
UNBOUNDED POSITIVE DEFINITE FUNCTIONS 

JAMES STEWART 

1. Introduction. Let G be an abelian group, written additively. A complex-
valued function / , defined on G, is said to be positive definite if the inequality 

n 

(1) X) f(st - sj)clï~j ^ 0 

holds for every choice of complex numbers Ci, . . . , cn and S\, . . . , sn in G. 
It follows directly from (1) that every positive definite function is bounded. 
Weil (9, p. 122) and Raïkov (5) proved that every continuous positive definite 
function on a locally compact abelian group is the Fourier-Stieltjes transform 
of a bounded positive measure, thus generalizing theorems of Herglotz (4) 
(G = Z, the integers) and Bochner (1) (G = R, the real numbers). 

I f / i s a continuous function, then condition (1) is equivalent to the condition 
that 

(2) jojofis - t)<p(s)V(t) dsdt ^ 0 

for every <p Ç CC(G), the continuous functions with compact support on G, 
where ds denotes integration with respect to Haar measure. Any essentially 
bounded function / satisfying (2) is equal to a continuous positive definite 
function locally almost everywhere. However, if / is not assumed to be con­
tinuous or bounded, but merely locally summable, then condition (2) gives 
rise to a much larger class of functions. 

For the case G = R, Cooper (2) called / positive definite for F, where F is a 
set of functions on R, if the integral in (2) exists and is non-negative for every 
(p G F. His principal result is that every function which is positive definite for 
Cc is the Fourier-Stieltjes transform of a positive measure, possibly unbounded, 
in the sense of Cesàro summability almost everywhere. 

Our aim in this paper is to study the functions which are positive definite 
for various function classes on a locally compact abelian group G. For the case 
where/ is in some LP(G), 1 ^ p ^ oo, Weil (9) has given a representation for/ 
as the Fourier-Stieltjes transform in a summability sense of a positive measure 
/x, possibly unbounded, on the dual group G. In § 3 his result is described and 
restrictions are placed on the measure fx. A similar representation theorem for 
/ when it is not in any Lv class was proved in (8, p. 77, Theorem 15) for the 
case where G is compactly generated. In § 4 we remove the restriction that 
G be compactly generated. 
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Throughout this paper G will denote a locally compact abelian group and G 
its dual group. G is topologically isomorphic to Ra X Gi, where a is a uniquely 
determined integer and Gi contains a compact open subgroup H. We shall 
assume that the Haar measure on G has been normalized so that H has measure 
1. 

If 5 G G and s G G, we shall write [5, s] for the value of the character s at 
the point s, and [5, 5] = [ — s, §]. The Fourier transform of a function <p will be 
denoted by <p or $, and £ is the function defined by <p(s) = (p( — s). Theorems 
invoked without a reference can be found in (6). 

2. The class P(F). Let F be a set of complex-valued functions on G. 
A complex-valued function/ on G is called positive definite for F if the integral 

Sif(s - t)ip{s)^pJJ) dsdt 

exists as a Lebesgue integral over the product set G X G and is non-negative 
for every <p £ F. The class of all functions which are positive definite for F 
will be denoted by P(F). 

The theorems stated in this section are for the most part straightforward 
generalizations of theorems given in (2). They are proved in (8, Chapter II, 
§ 1, Theorems 17-19). 

THEOREM 2.1. Letf G P(F), where F has the property that for any compact set C 
of G, F contains a function with compact support which is strictly positive on C. 
Then f is locally summable and f = f locally almost everywhere. 

Information as to how the class P(F) varies with F is provided by the follow­
ing two theorems and the obvious fact that Fi C F2 implies that 

P(F1) DP(F2). 

THEOREM 2.2. P(CC) = P(LC
P) for every p ^ 2, where Lc

p is the set of functions 
in LP with compact support. 

THEOREM 2.3. Let 1 ^ p ^ 2 and a = p/2(p - 1). / / / G P(LC
2) and f is 

locally in L\ then f G P(LC
V). 

The converse of Theorem 2.3, which may be true in general, can be proved 
for p = 1. In fact, for this case a strengthened version of the converse is given 
by Theorem 2.4 which follows from two applications of the uniform bounded-
ness theorem. 

THEOREM 2.4. If f G P(Lc
l), then there is a constant A such that \f (s)\ ^ A 

locally almost everywhere. 

I t follows from this theorem that P(Lc
l) = P(Ll) and that any function 

in P(Lc
l) is equal to a continuous positive definite function locally almost 

everywhere. 
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3. The case / G LP(G). If U is a compact neighbourhood of 0 in G, let 
(pu be a positive function with support in £7, f<Pu(s) ds = 1, $u = *v ^ 0, 
and $c € Z , 1 ^ ) . Weil (9) has shown that for every / G Lp C\P(CC), 
1 ^ p < co, there is a positive measure JU on G such that 

(3) f(s) = lim f $*(*)[*,*]<*/*(*)> 
17-» 0 «/<7 

where the limit is taken in LP(G). This result remains true if the summability 
function $n is replaced by a function <£a with the following properties: 
$« ^ 0 , $ a G Ll(G), $a = <pa, where <pa 6 Z^G) and <pa is an approximate 
identity in LP(G), i.e., ||g * <pa — g\\p —» 0 for every g G LP(G). In particular, 
Simon's generalization of Cesàro summability (7) could be used here. 

The summability function $n used by Weil and the generalized Cesàro 
summability function both have the property that $^(3) —» 1 as £/—*0 
uniformly on compact sets in G. This is enough to ensure the uniqueness of the 
measure \x. 

THEOREM 3.1. Let \x\ and ju2 be positive regular Borel measures on G such that 
for any directed set of functions $a such that $a(s) —> 1 uniformly on compact sets, 

lim J $«($)!>, s] dfn(s) = lim J $«(5) [5, s] d/jL2(s), 

where both limits are in the sense of LP(G)1 1 ^ p < 00. Then m = /x2. 

Proof. Let g be any function in L1 (G) such that g has compact support. Then, 
using the Fubini theorem and the fact that g G Lp' (G), where 1/p + 1/p' = 1, 
we have: 

lim J g(s)<$>a(s) dm(S) = lim J g (s) {J $a(S)[$, s]dfjn($)} ds 

= lim j g (s) {j 3>a (s) [s, s] dn2 ($)} ds 

= lim J g(s) $«(s) dfx2(s). 

Since $a —• 1 uniformly on the support of g we obtain, by taking the limit, 

J g(s) dinis) = J g(s) d/i2($). 

The set of such functions g is dense in CC(G), and therefore /xi = /Z2. 

Not every positive measure /z on G gives rise to a function/ G P(LC
2) in the 

manner of (3) since the limit need not exist. Necessary and sufficient conditions 
for n to generate/ G Lp C\ P(LC

2) are not known, but the following theorem 
does impose restrictions on such a measure. 

THEOREM 3.2. Suppose that $a(s) converges to 1 uniformly on compact sets in G 
and that J &a(s)[s, s] dfji(s) converges in LP{G) to f(s), where /x is a positive 
measure on G. Let C be a compact set in G, and let 1/p + 1/p' = 1. Then 

(i) fj,(s + C) —> 0 as s —> 00 , 
(ii) fi(s + C) G Lp'{G) if 1 ^p ^ 2 and n(i + C) G L2(G) if p ^ 2. 
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Proof. Let <p be any function in Ll(G) such that $ = J has compact support. 
Then <p £ LP'(G) and hence 

J <f(s)J(s)ds = l im j <p(s){f~ÔJ§)[$, s] dp (s)} <fc 

= limj* <£a(s)$(s) dp(s) 

= J Hs)dp(s). 

In particular, choose <p G ^ ( G ) so that $($) = 1 for 5 £ C, 0 ^ $(5) g 1, 
and <£ has compact support. Then 

0 ^ /*(* + O ^ J *(* + 2) d/*tf) = //£)*(*)& 5] <fa. 

The right-hand side is the Fourier transform of a function in Ll(G) and thus 
converges to 0 as S —» oo. Hence /x(5 + C) —> 0. The function f<p is also in Lp 

since <p Ç L°°, so that its Fourier transform is in Lv' if 1 ^ p ^ 2 and in L2 if 
£ ^ 2. 

If G = R, then the condition p(5 + C) —> 0 as 5 —> oo is equivalent to the 
condition p(u) = o(w) given in (2), where p(u) is an increasing function such 
that 

/(*) = ^ eiuxdp(u) a.e. (C, 1). 
« J - c o 

4. The main representation theorem (Theorem 4.2). Let /xbea positive 
measure on a space X and 1 = U ( ^ ; a f fla given decomposition of X with 
p(Xa) < oo. Define 

ll*lk« = iSzJWMs)]1'* 
and let 52(X) be the set of functions \f/ on X for which 

l l l * l l l * = E l l^ l |2 .a<00. 

if ^ G 52(X), then the set {5 G X; 4,(s) 5* 0} is cr-finite, and in fact 

S2(X) C ^ W -

If S2(Y) has been similarly defined by means of the measure v and the decom­
position Y = U{ Yp)l3 Ç / } , we define 52(X X Y) in terms of the product 
measure p X v and the decomposition X X Y = U ( ^ « X F/s; a G 7, 0 Ç J). 
If ^ € 52(X) and \eS2(Y), then the function <p(s,t) = ^(s)X(O is in 
S2(X X F) and in fact | |M| |2 = |||*|||2|||X|||2. 

By the structure theorem for locally compact abelian groups, G is of the 
form Ra X Gi, where Gi contains an open compact subgroup H. Define 52(Gi) 
by means of Haar measure and the coset decomposition of G\ with respect to H. 
If S2(R) is defined from the equation R= U - » [», » + 1], then S2(G) is 
defined by the product decomposition. 
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Given <p, yp £ S2(G), the union of their supports is a cr-compact set which we 
can write as UÎ Kn, where Kn = gn + K and K = [0, l]a X H. The proof 
of the inequality 

(4) | J W * . / ( * ~ t)<p(s)J(f) dsdt\ rg JlflkH2.nlWk», 

where 

M = jK-K\f(s)\ ds,™ |Mk» = [j*„k(*) |2^]1 / 2 , 

fo r / 6 P(^c2) is similar to the proof of (4.7) in (2). I t follows from (4) that, 
whenever/ 6 P(L2) and <p, $ Ç S2(G), the integral jff(s- t)<p(s)J(t) dsdt 
exists, not necessarily as a Lebesgue integral, but as the limit of the integral 

JGmJGnf(s ~ t)<p(sj${j) dsdt 

as m, n —» co, where Gn = U"=i Ku i.e., as the sum of the absolutely convergent 
series 

È Ë f (" / (*- t)<p{s)W) dsdt. 

I t is this interpretation of the integral that is meant in Theorem 4.1. 

LEMMA 1. Given a compact set C in G, there is a function \f/ £ S2(G) C\ Ll(G) 
such that S£ = ^ has compact support and is equal to 1 on C. 

Proof. We have C C G X G, where G is compact in Ra and G is compact 
in G . Let 4̂ be the annihilator group of H, A = {s £ G ; [5, 5] = 1 for every 
5 Ç f i j . Since i ? is open, G / i J is discrete, and thus A, which is the dual group 
of Gi/H, is compact. Since H is compact, its dual group G\/A is discrete, 
and therefore A is open. G is thus covered by a finite number of cosets of 
A: s 1 + A, . . . , sk + A. If XJÏ- denotes the characteristic function of iT, let 

k 

fais) = X H O ) Z ) [S,SJ]. 
3=1 

Since XH = XA, we have 
A; 

and thus \F2 has compact support and is equal to 1 on G. Since the support of 
^2 is iJ, it is in S2(Gi). Let ^1 on Ra be an a-fold product of twice differentiate 
functions of a real variable which is equal to 1 on G and 0 outside a larger 
compact set. Then ypi is an a-fold product of functions which are 0(xr2) as 
x —» ± 00 and are therefore in S2(R). Hence $1 £ S2(Ra). Define ^ on 
G = Ra XGX by *KM) = ih(s)iM0. T h e n ^ a n d * h a v e t h e required 
properties. 

fAs usual, for any subset A of an abelian group, A —A — [a — b\ a, b £ ^4}. 
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LEMMA 2. There is a net {av} of continuous functions with compact support on 
G such that \av{s)\ ^ 1, av{s) —> 1 uniformly on any compact set, and 

au = Pu* Pu-

Proof. Simon (7) constructed a net {av} C CC(G) such that l^t/COl ^ 1, 
av(s) —> 1 uniformly on compacts, av ^ 0, and ân G Ll(G). Write av = yv

2
} 

where yv € L2(G). If Pu = yU} then Pu * Pu = OLV and Pu = Pu-

LEMMA 3. Let X be a linear space of complex-valued functions which is 
closed under complex conjugation and let Y be a subspace of X. Suppose that for 
each <p G X there exists \f/ G Y such that \<p(s)\ ^ t(s). Then any positive linear 
functional on Y can be extended to a positive linear functional on X. 

For the case where X is a space of real-valued functions, see (3, p. 219, 
Theorem 3) and since X is assumed to be closed under complex conjugation, 
we can extend the functional from the real-valued functions in X to all of X. 

THEOREM 4.1. If f G P(LC
2), there is a positive measure n such that 

j$f(s-t)<p(s)J(t)dsdt = j $ 0 0 * 0 0 duL(s) 

whenever <p, \[/ G S2(G) and <ï>, * G CdG). 

Proof. Define Puis) = J otuis)f{s)[Êy s] ds, where av has the properties listed 
in Lemma 2. Then 

Pu(s) =f Pu* Pu(s)f(s)[s, s] ds = Jjf(s - t)Pu(s)[S9 s]Pu(t)[s}t] dsdt ^ 0. 

Since the Fourier transforms of the functions avf and (p * \p are Pv and $*, 
respectively, the Parseval formula yields: 

J Pu(s)$(s)¥(i) ds = jfâu(s - t)f(s - t)<p(s)J(j) dsdt 

and the properties of av ensure that the integral on the right-hand side con­
verges to JJ fis — t)<p(s)\p(t) dsdt. Now define 

T O ) = \imj Pu(s)3>(s) ds 

and let Y be the set of functions $ G CC(G) for which the limit exists. T is a 
positive functional on Y since Puis) = 0. Y contains those functions $ G CdG) 
whose inverse transform <p is in S2. For by Lemma 1 there exists ^ G CdG) 
such that * is equal to 1 on the support of $ and ^ G S2, and thus 

T(3>)'= lim j Pu(s)&(ê)*(S)d§ 

exists by the arguments above. 
We can extend T to be a positive functional on CdG) by virtue of Lemma 3 

since any function in CdG) can be majorized by a suitable constant multiple 
of the function constructed in Lemma 1. Hence there is a positive measure JJL 
on G such that 

r ( $ ) = j $iÊ)dfjiis) O G Y). 
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In particular, if <ï>, ty Ç CC(G) and <p, \j/ £ S2(G), we have: 

JJ7(* ~ *)<P(S)W) dsdt = j $(S)W) d»(S). 

If U is a neighbourhood of 0 in G, let F be a compact neighbourhood of 0 
such that V - VC U and V = Vi X V2, where Vi C R\ V2 C &. For 
i = 1, 2, let ^ be a positive L2 function having support in Vt and integral 
equal to 1. Set \pu(s, 0 = ^ I C O ^ C O and <Pu = $u * $u> Then ^ is a positive 
function with support in Uandf <Pu(s) ds = 1. $u = tpv will be the summability 
function for the integral representation of / . 

THEOREM 4.2. If f 6 P(LC
2), there is a positive measure \x on G such that 

f(s) = lim J [s, s]$„(§) dn(S), 

where the limit exists uniformly on any compact set on which f is continuous, and 
exists in L1 over any compact subset of G. 

Proof. We know from Theorem 4.1 that 

(5) / / f(s - t)<p(5)^(0 dsdt = f I $(s)I*d»(s) 

holds whenever <p £ S2 and $ 6 Cc. We show first that (5) continues to hold if 

<P£J= [<p£ S2(G); <p(s, t) = *(s)\(t), X e LC
2(G1)1 A £ L 1 ^ ) , 

Since A 6 L^Gi) , its support is <r-compact and thus contained in the union 
of a countable number of cosets of the annihilator A : si + A, s2 + A, . . . . 
The Fourier transform of the function 

n 

fnfr) = XffWE [S>*A 

is the characteristic function of the set U"=i (sj + A), so that if Xn = X * fn, 
then |An(s)| increases to |A(s)| and ||A — An||i —» 0 as w —> oo. Since the sup­
port of X is compact and the support of each fw is H, each \n has support in a 
common compact set which can be covered by a finite number, say r, of 
cosets of H. Thus for every n we have |||Xn|||2 ^ H W h ^ H M k 

Since d2aty/dxi2 . . . dxa
2 Ç L 1 ^ " ) , we can find SFW with compact support 

such that | | ^ — SFnlli —> 0, |^ n | increases to |^ | , and the functions 

Qn = a 2 a ^ / a x x 2 . . . dxa
2 

have uniformly bounded L1 norms: ||Q«||i S B. Thus we have 

hk (* i , . . . , * f l ) | ^ B'kil"2 • • • ka|"2 

for every n. This inequality shows not only that \pn £ S2(Ra) but also that the 
sequence {IH^nllh} is bounded and the convergence of the series J2Z=i WiïnlU.m. 
is uniform in n. 
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Set <pn(s,t) = tn(s)K(t) so that *„($,1) = *n{s)kn(t) is in CC(G), 
| | $ — $w||i—>0, and \$n\ increases to | $ | . Since |||^n|||2 = lil&illiallMlk the 
sequence {Hl^nllW is bounded. The fact that the convergence of the series 
]Cm=i H^nlkm is uniform in n follows from the corresponding fact for tyn and the 
fact that each \n has support in a common compact set. Thus, given e > 0, 
we can choose N so that 

MWWnWU £ lklk»<e/8 
for every n and 

M\\W\\U Ë IMhrn <e/8. 

Writing 

where I\ and 1% are the integrals over GN X GW and its complement, respec­
tively, we see from (4) that 

/ OO OO OO 00 \ I f* (* 

\m=l p=N+l m=N+l p = l / V I +JKm *> Kp I 

+ I I 7 U ~ t)vn(s)^JJ) dsdt 
I • / Km** KP 

OO OO 

^2Af||H||, £ |Mk. + 2ilf||W||, Z Italic 
< e/2. 

Since | | $ — $n||i —» 0 we have 

| | ^ (SMÔ - <fn(s)^(t)\\œ ^ \\$(S)$(-Î) ~ ^ ( 5 ) ^ ( - / ) i i l - > 0 , 

and thus 

(t)\L< (e/2) ; 0 w _ 0 w | / (5) | ds 

for « > Mo, say. Thus | / i | < e/2 for » > w0. I t follows that 

/ / / ( * - t)<Pn{s)<pn(t) dsdt -+Hf(s - t)<p(sMï) dsdt. 

On the other hand, 

J" |*»(S)I'<**»(*)-»/!*(*)Is dM(i) 

by the monotone convergence theorem. Since (5) holds for <pni it must therefore 
hold for (p Ç J. 

We now extend the range of validity of (5) further to the case where 
<pO, t)=f(s)\(t), f G L*(Ra), X Ç Lc

2(Gi). Let {̂ n} be a sequence of 
infinitely differentiate functions with supports in a common compact set and 
such that Hi/' — \(/n\\2 —>0 and \^fn\ S | ^ | . Since A G L2(Gi), it has tr-compact 
support and thus, by the same construction as in the first part of the proof, 
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there exist functions Xn G i c
2(Gi) with supports in a common compact set such 

that ||X - Xn | |2->0, K G L^Gx), and |A»| Û |A|. Then <pn(s, t) = $n(s)\n(t) 
is in / , \\<p — <pn\\2 —> 0, and |$w | ^ | $ | . The functions ^ * ç>n have supports 
in a common compact set and 

\\<P* V — <Pn* <Pn\\œ ^ I k l h H ^ — <Pn\U + H ^ I N k ~ <^ | |2 ~ > 0 . 

Consequently, 

Jf(s)<Pn * 6»(s) ^ -+ff(s)<P * <?0) ^ . 

Since | | $ — 3>w||2 = \\<p — <pn\\2—>0 we may assume, by passing to a sub­
sequence if necessary, that $n —> $ a.e. Then, by Fatou's lemma, 

J \$(s)\2dfji(s) g liminf I |$„(s)|2oV(s) = Hm \f(s)<pn*vn(s)ds 

so that the integral/ |^(^) | 2 dfx(s) is finite. Thus an application of the domin­
ated convergence theorem proves that 

Applying this equation to the function %pu(t + s) we obtain 

j <Pu(t + s)JÔÔ ds = / [*, *]*„(*) d/i(J). 

The left-hand side is <pu*f(t) (using Theorem 2.1) which converges to f(t) 
in the manner of the statement of the theorem. 

THEOREM 4.3. Letf G P(LC
2) and let y be the positive measure on G associated 

withf by Theorem 4.2. Then for any compact set CinG, fx(s + C) —» 0 as s —> oo . 
Iff is locally in Lp, then fx(s + C) G Lp'(G)ifl ^ p S 2and »(s + C) £ L2(<?) 
ifp ^ 2. 

Proof. From the proof of the preceding theorem we have 

whenever *>(s, /) = 4>(s)\(t), yp G Lc
2(Ra), X G Lc

2(Gi). If C C G X C2, where 
G is compact in Ra and G is compact in G , let X be the function constructed 
in the proof of Lemma 1 so that X G G (G) , A G G ( G ) and A(2) = 1 for 
t G G. For some iV, the set G is contained in the a-fold product of the interval 
[—N,N], Let \p be the a-fold product of the function which is equal to 
4:N/w - 8N2\x\/7T2 for |x| g ir/2N and is equal to 0 for |*| ^ w/2N. Then 
S£(3) > 1 for s G Ci and thus $ > 1 on C. Since <p * £ G CC(G), the assertions 
of^the theorem follow from the inequality 

0 £/*(* + O ^/|<i>(s + 2)|2tf>(*) = J / ( ^ *£(*)[*,*]<&, 

as in the proof of Theorem 3.2. 
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