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Estimates of Hausdorff Dimension
for the Non-Wandering Set
of an Open Planar Billiard

Robert Kenny

Abstract. The billiard flow in the plane has a simple geometric definition; the movement along straight
lines of points except where elastic reflections are made with the boundary of the billiard domain.
We consider a class of open billiards, where the billiard domain is unbounded, and the boundary
is that of a finite number of strictly convex obstacles. We estimate the Hausdorff dimension of the
nonwandering set My of the discrete time billiard ball map, which is known to be a Cantor set and
the largest invariant set. Under certain conditions on the obstacles, we use a well-known coding of My
[Mor91] and estimates using convex fronts related to the derivative of the billiard ball map [Sto03] to
estimate the Hausdorff dimension of local unstable sets. Consideration of the local product structure
then yields the desired estimates, which provide asymptotic bounds on the Hausdorff dimension’s
convergence to zero as the obstacles are separated.

1 Introduction

Billiards are the dynamical systems associated with the constant (unit) velocity move-
ment of a point particle in a given domain, with reflections according to the law of
geometric optics: ‘the angle of incidence is equal to the angle of reflection’ when it
strikes the boundary. When the billiard domain is the exterior of pairwise disjoint
strictly convex compact bodies Ki, . ..,K, C R* (u > 3) with C* boundaries and
which do not eclipse each other (condition (H) in Section 2), the maximal invariant
set My of the billiard ball map B (from one reflection to the next) has a hyperbolic
structure (e.g. [Sin70]). It is in fact known that M, can be coded by bi-infinite se-
quences of numbers indexing the bodies at the reflection points, and every point
x € My is non-wandering in the sense that every neighbourhood eventually vis-
its itself after enough reflections. The coding shows Mj is a topological Cantor set,
so is of Lebesgue measure zero, and other means must be used to compare such sets.
There is a formula for one such yardstick, the Hausdorff dimension of My (dimy M),
appearing in [MM83], though this is not well-suited to computation. Lopes and
Markarian [LM96] have constructed measures with support contained in M, and
good ergodic properties; in particular these imply a formula relating metric entropy,
Lyapunov exponent and Hausdorff dimension of a certain measure, but (see [LM96,
p. 670], also [MM83] for the usual two-dimensional case) Hausdorff dimensions of
such measures are not nicely related to dimy M,. We use estimates involving convex
curves (local unstable manifolds) to estimate dimy M, from above and below; letting
K =, Kj, our main result is the following theorem.
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Theorem 1.1

—2In(u—1) < dimy M, < —2In(u—1)

(1-1) In A Inp

- 2Kmax 1 -1 _
where \™! =1+ dmax(cg”s% + ) and U= 1+ 2dminKmin.

Here dpin = min;; d(K;, K;) and diyax < diam K, while kpin > 0 and £max
are respectively the minimum and maximum curvatures of the boundary 9K, and
¢o € [0,7) is an angle bounding above the angle between the reflected ray and the
outwards normal at reflections on certain trajectories. The proof of Theorem 1.1 is
completed in Section 4; more precise bounds are considered in 4.1.

In particular, it follows from the above result that dimy M is non-zero (as follows
from [PT93, Chapter 4] and possibly can be derived in our case from [MM83]), and
may be made arbitrarily small by moving the convex bodies apart—more precisely
via the following result.

Theorem 1.2 Fix A; € K; (i = 1,...,u) and replace every K; by Ki(r) := K; +
(r — 1)A; and M, by the corresponding Mo(r) (r > 0). Then

2In(u — 1) 1
Inr +O((lnr)2) asr = oo

A precise statement of error bounds for this decrease is also considered in Sec-
tion 4. Section 2 concerns the symbolic spaces used for the calculation of the Haus-
dorff dimension, while Section 3 shows how bi-Lipschitz homeomorphisms with the
local unstable manifold image X, are obtained from estimates of the evolution of the
convex curves. Details of these estimates are given in an appendix; they use repeated
applications of affine approximations to the billiard ball map (as does e.g. [BSC90]).

dimH M()(T’) =
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We denote by S; (t € R) the usual billiard flow (see [Bun89]) in the exterior
Q = R%\ K of the obstacle K = J,; Kj; (p,w) = S;(q,v) gives the position and
velocity of a point mass at time ¢ given initial position g and velocity v, and by con-
vention S:(q,v) is defined as lim, |, S;(g, v) at points of discontinuity (reflections).
Also denote by S! the unit circle in R2, by n the ‘outwards’ unit normal field of 0K,
by 0= {(g,v) € QxS' | g € intQor (nk(q), v) > 0} the phase space of S;, by 7 the
canonical projection of Q onto Q, and by M = {(g,v) € OK x S' | (nk(q), v} > 0}
the boundary of Q, a 2-dimensional compact manifold with u connected compo-
nents. Let ¢;(x) € [—00,00] (j € Z) denote the time of the j-th reflection of x € Q,
let Q' = t7'(0,00), let M/ = M N Q' (again compact), and denote the billiard
ball map by B: M' — M, x — S;,(x)(x). Then B is invertible and smooth (which
shall mean C?) except where the image intersects the tangent bundle of K, and its
restriction to My = {x € M | [t;(x)| < oo forall j € Z} is a bijection.
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Finally let dp.x < diamK be the maximum value of 1]y (note dyy, =

min;; d(Kj, K;) is the minimum). The unstable set of x € M, in M under B is
Z = {y eM | |ti(y)| < coforall j < Oandd(Bj(y),Bj(x)) —0asj— —oo}7

however we write the unstable set of x (in M) to mean W™ (x) = ZNM,, while keep-
ing the e-local unstable manifold (see below; as shown in Section 2, M, is a Cantor
set, so cannot contain any manifolds) as WE(”) (x) = {y cZ | d(Bf(y), B/ (x)) < €
forall j < 0}.

Let X: q(s), s € (0, 1) be a smooth strictly convex curve in int Q, with “outer” unit
normal field ny parametrized by n(s) = nx(q(s)) , and let X be the corresponding
curve in Q parametrized by (q(s)7 n(s)) . We assume no point of X has a forward
trajectory anywhere tangent to K. Also let ko(s) be the curvature of X at g(s), let
X = S(X), let X, = nX; (t € R), let tj(s) = t;(q(s),n(s)), and, where they are
defined, let q;(s) = wB/(q(s), n(s)) be the j-th reflection point of (q(s), n(s)) , ¢;(s)
be the (acute) angle which the reflected ray makes with the outer normal to K at the
j-th reflection, and let d;(s) = t;(s) — t;j_(s) be the distance between the (j — 1)-th
and j-th reflection points (j € 7). Finally let X, = { (q(s),n(s)) ‘ ti(s) < oo for
all j > 0} and X, = 7Xo, analagous to My. It is shown in [Sin70] that if 0 < t <
t1(s) for all s then the parametrization X, : (p(s), W(s)) induced by X: (q(s), n(s))
is smooth, and X, is strictly convex, with outer unit normal field parametrized by
w(s) and curvature parametrized by s (s) = 5 f;’,gzs) If j € Z and t;(s) is finite,
then we can define k;(s) = lim, () »4(s) so that for £;(s) < T < tj11(s) (between
reflections), the following identity applies, and also (due to [Sin70], see also [Sin79])
a recurrence relation over multiple reflections.

_ ki(s)
(1.2) ser(s) = (Tt k0
(1.3) kisi(s) = kj(s) N ZHK(QJ‘H(S))

1+d;(s)k;(s) cos @jsi(s)

This curvature is achieved on the piecewise smooth curve X; (;); one of two compo-
nents (X, K convex) is the strictly convex curve

Y = {pw) € Xy | w € (0,1),£;(w) <t;(s)}

which has a (one-sided limiting) curvature of k;(s) at the endpoint p(s) = g;(s).

Since the situation locally near x € M is the same as for Sinai billiards, the exis-
tence of local stable and unstable manifolds follows from [Sin70] (see also [LM96]).
Namely, a local unstable set Wé“)(x) of a point x € Mj is a ‘strictly convex’ one-
dimensional submanifold of M in the sense that for any sufficiently small p > 0, X =
Sy ( WE“)(x)) consists of a strictly convex curve (X) and its associated outer unit nor-
mal field, and if 7x € K; (1 < i < u), then 7W ™ (x) C 0K;. Local stable manifolds
relate to strictly concave curves in an analogous way.
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2 Coding of M, and X,

In this section we consider a symbolic coding of M, and calculate some quantities
for the symbolic spaces which will later be transferred to estimate dimy (M,). Fixing
K = U?:1 K; with u > 2, for each x € M, we have a bi-infinite sequence of indices
a = ()2_., CA1,...,u};each a; corresponding to the boundary 9K,,, on which
the i-th reflection point 7B (x) lies. By convexity arguments o; # «;; for all i, so
define the symbol space X as follows.

Y= {(ai)?j_oo € ﬁ {1,...,u} ’ Q; # Qi) forallieZ}

j=—o00

Alsolet f: My — X, x — « denote the representation map. The (two-sided) subshift
0: X — X, (ai)iez — (ais1)iez (of finite type) is continuous under each metric dy
(0 €(0,1)) on X,

0, ifa;=pforallicZ

dy((vi)iez, (Biiez) = . . G
o((@)iez, (Biez) {9”, ifn=max{j > 0| a; =g forall |i| < j},

as each dy induces the topology of 3 as a subspace of H?i_oo{l, ..., u} with the
product topology.

For the remainder of the current paper, we assume the following condition of
Tkawa [Ika88] on K, with which g1, g2, g5 are non-collinear whenever i; # i, # i3
and q; € K;, for j = 1,2,3.

(H) For1 < 1i,j,k < u,i# k # jimplies the convex hull of K; U K; is disjoint
from Kj.
As is well known, (M, B) is then conjugate to the subshift (3, 0); see [Mor91] and

also related results in [BSC90]. In particular this may be derived from the following
two lemmas, the first of which is clearly not in general true (as regards trajectories)

without (H).

Lemma 2.1 If K satisfies condition (H), then for any finite sequence of indices 1 <
it,...,ip < u(n > 3)suchthati; # ij, j = 1,...,n — 1, the corresponding
function

n—1
F: K x---xK, =R, (q1,---,qn) — Zqu —gjnll
j=1

achieves its minimum at some (P, ..., pn) such that p; € 0K, for all j. Specifically,
D1, - - ., Pu are the successive reflection points of a periodic billiard trajectory in Q which
is normal to OK;, at p; and normal to OK;, at p,,.

Lemma 2.2 If K satisfies (H), there exist C > 0 and 6 € (0,1) such that any x, y €
B™"(M) (n > 1) with reflection points q; = 7Bl (x), pj = 7BI(y) lying in the same
components OKg, (B; € {1,...,u}, j =0,...,n) must have

la; — pil SC7+8"7)) foreachj=0,....n.
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The proof of Lemma 2.1 is essentially described in [Sj90, Appendix B], [Mor91,
pp. 824-825], while we refer to [PS92, Chapter 10] for the above formulation of
Lemma 2.2; see also [Tka88, Section 3] in relation to both. Here we summarize the
results on the coding of M.

Theorem 2.3 Ifu > 2andf € (0, 1), f isa homeomorphism of M (topology induced
by M) onto (3, dy), and the shift o is topologically conjugate to B: B= f ' oo o f.

Proof Let (5;)°_. € X, N > 3, and denote by M(ﬂN) the set of points of M

whose trajectories make at least N reverse and N forward reflections, consecutively

from the components K3, K3 , Kgy. ML(?N) is closed in M’, and nonempty

SN+

by Lemma 2.1,s0 f {3} = Nx_s ML(?N) is nonempty by bicompactness.
Nowifx,y € f~'{3} then

|mx — wy| = [7B"(B™"(x)) — 7B"(B~"(y))| < C(8" + 6™ ")

for any m > n by Lemma 2.2. Letting m — oo and then n — oo gives m7x = 7y,
and similarly 7B(x) = wB(y), so f is a bijection. f~! is continuous since if & € ¥,
x= f~«a)and U C M is an open neighborhood of x, then

7T_IBH(7Tx; e)u (WB)_IB‘,|(’/T(B(X));€) cU

for sufficiently small € > 0, 0"~! < % for sufficiently large N, and each y € M{Y
has

|mx — my| = [#BN(B™N(x)) — BN (BN (y))| < C(6N + 6*NN) = 2C6N < ¢,

and similarly |7B(x)7B(y)| < €. Since ¥ is compact, f is a homeomorphism, and
B= f~looo f follows. [ |

Now assuming u > 3 to avoid the trivial case of a single 2-periodic orbit, it follows
that M is a (compact) topological Cantor set, B is topologically transitive on My, and
its periodic points are dense in My. Hyperbolicity of M, follows from [Sin70] so M,
is basic, and hence is the nonwandering set of B over M,.

Xp can of course now be coded by forward sequences via a coding map Y: Xy —
3+ defined in the same manner as f (that Y is injective will be shown in Section 3),
where X, is the compact ultrametric space under natural metrics dg: X, X ¥, — R
(6 € (0,1)) defined as follows.

5, — {(ai)?jl c l‘[1{1,...,u} \ ; # gy forall i > 1}
i
0, ifa;=pgforalli>1
0", ifn=max{j >0]|a; =p;foralll <i < j}.

do ()1, (B)) = {
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With the equivalence relations ~,, (m > 1) given by (a;){° ~p, (6)° <= o =
Bi forall 1 < i < m, and their equivalence classes the cylinders [a],, (also define ~¢
such that [a]p = X4 for all @ € X,), we can make the following calculations in
(34, dp), useful in later sections where convex front estimates and X, are considered
more than ¥. Calculations of exactly the same quantities are most likely available
elsewhere, and the proofs are included only for completeness. Certainly the first
lemma uses essentially the same argument as [Edg90, (6.2.1)] (apparently originally
due to A. N. Kolmogorov).

—In(u—1)

Lemma 2.4 Forany o € 3, andn € N, dimy([a],) = =5

Proof Letz = (u— 1)7', let A be the cover {[a], | @ € X4,n € N} of 34, define
C: A — R,[a], — z" and let M be the outer measure on X, constructed from A
and C by
M: P(Z,) — R,B— i;&f;; C(A),
€

where P(X;) = {B | B C X.} denotes the power set of ¥, and the infimum
is taken over all countable U C A which cover the set B. Now diam([a],) =
SUPj e(al, do(B,~v) = 0" (since u > 3). We will show that in fact M([a],) =
C([a],) = (diam[a],)™#™? for any [a], € A.

For any countable cover U = {[x;],, | i € I} C A of [a],, since every element
is an open ball and [«], is compact, we can assume U is a finite cover, without in-
creasing ZAGU C(A). We also assume every A € U has A C [«], and the sets of
U are pairwise disjoint. Letting m = max;e; #;, each [x;],, is the disjoint union of
(u —1)"" classes of ~, say represented by y; 1, ..., ¥; ,—1ym—n. Then

Cllxiln) =u—-1D""=@-D""u-1)""= ZC([yi,j]m)
i

Since the [x;],, are disjoint, we have [y;, j, |, N [yi,,j,]m = & whenever i} # i,. Since
the [x;],, cover [a],, the [y; ;] are all the distinct classes of ~,, inside [a],. Hence

Claly) = (u—1)""(u - ZC([%, m) = Zc< Xilw)

Since U was arbitrary, this shows C is countably subadditive. It follows that M| 4 =
C, since for any U covering [a],, the restriction to [«],, is also a cover, and

al,) <) CAn(al,) <) CA)

AeU AcU

Here we used the convention C(&) = 0 (we could have included it in A), and the
last inequality follows since for A = [x;],,, either AN [a], = @ (if x; ¢ [a],), or
A Cla],ifx; € [a],and n; > n,or [a], CAifx; € [a],and n; < n.

We now use this expression for M| 4 to show that when s = Inz/In#, the s-
dimensional Hausdorff measure J{* (see e.g. [Edg90]) and M coincide on the whole
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of P(X,). This is enough to show that dimy([«],) = s, since M([a],) is clearly finite
and non-zero forany o € ¥, n € N.

For any A C X, with cardinality |A| > 1, there is a maximal n € N such that
A C [a], forsome o € 3. Then forany 8 = (5;)°, € Athereisay = (y;)°, € A
such that 5,11 # Vu+1, and dg(G,y) = 0" = diam([«],) < diam A < diam([a],).
Consequently (and clearly also true for |A|] = 0, 1) we have M(A) < C([a],) =
(diam[a],)’ = (diam A)°.

Now, recall that for any B C X, H*(B) = lim|o H}(B), where each J{} was
constructed to be the largest outer measure such that J:(E) < (diamE)°® for all
EeU={AC3, | diamA < e}. By letting € tend to 0, we have M < X,
and hence M < H°.

For the converse, consider arbitrary « € ¥, n € Nand € > 0. Forany m > n,

laly = | 1Bln = i1
Belal, i=1
where 3i,..., B—1m-n» are representatives of the equivalence classes of ~,, con-

tained in [o],,. If m is sufficiently large that 6™ < ¢, then

(1471)"’7’1 (1471)"’7’1

el < Y (diam[Bl) = D0 (OMF = (- 1"

i=1 i=1

=w—-1"=C(la],) foranya € ¥, andn € N.

Hence H: < M by maximality of M as an outer measure with M| 4 < C. The result
that dimy([«],) = s = — In(u — 1)/In 6 follows. [ |

Another dimension (sometimes known as (upper) packing dimension) is of in-
terest for the cylinders of X, denoted dimy, it is constructed similarly to Hausdorff
dimension, in the following way.

Definition 2.5 For metric space X and s,e > 0, define P:: P(X) — [0, 0] for
any B C X by P{(B) = sup ) _;,(diam A,)", the supremum being over all countable
families of pairwise disjoint closed balls with diameter less than € and centres in B
(these will be called e-packings of B, and always include the zero-radius packings).
Also define P°: P(X) — [0, co], B — inf.~ P:(B), and let the s-dimensional packing
outer measure P be the outer measure constructed by P*(B) = infy » acu P°(A),
where the infimum is over all covers U of A. Given B C X, s — P*(B) is non-
increasing and has at most one finite nonzero value. The packing dimension is defined
by the following equation.

0, if P°(B) =0 foralls >0
dim,B = ¢ o0, if P°(B) = oo foralls >0
inf{s > 0| P*(B) = 0}, otherwise.
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This dimension is monotonic, non-increasing under Lipschitz maps, and has the
following property for cylinders of 2.

Lemma 2.6 Forany o € Xy andn € N, dim,([a],) = dimy([a],).

Proof LetA C ¥,,¢ > 0,andz = (u—1)"1 s = Inz/In@ as in the proof of
Lemma 2.4. Note that the closed ball of radius r > 0 centred at x € A is B(x;r) =
[x], = B(x;0") where n is the minimum non-negative integer such that 6" < r, so
the equivalence classes [x], (n > 0) are exactly the closed balls of positive radius in
¥,. Foranyn € N, 0 < € < 0", « € ¥, and for a e-packing of [a], by B(x;;r;),
x; € [a]y, i € I (I countable), where in addition r; < € for all 7, suppose temporarily
that r; # 0 for all i. Then we have B(x;;1;) = [x;],. C [«],,, where each #; is minimal

such that 6" < r; < e < 0". As a result, we have the following inequality.

Z(diamE(xi;ri)) f = 29”"5 = Z(u — 1)

i€l iel i€l
= > Mlxln) = (Ul ) < M(aly).
i€l i€l

This still holds if r; = 0 for some i € I, as the zero-radius balls do not contribute to
the left hand side. Note also that the upper bound here is attained for some suitable
packing. For, if m € N is sufficiently large, (u — 1)™" < e and [&], is the disjoint
union of the distinct equivalence classes of ~,, it contains, say having representatives
X1y ooy Xy—1yn—n. NOW

(u—1)""" (u—1)"""

Z (diam[x;],,)° = Z 0" = (u—1)"""2" = (u—1)"".
i=1

i=1

So P([a],) = 2", and since € € (0, 0") was arbitrary, this also shows P*([a],) = 2"
and hence P*([a],) < 2" = C([a],) in the notation of the proof of Lemma 2.4. Since
[a],, was arbitrary, we have P* < M = JH".

It remains to show the converse, H* < P*. Considering A C X,, if [A] = 0,1
then the result is obvious, as M(A) = 0. If |A| > 1, then as in the previous proof
there is some [«], 2 A such that diam A = diam[a], = 0". Lete > Oandm > n
be sufficiently large that 6" < ¢, and let { [x],, | i € {1,...,N}} be a finite -
packing of A by pairwise disjoint closed balls with x; € A. Suppose there is some x in
A\UN, [%i]; letting xyy; = xand I = {1,..., N+1} then gives a packing of A with
N + 1 balls. But there are only (u — 1)"~" distinct equivalence classes of ~,, within
[a],;, so the above induction must fail for some N. Then { (%] | ie{l,... ,N}}
is an e-cover for A, so M(A) < Zil C([xi]m) = Zil(diam[xi]m)s < P(A). Since
€ > 0 was arbitrary in the above, we have M(A) < P°(A) for any A C ¥,. Since P° is
the greatest outer measure such that P* < P*, this shows H* = M < P°. [ ]
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Figure 3.1: Triangles in the estimate of ¢y.

3 ¢, and Hausdorff Dimension of X,

Now we give the convex front estimates which will show the coding of forward tra-
jectories strong enough to relate the previous calculations to dimy Xy. For a convex
front X with # transversal (forward) reflections (say from bodies Kz, ..., Kjs,), we
have d;(s) € [dmin, dmax] and nK(qj(s)) € [Kmin, Kmax] forany 1 < j < n, and if ev-
ery ¢;(s) is similarly bounded above by ¢y < 7, then we may use (1.3) and k;(s) > 0
(0 < j < n—1) to obtain bounds 2kmin < kj(s) < ﬁ + foﬁsﬁ foralll < j<nlt
follows from (H) that a bound ¢y < arccos(b/dpmax) does exist, where b denotes the
minimum distance between K and the convex hull of K; and K (i # k # j), if every
point of X makes a reverse-time reflection.

For example, if x € 77'(K;), B(x) € 7 '(K;), B*(x) € 7 '(Kx), E = 7x, F =
7B(x), G = 7B%(x), and ] is the first intersection of the normal ray from F with
Cvx(Kj, Kg), then let £ be the line tangent to 0 Cvx(K;, K¢) at J. The points E, G must
lie in one closed halfspace of ¢, while (by definition of J) F lies in the other. We can get
an estimate for = ZEF] = ZGFJ asfollows. If F € {,wegetE, G € {and ¢ = 0. If
F ¢ (, the line segments EF and FG must intersect /, say at E’ and G’ respectively, and
also the line £’ through J perpendicular to FJ must intersect the rays F_E: F_G), say at
E’”, G”. Then either |[E"'F| < |E'F| or |G"'F| < |G’F|; we without loss of generality

|FJ] > b

assume the former, so that cos Z/EF] = 2 den Essentially the same argument

(with an inductive step for F € £) can be used for dimM > 3 without assuming

smoothness of OK or convexity of Ky, . . ., K,,. By similar methods, there also exists
an angle ¢; € (0, 7) bounding above all angles between points of K;, K;, Ki where
i#j#k

As a result of the above bounds on k;(s), if we set

-1

2K max 1 _

A=|1+ dmax( Foma + ) H = (1 + 2dminKmin) !
cos ¢y dmin

then the bounds J;(s) = m € [N\, pulholdforallsand j =1,...,n.
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Let g(s) parametrize X and p(s) parametrize I' = {7B"(x) | x € X} C 0Kg, by
arc length, then the distance between endpoints x;, x, of X satisfies

n—1
=l = | [0a] < [laora= | ol [To0) o

<pt! / So(s)ds < p" M| < ™! max|OK;|
X 1

where we used g < 1and [|q’(s)|| = ||p' ()] H’]:OI d;(s) (from (A.1)) obtained by
repeatedly using estimates of evolutes of X from one reflection to the next (see Sec-
tion A for details). Assuming both endpoints x;,x, € X have (n + 1)-st forward
reflections, but y; = 7B"!(x;) € 9K; and 7B""!(x;) € 9K, i # j, we can obtain
a similar bound from below for ||x; — x,||. Specifically, let [s;, s;] be an interval in
which s = sy, 5, are the only values for which (q(s), n(s)) has an (n + 1)-st reflection,
with g(s;) = x1 and y, 1= q,4+1(s2) € 0Ky, say. By the assumption of first reflection
points in the convex set Kjg,, X must be a simple arc, and the Lipschitz property for the
inverse of its arc-length parametrization shows ||x; — x,|| > Consty [, [|q’(s)|| ds >

Consty f:l2||q’(s)|| ds. If we suppose tn+1(q(51)7 n(sl)) < T =ty (q(sz)7 n(sz)) and
that g(s) corresponds to the parametrization p(s) by arc length of 7S, (X) (in partic-
ular its subcurve Y,,,; between z = p(s;) and y,), then using (A.2) gives

|lx1 — x2]] > Const Consty )\”/ |lp’(s)]| ds > Const Consty \"||y2 — z||.

To see that ||y, — z|| is bounded from below, note that if the angle Zzy,y, is ob-
tuse then ||y, — z|| > |ly1 — »2l] = dmin. If Z2y1y, is acute, then the (unique)
best approximation w to y, on the ray from B" (q(sl), n(sl)) must lie on the same
side of y; as does z. Thus Zwy,y, = Zzyi1y, and ||y, — 2| > |y — w| =
ly1 — yal| sin Zwyyy,. Since m — ZLzyi1y, = Zqu(s1)y1y2 is bounded above by
¢1 € (0,m), wehave 0 < m — ¢ < Zzy1y, < 5,50 [[y2 — 2| > dminsing;. In
either case, we have ||x; — x,|| > Consts A" for a suitable positive constant.

Bounds such as those just derived may be recast as Lipschitz properties for the
coding map T: Xp — Y(Xp) € X, and a suitable inverse, albeit with respect to
different metrics.

Proposition 3.1  Suppose there are constants ¢, C > 0 such that c\" < ||x—y| < Cp"
whenever x,y € Xo with Y j(x) = T;(y) forall1 < j < n (some n), but Y, (x) #
T,1(y). Then Y: Xo — X is injective and a Lipschitz homeomorphism from Xq to
(T(Xo), dA) , and Y~ a Lipschitz homeomorphism from (T(XO), du) onto Xj.

Proof Certainly Y is injective, since for any x € X, and sufficiently large n > 1,
there is some z € X such that Y(z) ~, Y(x) but Y,;+;(z) # Y,11(x), and so if
y € Xphas Y(x) = T(y) then ||x— y|| < ||[x—z|| +|ly —z|| < 2Cu" — 0asn — oo.
Hence Y ! is well-defined (and injective).
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For distinct x, y € Xy and n > 0 maximal such that T;(x) = T;(y) foralli < n,
we have dA(T(x),T(y)) =\ < %Hx — 7||. Similarly, for distinct o, 8 € Y(Xp),
x =Y"Ya), y = T1(B), and n as before, we have || T ~(a) — T~HB)| < Cu" =
Cd, (o, B). Finally, that the inverses

T:Xo— (Y(Xo),d,) and Y7 ': (YT(Xo),dr) — Xo
are also continuous follows from continuity of the identity
It (Y(Xo),dy) — (Y (Xo),d,)
(for € > 0 take " < e and then \" < \* = pu™ < u"). [ |
Our use of this correspondence is to estimate the Hausdorff dimension of Xj.
Since for some o € ¥, and sufficiently large n > 1 the cylinder [a], is entirely

contained in Y (Xy), we have dimy ([a],, d)) < dimy Xo < dimpu(X4, d,,), where the
bounds can be calculated by Lemma 2.4.

4 Hausdorff Dimension of M,

[t remains to relate dimy X, to the Hausdorff dimension of My. If X = S, (W(gu) (x))

(7 > 0) is the image of a local unstable manifold Wéu) (x) (@ > 0) of some x € M,
after a small evolution under the flow S;, then

. . —In(u—1) —In(u—1)
(u) _
dlmH(We (x)N Mo) =dimy X, € [ Y , Inp }

(bi-Lipschitz image). We can also use these estimates for dimH(We(s) (x) N Mo);
these dimensions are independent of x (by [MM83] or [PV88]) but in any case the
bounds given are independent of x and 6, and W (x) = Refl W) (Refl(x)) , where

Refl: Q — Q is the smooth (certainly bi-Lipschitz) involution given by

) (g, ), forq € intQ
Refl(g, ) = {(q,2<n1<(q), ving(q) —v), forqe oK.

For Borel A,B C R", the following inequalities (proofs appear in [Mat95]; the
first is well-known ([Mar54]) and the second is due to [Tri82]) are known.

dimy A + dimy B < dimy(A x B) < dimy A + dim,,B.

Since Fmp(ZJr, dy) = dimyu(34,dy) (see Lemma 2.6), for neighbourhoods U C
V of x and M, in M respectively, § small enough that Wg(u) (x), WG(S) (x) C U, and
T: Wg(u) (x) x Wés) (x) — R the usual local product map to an open rectangular
neighbourhood R of , it is enough to note that Y is C! to get

—21 —1
% < dimp (W (x) N M) + dimp (WS (x) N M)
< dimy R < 20— 1
Inp
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That Y is C! follows from [Rob75] (see also [dM73], and [PT93, Appendix I] for
some comments). Now the separability of M, and the ‘countable sup’ property of
Hausdorff dimension of Borel sets show dimy My = dimy(R N M) for some x and
R, so Theorem 1.1 is proved. Alternatively, that dimy My = dimy ( Wé“)(x) N Mo) +
dimH(Wgs) (x) N MO) independent of x € M, (or 8 if it is small enough) follows
directly from [MM83] or [PV88].

In particular, dimy M, > 0 for any such system (already known from [PT93,
Chapter 4]), but may be made arbitrarily small by choosing dp, large with respect
to diam(Kj;). Fixing arbitrarily A; € K; (i = 1,...,u) and considering the obsta-
cles Ki(r) = K; + (r — 1)A; (r > 0) defined in Section 1, we show below that the
corresponding b(r) = infiy;d (Lk7 Cvx(L;, L j)) is positive for large r, and hence
K(r) = |J; Ki(r) still satisfies (H). In fact, we obtain an asymptotic as r — oo for the
dimension dimyg My (7).

Theorem (Full Statement of Theorem 1.2) Under the above conditions,

21 —1 1
dimyg My(r) = n(u ) +(‘J( ) asr — oo,
Inr (Inr)?
and for 6, € (0, ) the minimum angle between distinct K;, Ky, K; and r sufficiently
large,
\ S0 01 Inr In 2Kmind
2K max diam(K)3 . - min®min
< d M, 1< —.

Inr ~ 2In(u—1) imy; Mo (r) - Inr

Proof If r > 0 is large enough, the minimum distance between any L, = K; +

(r — DA; and Lj is dmin(r) > (r — D[|A; — Aj|| — maxeek, yex;llx — [ >
(r — Ddmin — dmaw and similarly dio(r) < (r — 1) max; j[|A; — Aj|| + dmnax <
(r—1) diam(K) +dmax < rdiam(K). The distance b(r) = inf;_s; d(Lk, Cvx(L;, Lj))
also changes approximately linearly in r for large r; for i # j, fixed F; € K, F =
Fy + (r — 1)A, £ a common tangent of L; and L; for which both components lie in
the same closed halfspace (for definiteness, choose ¢ to be closest to F), and E, G the

points of intersection of £ with L; and L; respectively, the height of triangle E, F, G is

EF| |FG A — Al ||A; — A .
wsinéEFGer alll ! el sin ZA;ArA;
|EG| 1Ai — Aj|
asr — oo, say let @ = disai&?}()dfnin < dmin. Then b(r) > ar for r sufficiently large

(case i = jis clear), and cos ¢o(r) > ﬁ(m. Now bounds on A(r)~! and u(r)~!,

respectively from above and below, are given by the following expressions.

. 2 .
Ti(r) =1+ 2fimax diam(K) r+ diam(K)r Ty(r) = 1 + 2Kmindmint-
« (T’ - 1)dmin - dmax

It can be checked

) lim Inr < lim Inr - Inr - Inr
= lim ——— im ——— im —— im —— =
r—oo InT(r) = r—o0 —InA(r) = r—oo —Inpu(r) ~ r—co InTy(r) ’
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SO

lim inf(In r)?

(LmHMO(’) ! ) :liminf( T i Mo(r) — 1) Inr

r—00 2In(u—1) Inr r—oo \ 2In(u — 1)
) i o
B 1 .. . .rcosgy(r)
=g e )
Similarly
. . 2In(u—1
h?—lﬂip(ln r)? (dlmH My(r) — %)

lim sup

1 r
< — .
< 2Inu Dln( 2Kmin  r—oo dmin(r))

Using some strict inequalities applying the bounds above, the inequalities for large r
follow. ]

Unfortunately, a precise second asymptotic term for dimy My (r) is not forthcom-
ing even in simple cases; the example considered in [LM96], of three unit radius
circles with centres A; equidistant from the origin and spaced at an angle of %, has
cos py(r) = % + O(%) and the above bounds (in terms of dy,, (1), etc.) separated by a
factor of 2.

4.1 Better Numerical Estimates

The continued fraction (from (1.3)) for k;(s) can in fact be used to obtain bounds for
curvature significantly better than those used previously. Recall that if (q(s), n(s)) €
X made j + 2 transversal reflections, we had

k] (5) k] (S) + 2"fmax

k c| ——m— min ’
]+l(s) 1+ dmaxkj(s) K 1+ dminkj(s) cos ¢0

Notice for 7,8 > 0 that the map £, 5: (0,00) — R, x — 2y + - has one fixed

1+6x
point x*, since (x* —2y)(1+60x*) = x* ifand only if x* = v+ y/~? + 2-7/0, of which
only the greater solution is positive. Denoting the two solutions temporarily by x7,
we have
2y +290x—0xF(x—x)(x —x¥)

1+ 60x 1+ 60x

Frolx) —x

and hence f, g(x) > x when 0 < x < x}, and f, 4(x) < x when x > x7}. Since f, ¢ is
strictly increasing (see Figure 4.1 on page 128), x} attracts every x > 0 monotonically
under the iterated map f, 9. Since lim,_. f;9(x) = 27y + 1/6 we also have f, g(x) €
(27,27 +1/0) forallx > 0.
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X
fot) =27+ 1+6x
1
2 B R

Tty

2y

0

0 x

Figure 4.1: Plot of function f, 4.

Now consider the function given by what was previously known as x}:

g: (0,00) x (0,00) = (0,00), (7,0) — v+ /7% +27/0.

Clearly, f,, 0,(x) < f,,0,(x) for all x > 0 whenever 0 < y; < vy, and 0, > 0, > 0,
and it follows that g(vy;,60;) < g(72,6,) under the same conditions. In fact on the
(natural in our case) domain [£min, C’:)’S"—ajo] X [dmin, dmax], minimum and maximum
values of g are respectively gmin = £(Kmin; dmax) a0d gmax = ¢ C’;;"—:;‘O, Admin). With
these definitions, we have the following theorem.

Theorem 4.2

2In(u — 1) < dime Mo < 2In(u — 1)
(1 + dpngmae) — YOS (14 d

mingmin )

Proof Firstly, either ko(s) € [gmin, gmax)> in which case k;(s) € [gmin,gmax] for any
j > 0 where it is defined, or k((s) lies outside this interval. However, we can always
use the former bounds for dimy M, estimates, as shown below.

Consider a particular s € (0, 1) such that g(s) € Xy, and any sequences (7;){° C
[Kmin, C’(’)‘:—“{;‘D] and (0;)7° C [dmin, dmax], and inductively define k.1 (s) = f,, o, (kj(s))
for 0 < j < n— 1. For any open interval U = (a,5) O [gmin, gmax] it can be shown
there is a (minimal) jo(s) > 0 such that j > jo(s) = k;(s) € U, as follows. If
kn(s) < gmax for some N > 0, then inductively

kj+1(5) = fwj,(ij (k](S)) < f%ﬁdmm( ](5)) < f&)‘?g’(‘) inin (gmax) = &max

for all j > N, and similarly for the lower bound, so if kx(s) € [€min, gmax] for some
N > 0, the result follows. Suppose then that ki(s) < a for all j > 0, and de-

fine py(s) = ko(s), pjs1(s) = fﬁmin,dmx(Pj(S)) , so that lim;_, o, p;(s) = gmin. Since

https://doi.org/10.4153/CJM-2004-006-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2004-006-8

DRAFT: Canad. J. Math. February 5, 2004 12:33 File: kenny1095 pp.115-133 Page 129 Sheet 15 of 19

Estimates of Hausdorff Dimension 129

pi(s) < kj(s) forall j > 0, this gives k;(s) > a for some j, a contradiction. The
case ko(s) > b can be dealt with similarly under the definitions m(s) = ko(s),

M1 (s) = fomn g4 (m(s)), and we get a suitable jo(s) for each point of X. Since
cos ¢ 7 min

Xy is compact, infy)ex, ko(s) is attained, say at s = sy. Analogous to jo(so), there will
also be some minimal j such that p;(sy) € U and m;(sy) € U, say j = lp(so) > jo(so).

Now consider the subset Z, of X of points with at least n forward reflections,
the connected component W,, of Z, containing q(so), and the curve Y,, of n-th re-
flections, where n > Iy(sy). Since kj(s) is bounded (X is C*) and the length of
each connected component of Z, tends to 0 as n — oo, for any € > 0 we can
choose n > Iy(sp) sufficiently large that for s € g~ 1{(W,), |ko(so) — ko(s)| < e.
If ko.min is the minimum curvature of X, then f; . 4 = and fc’;‘:%%,dmm are contrac-

tions of [ko min, 00) with respective fixed points gmin and gmax, and contraction ra-
tio at most @ = (1 + dpin min{ko min, a})~> < 1. By first making the choice of
e < a " min{p ) (s50) — @b — Piisy)(S0), Miy(s) (o) — @, b — myye)(59)} and
then n = ngy as above, we can ensure Ih(s) < I[y(sy) < ng is well-defined for all
s € q ' (W,,), and hence so is jo(s) < Iy(s).

Now k;(s) € (a,b) for all relevant s and each j > ny if we restrict to W,,, rather
than X. The condition of Proposition 3.1 can be modified to there exist C,c > 0 and
0 < XA < p < 1such that cN'" < ||mx — wy|| < Cu"™ whenever the images
under Y of x,y € X, agree to exactly n > nq places, where A\ = (1 + diayb) ™! and
p = (14 dmina) ™!, and proceeding as usual we get —In@=1) < gimy X, < —oe=b

InA Inp
In the limit as a T gmin and b | gmay, we have the result.

These estimates are always better than the previous values and hence give the same
asymptotic for dimy My(r), but as before do not give a precise asymptotic for the er-
ror term. In fact, bounds on the error are the same: for T} () = 1+dmax(7)gmax(r) and

Ty(r) = 1 + dmin(r)gmin(r), and provided dpmin (1), dmax(r) and ¢o(r) are C! (certainly

true in our case), calculations show lim inf,_, o =2~ = =L liminf,_, ., 2<% and
) Ty (r) 2Kmax Amax ()
r T

limsup, . 75 = 3 limsup, o -

4.3 Concluding Remarks

The most desirable extension of the above results would be to weaken the condi-
tion (H), which may be possible if only certain reflections of non-tangent trajectories
are considered for the bound ¢,. Points of X \ X, however clearly are not subject to
such a bound.

For K an obstacle in R” (n > 3), M is no longer two-dimensional, and most of
the above is no longer applicable. M, should remain zero-dimensional due to the
coding, and then possibly the foliations of [Pix83] (if smooth enough) may be useful
to relate the Hausdorff dimensions of X, and M,, but the convex curve estimates are
unlikely to translate so well, in part because in place of the curvature formulae (1.3)
we have only an inequality relating k;;, and k;.

There are more general estimates of Hausdorft dimension for Cantor sets such as
M, following from [PT93, Chapter 4] in terms of thickness 7(r) and denseness 6(r)
of Xy, to which ours seem related. However, these are hard to use in our case without
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some modification to avoid problems with the uniformity of ‘gap’ sizes. Also possi-
bly useful in determining more closely the behaviour of dimy M, are [MM83] and
[PV88], from which we have that dimy (W™ (x)NM,) = dim,, (W," (x)Mp) inde-
pendent of x € M), similarly for stable local manifolds, and dimy My = dim,M, =
dimy ( Wé“) (x) N My) + dimyy ( Wés) (x) N M), which as indicated above eliminate
the need for the calculation of dim;, in Lemma 2.6. We also have continuity of the
Hausdorff dimension with C! perturbations of B, which implies continuity under
certain perturbations of K (if (H) is still satisfied), and may be useful in reducing the
smoothness assumptions used.

Finally, there are questions relating to the behaviour of dimy M, as components
are added or removed (possibly infinitely many) from the obstacle K (i.e., u is
changed), while retaining or losing conditions like (H). For instance, it is not imme-
diately clear whether there exists a (possibly unbounded) K with a countably infinite
number of components that still satisfies (or nearly satisfies) (H), or how M, would
behave for such a system.

A Details of Main Estimate

In this section, included for completeness only as it essentially follows [Sto03], we
describe one way of deriving the following estimates used in Section 3.

n—1
(A1) I’ OI [ 659 = la’ &I,
j=0
’ n—1
(A.2) Ol 16 =lld G-

1+ (T — tn(s)) ku(s) o
In both (A.1) and (A.2), q parametrises a convex curve X with n reflections, and p
parametrises a certain curve near the n-th or (n+ 1)-st reflection, as described below.

First, choose arbitrary distinct x,, x, € X, let 7 = max{t;(x;),tj(x,)},andlet]; €
{1,2} be the (minimal for j = 0) index of the x; for which ¢;(x;.) = 7;. Denote by
Yj the oriented (piecewise smooth) subcurve of S, (X) with endpoints the respective
images of x; and x,. This is the earliest evolute of the corresponding subcurve of X
that lies after the j-th reflection; notice that one of the endpoints lies on 9Kj5,. Also
denote by p;(x) = 7S, (x) the image on Y; of any x € X with 7x lying on the curve
between mx; and 7x;.

Secgndly, lete; = [|pj(x1) — pj(x)|| = eélj) and §; = 5§-lj) where, fori = 1,2, egi)
and 5§1) are defined by

V) = |78y ) (1) = TSy ()| and  (8)T =1+ (£ () — £5(x)) kj(xi).

For suitable strictly convex smooth curves Y and Z (such that every outwards
normal trajectory from Y reflects transversally from Z with reflection angle bounded
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above by some ¢ € (0, 7)), and for any y;, y, € Y, we have the following inequal-
ities regarding the billiard in the exterior of Cvx(Z) (these follow from e.g. [1ka88,

Lemma 3.7]).

(A.3) (1+0(y)R) D —cD? < 7S50 (1) = 78400 (1)
< (1 +t1(}/1)I€)D+CD2

(A4) (1+t1(y1)K) D = eD* < |78y ) (1) = TSt () (12|

< (1+t(y1)r)D+CD.

Here D = ||q; — q2|| is dependent on g; = 7y; (i = 1,2), ¢,C > 0 are some constants
dependent only on ¢, and the minima and maxima of the curvatures of Y and Z, and
k is the curvature of Y at ¢q;.

Returning to the billiard in the exterior of K, assuming 7; < min;—; ;1 (x;) and
Tiy1 < min;_; , tj;,(x;) we may apply (A.3) to Y = }A’j, Z = 0Kg,,, y1 = S;;(x1) and
y2 = S;,(x2) (so my; = pj(x;) for i = 1,2), and further assuming I; = l;;; = 1 we
have the following inequality (0 < j <#n — 1).

(A.5) ;—] - Constl(ej)2 <eé€jn < ;—] + Constz(ej)z.
j j

This can also be shown to hold for any [;,[;;; by using symmetry in x; and x,,
switching y; and y; if necessary, and finding constants such as Consts = dmaxkmax —
Aininkmin + Const; so that 63»1)((5;1))_1 — COHSt3(€§»1))2 < 65-1)((5;2))_1 — Constl(egl))z.
For j = n — 1 we use (A.4) to get the following analogous inequality, where we can
clearly assume constants C, ¢ > 0 also validin (A.5) for j = 0, ..., n—1; independent
of the particular j.

€
el

€n—
(A.6) L) < |gal) — gu(x)] < 5 2 .
n—1

n—1 =
611—1

Now no longer assuming the above conditions on 7; (except for j = 0),let I' =
7B"(X) C O0Kj, and suppose both x; and x, have (n + 1)-st forward reflections, but
y1 = B (x)) € OK,, and y, = wB""!(x;) € OK,,» where m # m/', with t,.;,(s) =
400 for all g(s) on the subcurve between them (so reflections at y; and y, are tan-
gencies). The curve just after ‘reflection’ (Voer = St (X) if we extend the definitions
for j < n) then has the endpoint p,;(x,,,) on JK; assume this is y,. Consider cor-
responding parametrizations X : q(s) and Y41 : p(s) = WST(q(s), nx(q(s)) ) , each
smooth between sy, 5, such that x; = q(s;) (i = 1,2). For arbitrary q(s) and gq(so)
on the subcurve between x; and x,, we have corresponding 7; = max{t;(s),;(so)},
curves lv/j etc., to which we can apply (A.5) (for 0 < j < n — 1) if s is close enough
to s that 7; < min{t;,(s), fj+2(s0)} and 7j41 < min{tj;(s),j+2(s0) } hold for each
j. Clearly lim,_,,, Sj = 0dj(sp) for j < n — 1, it is easy to check lim,_, &; = 0
(0 < j < n), and since Y, evolves to a subcurve of Y, in time 711 — 7 < dmax
and the curvature of Y, is bounded below (the limiting curvature of S _(Y,) at any
s3 € [s,s0] ast T 7, —t,(s3) is bounded below by 2K min, and (1.2) gives a lower bound
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on Ky (s3)), by [1ka88] or [Sto03, Lemma 1] there are €,C, ¢ > 0 such thatif ¢, < €
then we have the following.

(A7) (1+(T=Fn)ky, (5)) & —c&y < |[p(s) = p(so)|| < (1+(7—Fn)ky, () & +CE,.

By choosing s sufficiently close to sy we can assume ) j)*l >céjfor0 < j<n—1
and 1+ (7 — 7,)kn(s) > cé,, so rearranging (A.5) and (A.7) gives (for0 < j <n—1)

the following.
Eint 5 by
A8 J _ l__ << — 1 k. ,
“.8) 5%+Cé]' 1+C5jéj == 1—6(51‘%]‘ U
(A9) ||p(s)v_p(50)|| _ S én S HP(S)V_ P(50)|| —.
1+ (7 — Tp)ky (s) + CE, L+ (7 — Tu)ky (s) — c&y

Starting with j = 0, applying (A.8) n times and then (A.9) gives the following
inequalities.

1p(s) — plso)| TT L)

L4 (T = To)ry, () + Céy 20 1+ Cje;

Ips) —pGs)ll  Tp 9

L (7 = Ty, (s) — & 15 1 — 0

<&

IN

Dividing by s — s and taking limits (note & = ||q(s) — q(so)||) then gives equation
(A.2). The other result is obtained similarly at s = s; consider the parametrization
by arc length I': p(s) and use the estimate (A.8) n times, followed by the estimate

5,1_1 511—1
—————|94(51) — gu(s2)|| < &1 £ —————1|qu(51) — qu(s2)
s R 142 (s1) — gu(s2)]| S S g (s1) — gu(s2) |

obtained by rearrangement from (A.6).
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