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Abstract

We consider the critical temperature for superconductivity, defined via the linear BCS equation. We prove that at
weak coupling the critical temperature for a sample confined to a quadrant in two dimensions is strictly larger than
the one for a half-space, which in turn is strictly larger than the one for RZ. Furthermore, we prove that the relative
difference of the critical temperatures vanishes in the weak coupling limit.
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1. Introduction

Recent work [18, 19, 1, 2, 21, 20] predicts the occurrence of boundary superconductivity in the BCS
model. Close to edges superconductivity sets in at higher temperatures than in the bulk, and at corners the
critical temperature appears to be even higher than at edges. A first rigorous justification was provided
in [12, 16], where it was proved that the system on half-spaces in dimensions d € {1,2,3} can have
higher critical temperatures than on R?. Here, we consider d = 2 and the goal is to show that a quadrant
has a higher critical temperature than a half-space. Since comparing the critical temperatures for the
nonlinear Bardeen—Cooper—Schriefter model is very difficult, we work with the critical temperature
defined via the linear BCS equation and show that a quadrant has a higher critical temperature than a
half-space, at least at weak coupling in the same spirit as in [8, 9]. This may serve as a starting point for
future investigations of the nonlinear model.
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Superconductivity is more stable close to boundaries also when a magnetic field is applied. This
phenomenon has been widely studied using Ginzburg—Landau theory; see, for example, [7, 4] and the
references therein. Ginzburg-Landau theory can be rigorously derived from BCS theory for domains
without boundaries [10, 5, 6], while for domains with boundaries this is an open problem.

We consider the full plane and the half- and quarter-spaces Q; = (0, )% x R>* for k € {0, 1,2}.
We define the critical temperature as in [12, 16] using the operator

A —A, -2
HE = S W(-y) (1.1)
tanh(_Az"T_” ) +tanh(_ [ )

acting in Lfym(Q xQ) ={y e L2(QxQ)|y(x,y) = ¥(y,x) forall x,y € Q}, where —A denotes
the Dirichlet or Neumann Laplacian and the subscript indicates on which variable it acts, T is the
temperature, u is the chemical potential, V is the interaction and A is the coupling constant. The first
term is defined through functional calculus. For V € L!(R?) with t > 1, the H?k are self-adjoint
operators defined via the KLMN theorem [16, Remark 2.2].

The critical temperatures are defined as
TX(2) := inf{T € (0, co)| inf o (H3*) > 0}. (1.2)

The operator H? % is the Hessian of the BCS functional at the normal state [8], and the linear BCS
equation reads H?"’a =0.

In particular, the system is superconducting for 7 < T (1), when the normal state is not a minimizer
of the full, nonlinear BCS functional. A priori, superconductivity may also occur at temperatures
T > Tck (), either when the ground state energy of the Hessian is not monotone in the temperature or
when the normal state is a local minimum of the BCS functional, but not a global one. For translation
invariant systems with suitable interactions V, in particular for Qy = R2, this is not the case and the
system is in the normal state if 7 > T?(1). This was proved in [11, 13] without the restriction to
symmetric Cooper pair wave functions and is adapted for symmetric Cooper pair wave functions in
[17]. Hence, T? separates the normal and the superconducting phase. However, it remains an open
question whether the same is true for 7! and 72.

We prove that for small enough A, the critical temperatures defined through the linear criterion (1.2)
satisfy T2(1) > T!(1). Together with the result from [16], we get the strictly decreasing sequence
T2(1) > T}(2) > T2(A) of critical temperatures at weak coupling.

Similarly to [16, Lemma 2.3], where it was shown that 7.} (1) > T2(2) for all A, the following Lemma
is relatively easy to prove.

Lemma 1.1. Let A, T > 0 and V € L' (R?) for some t > 1. Then inf a‘(H?Z) < inf o'(HSTE‘).

Its proof can be found in Section 3. In particular, it follows that for all 4 > 0, we have TC2 1) = TC1 ().
The difficulty lies in proving a strict inequality, which the rest of the paper will be devoted to. In order to

prove T2(1) > T} (1), we shall give a precise analysis of the asymptotic behavior of H?} w3 A—0.

For u > 0 let F : L'(R?) — L2(S!") act as the restriction of the Fourier transform to a sphere of
radius y/fz, that is, Fy () = ¢ (\/iw) and for V > 0 define O, = V'/2FT FV'/2 on L2(R?). The operator
O, is compact. For the desired asymptotic behavior of H;il‘ w We need that O, has a nondegenerate
eigenvalue e, = sup o (0,,) > 0 at the top of its spectrum [13, 14].
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We require the following assumptions for our main result.
Assumption 1.2. Let ¢z > 0. Assume that

1. Ve LY(R?*) n L*(R?) for some t > 1,
2. Visradial, V £ 0,
3. |-|VeL\(R?,
4.V >0,

5. e, =supo(0,) is a nondegenerate eigenvalue.

Remark 1.3. Similarly to the three-dimensional case discussed in [13, Section III.B.1], because

of rotation invariance the eigenfunctions of O, are given, in radial coordinates r = (|r|,¢), by
vl 2(r)e”"‘f’J,,,(\/,Tz |r|), where J,,, denote the Bessel functions. The corresponding eigenvalues are

e = 3= [ VO (VD Par (13

and in particular e( m _ eL m) . Assumption (5) therefore means that e, = e

u and that all other
eigenvalues e;(1 ) are strictly smaller. Hence, the eigenstate corresponding to e, has zero angular
momentum. Analogously to the three-dimensional case, a sufficient condition for equation (5) to hold
isthat V > 0.

Our first main result is:

(0)

Theorem 1.4. Let u > 0, and let V satisfy Assumption 1.2. Assume the same boundary conditions,
either Dirichlet or Neumann, on Q| and €. Then there is a 11 > 0, such that for all 0 < 1 < Ay,
T2(2) > T Q).

Remark 1.5. The critical temperature 7, (1) is the smallest temperature 7 satisfying inf O'(H? =0
Other solutions to this equation would define larger critical temperatures. Upon inspection, the proof of
Theorem 1.4 shows that for any temperature 7 satisfying inf O'(H?‘) = 0 the system on the quadrant is
superconducting for temperatures in an interval around 7.

The second main result is that the relative difference in critical temperatures vanishes in the weak
coupling limit.

Theorem 1.6. Let u > 0, and let V satisfy Assumption 1.2. Assume either Dirichlet or Neumann
boundary conditions on €. Then

50 To(2) (14

ince 2 this implies lim_o “—2—<~ = 0 and lim 0 =<
Since T2(1) > T}(4) > T2(A), this implies li Tm(i)u) 0 and 1

The latter was already shown in [16], and we closely follow [16] to prove Theorem 1.6.
The paper is structured as follows. In Section 1.1, we explain the proof strategy for Theorem 1.4.
Section 3 contains the proofs of some basic properties of H?. Section 4 discusses the regularity and

T ()-T2 ()

o -0

asymptotic behavior of the ground state of H? '. In Section 5, we prove Lemma 1.9, the first key step in
the proof of Theorem 1.4. The second key step, Lemma 1.10 is proved in Section 6. In Section 7, we
prove Theorem 1.6. Section & contains the proofs of auxiliary lemmas.

1.1. Proof strategy for Theorem 2.4

The proof of Theorem 1.4 is based on the variational principle. The idea is to construct a trial state for
HTf (/l) involving the ground state of H | 12 . However, the latter operator is translation invariant in the
second component of the center of mass S variable and therefore has purely essential spectrum. To work
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with an operator that has eigenvalues, we fix the momentum in the translation invariant direction and
choose it in order to minimize the energy.

Let U : L*(R? x R?) — L%*(R? x R?) be the unitary operator switching to relative and center of
mass coordinates » = x — y and z = x + y, thatis, U¥(r, z) = %¢((r +2)/2,(z—r)/2). We shall apply
U to functions defined on a subset of Q ¢ R? x R?, by identifying L*(Q) with the set of functions in
L*(R? x R?) supported in Q. The operator UHy' U, which is Hy" transformed to relative and center of
mass coordinates, acts on functions on Q| x R, where Q; = {(r, z;) € R3||r1| < z1}, and is translation
invariant in zp. For every ¢, € R, let H} (g2) be the operator obtained from UH;2 'UT by restricting
to momentum g5 in the z direction. The operator H.-(g2) acts in L2(Q)) = {y € L*(Q)|¥(r,z1) =

w(-r,z1)}, and we have mfa-(HT o

optimal. That this can be done is a consequence of the followmg Lemma, whose proof will be given in
Section 2.2.

) = infy,erinf o (H L )(qz)) We want to choose ¢; to be

Lemma 1.7. Let T, A, > 0 and V € L'(R?) for some t > 1. The function g, > inf 0'(H71~ (q2)) is
continuous, even and diverges to +co as |qz| — oo.

Therefore, the infimum is attained and we can define 77(1) to be the minimal number in [0, c0) such

1
that 1nf0'(HT n (n(Q))) = inf O'(H 1(/1))

Next, we shall argue that H} ‘W (n7(A)) indeed has a ground state, at least for small enough coupling,
which allows us to construct the desired trial state. By [16, Remark 2.5], there is a 4; > 0 such

that inf o ( TO(/l)) is attained at zero total momentum for 4 < A;. Let HO denote the operator H, 2

restricted to zero total momentum. For A < A; the critical temperature 7°(2) is the unique temperature
satisfying inf o-(HY.) = 0. In the weak coupling limit both 7 (1) and 7} (1) vanish [14], [16, Theorem
1.7]. Furthermore, at weak enough coupling T} (1) > T°(2) [16, Theorem 1.3]. In particular, there is a
Ao > 0 such that for A < A the critical temperatures satisfy 70(1) < T} (1) < T2(y).

Lemma 1.8. Let u > 0, let V satisfy Assumption 1.2 and let 0 < A < Ay. Then H; u)(n(/l)) has an

eigenvalue at the bottom of its spectrum.

The proof of Lemma 1.8 can be found in Section 2.3. For 1 < A, let &, be the ground state of

Tl ( /1)(77(/1)) In the case n(1) = 0, the operator H! T (n(2)) commutes with reflections r, — —rp

and we may assume that @, is even or odd under th1s reflection. Irrespective of the value of r(1),
we extend the function @, (anti)symmetrically from Q, to R? such that the extended function ®,
satisfies @, ((-ry,72),—21) = @ (r,z1) and FO,((z1,72),r1) = P(r,z1), where —/+ corresponds
to Dirichlet/Neumann boundary conditions (see Figure | for an illustration). The function @, is the
key ingredient for our trial state. Let yo denote multiplication by the characteristic function of Q;
then ®, = X, Pa. We choose the normalization such that ||V1/2/\/QICI>/,||2 = 1, where V2y(r,z) =
VI2(r)y(r,z). (Since V € L'(R?) for some t > 1 and ®, € H'(R?), it follows by the Holder and
Sobolev inequalities that v/ 2, is an L? function [15].)
Our choice of trial state is

(r1,r2,21,22) = (@a(r1,r2,21)e " V2 + @) (ry, =12, 21)e V2 7€l
b

F (Da(r1,22,21)e D2 4+ @y (ry, —20, 21) e TV2) €I (L.5)

for some € > 0. Here and throughout the paper, we use the convention that upper signs correspond
to Dirichlet and lower signs to Neumann boundary conditions, unless stated otherwise. The function
(1.5) is the natural generalization of the trial state for a half-space used in [16]. Note that § is the
(anti)symmetrization of @, (r, z;)e!"V2~€l22| and satisfies the boundary conditions. The trial state
vanishes if 7 = 0 and @, is odd under r, — —r,; our proof will implicitly show that at weak coupling
@, must be even if 7 = 0. We shall prove the following two lemmas in Sections 5 and 6, respectively.
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Figure 1. Sketch of the (anti)symmetric extension of a function  defined on the upper right quadrant in
the (ry, z1)-coordinates. The extension is defined by mirroring along the x| and y-axes and multiplying
by —1 for Dirichlet boundary conditions

Lemma 1.9. Let u > 0, let V satisfy Assumption 1.2 and let 0 < 1 < Ag. Then
. Q +
lim (S, U, UTU5) = A(Ly + La) (1.6)
with

Ly = [ Xlzz<|r2|V(V)(|‘1>/l(V1,Vz,Z1)|2 +]®(r1, 22, 20) ]
QxR

+ @ (r1,72,21)@a(r1, =12, 21)e 2T V2 + @ (1, 22, 20) @A (11, —22, 21) e~ H TV

FD@,(r1,72, 20)@a(r1, 22, 21)e V272 £ @ (1, 22, 21) @A (1, 72, 21) e 1D (2722)

F D@ (r1, 72, 20)@a(r1, —22,21)e " TV £ @) (1, 20, 21) P (11, 12, Zl)ei"w(_rﬁm)drdz (1.7)
and

L, = —[ V(r)(l(l)ﬂ(rl,zz,mﬂ2 + D, (r1,22,21)Pa(r1, —Zz,Zl)e_zm(’l)rz)drdZ
QxR

F2r /RZ (CE(PM](/U,m)‘/’)(‘g‘;lq)\a(m,'](/l),éh) +@a(p1,—1(2), 41V xo@a(p1, —77(/1),611))dpld111,
(1.8)

where Y (p, q1) = fR3 %dr(r, z1)drdz; denotes the Fourier transform and x ¢ denotes multipli-

cation by the characteristic function of Q.

Lemma 1.10. Let u > 0 and let V satisfy Assumption 1.2. As A — 0, we have L1 = O(1) and L, < —%
for some constant C > Q.
In particular, there is a 4 > 0 such that for all 0 < 4 < A5, lime_)o(zﬁj, UH?f(/D UW/S) < 0 and

hence also inf O'(Hff (1)) < 0. The final ingredient is the continuity of inf o'(HSTzZ) in T, which can

be proved analogously to [16, Lemma 4.1]. For 1 < A, we have for T < T!(1) by Lemma 1.1 and
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the definition of 7! that inf o-(H?Z) < inf o-(H?') < 0. We saw that inf U(H?f(ﬂ)) < 0, and thus by

continuity there is an € > 0 such that for all 7 € (0,7 (1) + €] we have inf o’(H?Z) < 0. In particular,
T2(A) > T!(2). This concludes the proof of Theorem 1.4.

Remark 1.11. Compared to the proof of T} (1) > T°(2) in [16], there are two main differences and
additional difficulties here. The first difference is that @, here depends on r and z; and not just . In
particular, we need to understand the dependence and regularity of ®, in z;. The second difference is
that for the full space minimizer it was possible to prove that the optimal momentum in the translation
invariant center of mass direction is zero, whereas here we have to work with the momentum (1), which
potentially is nonzero, and we need knowledge about its asymptotics for 4 — 0. As a consequence,
we may have that D (r1,72,21)eM V2 % @ (r1, —r2, z1)e 1V which is why the expressions in
Lemma 1.9 are twice as long as in the analogous ones in [16, Lemma 4.3].

Remark 1.12. The Assumptions 1.2 are almost identical to the assumptions for proving 7! (1) > T?(1)
in dimension two in [16]. Our method to compute the asymptotics of ®, additionally requires the
assumption V > 0, however. In particular, in the proof of Lemma 3.2 we require the Birman—Schwinger
operators corresponding to H? * to be self-adjoint for technical reasons. No such assumption is needed
to determine the asymptotics of the ground state in the translation invariant case; hence, we expect this
assumption not to be necessary here either.

Remark 1.13. We expect that our method of proof can also be applied in the three-dimensional case.
For a quarter space in d = 3, we conjecture that similarly to the case of a half-space [16], the three-
dimensional analogues of L and L, in Lemma 1.9 are of equal order and converge to some finite numbers
as A — 0. The limits of L; and L, then need to be computed to determine whether lim,_,o(L;+Ly) < 0.
This makes the computation in three dimensions much more tedious than in two dimensions, which is
why we do not work out the details of the three-dimensional case here. Instead, we describe the intuition
and the expected outcome. In [16], the ground state on the full space could effectively be replaced by
Do = (fos V(r)ja(r)2dr)~Lj3, with j3(r) = (27) 732 [, ¢V " dw, in the limit 2 — 0. Motivated by
the asymptotics of the half-space minimizer @, in two dimensions proved in Lemma 3.2, we expect that
as 4 — 0, 7(1) — 0 and the function ®, behaves like @ in the r-variable, and concentrates at zero
momentum in the z; direction. A combination of the methods used in [16] and the methods developed
in this paper should then allow to compute the limit, and the expected result is

,llin})Ll = 2‘/'4 X|Z2|<|r2|V(r)|(I)0(V) + <I>0(r1,12,r3)|2drdz2 (1.9)
- R
and

2
lim Ly = —2/ V()| ®o(r1, 22, 73) | drdz, F %/ V(r)|®o(r) Adr. (1.10)
-0 R4 M 12 Jrs

We therefore expect T2(1) > T} (1) at weak enough coupling if V satisfies limy_o(L1 + L) < 0, which
due to radiality of V and @ is the same condition as for TC] 1) > TL(.) (A) in [16, Theorem 1.3]. In [16,
Theorem 1.4 and Remark 1.5] this condition on V is further analyzed.

2. Basic properties of H?' and H?z
In this section, we shall introduce some notation that will be useful later on, and prove Lemmas 1.1, 1.7

and 1.8. The following functions will be important to describe the kinetic part of H?:

2, 2
p+q° —2u _ 1
pz—,u qz—u 5 and BT(P, CI) - K ( + _ )
tanh(T) +tanh(T) r\p+4.p—4

Kr(p.q) = 2.1

https://doi.org/10.1017/fms.2024.145 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.145

Forum of Mathematics, Sigma 7
We may write Br ;, when the dependence on u matters. The function Kt satisfies the following bounds
[12, Lemma 2.1].

Lemma 2.1. For every T > 0, there are constants C1(T, i), Co(T, 1) > 0 such that C1(1 + p> + ¢°) <
Kr(p,q) < Co(1+p* +¢%).

We will frequently use the following estimates for By [16, Eq. (2.3)]:

1 C(u)
and B , <—>
max{|p2 n q2 — ,Ul, 2T} T (P q)Xp2+q2>2;4>0 1+ p2 n qz

Br(p,q) < (2.2)

where C(u) depends only on u.

We use the notation Hé (L) for the Sobolev space of functions vanishing at the boundary of Q. In
the case of Dirichlet boundary conditions, the form domain corresponding to H?k is Df ={y €
HO1 (Qr X Qi)Y (x,y) = ¢¥(y,x)}. For Neumann boundary conditions, one needs to replace the Sobolev
space Hé by H' to obtain DkN . Let K$ be the kinetic term in HST). The corresponding quadratic form

acts as
2
W.Kgwy= | Kr(p.g)|| Talx,p)Ta(y,q)y(x,y)dxdy| dpdg, (2.3)
R4 Q2
with
B (e—iplxl ¥ eiplxl)e—ipzxz B (e—iplxl ¥ eiplxl)(e—ipzxz T eipzxz)
Tg,(x,p) = 25, , and Tq,(x,p)= yp .

2.4)

As already mentioned in the Introduction, we shall use the convention that upper signs correspond to
Dirichlet and lower signs to Neumann boundary conditions, unless stated otherwise. We now switch to
relative and center of mass coordinates r =x—y,z =x+y,p’ = (p—¢q)/2and ¢’ = (p+q)/2. Note that

To, (x, p)To, (v, p) = t(p}, g, 11, z1)e " (Parrrai), 2.5)

1
(27)?
where

t(p1,q1,7r1,21) = %(e_i(Plrl‘HIIZ]) + el Pirtqizi) ¢ —i(przitqin) ¢ et‘(mzﬁqm))_ (2.6)
Therefore, conjugating the kinetic term K?‘ with U, which is the operator switching to relative and
center of mass coordinates, gives

2
dp’dq’.

1 . ’ ’
W, UK?I UTW) — / Br(p’, qr)—l / _21(171’ ‘11’ 1, Z])e_l(p2r2+qZZ2)lﬁ(r, z)drdz
R4 axr (27)

2.7)

The operators H} (q2) defined by restricting U H? 'U' to momentum g5 in z-direction can thus be
expressed as

(W, Hr (q2)¥) = (W, K (q2)) - /1[ V(r)ly(r, 20 drdz, (2.8)

Q
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where Q| = {(r,z1) € R3||r1| < z1} and the kinetic term K} (g2) on L2(€) is given by

- 1 —i ’
(llf,K}(CIz)lﬁ):‘/ Br(p. (q1,92)) 1‘/ ——751(P1.qu.r1.20)e” Py (r, 21)drdzy | dpdg.
R? a, (2m)%

(2.9)

It is convenient to introduce the Birman—Schwinger operators A% and AlT corresponding to H?O and
HST2 ', respectively. Let Ag be the operator with domain L*(R? x R?) restricted to functions satisfying
¥ (r,z) = y(-r,z) and given by

w.ASw) = [ Br(p. )V Pu(p. o) dpda 210

Define the operator AIT ony € Lg(fll XR) = {y € L>(Q XR)|y(r,z) = y(-r,z)} via

2

1 .
[ ———1(p1,q1, 71, 21)e PRV (1) (r, 7)drdz| dpdg.
o

1 —
<l//’ AT¢> - /R4 BT(ps CI) R (27T)2
@2.11)

For j € {0, 1}, the operator A; is the Birman—Schwinger operator corresponding to H?j in relative and
center of mass variables [16, Section 6]. The Birman—Schwinger principle implies that

sgninfo-(H?j) =sgn(1/A — sup O'(A;;)),

where we use the convention that sgn0 = 0.
Due to translation invariance in z, for fixed momentum ¢, in this direction, we obtain the operators
A; (q2) ony € LE(QI) given by

1 y s
./Q (Zn)3_/2t(17176]1,"1,21)6 P22y 2 (pyy (r, z1)drdzy | dpdg;.
1

(2.12)

Wb @0) = [ Br(p. (a0

The operator Al (g) is the Birman—-Schwinger version of H-(g>). In particular, H;l W (n7(2)) has the
eigenvalue zero at the bottom of its spectrum if and only if 1/ is the largest eigenvalue of A;c‘ @ (n(Q)).

Lett: L2(Q;) — L*(R?) be the isometry

1
w(ri,ra,21) = —=W(rnra, 20)xg, (r2) + ¥ (=r, ra, =z xg, (=r1, 12, =21)). (2.13)

V2

Using the definition of ¢ in equation (2.6) and evenness of V in r, one can rewrite equation (2.12) as

| — - 2
W, AL (q)y) = /R3 Br(p,q)‘@(V”ztw(p,ql)¢V”QW((ql,pz),p1)) dpdq;. (2.14)

Let F, denote the Fourier transform in the second variable Foy/ (r, q1) = \/%7 fR e 12y (r, z1)dz; and

F the Fourier transform in the first variable F ¢ (p, g) = ﬁ /R2 e~ PTy(r, q)dr. Define the operators
G (g2) on L*(R?) through

W, Gr(q2)y) = /R BV (g1, pa), pO)Br (p. )PV P (p.qdpdgr. (2.15)
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Let A9 (¢2) acting on LZ(R? X R) be given by (¢, A} (g2)¥) =[5 Br (p, @)V 20 (p, q1)*dpdg,. It
follows from equation (2.14) and By (p, q) = Br ((q1, p2), (p1,q2)) that

A (q2) = (A% (q2) F FiGr(q2) Fa)e. (2.16)

2.1. Proof of Lemma 1.1

Proof of Lemma 1.1. The goal is to show that inf O'(H?Z) < inf a-(H;21 ). We proceed analogously to
the proof of [16, Lemma 2.3]. Let S; be the shift by / in the second component, that is, Sy (x, y) =
Y((x1,x2 = 1), (y1,y2 = 1)). Let ¢ be a function in D?/N with bounded support, for the case of
Dirichlet/Neumann boundary conditions, respectively. For [ big enough, S;i is supported on €5 x Q5
and satisfies the boundary conditions. The goal is to prove that lim;_,.(S;¥, H%Sld/) = (Y, H?‘z,b).
Then, since functions with bounded support are dense in DID/ N (with respect to the Sobolev norm), the
claim follows.

Note that (S;yr, VSi) = (¢, Viy). Let i be the (anti-)symmetric continuation of i from Q; x Q to
R2xR? as in Figure 1, givingy € H'(R*). Furthermore, using symmetry of K7 in p, and ¢» one obtains

1 = _ = o~ . = .
(S, K72 S) = 1 /R4 ¥ (p.q)Kr(p.q) [w(p,q) FU((p1.-p2). 9P 4 (p, (g1, —q2)) e

+T((p1,=p2), (91, -g2) ™ P | dpdg 2.17)

for [ big enough such that Sy is supported on Qy X Q5. The first term is exactly (i, K? "y). Note that
by the Schwarz inequality and since K7 (p, g) < C(1 + p? + ¢*) according to Lemma 2.1, the function

(p.q) = U (0. @) Kr (p. @I (p1.—p2). @) 2.18)

isin L' (R?>?) since ¢y € H'(R*). By the Riemann-Lebesgue lemma, the second term in equation (2.17)
vanishes for / — co. By the same argument, also the remaining terms vanish in the limit. O

2.2. Proof of Lemma 1.7

Proof of Lemma 1.7. To prove continuity of the function g, + inf O'(H} (g2)), it suffices to show that
forall 7 > 0 and p, Qo, Q1 € R there is a constant C(T', u, Qo, Q1) such that for all Qp < g2, ¢ < Q)
we have

IBr (p,q)™" = Br(p, (q1,95)) '] < C(T, 11, Qo, O1)lq2 — g5 (1 + p* + ¢3).

The claim then follows analogously to the proof of [16, Lemma 4.1].
We write

Br(p,q)™' = Br(p.(q1,45)) ™" = (a5 = 42) f (P 4. 45 = 42)BF' (p. (91, 45)) B (P, @),
where f is defined as in the following lemma.

Lemma 2.2. Let T, u, Q1 > 0 and define the function f : R*> x R? x R — R through

1
f(p.q.x) = )_C(BT (p,(q1,92+x)) = Br(p,q)) (2.19)
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forx #0and f(p,q,0) = 34,Br (p, q). Then f is continuous and for |q2| < Q1 there is a constant C
depending only on T, u and Q1 such that

C
1+p%+p%+q%

|f(p,q,%)| < (2.20)

The proof is provided in Section 7.1. Together with B}l (p,q) < C(1+p*+4¢?) (cfLemma 2.1) the
desired bound on |Br (p,q)™" - Br(p, (q1.45))~"| follows.

The function g> — inf o (Hj.(g2)) is even since (W, Hy.(=q2)yr) = (¥, H}.(q2)¥), where ¥ (r, z1) =
v ((r1,-r2),z1), which follows directly from the definitions of H} (q2) and K7 (g) in equations (2.8)
and (2.9) using radiality of V and substituting (p2,r2) — —(p2,r2). The divergence of inf o-(H} (q2))
as |qa| — oo follows since the function Br (p, ¢)~! in K7 (g») is bounded below by |p? + ¢> — ul; see
equation (2.2). O

2.3. Proof of Lemma 1.8

Proof of Lemma 1.8. The half-space Birman—Schwinger operator A]T (q2) for g; € R can be decom-
posed into a term involving A% (g2) and a perturbation involving G (g>) according to equation (2.16).
The operator AY.(g>) has purely essential spectrum and let a9 := sup o(AY.).

Below, we shall prove that G (g7) is compact. The part of the spectrum of A} that lies above a‘%
hence consists of eigenvalues.

We first argue that A! has spectrum above a®

T The Birman—Schwinger principle implies

T ()
1 _-1_ 0
sup a'(ATC, w (n) =44 = Aro(ay

We need to show that a(%o W a® The idea is to use that a). is strictly decreasing in T when the

T ('
supremum of o(AY.) is attained at zero total momentum and that 7! (1) > T2(2) at weak coupling. At

weak coupling A < Ay, inf o (H ) is attained at zero total momentum and T0 is uniquely determined

0
byinfo(H, 0

at zero total momentum, that is, a(% = sup a'(A(% (0)) for T < T2(1;). At weak enough coupling A < A,
we have T2(11) > T} (1) > T2(4). Using the strict monotonicity of a9

T‘J (@)
) = 0. The Birman—Schwinger principle implies that the supremum of a'(A(%) is attained

sup o (Agy o (1) = agy > dg, -

Hence, 17! is an eigenvalue of A! (n7(2)) and by the Birman—Schwinger principle H!

e (n(2)) has
an eigenvalue at the bottom of the spectrum.

To prove compactness of G (¢g2) defined in equation (2.15), we prove that its Hilbert-Schmidt norm
is finite. Writing out the Hilbert—Schmidt norm in terms of the integral kernel of G (g2) and carrying

out the integrations over relative and center of mass coordinates, one obtains

T ()

IG7 (42) s = /R V0. p2 = p3)PBr(p.)Br ((p1. p3). 9)dprdgidpadpy. (2221

Using Br (p,q) < C(T, u)/(1 + p*> + ¢*) (c.f. equation (2.2)) and Young’s inequality, this is bounded

above by
1/r 1 K 2/s
C(T,u)z( / |V(0,|p2|)|2rdpz) [ irmrs| ) amaa. e
R R\JR\1+p7+4q7+p;
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where 2 = 1/r+2/s. By assumption, V € L'NL' forsome > 1. Note that V is continuous by Riemann—
Lebesgue and V € L' N L™ for some 1’ < oo by the Hausdorff—Young inequality. In particular, due to

~ 1/r ~
the radiality of V, we can bound (/R [V (0, |p2|)|2r) < IVIZ + % ||V||§r, which is finite for the choice
% for some

K 2/s
r = t’ /2. With this choice, we have s > 1. Note that (fﬂﬁ(m) dpz) (T p7ra

constant C. Hence, the integral over py, ¢ in equation (2. 22) is ﬁmte for s > 1. O

3. Regularity and asymptotic behavior of the half-space ground state

In this section, we collect regularity and convergence results for @, (defined in Section 1.1), which we
shall use later to prove Lemmas 1.9 and 1.10. The asymptotics of 72(1) and T,! (1) for A — 0 are known:

Remark 3.1. At weak enough coupling, inf a'(HTg (/1)) is attained at zero total momentum [ 16, Remark

2.5]. Inthe case of zero total momentum, the asymptotics of Tc0 (1) were computed in [14, Theorem 2. 5] to
be |4~ l—e,, In —— T“(/l) | = O(1) for A — 0.Furthermore, [ 16, Theorem 1.7] implies that In —F— T(,(/l) —In —+— 7 (/1)
o(1) for A — 0. Therefore, |17 — ey In 0(1) as well. In particular, both 7°(1) and T (1) — 0
as 4 — 0 exponentially fast.

T} (/1)|

Let W, (r,z1) := %Vlﬂ(r)d),l(r,zl)X|r1|<‘Zl| as function on R3. Note that ||¥;|l» = 1 due to the

symmetry under (r{,z;) — —(r1,z1) and the normalization ||V1/2XQI<I>/1||2 = 1. The first convergence
result describes the asymptotic behavior of (1) and ¥, as 4 — 0. According to the Birman—Schwinger
principle, xg W, is an eigenvector of Az, (17(4)) corresponding to the largest eigenvalue.

Let

1 -
ja(r) = E/SI e VHdw. (3.1

Due to assumptions 1.2(2) and (5), the eigenvector corresponding to the largest eigenvalue e, of O,
has angular momentum zero and is given by [16]

VIR0 ja(r)
(foo Viniatrnpar)

y(r) = (3.2)

Let P: L2(R%) — L?(R?) denote the projection onto ¢° in the r-variable, that is,

PUGra) =0°0) [ G anar
For 0 < 8 < 1 let Qg denote the projection onto small momenta in g1, that is,

Qpy(roq1) =y (r QI)/“(MlI (T(!(A))B’

I

LetPL=H—PandQ;=1—ng

Our first convergence result for the minimizer of H is that for 4 — 0 the optimal momentum

T‘ @)
n(1) — 0 and ¥, concentrates at momentum zero in z; direction and approaches y° in the r-variables.
This is made precise in the following Lemma, whose proof can be found in Section 3.1.
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Lemma 3.2. Let u > 0, V satisfy Assumption 1.2, and let 0 < 8 < 1. For A — 0, we have

1. n(2) = O(T} ()
2. PR Yall; = 0()
3. Qs RYall; = 0(4).

For a function f depending on two variables, we define the mixed Lebesgue norm || f||;r;« for
tJ

{i, j} = {1,2}, as first taking the L9-norm in the j-th variable and then taking the LP-norm in the i-th
variable. The following estimate is analogous to [16, Lemma 3.7] and follows from the Cauchy-Schwarz
inequality.

Lemma 3.3. Let V € L'(R?) and ¢ € L*(R?> x R). Then

IA

o 12
sup( / |v1/2w<p,q1)|2dq1)
P R

”VUZWHL‘I’GL%

1/2

v
Sl (33)
Vs

IA

1/2
V20l = ( /IR sup|v1/2w<p,q1)|2dq1) <
p

To simplify notation, we shall sometimes write 7!, 5 instead of T} (1), 7(1). Recall the definition of
t(p1,q1,r1,z1) from equation (2.6) and note that due to the (anti-)symmetry of @,

1 . 1 —
par2 = —
) /le Hp1.qusri, 2)e PR @ (r, 2)drdzy = S®a(p. ). (34)

Combining this with the eigenvalue equation yo @, = A(K L (7](/1))‘1V)(§21 D, gives

T (V)
o 24 rorN i 4 ’ ’ ot r 1
Q1(p.q1) = ——=75 [ Brioy(ps (@1,n(0)) t(p1, g1, 11, 2)e P22V ()@, (r', 27)drdzy - (3.5)
(2m) / Q

for (p,q1) € R3.

To describe the asymptotics of @, for 4 — 0, it is convenient to split the function into dif-
ferent summands with different asymptotic properties. We use equation (3.5) together with ¥, =
%Vl/ 20, X|ri1<|z | to split @, into the sum CI>§ F ©4", where the first term uses the first two summands

of t(p1,q1,71,2})

ei(pr+qizi)

DG(r,21) = ‘/5/1/ Bri(p, (q1,m)V'2¥a(p, q1)dpdq, (3.6)

r (2m)%2
and the second term uses the last two summands of t(p1, ¢1, ri, zi)

ei(pr+qizi)

(Dix(r,ZI):\/z/l‘/R;sW

Bz (p, (q1,m)VV2¥a((q1, p2), p1)dpdqi . (3.7)
For j € {d, ex}, we further split (I>ﬁ = ®£’< + ¢£’>, where ®/-* for # € {<, >} has the characteristic
function y 2 g #2u in the integrand. Furthermore, let &% = @4-# £ @ex-#,

The following three lemmas contain regularity properties for ®@,, which are later used for dominated
convergence arguments in the proof of Lemma 1.9. Furthermore, they also contain information about
the weak coupling behavior of the different @®’* which is important for the proof of Lemma 1.10. The
first lemma is useful to prove that L, is of order O(1).
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Lemma 3.4. Let u > 0, let V satisfy Assumption 1.2 and let 0 < A1 < Ag. Then ||d)/1||LToL% < oo,
Furthermore, ||CI)g||LT,L§ =0(1) and ||c1)/elxv>”L?0L§ =0() as1—0.

To understand the asymptotics of L, the following result comes in handy.

Lemma 3.5. Let u > 0, let V satisfy Assumption 1.2 and let 0 < A < Ag. The function (r,z) —
VI2(r)|®a(r1, 22, 21)| is in L*(R*). Furthermore, as A — 0, the L*(R*)-norms of the functions
V()| @7 (r1, 22, 21) ], V'/z(r)|®§’<(r1,Z2,Z1)| and V'2(r)| @< (r1,22,21)| are of order O(Q),
017112, and O(A'/?), respectively.

This suggests that the only possible origin for divergence in L, lies in contributions from
V12(r) |(I)ff’<(r1, 22,21)|. In the proof of Lemma 1.10, we shall show that the L? norm of this term in-
deed grows as 171/2, resulting in the 1/ divergence of L,. Furthermore, we need the following for the
proof of Lemma 1.9.

Lemma 3.6. Let yu > 0, let V satisfy Assumption 1.2 and let 0 < A < Ag. Define the functions go, g+ and

g- onR? as
80(p2,q2) = /Rz ®,(p. 1)V xa@a(p1. 42, q1)dp1dg, (3.8)
and
8:(p2,q2) = /RZ &)A(P,m)[B}:l (p.9) —B}Cll (P> (q1,1) [ @a((p1, £¢2), q1)dp1dg:. (3.9

The functions gy and g are continuous and bounded and g.(p>,n) = 0 for all p; € R.

The proofs of these three lemmas are given in Sections 4.2 — 4.4, which may be skipped at first
reading.

3.1. Proof of Lemma 3.2

Proof of Lemma 3.2. Recall the operators A%, and AIT from Section 3, and let a; = sup O'(A;;). In
the proof of [16, Theorem 1.7] it was shown that aOT < alT for all T > 0. Recall the decomposition of
A} (q2) into A(% (q2) and G7 (g2) in (2.16). The operator norm of Gr (g2) is bounded uniformly in 7" and

g» according to [16, Lemma 6.1]. Recall that V2 X6, P is a normalized eigenvector of A'Tl W (n(v),

and note that L\/EXQIIPA = W¥,, where ¢ is the isometry extending a function defined on Q, to R?

symmetrically under (r1,z1) — —(r1,21); see equation (2.13). With the asymptotics T} (1) — 0 for
A — 0and a(% =e, In(u/T) + O(1) for T — 0 discussed in Remark 3.1, we have for 4 — 0

eyInu/TH)+0(1)=d,,  <adl =<%,A31w(n(1))%>+0(1). (3.10)

T () T

For g € R?, let By (-, ¢) denote the operator on L?(R?) which acts as multiplication by Br (p, ¢) (defined
in equation (2.1)) in momentum space. Note that

(P2, A ) (1) %) = /R (F¥a(.q1). V' 2By G (qrn()V' 2 E¥a( qn))dgr. (B
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According to [16, Lemma 6.8], there is a constant C(u, V), such that for all ¢ € R? and VS Lf (Rz)
with [|y]l2 = 1

W, V'2Br (. q)V'?y) < <w,0yw>ln(min{|qv—’“_|‘, %})kam{,,ann +C(p,V). (312

In combination, we have for 4 — 0

. H

i T < [ (W), 0uE ¥ gy i mind ——Y s w00,
(3.13)

We will use this to prove the three parts of the claim.

(1) We want to prove a bound on 77(4). Since e, = sup 0(O,,), we can bound
(F¥2(,q1), O 2P (-, q1)) < el 2P q1) 13-

. vE M ; i =
Moreover, clearly ln(mln{ Vo s }) < In(+/u/n(A)). By equation (3.13) and since || ¥, [|> =

1, there is a constant ¢ such that e, In(u/TLH() < ey, In(y/u/5(A)) + ¢ for small A. In particular,
()| < %Tl (1), that is, (1) = O(T}(A)).

(2) We want to bound ||P+ F>¥,||. Denote the ratio of the second highest and the highest eigenvalue
of O, by a, where a < 1 by Assumption 1.2(5). Then

J{Etaan. 0,1 Ca0)dar < eu(IEFAE +allP )
= eu(IRVAP - A - @I RYIP)  (14)
Therefore, by equation (3.13)
Inp/THA) < (1= (1= )|[P*F%1%) Inp/TH(A) + O(1) (3.15)
for A — 0. This means that |[P*F%.|> = O(1/lnu/T!(1)). According to Remark 3.1,

limy o Alnu/T}(A) = e;l and thus |PLF>%,)|% = 0(1).
(3) In this part, we bound ||Q/§F2‘I‘/1||. Let

W) =IQERA = [ IF g drd.
R la1 |>vﬁ(%)
By equation (3.13), we have for small A
1 1 ,UB
e Inpu/T (A) < (1-€(A))e,Inp/T, () +e(d)ey,In W +C (3.16)
(e}
for some constant C. Hence,
C
€() < : =0(1), (3.17)
(1=PBeyInp/T: (1)
where we used limy_o AInu/T} (1) = e,;' (Remark 3.1) in the last step. o
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3.2. Proof of Lemma 3.4

Proof of Lemma 3.4. The goal is to prove ||(I>/1||LIOOL§ < oo, as well as ||CD§||LTOL§ = O(1) and
”q)ix’>||L;’°L§ = 0(A) as 1 — 0. If we show ||d>j‘{||Lf0(Rz)L§(R) < oo and ||‘Df1x||L;>°(R2)L§(R) < oo, the
Schwarz inequality implies ||®,|| Lo (R2)L2(R) < -

We shall first prove that ||| Ler2 s finite and of order O(1) for 2 — 0. Using the definition of ®4
(3.6), we have

15 (r, )3
_ eip=p)-r —_—
=247 /R5 VI2¥a(p’, q1)Bri (P, (g1, n))(zT)zBTcl (P, (q1.m)V*¥a(p, q1)dpdp’dg,
— ei(p=p"-r —_—
<227 sup sup / V124 (p") By (p', (q1,1m) ——==5—Br1 (P, (g1, M)V 2y (p)dpdp’
@1€R yeL2(R2), ||y |p=1 /R ‘ (27) <

(3.18)
For fixed r, the latter integral is the quadratic form corresponding to the projection onto the function

g (r') = ﬁFl B (r—=r",(q1,n))V'/2(r"). Hence, taking the supremum over i, equation (3.18) equals

oilp=p")r R , , /
24° sup |16 I3 =22° sup /w ~G B P (a1, mV(p = p")Bri(p', (q1,m)dpdp’.  (3.19)
q1€ q1€

We split the integration into p? > 2u, p> < 2u and p’? > 2u, p’? < 2u. Using the upper bounds on By
stated in equation (2.2) leads to the bound

2
222 | =
@4 ,-2§— V| SU /B s , d
D4 (r, I3 PE v qlp( . 71 (P, (g1, M) X p2<2,dP
+2su B ,(q1, Vip-p' dpdp’
q]p/RA 71 (Ps (q1.m) X p2<0ulV(P— P )|l+p’2 pdp

Cc - c
+ Vip-p' dpdp’ 3.20
,/R41+p2| (p p)IHp,zpp (3.20)

for a constant C independent of 1. We start by considering the first term in the square bracket. Note that

||\7||oo < % < 0. For fixed T > 0, the function By (p, ¢) is bounded, hence the term is finite for fixed

A.For T — 0, we have

sup [ Br () = O(Inu /1), (321)
g€R? R?

To see this, we first apply the inequality [12, (6.1)]

1
Br(p.q) < E(BT (p+4,0)+Br(p—q,0)). (3.22)

This gives the upper bound sup, cg> /RZ Bt (P, 0) X (p-q)2<2udP- The vector g shifts the disk-shaped
domain of integration but does not change its size. In particular, the contribution with p> < 2u is
bounded above by /R2 Br (p,0)xp2<2,dp = O(Inp/T) [14, Proposition 3.1] while the contribution
with p? > 24 is uniformly bounded in T since Br (p,0)x 252, < C(u)/(1 + p?) by equation (2.2).
Since for 1 — 0, we have In u/T! (1) = O(1/2) by Remark 3.1, the first term in the square bracket in
equation (3.20) is of order 1/4% as 1 — 0. For the second term in the square bracket, we use Holder’s

https://doi.org/10.1017/fms.2024.145 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.145

16 B. Roos and R. Seiringer

inequality in p’. By assumption, V is in L' (R?) for some ¢ > 0, thus by the Hausdorff—Young inequality
we have V € L', where 1 = 1/t + 1/t. Hence, the second term is bounded by

(3.23)

=~ C
2s B , (g1, dpllVIe||——=
w [ By 011, P |
which is finite for fixed A and of order O(1/4) for A — 0 by equation (3.21). Using Young’s inequality,
one sees that the third term in the square bracket is bounded. Taking into account the factor A2 in front

of the square bracket, we conclude that ||(I)f{(r, J) ||§ = O(1) uniformly in r.
We shall now show that for fixed A, ”q)leHLf"Lg < coand [|®5"7 ||L(IX,L§ =0(2) as 1 — 0. We have

L (RZ),

i(p—p’)r

A2 — 2 ’13\ ’ ’ ’ e
195l =22 [ VIP¥(ar. ). ) B (0 a1.00)

X VI2%,((q1, p2), p1)dpdp’dg;.  (3.24)

Bri(p,(q1.m))

Similarly, we get an expression for ||CI>fl"’> (r,) ||§ if we multiply the above integrand by the characteristic

functions y, Using the bounds for Br in equation (2.2), we bound [|®4* ”i“ 2 and
172

2+q12>2yXp'2+q12>2y'
@72, above b
105712, y

1
L+p2+q3 1+p>+q]

c [ WP (. p)) VIR((a1, ). p1)ldpdp’dgr, (325)

where the constant C depends on u and A for the bound on [|®%* ”imLZ but is independent of A for the
|

bound on ||<I)fl)"> ||iTo s Using the Schwarz inequality in p; and p| and then the bound on the mixed

Lebesgue norm in Lemma 3.3, we get the upper bound

1/2
— 1
CA*|Vi2y zw / /— f dp,dpid

VI (3.26)

Therefore, ||<I>fl"||leL§ is finite and || @5 ||L<IX,L§ =0(A). m|

3.3. Proof of Lemma 3.5

Proof of Lemma 3.5. The goal is to show that the function (r, z) — V'/2(r)|®,(r1, 22, z1)] is in L2(R*)
and that for 1 — 0 the L2(R*)-norms of the functions Vl/z(r)|<1>;(r1 ,22, 21|, Vl/z(r)|<1>j’<(r1 ,22,21)]
and V'/2(r)|®5"=(r1, 22, 21)| are of order O(A), O(17'/?), and O(2'/?), respectively.

By the Schwarz inequality, it suffices to prove that for j € {d,ex} and # € {<,>} the inte-
grals fR4 V(r)ICDJ (r1,Z2,Zl)|2drdZ are finite for all g > A > 0 and that as 4 — 0, we have
Jos VIOI®L™ (11, 22, 20)Pdrdz = O(A2) for j € {d,ex}, [, V(N)I®F=(r1,22,20)Pdrdz = 027
and [, V(r)|®5"=(r1,22,21)|*drdz = 0(2).

Using the definitions of the different d)ﬂ’# (see equations (3.6) and (3.7)), one can rewrite for
#e{<,>}

/R VIR (1, 22.21) Pdrdz = 247 /R V(o1 = p10)Bra (P p2)- (g M)V P¥(p]. 2. 1)

X Br1(p: (qu MV PYa(p. 40X p2sgpiopX prpiegrinndp1dpidpadgr - (3.27)
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and

[ v oz zardz =2 [ V1= ph 0B (0l p2). (a1 )V a1, 2. )

X BT(l (p> (qls U))V] /Z\P/l(qh P2, p1)XP2+q]2#2,uXp;2+p§+q]2#2udp1dpidpqul .
(3.28)

For dell’>, with the aid of the bound on Br in equation (2.2) and the estimate for mixed Lebesgue norms
in Lemma 3.3 the expression is bounded by

1 1

C2|VIy /W s 211 e +p2|IV1/2‘I‘4(~,ql)llidqldpidpldpz < CP|VIFIIPAl < oo,
1 2 1 2

(3.29)

where the constants C, C depend only on y. For CDflx’> we use the bound on Br in equation (2.2) and
the Schwarz inequality in p; and p/ to bound equation (3.28) by

c2 V| /
RZ

where we used the estimate for mixed Lebesgue norms from Lemma 3.3 in the second step. Again, the
constants C, C depend only on p.
For CIDj’< we bound equation (3.27) above by

2
1

L+ P+pi+q?

dpadiIV'2¥al7, 2 < CAIVIRIALE, (3.30)
L2(R)

IVl , Thw

— | Bra (P (40.m) By (1. p2). (a1, IIVI2ELC gD g2 <2y
X /\/p12+p§+q12<2,udpdpidql

vz

< Fﬂz sup/ Br1(p, (q1.m)Bri (P, P2)s (@)X p2rgp <ouX pr2ap2egp <2 dPdpy,  (3.31)
T q1€R JR3 ¢ < 1 1 TP

where we used the bound on mixed Lebesgue norms from Lemma 3.3 and ||¥,||> = 1 in the second step.
For fixed A, this is finite because BTCI is a bounded function. For 4 — 0, the first part of the following

lemma together with the weak coupling asymptotics of 7! stated in Remark 3.1 imply that this is of
order O(A71).

Lemma 3.7. Let u,C > 0. For T — 0, we have

sup / Br(p.q)Br ((p}.p2).q")dp1dpidps = O(Inp/T)>. (3.32)
q.q'€R? JR?

Furthermore, for every 0 < 81 < u there is a 65 > 0 such that for T — 0

bl <6 /Rz(l ~ Xyumon<p2<uren X pr<ao Xpr2<as) B (P, @) Br (P, p2), @')dp1dp]dps
ql,lq’'|<62

=0 (Inu/T)">. (3.33)

The second part of this lemma will be used in the proof of Lemma 1.10 to compute the asymptotics
of L;. The proof of Lemma 3.7 can be found in Section 7.2.
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For d)ix’< we bound equation (3.28) above using the bound on mixed Lebesgue norms in Lemma 3.3
and ||¥,|]> = 1, which gives

/12
Sz IVIRIBL Gl (3.34)

where B;x’z(g ) is the operator acting on L?(—~/2u, /2u1) with integral kernel

B (&)(ph, p1) = /Rz Br ((p}.p2): (q1.6)Br (p. (41, )X pupropdandpa. (3.39)

The superscript 2 indicates that there are two factors of By, as opposed to BS* which is defined later in
equation (5.8). The following lemma together with the asymptotics of 7! (1) from Remark 3.1 and the
fact that (1) = O(T! (1)) (see Lemma 3.2(1)) implies that equation (3.34) is bounded for fixed A and
of order O () for 4 — 0.

Lemma 3.8. Let ¢, u > 0. Then sup| ¢ .1 ||B;X2(§)|| is finite for all T > 0 and of order O(In u/T) as
T —0.

The proof of Lemma 3.8 is given in Section 7.3. O

3.4. Proof of Lemma 3.6

Proof of Lemma 3.6. Recall the functions g, g, and g_ on R? defined as

80(p2,q2) = /RZ ®,(p. 1)V xa@a(p1- 2. q1)dp1dg, (3.36)
and
8:(p2. ) = /Rz 54(17,611)[3;5 (p.@) = B (p. (q1.m) | ®a((p1. £42). 1)dprdgr.  (3.37)

We aim to prove that the functions gy and g. are continuous and bounded and g.(p»,n) = 0 for all
P2 € R.

For functions ¥ on R3, let Sy (p1,p2.q1) = w(p,.q1) + ¥ (=p1,p2,—q1) F ¥(q1,p2.p1) F
¥ (=q1, p2.—p1). For p,q € R%, let

L%(p. q) = ABg1(p, (q1,m)), (3.38)

L*(p.q) = By (p. (q1.1) | By (p. @) = B} (b, (a1.0) | Bry (01 %42, (1) (339)

Using the expression for @, in equation (3.5) obtained from the eigenvalue equation we have

go(p2. q2) = /Rz SVxa®@a(p. 4L (p. 9)Vxo®a(p1. 2. 91)dp1dq, (3.40)
and
g+(p2.q2) = /Rz SVxa®@a(p.q1)L*(p. 9)SVxo®a(p1. =42, q1)dp1dg:. (3.41)
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Note that g, (p», ) = 0since L*(p, (¢1,7)) = 0. For measurable functions ¢, > on R? and p,, ¢» € R
we obtain using the Schwarz inequality in g

1
[ 101012l —— a2 g0ldmday
R2 1+p1
1
< / _dp1 sup 11 (9, Mlzzgey sup 2 (2, 2 e) (3.42)
r 1 + P peR? peRr?

and using the Schwarz inequality in g1, p;

1
/Wl(PI,PZ’QI)|ﬁ|‘ﬁ2(‘I1"12’171)|d171dql
R2 1+p1+q1

1
< [y sup 1 (b Musce) s0p 120,z (3.43)
R 1 + D] peR? peER?

—< 9 i
equation
1+p|2+q12 Yy €q

(2.2). Similarly, the bounds on By in equation (2.2) and Lemma 2.1 imply that there is a constant C
independent of p, g but dependent on A such that

There is a constant C independent of p, g (but dependent on 1) such that L°(p, ¢) <

C(1+p>+4% < 2C
(1+p2+g)(1+pi+¢>) ~ 1+pi+a]

L*(p,q) < (3.44)

It follows from equations (3.42) and (3.43) that there is a constant C such that for all measurable
functions 1, > on R3 and p», P5q2.q95 €R

|/Rz Su1(p,q) LY (p1., ph, q1, 452 (P15 g2, q1)dpidg
< C sup Y1 (ps 2wy sup 1¥2(ps ez w)s (3.45)
peR? peR?
and similarly
)/Rz S (p,q1)L*(p1, p5. q1,45)SY2(p1, g2, g1)dp1dg,
< C sup [[Y1(p, 2wy sup lY2(ps 2w - (3.46)

pER? peR?

In particular it follows from equations (3.40) and (3.41) with the mixed Lebesgue norm bounds in
Lemma 3.3 and the normalization ||V'/2 g ®,ll> = 1 that g and g. are bounded.
To prove continuity, first note that

Vxa®i(p1.p2 +€.q1) = Vxa®a(p. q1) = Wexa®a(p. q1). (3.47)
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where W (r) = V(r)(e~"€" — 1). We only spell out the proof for g., the argument for g is analogous.
For all p,, g» € R, we have

g+(p2+e€,q2+€) —g:(pa,q2)

=/2 Sm(m,m+6,611)L1(P1,P2+6,611,612+E')Sm/1(m,if12’fh)dpld41
R
+/2SWA(P,QI)Li(Pl,PZ+E,QI,CIZ+E/)Sm(l71’iq2sql)dpldql
R

+ /Rz SVxa®a(p. q1)(L*(p1. p2 + €.q1.q2 + €) = L*(p, 0) SV xa @1 (p1, 42, q1)dp1dg.
(3.48)

Using equation (3.44) it follows by dominated convergence that the last line vanishes as €,¢’ — 0.
Furthermore, note that by the mixed Lebesgue norm estimates in Lemma 3.3

172
_ IWell, 12 IWellx
IWexa®allzrz, < =5 IWe'xa, ®alb< = 1@allp 2, (3.49)
where ||®,]|;«;2 < co was shown in Lemma 3.4. Since [[W¢||; < |€]]|| - [V]];, it follows from equation
T Z]

(3.46) that the first two lines in equation (3.48) vanish as €, ¢’ — 0. In particular, g. are continuous. O

4. Proof of Lemma 1.9

This section contains the proof of Lemma 1.9, where we compute lime o (¥ {, U H?f W U Tz//j). Recall
from (2.6) that ‘

t(p1,q1,71,21) = l(e*i(mrﬁmzl) + el pir+qizi) ¢ ~i(przivqin) £ ei(P121+q1V1)) 4.1
b b b 2 . .
Let Qs = {(r,z) € R*xR2?||r1| < z1, |r2] < z2}. Analogously to the expression for UK?‘ UT in equation
(2.7), we have

2
dpdq

1
(WE,UH?ZUTWD = ./1[«4 BT(PJ])_I‘/f22 Wl(m,611,r1,Z1)t(P2,92,r2,Z2)¢§(r,Z)drdZ
—/1/ V(r)|ys (r, z)|*drdz. 4.2)
Q

Since the function wj defined in equation (1.5) is symmetric under (rp,72) — —(rz,z2) and
(anti)symmetric under (r, z2) — (z2,72), we have

1 ) .
/ t(p2,q2, 72, 22)Y 3 (r, 2)drdzy = 5/ e !PTty S (r, z)dradzo (4.3)
[ral<z2 R2
and
1
/I ‘ V(s (r,2)|*dradzy = Z/Z(V(r)X|r2|<|zzl + V(1 2) Xz <in DIV (1, 2) Pdradzy. (4.4)
<z R
Comparing with the expression for U K?‘ UT in equation (2.7), we obtain

1
Wi UH: UMD = W5 Hey o 05),
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where the operator H% is given by
H% = UK§21 Ut - /lV(r))(|r2|<|zz| - /lV(r19ZZ)X|z2|<|r2| 4.5)

acting on L?(Q; x R) functions symmetric in r and antisymmetric/symmetric under swapping r < z»
for Dirichlet/Neumann boundary conditions, respectively. Let us define K% = UK;21 Ut.

The trial state 7 has four summands, which we number from one to four in the order they appear
in equation (1.5) and refer to as |j) for j € {1,2,3,4}. By symmetry under (z3,72) — —(z2,r2) and
(r2,z2) = (22, r2), we have

4
W Hyw§)y =4 ) (L Hy ). 4.6)
j=1

For each j € {1,2,3,4}, we write

(LHL, ) = (L (KZ, = V) + (L V(DX fz)<in ] + AV (11 2) Xl <(z))) = (L AV (r1.22) ).

4.7
We shall prove that
4
. 2 P\ —
lim Zla, (Kj, = AV (r)j) =0, “8)
=
4
Ly = lim Z(l, V()X z)<ira) +V(r1 2) X i 1< 12210 4.9)
e—0 =)
and
4
Ly =—liil})z;(1,V(r1,Z2) N3 (4.10)
=

where L and L, are the expressions in equations (1.7) and (1.8). In particular, it follows that

lim (y . UHBU™ ) = A(Ly + La).

4.1. Proof of (4.8):

We argue that all summands vanish as € — 0.
j=1: We first show that

2

€ —
———1®a(p, q1)*dpdg.
€ +q5)

1
2 —
(1, ~ v = 5 [ (

BLi(p. (q1.92+m) = By (p. (q1.1))

A.11)

Using eigenvalue equation K}J (Mxa, @a = AV xg, @i together with the expressions (2.7) and (2.9) for

K?' and K} (q2), respectively, we observe that

https://doi.org/10.1017/fms.2024.145 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.145

22 B. Roos and R. Seiringer

(L, (K7, = av(r)1)
1

= @, (r,z)t(p1,q1,71,21)€ P
20 Jiaey a(r,z)t(pr, qi,r1,21)

/ B (p, )i (1) Gm-e(2b i gy,
R c

B (p. (q1.m)e>1212m8 (25 = 25) |t(p1. g1, 7{. 25)e P2 @ (1, 1) drdzdr’d2’dpdg,

4.12)

We shall carry out the 7,7/, z, 7" integrations. Integration of —~¢ - e~'P2"2®, over r, z; gives %d’);

2n )3/
(c.f. equation (3.4)), and for the integration over z3, 7}, we observe

. 2e
61(77*512)Z2ff|22|dz2 — ,
./R €2+ (17— q2)*

277/6_25‘@' =2re! = / —462 dgz
R r (€2 + (1 - q2)%)?

In total, we obtain

2

€ —
@+ -2 |®.(p. q1)1*dpdg

1
(& = v =5 [ 1810 = B0 @)

(4.13)

and substituting g» — g2 + 1 we arrive at equation (4.11).
For |g2| > 1, using B}l (p.q) < C(1+p*+4?) (see Lemma 2.1), we bound the integrand in equation
2 2 2y —
(4.11) above by wwl@,ql)l? Since ®; € H'(R?), the integral vanishes as € — 0. For
2

|g2| < 1, substitute g — €g, and use that

;' (B (P (q1.q2 +m) = BLi(p. (q1.1)) = = f(p. (q1.m).42) By,1 (P (q1.92 + M) By (p. (q1.1)),

where f is defined as in Lemma 2.2. The integral then equals

[ Hlarl<e- 1f(p, (q1,m), qu)BTl(p (ql,eqz+n)BT1(p (q1.m))

o —2)2@/1(17 ,q1)|*dpdgq.

(1+
(4.14)

By Lemma 2.2 and Lemma 2.1, the integrand is bounded above by the integrable function

g2 B

T2 Da(p.qn)*. (4.15)
2

C(1+p +q1)

Thus, by dominated convergence, continuity of f and Br and since /R #dqz = 0, we have
2
lime (1, K2, —AV(r)1) =
j=2: We d1st1ngu1sh the cases n(1) =0 and () # 0. If n(2) = 0, D, (r, z1) is either even or odd in

rp. The term for j = 2 hence agrees with the term for j = 1 or its negative and hence vanishes in the
limit. For n(4) # 0, the intuition is that integration over z2, z} approximately gives a product of delta

functions §(g2 — 7)5(g2 + 1) = 0. Using that the integral of =7 - e~'P2"2®, over r, 7] gives 2d>,1

(€24 )3/
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(see (3.4)) and e~iP2"2 = ¢~i(=P2)(-72) we have
(1 (K7, = AV(1)2)
= % /RG Da(p.q1)By) (p. q)e 1 @Wurilre s (G0 @, ((py, ~p2). q1)dz2dzydpdg

- / @, (r, 2)AV(r)DP(r1, =12, 21) e 2127 2€1214p 47 (4.16)
QxR

Carrying out the z; and z) integrations gives

(1, (K7, = AV(1))2)

I €2 N
q> B! Q) ,—p2)>q1)dpd
=5 a(p,q1)B, (P ) (62+(n_q2)2)(62+(n+q2)2) A((p1,—p2), q1)dpdg
—[ @ (r, 21)AV (1)@, (11, rz,Zl) drdZ1 (4.17)
Q)

Using the Schwarz inequality in the r, variable, we bound the absolute value of the second term by
€4 fQ V()| @a(r, z1)|?drdz; < f’l||V||1||CI>/[||2 Tt was shown in Lemma 3.4 that [|®]| =2 < o0

and hence the term vanishes for € — O To bound the absolute value of the first term in equation (4.17),
we first use that B, Y(p,q) < C(1+p?>+4?*) by Lemma 2.1 and the Schwarz inequality in the p, variable
and then use symmetry to restrict to g» > 0 and distinguish the cases |qg2 — | s €

e2(1+p*+47)
rt (€24 (n—g2)H) (€2 + (n+q2)?)
< 2C/ /oo X|q2—77\<e(] +P2 +612) + X|q2—17|>e€2(1 +P2 +q2)
R3 0

(1= q2)> + (n + q2)? (1= q2)*(n + q2)?
There is a constant C(n) such that the first term in the square brackets is bounded above by

Xigy-n>e €2 (1+p+q})

1®,4(p, q1)*dpdg

1®,(p, q1)*dpdq;.

(4.18)

dgz

C(M)X|go-n|<e(1 + p? + q}), and the second term is bounded by C(1) ) . This gives
the upper bound
~ . Xlg-n|>e€
C| [ Petmeiee + 25T g | 0al? (4.19)
o lg2-nl<e (n—qz) l H'(R3)"

The remaining integral is of order O(¢€) as € — 0, and thus the term vanishes in the limit € — 0.

j=3,4: Using the eigenvalue equation K T (Mxa, ®a = AV xg, P, and that the integral of G )3 ot
@, over the spatial variables gives %tb 2 (see equation (3.4)), we have
(L, (K7, = V()]
1 A - - —i(n- —i(Fr r;— r}
= |8—n /Rﬁ ®a(p, q1)(BT:1 (p.q) = B (p. (41, n)))e i(n-g2) 22 (Fn+pa) e (Izallrs )
X B, ((p1,+42), g1)dexdrdpdg]. (4.20)
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where the upper signs correspond to j = 3 and the lower ones to j = 4, respectively. Carrying out the
integration over r} and z; and substituting g2 — €g2 + 1, p2 — €p2 + 17 we obtain

(L, (K7 = AV ("))

1

1 = 1 _
s [ B orepaeman s Bl (epa £ 1), (a1 eq2 + )
27 Jra 1+pil+g3l T

~ By} ((p1.€p2 £ 1), (q1.1) | ®al(p1. £(eq2 + 1) 01)dpdg|.  421)

With the definition of g. as in Lemma 3.6, the latter equals

‘L/ 8+(ep2 £ 1. €92 +1)
2w R2

dpquz|. (4.22)
(1+p)(1+43

With Lemma 3.6, it follows by dominated convergence that lim, (1, (K% | AV(r))j)=0.

4.2. Proof of equation (5.9):
We have

4

Z(l, V() Xzl <iral + V(1 22) X <22 J) = /Q

i R(V(r)/\/\z2|<|r2\+V(rl’ZZ)XIrgKIzzI)q)/l(r’Zl)
=1

11X
X (q)/l(r, z)e 212l L @ (ry, =1, 21)e 261217202 £ @ (£, 20, 71) e € I ¥ I2D I (227r)

F (11, —22, zy)e” € PRI E) ) grdz, (4.23)
The claim follows from dominated convergence provided that
'/Rj4(v(r)/\/\zzl<|rz| +V(rlsZZ)X|r2\<|22|)|q)/l(r’Z1)|(|¢)/l(rszl)| +|@a(ry, —r2, 21)l
+10(r1, 22,20+ [@a(r1, 22,20 Jdrdz (4.24)

is finite. Using the Schwarz inequality in z; and carrying out the integration over z», this is bounded
above by

4'/R3(V(r)/\/|zzl<|r2| +V(r1, 2) X in <l M Pallpe 2drdzs < 16/RZ V() lraldr([®allper2. (425

This is finite since ||®;]|;«;2 < co was shown in Lemma 3.4 and |- |V € L' by assumption.
172

4.3. Proof of equation (4.10):
j=1,2: We have

(LV(r,22)1) = / V(r1,22)|®a(r, z1) Pe €12 ldrdz (4.26)
Q]XR
and
<1,V("1,Z2)2>=/ V(r1,22)®(r, 21)®a(r1, —r2, 21) e 2€ 12172024, 4.27)
QxR
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In both cases, we can apply dominated convergence since V (r1, z2)|® (7, z1)|*> € L' (R*) by Lemma 3.5
(and using additionally the Schwarz inequality in the second case) and obtain the first two terms in L.

j=3,4: We start with the case of Neumann boundary conditions. Rewriting the expression in momen-
tum space, we have

(LV(r1.22)j) = / V(r1,22) X, @a(r, 2)@a(r1, £22, 21)e” <1212 g€ l2inn gy g
Rél

62

(€ +(p2Fm?)(e* + (p; F1)?)

2 = o ’ ’
= /RA @a(p,q1)Vxa@Pa(p1. 3. q1) dpi1dp2dpsdg;

2 !’ !
== / . go(ep2 £ 1m,€py £ 1) dpodp),  (4.28)
R

1
m (1+p3)(1+p)

where the upper/lower signs correspond to j = 3 and j = 4, respectively, and go is defined as in

Lemma 3.6. It follows from Lemma 3.6, dominated convergence and fR ﬁdx = 7 that

lim (1, V(r1, 22) ) = 2780 (2, +n). (4.29)

For Dirichlet boundary conditions, this comes with a minus sign.
5. Weak coupling asymptotics
In this section, we shall prove Lemma 1.10. We prove the desired asymptotic bounds L; = O(1) and

Ly < —C/Aas A — 0in Sections 5.1 and 5.2, respectively.

5.1. Asymptotics of L,

‘We recall the definition of L;

2 2
| @A (71,72, 20)]7 + [@a(r1, 22, 21)]

Ly =[ Xzl <IrsV ()
QxR
+ @ (1,72, 20)@a(r1, =12, 21)e 21 D2 £ @ (1, 22, 21)Pa(r1, —22, 71) e 21"

FO(r1, 72, 21)@a(r1,22,21)e TV 2 @ (r1, 20, 21) @ (11, 72, 271 ) e TV 02722)

F D (r1, 12, 20)Pa(r1, —22,21)e TV £ @ (1, 22, 21)@a(r1, =12, 21) eV 2422 N drdz.
5.1)

The goal is to show that L; is of order O(1) as 4 — 0. By the Schwarz inequality, it suffices to
prove that /leRXIZz\<|rz|V(”)(|q)/l(r1,Vz,z1)|2 + |®1(r1,22,21)|>)drdz = O(1). Furthermore, since

D, = d)j{ F d)flx’< F @jx’> (see equations (3.6) and (3.7) for the definitions), again by the Schwarz
inequality it suffices to prove

[ KemV @)z Paraz = o (5.2)
QxR
and
/ X|z2|<|r2|V(r)|¢’ﬁ(r1,Z2,Z1)|2drdz =0(1) (5.3)
QxR
for j € {d, (ex, <), (ex,>)}.
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Case j € {d,(ex,>)}: In Lemma 3.4, we show that suprng/]R |d>£(r,zl)|2dzl = O(1). Both
equations (5.2) and (5.3) follow since | - [V € L.

Case j = (ex, <): Let W (r) :=2|rp|V(r) and W(r) := fR V(r1,22) X|rs|<|zo|922. We have W1, W, €
L' (R?). Note that

/ X\zz|<|r2\V(r)|<1>3x’<(r1,rz,Z1)|2drdz=/ Wi ()| @55 (r1, r2, 21)|2drdz (5.4)
QxR Q)
and

/ X|zz|<|r2\V(r)|d>3X’<(r1,zz,Z1)|2drdZ=/ Wa ()@= (r1,r2, z)1Pdrdzy,  (5.5)
QxR Q)

where we renamed z, < r;. For any L'-function W > 0, we have

1/2
(/ W(r)| @7 (r1, 72, Z1)|2drdzl)
Q

=W b= sup [, W)
YeL2(Q), |l l2=1
< V21 sup L0140 By (0. (@110 5
Y1, €L2(R3), [y ||=llye|I=1 /R
X V12y5((q1, p2), p1)|dpdgi, (5.6)
where we used the definition of CD/elx’< (see equation (3.7)) and the normalization ||¥,|| = 1 in the

12

VNEY (- 1) Iz, and similarly for [V1/2y5(p, q1)|. Thus,

last step. We bound |m(p, q1)| < |[W]|
equation (5.6) is bounded above by

V2IWIL VI 1B (), (5.7)
where B (q2) is the operator on L*(R) with integral kernel
B (q2)(p1.q1) = /RBT (P DX p2 <2y, dP2- (5.8)

It was shown in [16, Proof of Lemma 6.1] (see equation (5.16) and rest of argument), that

sup sup|| B (g2)|| < co. (5.9)
T q»

In particular, we conclude that /521 Wi ()| D= (r1,r2,21)[*drdz; = 0(A%) for k € {1,2}.

5.2. Asymptotics of L,
Recall that

¢2ﬂ/
R2
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|4 (r1, 22, 20) [ + @ (71, 22, 21) P (r1, —22, Z1)€_2i"(/l)r2)drdz

®,1(p1.1(D). ) Vxa@a(p1.1(). q1) + @a(p1. —1(1). 41)Vxa@a(p1. —1(A), ql))dpldql.

(5.10)
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The goal is to prove that L, diverges like —1~! to negative infinity as A — 0. We shall prove that the
second line in equation (5.10) is of order O (1) as 4 — 0. For the first line in equation (5.10), we shall
prove that it is bounded above by —cA~! for some ¢ > 0 as 1 — 0.

Second line of equation (5.10): Let £ € {n, —n}. Consider the expression

|‘[R2 1(p1, €. q1)Vxa®@a(p1. €, q1)dpidg:

which agrees with | g (&, €)| in equation (3.8). Recalling the expression for gg in equation (3.40) involving
L? and S defined at the beginning of Section 3.4, we have

)/Rz@(m,f,ql)m(m,f,ql)dmdql

< [ (Txa®aon.€a0)] + [Txa®@iC-p1. &0

+ Vxa®a(q1.£. p)D) + [Via®a(=q1. £, =p1)) Br1 ((p1.€). (q1.0) |V xa®@a(p1. €. q1)|dp1dg,.
(5.11)

Using the Schwarz inequality and IV)(ng/z (P1,€q1)| < ||V)(Q<I>,l( q1) || this is bounded above by

44 [ B (). @) Vi@ dpida

<atsup [ Bry(p1O). (@) TP e o (5.12)
q1€R

where in the second step we used that fRBTcl((pl,f),(ql,r]))dpl acts as multiplication opera-
tor on ||\7/\75;§1( q1)|l- Using the bound on the mixed Lebesgue norm in Lemma 3.3 and since

||V1/2)(Q ®D,|l» = 1, we have ||V)(Qd),1|| < ||V|];. The following lemma together with the

LZ(R)LP(R?) —
weak coupling asymptotics of 7! (1) and 1(7) in Remark 3.1 and Lemma 3.2(1) imply that equation
(5.12) is of order O(1).

Lemma 5.1. Let £(T), &'(T) be functions of T with limg 0 £(T) = limp 0 &' (T) =0. Thenas T — 0,

SUP/RBT((Pl,f(T)),(m,f’(T)))dpl = O(Iny/T). (5.13)

q1

The proof can be found in Section 7.4.
First line of equation (5.10): Recall from Section 4 that ®; = @7 + <I>f’< F O, We

show in Lemma 3.5 that the L?-norms of V'/2(r)®7(ri,z2,21), V'/2(r)®%=(r1,22,21), and
Vl/z(r)dbflx’<(r1,12,zl) are of order O(1), 0(171/?), and 0(1'/?), respectively. It follows with the
Schwarz inequality that the first line of L, in equation (5.10) equals

G
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Note that @j’< (r1,z2,21) = (I)ff’<(—r1 ,72,—21). We rewrite the expression in equation (5.14) as

d,< d,< =2in(A
(D (rl7Z2’Zl)+® (r17_Z25Zl)e 177( ) Xr1<zl drdz
A A

1 —
—5/ V(@L< (r1,22,21)
R4

1 —_—_—m
-3 [ Vol iz
R4

O (r1, 22, 21) + @V (r1, —zz,z1)62i"(’l)r2)drdz

1 —
+§/ V()@= (r1,22.21)
R4

q’j’<(r1, 22,21) + dell’<(r1, —-22, 11)6_2"'7(’1)r2),\/|Zl |<jr|drdz.  (5.15)

We first consider the last line in equation (5.15) with the restriction to |z;| < |rj|. We prove that this
term is of order O (1) as 4 — 0. Second, we will prove that the expression on the second line in equation
(5.15) is bounded above by —cA7! for some constant ¢ > 0as 1 — 0.

Asymptotics of third line in equation (5.15): Define W € L' (R3) by W(r, z1) := V() x|z, |<|n|- BY
the Schwarz inequality, it suffices to prove that fR4 w(r, z1)|¢>g’<(r1, 22,21)|?drdz = O(1) for 1 — 0.
Using the definition of dD‘;’<, we have

f W(r, 20|04 (1. 22, 21)Pdrdz
R4

212

e /R W((p1 = p1,0).q1 = a)Bra (p. (q1.m)

X VI/ZIP/I (p’ ql)BT(I ((pi’ pZ)v (qi7 n))vlm‘{‘/l(pi’ P2, ‘11))(p2+q12<2,,)(p12+p§+q12<2,1dpdpidfhdfﬁ .
(5.16)

Using [W(p,q))| < b and [IV/2¥(,q)le < VI IIF2%a( gl we bound this from
above by

/12
F”WHI ||V||1 AS BT(J (p9 (qlv n))BTFI ((p;’p2)’ (q;7 n))Xp2+q12<2#Xpiz+p%+qiz<2/4

X |Fa¥a (-, g1) 2 lF2Ya(-, g7) o dpdpidgidg;

/12
< —|[|W[h|lV
AWV

sup /R B (0. (q1.m) By (P P2)s (@1 WX pr2agapi<apX pregi <2, 4P AP
q1,9] €R

2
< [1E2aC a0t dan) 5.17)

The integral over the product of the two By terms is of order O ((In p/ T!(1))?) by Lemma 3.7. Together
with the asymptotics of 7! (1) in Remark 3.1, the term in the square bracket in equation (5.17) is thus
of order O(A73). Splitting the domain of integration into |g1|/ VE Z (T} /p)P for some 0 < < 1 and
using the Schwarz inequality, we observe that

/RHFz‘P/l(',6]1)||2Xq12<2,,dq1 < VE(T [w)P) P Wall + (2\/2/1)1/2”FZT/IX|(11|/\/,7>(T(.]/,4)ﬁ||2~
(5.18)

It was shown in Lemma 3.2(3) that ||F2‘I’,1,\/‘q] VR (T )P I, = 0(2'/%). With the asymptotics of T!(2)
in Remark 3.1, we have (T} /P2 < O((Inu/T}H™Y) = 0(A). Thus,
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2
([ 1Fat.anllorgcdar) = 00

and equation (5.17) is of order O(1).
Asymptotics of second line in equation (5.15): Writing out the definition of <Dj{’<, we have

/4 V(r)(bj’<(r1, 22, z])CDZl’<(r1, —22,21)e 2102 qrdz = 222 /4 Vipi+ Pl 2n)Br1(p, (q1,m))
R R

X VI2Wa(p, q1)Bry ((p1. p2). (qu.MV'VPWa(PL P22 DX pragp <apX i pieg? <2, dPAP1dgr. (5.19)
We can thus write

1 7, < )
5 /4 V(’)¢;’d(V1,Z2,21)(¢;’d(V1,Z2,21) + @54 (r, —12,21)6_2’"(/1)”)617611 = (R, MaF> o),
R
(5.20)

where M, is the operator acting on L*(R?) given by

W, Mayy = 22 /R V1= p1.0) + V(p1+p1.20) By (9 (a1 M)V V20 (PL 1) X g2 <oy

X B (P P2): (@1 M) X 2 pieg <2uF1V 20 (DY, P2, g1)dpdpiday. (5.21)

By the same argument as in the proof of fR4 V(r)|<I)ff’<(r1 ,22,21)|?drdz = O(27") in Lemma 3.5 (see
equation (3.31)), we have |[M,]| = O(17"). Recall the projections P and Qg from Section 4. Let T be
the projection T = PQg for some 0 < 8 < 1 and T+ = 1 — T. We have

(Fa¥a, MaF2 W) = (TR, MaTRYa) + (TRHYa, MT FW) + (T FBYa, MaFYa).  (5.22)

Since P and Q commute, we have [T*F¥all = |QzF2¥a + QsP B2 ol = 0(A'?) according to
the asymptotics for ||Q+ F>¥,|| and ||P+ F,¥,|| proved in Lemma 3.2(2) and equation (3). In particular,
the last two terms in equation (5.22) are of order 0(/1_1/ 2). The remaining term in equation (5.22) is
bounded below by

(TRY,, MuTFY,)

> inf 22 [ (V(pi-p},0)+V(p1+p},27)B ,p2), (@i, MV ja
TP S R3( (1= p1,0) +V(p1+p1, 2m)Bra (P15 p2)s (g1, MV j2(P)X i g2 <o
X By (P p2)s (@1 M X s peg2 <2V i2 (P 2)dpdp T ITE RSV ol (5.23)

The remainder of the proof follows the same ideas as the proof of [16, Lemma 4.11]. Since V > 0, we
have V(0) > 0. Furthermore, the eigenvalue equation eMV”ij 0,.V'2js = Vi (Ipl = yO)V'2 )
implies that \75(|p| Vi) = e, > 0. By continuity of V and V]2 and since (1) — 0 forA4 — 0 (see
Lemma 3.2(1)), there exist A > 0,0 < 6 < p and ¢; > 0 such that for all Vi =6 < ps < Vu+6, p? <
49, p| 2 < 46 and A < 1 we have

(V(p1 = p1,0) +V(p1 + P12V 2 (PIV j2 (P P2 X prag <auX proapiegr<2ullV P 2l > 1.
(5.24)

Using the second part of Lemma 3.7 and the boundedness of v, Vj\Q, it follows that up to an error
of order O (A*>(In p/ TCI)S/ 2) = 0(A27'/2) we may restrict the domain of integration in equation (5.23) to
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V=906 < py <Au+6, p% < 46,1712 < 46. Since ||’]I‘F2‘P,l||§ =1-0Q) > % for small A, we obtain

c1 .
(TF2¥a, MaTF2Wa) > — inf /12/ Bri((p1.p2), (q1,1))
2 g iNE<(Td/wE  Jr
X Bri (P} P2)s (41 M) Xpums<pi<pus X p <soX pr<asdpdp] + 0 (A7), (5.25)

Using Lemma 3.7 once more, we may leave away the characteristic functions at the expense of an error of
order O(171/?). Since (1) = O(T! (1)), there is a ¢ > 0 such that 1> + (VR(T! Jp)P)? < c%y(Tc1 ME
for T! < p. The following lemma, whose proof is given in Section 7.5, thus concludes the proof of
Lemma 1.10.

Lemma 5.2. Let y,c; > 0,0 < B < 1 and € := co\Ju(T/p)P for T > 0. Then there are constants
Ty, C > 0 such that

lgl<e Jr

2
inf / ( / By (p,q)dpl) dp > C(lnp/T)? (5.26)
R

forall0 < T < Ty.

6. Proof of Theorem 1.6

This section is dedicated to the proof of Theorem 1.6, which states that the relative difference of 7.2 and 70
vanishes in the weak coupling limit. It has been shown in [ 16, Theorem 1.7] that the relative difference of
T! and T? vanishes in the weak coupling limit and we follow the same proof strategy here. We first switch
to the Birman—Schwinger picture. Recall the Birman—Schwinger operator AOT corresponding to H? 0
defined in equation (2.10). Furthermore, recall the notation ¢, Q5 and the representation of U H?z U'in
equation (4.2) from Section 5. The corresponding Birman—Schwinger operator A% : Lg(Qz) - LE(QZ)
is given by

1 2
w.a30) = [ Br<p,q>' [ ot iarn20i(ss a2V 00w e dpeg, 6.1
R4 Q) (27T)

and it follows from the Birman—Schwinger principle that sgn inf o-(H;2 2) =sgn(1/A —sup a'(A%)). Let

aJT = sup O'(A;;). For 2 — 0 asymptotically ag =e, In(u/T) + O(1), see for example, [16, Section 6].

It is a straightforward generalization of [12, Lemma 4.1] that the claim (1.4) is equivalent to
Tliln)o(a% —a3) =0, (6.2)

and we refer to [12] for the proof.

To verify equation (6.2), the first step is to argue that a% > ag forall T > 0. Lemma 1.1 together with
[16, Lemma 2.3] imply that inf G(H?Z) < inf O'(H;lo) for all 4,7 > 0. Using the Birman—Schwinger
principle, it follows that a% > ag for all T > 0. For details, we refer to the proof of [16, Theorem 1.7].

Itremains to show that limg _,¢ (aOT —a%) > (0. We decompose A% in the same spirit as we decomposed
A; (g2) in equation (2.16). For A;, the decomposition consisted of the ‘unperturbed’ term A(% and the
‘perturbation term’ G, where the first components of the momentum variables were swapped. For A2,
we additionally get the terms arising from swapping the variables in the second component, which leads
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to four terms in total. Let 7 : L?(€Qy) — L*(R*) be the isometry

i(r,z) = %(l//(r, DXa, (r 2) +¥(=r1,r2, =21, 22) g, (=11, 72, =21, 22)
(112,21, =), (11, =72, 21, =22) + (=7, ~2xg, (-1, -2) ). (63)
Using the definition of ¢ and evenness of V in r; and r,, we rewrite equation (6.1) as
WAt = [ Br (o 0[5 Pap.0) = VP (a1, ). (1)
= VP ((p1.g2). (41.p2)) + VIPE(q. p))| dpdg. (6.4

Define the self-adjoint operators G1., G7. and Ny on L?(R*) through

W.Gry) = /R FVI20((q1, p2), (p1a2) Br (p, ) V! (p, 9)dpdg, 65)

W.Gy) = /RA FiV2y((p1,q2), (q1, p2))Br (p, @) FiV' 2y (p, ¢)dpdg, and (6.6)

w.New) = [ FVPUG B (0. )PV (p. )dpda ©7)

We slightly abuse notation and write F» for the Fourier transform in the second variable also when
the second variable has two components, that is, Foy/(r,q) = % ./]RZ e~'9°2y (r, 7)dz. It follows from
equation (6.4) and Br (p, q) = Br ((q1, p2), (P1,492)) = Br (g, p) that

A} =T (A} - FJRr P>)L, (6.8)

where Ry = +GJ. + G2 — Nr. Let Br (-, q) : L>(R?) — L*(R?) denote multiplication by Br (p, ¢) in
momentum space and define the function E7 (¢) on R? through

Er(q) := a3 — V2B (-, )V, (6.9)

where ||-||s denotes the operator norm of the operator restricted to even functions. Note that aOT =
sup, g2 [V!/Br (-, ¢)V'/?||; and therefore Er (q) 2 0. Fory € L2(R*), let Ery/(r, q) = Er (@) (r,q).

We get the operator inequality a(%l[ - AOT > FZT E7 F>, where T denotes the identity operator on L2(R%).
Using equation (6.8), the above inequality and that || F>Zi/||> = ||¢/||> we obtain

a) —ay > inf (F>y, (Er + Rr)Faiy) > inf (W, (Er +Rp)Y).  (6.10)
YEL2 (). 1w lh=1 WEL2(BY), |y =1

Therefore, it suffices to show that limy g inf o (E7 + Rr) > 0. The proof relies on the following three
lemmas.

Lemma 6.1. Let 1 > 0 and let V satisfy Assumption 1.2. Then supy||Rr || < oo.

Lemma 6.2. Let 1 > 0 and let V satisfy Assumption 1.2. Let I<. act on L>(R*) as I<cy(r,q) =
Y(r,q)x|q<e- Then lime_o supr.olll<e RTI<e||= 0.

Lemma 6.3. Let u > 0 and let V satisfy Assumption 1.2. Let 0 < € < +/u. There are constants
c1,¢2, Ty > 0 such that for 0 < T < Ty and |q| > € we have E7(q) > c1|In(c2/T))|.

The first two lemmas are extensions of [16, Lemma 6.1 and Lemma 6.2] and proved in Sections 7.6
and 7.7, respectively. The third lemma is contained in [16, Lemma 6.3].
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With these lemmas, the claim follows completely analogously to the proof of [12, Theorem 1.2 (ii)]
and we provide a sketch for completeness. Using that E7 (g) > 0, we write

1 1
Er +Rr+6=+Er +6[1+ R Er+6 6.11
T + Rt T ( Njomwy T\/ET+6)V T (6.11)

for any ¢ > 0. It suffices to prove that for all 6 > 0 the norm of the second term in the bracket vanishes
in the limit 7 — 0. With the notation from Lemma 6.2, we estimate for all 0 < € < /u

1 1
[
\/ET +0 \/ET +0

1 1
< ||I R I
‘ H“VETM "VEr+6

1 1 1 1

+Ir R L[ +|r R . (6.12)

“VEr +6 NEr+o | T VEr +0 T\/ET+6‘

Lemma 6.3 and E7 > 0 imply
li R < sup S |IeeRrL .|| + 1 2 IRz | (6.13)
m < Sup — m . .
10| VEr %6 VEr+oll rs00 = =T Gerln(eomypi2

The first term can be made arbitrarily small by Lemma 6.2, and the second term vanishes by Lemma 6.1.
Hence, Theorem 1.6 follows.

7. Proofs of Auxiliary Lemmas
7.1. Proof of Lemma 2.2

Proof of Lemma 2.2. Using the Mittag—Leffler series (as in [12, (2.1)]), one can write

Fpoa.) =27 ) B[22+ = 2% = 2p* = 32 4 2(p2 = q2))

nez

+2p2(4p'q—Ziwn+2(p2—q2)x—x2)], (7.1)
where

S = ((p+ g+ 0) = p=iw,)((p = g = (0.))> = i)

X ((p+q)2—u—iwn)((p—q)z—uﬂwn) (1.2)

and w, = (2n + 1)7T. Continuity of f follows from dominated convergence. For x > +/i1/4, the bound
on f follows from the bound on By in (2.2). Let Q> = Q1 + +/ii/4. For x < \/ii/4, we have

0
lf(p,q,x)| < sup Ia—Br(p,q)|= sup |f(p,q,0)|. (7.3)
lg21<0r 992 lg21<0s

To bound | £ (p, g, 0)|, first note that for x = 0 with the notation y = (p + ¢)> — u, z = (p — q)> — u and
v=max{(|p1] +lq11)* + (Ip2| - lq21)* = , 0},

Bl = (2 w2) (24 w2) = (24 wh) (max{(Ipal ~a2D? = s O} +3). (7.4)
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Furthermore,
4iw,po
sup 2 2 2
(p.q) R4 g1 <0l Max{(|p2| = [g2])* = u, 0} + wy;
4
< sup [p2| =:cy <oo. (7.5

(P e la21<0: \Jmax{(|pa] ga])? = 1, 01)2 + w}

There is a constant ¢; > u depending only on y and Q5 such that |p>|?> < 4(min{y, z}+¢») for|g2| < Q>
and all py, ¢q; € R. One obtains that for |g;| < O»

2 + z| + 44/min{y, z} + -
2|y +z| + 4y/min{y, z} + c2|y ZI+2TZ cl 7.6)

(3 +wa) (2% +wy)

£ (p.q. 0 <27

nez

Since the summands are decreasing in n, we can estimate the sums by integrals. The second term is
bounded by

1 arctan (%)

+
v2 + W(Q) 27TTV

C
1+p%+q%+p§

4T ¢, dx| =4Tc, (7.1

0 1
2+/ 2 2722
v2+w0 12 V2 +4n2T%x

1+p12+q12

2
for some constant C independent of p and g since sup(,, ,)er* g, <0, T P2 < oo. The first term

in equation (7.6) is bounded by

16T (Q2 + 2y/min{]|y|, |z|} + c2) max{IyI,IZI}l !

07+ WD) (2 +w))

0 1
+ dx|. 7.8
/1/2 (y% +4n2T%x2) (22 + 4n2T%x2) l (7.8)

Note that y + z + 2 + 1 = 1 + 2p? + 2¢%. The claim thus follows if we prove that for ¢3 > 0

sup (1+y+2)(1+Vz+1)y

y>z>0

1 (o]
Z+1)(z2+1) +/c3 (y% +x2) (22 +x2)dx

! l < co. (7.9)

The supremum over the first summand is obviously finite. The supremum over the second summand is
bounded by

(I+2y)y 1+vz+1 * 1

——dx < co. 7.10
o0 V2R (2D S BT (7.10)

7.2. Proof of Lemma 3.7

Proof of Lemma 3.7. Using the inequality (3.22) and substituting py +q, — p1, pj+q}| — p|, we have

! 7 ’ 1
/R% Br(p,q)Br ((p}, p2).q")dpidpidps < Z‘/R?(BT((pl,PZ +¢2),0) + Br ((p1, p2 — q2),0))

X (Br((p1,p2+45),0) + Br ((p}, p2 — ¢5),0))dpidpidp,.  (7.11)
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One can bound this from above by

sup /R(/RBT((pl,pz+qz),0)dp1)(ABT((pi,pz+q§),0)dp1 dp>

92.9;€R
< sup/ Br ((p1, P2+ q2), 0)Br ((p', p2 + q2),0)dp1dpdp,
q2€R JR3
= [ Br (12081 (9], p2). 00dp1dpiapa (1.12)

where in the second step we used the Schwarz inequality in p,. The latter expression is of order
O(In(u/T)?) for T — 0, as was shown in the proof of [16, Lemma 4.10].
To prove the second statement, we shall use that for fixed 0 < 6 < u

/R3(1 _X”—6<p%<”)(p]2<25/\/p;2<26)BT (p»O)BT((pi7p2)’O)dp]dpidpz = 0((1n/'[/T)2) (713)

for T — 0 as was shown in the proof of [16, Lemma 4.10]. We choose ¢, and ¢ small enough such
that for all g% < 85, ifp% > 46, we have (p; +¢1)*> > 26 and ifp% < u -0y or p% > u+ 61 we have
(p2+q2)* < u—38or (py+q2)* > u, respectively. Using the same inequality (3.22) as above, we have

sup /(1 = Xu-o1<pi<priXpr<so Xpi2<as,)Br (P @) Br ((p1. p2). ¢")dp1dpidp:
9*.q? <6, /R
< sup (1= Xpums,<p2epss X peas X pr2<as)) Br (P + @, 0)Br ((py, p2) + 4, 0)dp1dpidpa.

a*.q'2<5; IR
(7.14)

Note that 1 — Xp-61<p<prsi Xpr<asi Xpi2<asy, < Xu—615p2 T Xpssy<p2 ¥ Xp2sas, + Xprsas,- Using the
Schwarz inequality in p, we bound equation (7.15) above by

SUP [ (Xu=,>p2 ¥ Xprs <p2) BT (P14 41, P2+ 92), 0) By ((p1+41,p2+q2),0)dp1dpidp,

q2<52 R
, , 1/2
+2 sup (/3 Br ((p1+q1,p2+q2), 0)Br (P} +q1, P2+ 42), 00X 255, X p25as, dpndpldpz)
q%,q'?<6y " IR
, , 1/2
X (/% Br((p1,p2+42),0)Br ((p1, p2 + q2), O)dpldpldpz) - (7.15)
R,
Substituting p; + g; — p; and by choice of ¢, and ¢, this is bounded above by
[ Gtz + X Br (2. OB (1 p2),0)dp 107
, , 1/2
+ 2( ./]1&3 Br (P, O)BT ((p]7 D2), O)XplZ>25Xp;2>25dPldpldpz)
, , 1/2
< ([ Br (.08 (9] p2).0)dp1dpidps) (1.16)
R.

By equation (7.14) and the first part of this lemma, this is of order O((Inu/T)%) +
O((Inp/T)(Inp/T)*?) = O((Inp/T)3/?). °
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7.3. Proof of Lemma 3.8
Proof of Lemma 3.8. For py,q2 € R let Br((-, p2), (-, qz)) denote the self-adjoint operator on
L2((—y2u,\2p)) acting as (¢, Br (-, p2), (- q2))¢) = f f w(Pl)BT(P q)¥ (q1)dp1dqg;.

Enlarging the domain of integration for (g, p») from a disk to square we have

B 6X2(§)||< sup Y (p)Br (P}, p2), (q1,€))Br (p, (q1,€)¥(p1)dp1dpidgidps

ll lb=1 /—@ V2w

= / g B (P2 (O P 7.17)

By the triangle inequality,
ex,2 @ 2
1B (&) < / 1Br (- €). (- p2)) IPdpa. (7.18)
-\2u

For fixed p», g2, we derive two bounds on || Br ((-, p2), (-, g2))||*>. For the first bound, we estimate the
Hilbert—Schmidt norm using the bounds on Br (2.2):

Bz (- p2)s (5 @) P < 1B (- p2), (-5 42)) s

/ 2/1 / ]
V Inax{'ﬁ 1 Q] 1: ) q:l | 97 }

r 4r
< 271/ dr < JT/ —_——dx = —,
o max{|r?+p3+q3—p>, 7%} r max{x2, T2} T
(7.19)

where we first switched to angular coordinates and then substituted x = r* + p3 + ¢3 — p.
For the second bound, the idea is to apply [ 16, Lemma 6.5]. For u1, u» € R, let D, ,, be the operator
on L?(R) with integral kernel

2
Dy (P15q1) = . (7.20)
HiHe I(p1+q1)? = il + (p1 = q1)% = 2
It was shown in [12, Lemma 4.6] that
Br(p,q) < 2 (7.21)
T\D,q) = . .
|(p+q)* = pl +1(p - q)* - 4l
In particular, we have [|Br (- p2). (- 2Dl < 1D - (pysqsy? e (pamger2ll and
ex,2 # dr
1BZ2@N < [ min {25 1D, grgo (g2l da2: (7.22)
According to [16, Lemma 6.5], for u1, o < u there is a constant C > 0 such that
cu'l? max{uy, 4z}
D <C+———— |1+ ymi In(l+ —M— 7.23
Il /41,/42” |m1n{,ul ,L12}|l/2 Xmin{p,uo }<O<max{uy,uz } |min{,u1,,u2}| ( )
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The condition 1 — (|g2|+|€])> < 0 < u—(|g2|—|&])* can only be satisfied for V=€) £ |ga] < u+|é].
We get the bound

sup [|BS* (&)l < €
|&|<eT

1
/ ;d%
[1g2|=vp|<2cT

" N 1 2 °( /T)
+ sup / Xligol-vil>2eT | 1+ ]dqz <C(l+Iny/T).
o NEVEER T L (ol + (€D

1&|<eT J-2u
(7.24)
m]
7.4. Proof of Lemma 5.1
Proof of Lemma 5.1. Applying the inequality (3.22), we have
sup [ Bru((p1. €. (1,€ (T)dpy
q1
1 ’ ’
< 5| [ Bruton e+ € @).00 + [ Brdpem - @)odp | 029
The first integral equals
/RBT,,;—(g(THg'(T))Z(Pl, 0)dp1, (7.26)

where here By ,, is understood as the function defined through the same expression as By in equation
(2.1) on R x R instead of R? x R?. For the second integral, replace &’(T) by —&’(T). The claim follows
from the asymptotics

2
[ Br.utp1.00p1 = (a7 + 0(1) (7.27)
. Vi
for T/u — 0; see, for example, [12, Lemma 3.5]. m]

7.5. Proof of Lemma 5.2

Proof of Lemma 5.2. Lety = u(T/u)P/?. By invariance of Br (p, q) under (pj.q;) = —(pj.q;) for
j € {1,2}, we may assume without loss of generality that g € [0, c0)?. For a lower bound, we restrict the
integration to py, p» > 0, p3 < u—€* -y and p? > (\Ju+€)*+T — p3. For p, q € [0, 0)? with |g| < €
and p? > (y+€)*+T, wehave (p—q)? —p > |Ip| - 1q|*—p > 0and (p+q)> —pu > p>+q> - > T.
Therefore, in this regime

1 tanh(1/2
Br(p,q) > —#~ (7.28)
2p*+qt—u

This is minimal if |g| = €. Since fora > b > 0

e 1 _ artanh(b/a) _ 1 m
'/a. del———zartanh( 1—(Cl —b)/a ),

b
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the left-hand side of equation (5.26) is bounded below by

2
2\Jpe+2e24+T
tanh(1/2)? /W—fz—y a“a“h( - —<@+5>2—+T_pg)

4

— dpo. (7.29)
H=o M — € — pz

By monotonicity of artanh, the artanh term in the integrand is minimal for p, = /u — €2 — y. Since

Vi—el-y - (€ +7)/u —o/n

Vu=s  p- 62 P dp2 =
equation (5.26) is bounded below by
2
2 o
artanh| 1|1 = <Y |~ artanh| [1 = 2]|. (7.30)
Ju i
With artanh(V1 — x) = %ln(4/x) +o0(1)asx — 0, we have for T — 0
24/e +2€2+T
artanh| 4 [1 — VK = B In(u/T) +0O(1) (7.31)
2\ue+2e>+T+y| 4

tanh(1/2)? 2\e+2€2+T
———artanh| 41 -
4(u - €?) 2\ue+2e>+T+y

and

e+y| B

artanh| 4|1 — =7 In(u/T)+0(1). (7.32)

Hence, the left-hand side of equation (5.26) is bounded below by tanhf‘—ipyfg(ln w/T) +0(Inu/T)?,
and the claim follows. O

7.6. Proof of Lemma 6.1

Proof of Lemma 6.1. According to [16, Lemma 6.1], supy ||GJT. || < oo for j € {1,2} and it suffices to
prove supy [|[Nr || < co. We have ||N7|| < I[Nl + [|Nf ||, where

(W, Npy) = /R4 F\V'Y2y(q, p)Br (p. @)X p2. o2 <2uF1 V0 (p. q)dpdg (7.33)

and for N7 replace the characteristic function by 1 — x> 25,
To bound || N} ||, we first use the Schwarz inequality to obtain

INZl < sup / Br(po @)1 = x o o IEV 0 (poq) Pdpdg.  (1.34)
L2 (RY), ||y =1 /R

By the bound on By in equation (2.2), there is a constant C > 0 independent of T such that ||[N7 || <
C||M]||, where M := Vl/zﬁvl/2 on L?(R?). The Young and Holder inequalities imply that M is a
bounded operator [15].

To bound || N ||, we use that IFVI20 ()l < IV
the upper bound for By in (7.22) to obtain

]/2||zp(-, q) |2 by the Schwarz inequality and

; 1y G Il G, )l
wongoy <2l [ DR DIy apdg (135)
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Recalling the definition of the operator D, ,, from (7.21), this is further bounded by

20Vl /R G @D IRID (g s (a2 I G (2D 2 20 0pda. (736)

It follows from the bound on ||D, ., || in equation (7.24) that for any @ > O there is a constant C,
independent of p,, g, such that

1D i(patan)2 = (pa-an2 |l < Ca (1 + | = (Ip2] + lg2D)?71 /2.
Let D, denote the operator on L?((—+/2u, 4/2u)) with integral kernel
Da(g2.p2) = (1 + | = (Ip2] + lg2D)*[7/27).

Then we have [N || < 2C.||V]]; 1D ||, and it remains to prove that || D || < oo for a suitable choice of
a. Applying the Schur test with constant test function gives

A @ 2-1/2—-a
IDell < sup / (1+ | = (Ip2l + 1g2)7 )dpa, (7.37)
laz|<\2u 7 V2
which is finite for @ < 1/2. O

7.7. Proof of Lemma 6.2

Proof of Lemma 6.2. It was shown in [16, Lemma 6.2] that lim¢_, supT>O||HSEG;HSE||= 0for j €
{1,2}, and it remains to prove lim¢_,o supy.¢|ll<e N7I<¢||= 0. We use the Schwarz inequality twice to
bound

<eNTI<ell< VI sup / le - P 2B (Ps @) X 1p1.1q1<ell¥ (-5 @) l2dpdg
YeL2(RY), ||y =1 /R

s s [ Bz G oldpdg < VI sw [ B gap.
R pl<e

WeL(RY), Iy =1 lgl<e

(7.38)

Applying the bound on By in equation (2.2), for € < +/1t/2 one can bound the right-hand side uniformly
in T by

1
IVl sup ———dp, (7.39)
lgl<e J|pl<e H —P"— 4
which vanishes as € — 0. The claim follows. |
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