[Z(1 + p*) — p(p + vp)] = [ (1 — 2pcos6; + p°).
j=1
Let
3) (4,0) = =2
( e, 0, T 1—2pcosf; +p’
which is 27 times the Poisson kernel for the unit circle. Then
(4) P(pl,0) = V7' IT 2"(p. 6,)
=
and
(5) 1Gy o) = 77 [ T1 #0680V
J
According to Weyl (19, p. 197) if (2) holds, then
(6) dV, = [dVy])AAdS, . . . db,,
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where

) AR = JT | — "> = 4 [] sin3(6; — 6)
j i<k

<k
and dVy = [dVy] is a constant times the Euclidean volume element on ' the

other n? — n parameters defining B. Let By be this part of B. Now P(pl, v),
considered as a function of v, is independent of the other n? — n parameters

and hence

(8) I(fo, pI) = f f P(pI,v)F(0)AAdS, . . . db,,
where

9) F) = F(8y,...,0,) = ‘Lofo(v)dVg.

2. Convergence theorem for (8). It is sufficient to consider (8) for n = 2,
in which case replacing 6; by s and 6, by ¢

10) 1o ol = 4V [ |50, 0%, sin"3 (s — 0F (s, s

and we consider lim, ;7 (fo, pI). Subtracting .S from each side we reduce (10)
by well-known methods in Fourier series (20) to a consideration of

(11) I=47" f ) f ”p2(p, $)p’ (o, £)sin’L (s — )G (s, t)dsdt
0 0

and

(1la) [, =4V! fo ’ fo ﬂpﬁ(p, $)p (p, )sin’i(s + 1)G 2w — s, t)dsdt,

where
(12) G(s,t) = F(s,t) + F2m — 5,27 — t) — 2V,S,

Vy being the volume of By. We show that under certain hypotheses on G(s, ¢),
I — 0 as p — 1 and the proof is similar for ;. In (11) integrate by parts with
respect to s and ¢£. Since

H(s, t) = [[ G(s, t)dsdt

is zero for s =0 or t =0, sin?3(s — ¢ =0 for s =t ==, sin’}(x — 0) =
cos?if and p(p, m) = (1 — p)/(1 + p), we get

1—o\ ("9

(13) I=- <—1 T Z> . ot [p*(p, t)cos’ $t)H (, t)dt
1—5\ ("o

- <1 I z> f s (p*(p, s)cos’$s]H s, m)ds

+f f Gea; P 2(p, $)p*(p, t)sin®L (s — #)]H (s, ¢)dsdt
=1+ I,+ Is
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The following inequalities are used in considering I, Is, and I3 (20):

SOIG <o 0) < 2
2
(ii) < p(p, 0) < ;;m—"a

G - lmg =1

) [ pGod =

) _] (0, 0)d8 = 0(1) as p—1 for 0 <5<
é
Also
d . _
252 (0 0) = 20(1 — p’)sin 6d*(p, 0)
where
2 1- P2
d(p,0) =1 — 2pcos 0 + p° = 2(.0)
and

152, )0, Dsin® (s = D] = o, (o, 1)

[16p°(1 — p*)*sin s sin £sin"3(s — £)d™"(p, $)d""(p, £) — 3p(p, )P (p, 1)
.cos(s — 1) — 2p(1 — p*)sin s sin(s — £)p(p, 8)d (o, 5)
+ 2p(1 — p*)sin tsin(s — £)p(p, 5)d " (p, £)].

Concerning the function G(s, ) we assume that

(15) 11m ———f f |G (s, t)|dsdt = 0

fo J;lG(s, D|ldsdt| < Clikl, (0 < |h], |k] < =)

C an absolute constant. (See (11) where these conditions were used in a similar
connection.) Then using (15) we find

L < 7#(1 —p )Cf 12 (p, t)cos 5tap(p, ) /0t — p° (p, t)sindt coskt|tds

= 0 = #) [ plo, ) = 001 ~ p)

and similarly for I,. Now

e S AL S S
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By (15) it is found that
Lal << | [ 06,0006, st
where ¢ is an arbitrary positive number, and

_ L:B)
I = 0<sin2%6 :

Consequently given € > 0 choose § > 0 so that

s I3
U f G(s, t)dsdt
0 0

if |s] <& and |¢{| < 6. With fixed § choose 1 — p sufficiently small. Then
I = 0(e) for p sufficiently close to 1. Consequently we have proved

< elst],

TuEOREM 2.1. Let F(s,t) be an integrable function. If G(s,t) = F(s, ) +
FQm — 5,27 — &) — 2V,S satisfies conditions (15), then

2r 2m
lim 4V_1f f pQ(p, $)p*(p, Hsin’(s — t)F(s, t)dsdt = S.
p1” 0 0

For » > 2 it would be sufficient to assume that

on Pn
(16) lim —J—fo . fo G (8)|dbs . . . db, = O,

05001 ...6,
01 0n .
fo ...J;|G(0)||d01...d0n|<C|01...0,,|,(0<|0,|<1r,j=1,...,n),

where G(6) is defined similarly to G(s, £). We obtain

THEOREM 2.2. Let f be an integrable function on the unitary group B such that
the function F(0) defined by (9), where fo is the transform of f under (1), satisfies
(16). Then the Poisson integral (1.3) has a limit if z approaches the point uo
on B radially.

§3. Complete orthonormal systems on D. Orthogonal developments.

1. Integration over D. Let z be an n by m matrix (n < m), 3, its pth row and
Z, the submatrix consisting of the first p rows (p = 1,...,#n). The inner
product (f, g) defined by (1.7) may be transformed into an iterated integral
over the product of # hyperspheres by a procedure due to Hua (12), giving

1) (e = (;—) J:o1w*<1(1 — W) Y, . J; . 1fg W,

where
m
(2) Wy, = Hl AWy Ay,
k=
Wy = Zp'p1
sz‘wpr;—ll (ler---’n) PO:l)y
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and T,_; is a unique positive definite matrix such that
3) TpTpos = (I — Zy1Zpa) ™

2. Construction of the matrix T, (2 < p < n). Let U,(g) = U(q) be the
minor formed from the first ¢ rows and columns of

(4) U,=U= (ujlc) =1— Z;‘;—IZp—ly

U,(q) = % () the corresponding submatrix and #,_; = (Up_; 1, .. ., U g mj1) -
Since I — Z, 1Z*,_1 is the leading (p — 1)th principal submatrix of I — zz*,
it is positive definite, hence U is positive definite and U(q) are positive. Thus
the hermitian matrix U may be reduced to diagonal form by the well-known
Kronecker reduction (1) whose (7 + 1)th step is

U(m —3F—1) 0

Xon,m—j
Vigr.. . ViUVY. .. Vi = 0 . .
(0 <j < m — 2), where

=D 0

Vier =\ =ty W om — j — 1) 19T
0

Xy = Ulm = HU™ (m — j = 1),
X = U).

Also
Uy m —j— 1) = U m —j — 1)

((—1)"*”'“1‘+1 U(} o ’lf]’_'}.‘_’”f ‘J>) A<k m~3j—1),

where
1,...,[k],...,m—j)
U(l,...,m—j—l
is the minor of U formed from rows 1,...,m — j with row £ omitted and
columns1,...,m —j — 1.

Now V1! equals V,, with the sign of the matrix —u,_,Z~1(m — j — 1)
changed. Also X, is real. Hence we can take

) I = Vi VX, L X

By an inductive proof we may show that
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© Ve v =\ L2 L2 .,i=1 /0
(1 < j < m). (For details of the proof cf. (15).) From (4) it follows that

1,..., kL) _ 1,...,
@) U(l,...,i )—U”<l,...,i )

p—1
= det(@ik - 12:1 Zuzm> y

G=1,...,¢e—Lnrik=1,...,4514+1<r<ml1<<i<m—1).
3. Formula for z,,. From (2), (5), and (6) {ollows
7—1 .
8) Zpr = 5\; CpiUp<1 . y] r)'wm' + Corrwpr (P > 2)
0
z1,=wn<1<r<m; > =0),
i=1
where
© &= [0, —DI?A<i<r—1)

Cprr = [U,,(T)/Up(r — ]_)]E

¢y = ¢ = 1.

The formula
p—1 q
(10) Uy(q) = LII <1 - 21 wkjwkj) (» >2)
holds.

We prove (10) by induction on p. Since by (8)
q
Us(g) = det(I — 2iz;) = det(] — 2,21) = 1 — D w1y,
=1

where z1 = (211, .. , 214), (10) is true for p = 2. Assume (10) holds for U,(q)
and prove for U,41(q). Since U,(q) # 0, there exists a unimodular matrix
A4 such that the matrix Z,.1(q) = (05 — 2 %122) (1 <J, kB < p) is equal
to
A@), 1 = 5%, ()54,

(12), and thus

Upr1(q) = det %41(g) = det %) (1 — 2,%,(9)%).
Since det 7,(q) = U,(q), using (10) we need only consider the last factor
on the right, which equals

E=1- Z 2pUx 2o/ Up(q),

q
J.k=1
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where Uy; is the cofactor of the element #u; in the matrix %,(g). Substitute
(8) for z,;and Z,;. The term w,, occurs whenj = rorwhenz = randj = r + 1,

., g and W, occurs when R = ori=Xand 2 =X +1,...,q. Thus the
coefficient, Cp, of w,, 0, (1 <7, X < ¢) is

— L - (1,...,[r],7
Cr)\ = Up 1(9)[Cpr Z Up( 1 [1’] J>Djx + Cperr)\:l ’
j=r+1 r

e,
where

£ 1,..., A\, E
Dy = cp Z Ulchp(l [}\] ) + UxjCpm
(k=M1 9 ey

By means of eélementary properties of determinants it is not difficult to prove
in case A\ <7 that Dy =0forj=r,N\<rand j=r+1,...,¢, A <.
Hence C,» = 0 for A ## 7. Also C,, = 1. A similar proof holds for » < X. Thus

E=1- ]E; Wy Wy
and U,y1(q) has the desired form, which proves (10).
4. Structure of the CONS on D.
THEOREM 3.1. (P, Q) # 0 implies equations (1.8).
Proof. We first show that

(11) Zpr = Wpr E B sy, ipr H (Wh1a Wiy « - Whiar 8 W; rDNiB; ) s

where B, is a function of w; b, (1 <7< p — 1); A1, ..., A, A take on values
intheset1,2,...,p — 1;a1,...,a;isasubsetof 1,...,2 — land (8y,...,
81, B:) is a permutation of (ar,...,a,2) (¢ =1,...,r —1). (Notice that

each term of (11) can be grouped into pairs Wesys in two ways: (i) each pair
belongs to the same row, (ii) each pair belongs to the same column.) Since
21, = Wi, (11) holds for p = 1. Now assume (11) for p — 1,1 < 7 < m, and
prove for p. Upon expanding

(given by (7)) and multiplying out the resulting factors, we find that its
general term is

CINTSTNT: PP S NP W IR WP WY P
where \o(@ = 1,...,s 4+ 1) takes on values from 1,2,...,p — 1l;a1, ..., as
isasubsetof 1,...,72 — 1and

Baly ey Bau ﬁil

is a permutation of ay, ..., as 7. Thus the general term of z,, would be
w,, times
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, _ - - _
Cpi@na1hifar -+ -+ Bhsas@hsBas@ha+17Ns+18:Wp iWpr)
Cpi = Cpi/ Wy By, Replace
Zha1NAiBag - - - by Wria1 W iBar -« - -

times a factor which by induction already has the required form and (11)
follows.

Now consider z,,*". From (11) we see that except for the first factor w,,%r
if w, ;7 occurs, then a factor w,;” also occurs and if w;,™ appears, then @, also
appears. Consequently in the expression for 2, foreachy(y = 1, ..., p — 1)
the sum of the exponents of the factors w,;(j = 1, ..., m) equals the sum of
the exponents of the w,; (¢ = 1,...,m) and the sum of the exponents of
w,; equals the sum of the exponents of %, increased by s,,. Similarly for the
columns. Thus P can be expressed in the form

(12) P(2) = Po(ww) [[ wii* = Po(wd)P(w),

where Po(ww) contributes the same exponents to the sum of the elements in
the vth row of w and of 1w and similarly for the columns of w and %. An analo-
gous expression holds for Q.

In (P, Q) replace P and Q by (12). Since {w,;***} (k= 1,...,m) forms an
orthogonal set on w,w*, <1 (2), (P, Q) # 0 if and only if for each £ the
exponent of w,, equals the exponent of w,.. Consequently if we sum the ex-
ponents of the vth row, owing to the form of Py(ww), Qo(wiw) we obtain the
first of equations (1.8) and summing the exponents of the uth column the
second of equations (1.8). Thus the theorem is proved.

5. CONS. Orthogonal development. A CONS is constructed from the set of

powers {P(z)} as follows. Let a = (ai, ..., ant.) be a set of non-negative
integers with > ,_1" a; = > j—1 @i, = p. The powers of the set S(a) =
S(ay, .. ., @nen) such that

Zk Sy = Qy, Z Sju = Opyn
7

need not be orthogonal to each other. (There exist sets S(«) whose members
are not all orthogonal to each other—for example, in the 2 by 2 case the ele-
ments 211222, 212221 are not orthogonal (12).) However if P € S(a), Q € S(B),
where a; # 3; for some j, then by Theorem 3.1 (P, Q) = 0. We order the
elements of the set S(a) in some convenient manner into a sequence Py, Py, . . .,
Pywy. An ONS is constructed from these elements by the Gram-Schmidt

formulas
Py...P,

(13) ¢ (5) = det| PP /(D, D)},
Qo Gy

where
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D, =det(ass) O <o, 8<pu;u=v—1lorwvv#0),D_,=1.
a; = (Py, Py, (0<14,7<).

Now order the system {¢,®} into a sequence ¢1, s, . . . . The orthogonal
development of any f € L? with respect to the ONS is

(14) 2 abe

where a, are the Fourier coefficients, (f, ¢,), of f. From Bergman’'s theory
(2) it is known that (14) converges absolutely and continuously to f on D
(continuous convergence means that the series converges uniformly on any
compact set contained in D).

§4. Applications of the CONS.

1. Abelian and Tauberian theorems. Let {a,} be an arbitrary sequence of
numbers and consider the behaviour of (3.14) as z € D approaches a point
uo € B. In particular let o = [[,0], I = I™, and z — u, along the set of
points [r, 0] where 7 is the diagonal matrix [rq,...,7,], 0 < 7; < 1. When
z = [r, 0] it is seen that P, of the set S(a) is either equal to 0 or to

H rfj

incase a; = ajy, = pforj=1,...,nand a;;, = 0forj > n. Consequently
for a fixed set « either all P, are zero or there is one P, different from zero in
case a; = a4, tor j = 1,...,n and a4, = 0 for j > n. Order the elements

of the set S(a) so that the non-zero term is the last term of the set. Then in
(3.13) only ¢, (2), t = p(a), is different from zero when z = [r, 0] and

6P (2) = [D1/D JPP,(2) = [Dy/D I .. 17"

Thus (3.14) reduces to a multiple power series. Let this series be summed by
the usual method for power series. Then

(1) S(r) = D .. 2 Gy O
0

p1=0 Pn=
Corooom = @0/ (Dia/D ),
where ¢,® = ¢, is the ordering of the ONS {¢,®} into a simple sequence.
Let
Ser...n

be the partial sum of S(r):

q1

qn
¥/
Strian = O et D Gy AP

p1=0 Ppn=0

The following Abelian theorem is valid:

TuEOREM 4.1. If S(I) exists and
[Ser - - - el < C,
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where C is an absolute constant, then S(r) is uniformly convergent for 0 < r, < 1
and lim,, S(r) = S(I). (r = I means [r, 0] = [I,0].) See (4) for a proof.

Also a Tauberian theorem proved by Knopp (7) for double series may be
extended to multiple series.

TueoreEM 4.2 (Tauberian theorem). Let the series S(r) converge for each

[r,0] € D, r = [ry,...,7), and for these r let |S(r)] < K, where K is an
absolute constant. If
(2) |Cm‘..pn|(;b§ + ...+ P:)%n <M< o,
then im,_ ;S(r) = S implies S(I) = S, that 1s,
3) 2 2 G = S,
p1=0 pn=0

In order to prove Theorem 4.2, Theorems 3 of § 3 and the proofs in § 4 of
Knopp's paper must be proved for n-fold series (z > 3). Using condition (2)
Theorem 3 has been extended to multiple series in (18). Also by means of (2)
the proofs in § 4 follow for multiple series. In addition see (13) where a similar
condition is utilized for multiple series summed spherically.

On the other hand if we let z — [, 0] along the set [p],0],0 < p < 1, and
sum series (3.14) by diagonals:

(4) So(p) = EO bye”,
pra
where
(4a) b, = Z Cpy1...pm
?21+.. ADPn=p
then (4) is a simple series and the boundedness conditions on .S, . .. ,, and

S(r) can be omitted in Theorems 4.1 and 4.2 (17). Abel's theorem reads if
So(I) exists, then So(pl) is uniformly convergent for 0 < p < 1 and lim,_ 1Sy (pl)
= S¢(I) and Theorem 4.2 becomes

Let the series Sy(pI) converge for each [pI,0] € D, (0 < p < 1). Ifd, = 0(1/p),
then ]il]‘],,_,]So(,DI) = So M’I’LPl’LeS SU(I) = So.

2. Cauchy’s inequality and mean value theorem. In the next paragraphs it is
convenient to group the elements of the CONS {¢,} of same degree, hence,

let
¢, din
be the terms of degree p. Then for any f € L?on D
[ Mp
(5) f@) = X 2. ae (@),
=0 =

where the convergence is continuous and absolute for z € D. Multiply (5)
by f and integrate over the domain

(6) D, = [gp] — 25> 0,0 <p <1].
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C .
Clearly D, 2 D for 0 < p < 1. Since the convergence of (5) is uniform and
absolute on D,

Ip ) M

o q
@ 1) =" [ ptaw. = vt S X oPa? [ sP0am,

p=0 j=1 ¢=0 k=1
(V, being the volume of D). In the integral
I= | ¢ dW.
Dp
set 3 = pw. Then D, — D, dW, — p*™dW, (cf. § 3.1) and
$57(2) = 22 3a;p constant [] 5 — o"¢)" (w).
Hence
I = gD, 60) = o, p,
Also V, = p*"V, where V, is the volume of D. Thus (7) becomes
1 1 & 32
®) 16) == [ faw = £ 35 0 3 a2
p Y Dp 0 p=0 =0
From (8)
1L R e 2 2
- 2 laI* < (1/p")max|f(2)["
Vo =0 zeDp

Now according to a theorem proved by Hua (6) if f is analytic on the closed

circular domain D,, then f attains its maximum modulus on the circular

manifold
9 B, = [g]zg* = pI].
Hence we get the Cauchy inequality:
Mp
(10) L3 1aP1P < (1/6™) max )]
V 7=0 2eBp

TueoOREM 4.3 (mean value theorem). I(p) defined by (7) is a monotone
increasing function of p(0 < p < 1) and log I(p) is a convex funciion of log p.

Proaf. The monotonicity of I(p) is obvious from (8). The proof of convexity
is the same as the proof in (17, p. 174) for the one variable case.

3. A mean value theorem over B,.

THEOREM 4.4. In the case n = m the integral

(1 Lo = | Iiav

is a monotone increasing function of p and log I,(p) is a convex function of log p.

Proof. Hua (6) has shown how to construct a set {¢,} orthonormalized with
respect to the inner product
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(Y ¥)a = f . 0,dV

from the CONS {¢,} as follows. Since B is a circular space (¢,?, ¢,9)p =0
if p 5 q. Define the vector

- (¢(p) e, ¢(p))
Then
(@ 2)s = (87, &)s) = K

is a matrix of constants. Since z,'2, > 0 if

Zpr — I¢(p) + ‘d)(p)[

is positive, K, > 0 and there exists a unitary matrix U such that U*K,U = A
where A is a diagonal matrix with positive elements on the diagonal. Now
{v»}, defined by

(p)

Yp = 21» = (a(p) 5 0i1,),
isa CONSon D if {z,} is, since
(@0)', 2,U0) = U*(z, 5,)U = U*((¢", ¢")U = U*IU = L.
Let
@ — 9 /)16 |,.

Then {¢;®} is an ONS with respect to integration over B and the orthogonal
development (5) of f € L? can be written as

(12) f(z) = Z Z by,

where
b7 = (f, ¥ /1P

Multiply (12) by f and integrate over B,. By a procedure similar to that in
paragraph 3 we obtain the formula

o My N
(13) L) = [, itav = 3 07 3 0
By =0 J=1
from which the conclusions of the theorem follow.

Note added in Proof. Recently it has come to my attention that Hua and Look (21) have
proved that F(z)—f(u,) as 2—u, in any manner. Further for continuous f on B, the solution
F given by (3) is unique. They also consider Abel summability for continuous functions of
the unitary group.
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