UNBOUNDED POSITIVE DEFINITE FUNCTIONS

JAMES STEWART

1. Introduction. Let G be an abelian group, written additively. A complex-
valued function f, defined on G, is said to be positive definite if the inequality

1) izl flsi—s5)eic; 2 0
1 J=
holds for every choice of complex numbers ¢, ..., ¢, and sy, ..., s, in G.

It follows directly from (1) that every positive definite function is bounded.
Weil (9, p. 122) and Ralkov (5) proved that every continuous positive definite
function on a locally compact abelian group is the Fourier-Stieltjes transform
of a bounded positive measure, thus generalizing theorems of Herglotz (4)
(G = Z, the integers) and Bochner (1) (G = R, the real numbers).

If f is a continuous function, then condition (1) is equivalent to the condition
that

(2) fafof(s - t)‘P(S)m dsdt = 0

for every ¢ € C.(G), the continuous functions with compact support on G,
where ds denotes integration with respect to Haar measure. Any essentially
bounded function f satisfying (2) is equal to a continuous positive definite
function locally almost everywhere. However, if f is not assumed to be con-
tinuous or bounded, but merely locally summable, then condition (2) gives
rise to a much larger class of functions.

For the case G = R, Cooper (2) called f positive definite for F, where F is a
set of functions on R, if the integral in (2) exists and is non-negative for every
¢ € F. His principal result is that every function which is positive definite for
C. is the Fourier-Stieltjes transform of a positive measure, possibly unbounded,
in the sense of Cesaro summability almost everywhere.

Our aim in this paper is to study the functions which are positive definite
for various function classes on a locally compact abelian group G. For the case
where f is in some L?(G), 1 < p < o, Weil (9) has given a representation for f
as the Fourier-Stieltjes transform in a summability sense of a positive measure
u, possibly unbounded, on the dual group G. In § 3 his result is described and
restrictions are placed on the measure u. A similar representation theorem for
f when it is not in any L? class was proved in (8, p. 77, Theorem 15) for the
case where G is compactly generated. In § 4 we remove the restriction that
G be compactly generated.
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Throughout this paper G will denote a locally compact abelian group and G
its dual group. G is topologically isomorphic to R* X Gi, where a is a uniquely
determined integer and G, contains a compact open subgroup H. We shall
assume that the Haar measure on G has been normalized so that A has measure
1.

If s € G and § € G, we shall write [s, §] for the value of the character § at
the point s, and [§, s] = [—s, §]. The Fourier transform of a function ¢ will be
denoted by & or ®, and ¢ is the function defined by ¢(s) = ¢(—s). Theorems
invoked without a reference can be found in (6).

2. The class P(F). Let F be a set of complex-valued functions on G.
A complex-valued function f on G is called positive definite for F if the integral

I £ (s = e()e(t) dsdt

exists as a Lebesgue integral over the product set G X G and is non-negative
for every ¢ € F. The class of all functions which are positive definite for F
will be denoted by P (F).

The theorems stated in this section are for the most part straightforward
generalizations of theorems given in (2). They are proved in (8, Chapter II,
§ 1, Theorems 17-19).

THEOREM 2.1. Let f € P(F), where F has the property that for any compact set C
of G, F contains a function with compact support which is strictly positive on C.
Then f is locally summable and § = f locally almost everywhere.

Information as to how the class P (F) varies with Fis provided by the follow-
ing two theorems and the obvious fact that F; C F, implies that

P(F,) D P(Fy).

THEOREM 2.2. P(C,) = P(LZ) for every p = 2, where L2 is the set of functions
m L? with compact support.

THEOREM 2.3. Let 1 £ p £ 2 and q = p/2(p — 1). If f € P(L.2) and f is
locally in LY, then f € P(LP).

The converse of Theorem 2.3, which may be true in general, can be proved
for p = 1. In fact, for this case a strengthened version of the converse is given
by Theorem 2.4 which follows from two applications of the uniform bounded-
ness theorem.

TuEOREM 2.4. If f € P(L.'), then there is a constant A such that [f (s)] < A
locally almost everywhere.

It follows from this theorem that P(L,') = P(L') and that any function
in P(L,') is equal to a continuous positive definite function locally almost
everywhere.
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3. The case f € L?(G). If U is a compact neighbourhood of 0 in G, let
ou be a positive function with support in U, f<pU(s) ds=1 oy = "y 20,
and @&y € LY(G). Weil (9) has shown that for every f € L? N P(C.),
1 £ p < o, there is a positive measure x on G such that

®) 76) = tim [ ®u(Ols, 1w (),

where the limit is taken in L?(G). This result remains true if the summability
function &y is replaced by a function &, with the following properties:
®, =0, &, € LY(G), ®u = 3 where ¢, € L1(G) and ¢, is an approximate
identity in L?(G), i.e., ||g * ¢« — gl — O for every g € L?(G). In particular,
Simon’s generalization of Cesaro summability (7) could be used here.

The summability function ®; used by Weil and the generalized Cesaro
summability function both have the property that ®,(§) -1 as U—0
uniformly on compact sets in G. This is enough to ensure the uniqueness of the
measure u.

THEOREM 3.1. Let uy and u, be positive regular Borel measures on G such that
for any directed set of functions ®, such that ®,(8) — 1 uniformly on compact sets,

llmf CI)a(§) [Sy §] d“l(g) = l‘mf q)a(§)[5y §] d/~l’2(§):
where both limits are in the sense of L?(G), 1 < p < 0. Then pu1 = u,.

Proof. Let g be any function in L!'(G) such that § has compact support. Then,
using the Fubini theorem and the fact that g € L? (G), where 1/p 4+ 1/p’ = 1,
we have:

lim [ 8(8) ®a(5) dia(5) = lim [ g() (] ()15, 5] dua ()} ds
lim [ g(){f ()18, s]dua(8)} ds
= lim [ 2(5) () dus (5).
Since ®, — 1 uniformly on the support of § we obtain, by taking the limit,
J 8(8) dur(8) = [ 2(8) dus(9).

The set of such functions g is dense in C,(G), and therefore u; = ps.

Not every positive measure u on G gives rise to a function f € P(L,?) in the
manner of (3) since the limit need not exist. Necessary and sufficient conditions
for u to generate f € L? M P(L.?) are not known, but the following theorem
does impose restrictions on such a measure.

THEOREM 3.2. Suppose that ®,(3) converges to 1 uniformly on compact sets in G
and that f &, (8)[s, 3] du(8) converges in LP(G) to f(s), where u is a positive
measure on G. Let C be a compact set in G, and let 1/p + 1/p' = 1. Then

i) w4+ C)—0as$— 0,
(i) sE+ O EL"G)Ff1Sp=2andp+C0) € LG ifp 2 2.
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Proof. Let ¢ be any function in L!(G) such that & = & has compact support.
Then ¢ € L?’(G) and hence

[ e ()ds = lim [ ¢(s){f @ ()3, s du($)} ds
= lim [ ®,(3) ®(5) du(3)
= [ &($) du(9).

In particular, choose ¢ € L!(G) so that ®(§) = 1for § € C, 0 = () £ 1,
and ® has compact support. Then

0=u+C) =[ o6+ du) = [FE)e(s)IS, 5]ds.

The right-hand side is the Fourier transform of a function in @1(6) and thus
converges to 0 as § — 0. Hence u(§ + C) — 0. The function fp is also in L?
since ¢ € L*®, so that its Fourier transform isin L?" if 1 < p < 2 and in L2 if
p =2

If G = R, then the condition u(§ + C) — 0 as § — o is equivalent to the
condition p(#) = o(u) given in (2), where p(u) is an increasing function such
that

flx) = f_m e™ dp(u) a.e. (C,1).

4. The main representation theorem (Theorem 4.2). Let u be a positive
measure on a space X and X = U{X,;a € I} agiven decomposition of X with
w(X,) < . Define

[[Wll2e = [[xal¥(s)]? du(s)]V2
and let S2(X) be the set of functions ¢ on X for which

HEZIE =a2e; [[#l]2.a < 0.

If ¢ € S?(X), then the set {s € X; ¢(s) # 0} is o-finite, and in fact
S2(X) C L2 (X).

If S?(Y) has been similarly defined by means of the measure » and the decom-
position ¥ = U{Ys;8 € J}, we define S?(X X Y) in terms of the product
measure g X » and the decomposition X X ¥V = U{X, X Yg;a € I, B € J}.
If ¢ € 52(X) and N € S2(Y), then the function ¢(s, ) = ¢(s)\(¢) is in
S$*(X X Y) and in fact [[[o[[[2 = [[[¥[[[2[[[\][]=-

By the structure theorem for locally compact abelian groups, G is of the
form R* X Gi, where G; contains an open compact subgroup H. Define S%(G;)
by means of Haar measure and the coset decomposition of G; with respect to H.
If S?2(R) is defined from the equation R = UZ. [n, # + 1], then S2(G) is
defined by the product decomposition.
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Given ¢, ¢ € S?(G), the union of their supports is a s-compact set which we
can write as UT K,, where K, = g, + K and K = [0, 1]* X H. The proof
of the inequality

(4) xnfznf (s = De(s)¥ @) dsdt] < M||o||2.][¥]]2.m,

where

M =[x sl f&) ds, P lollsn = [[male(s)[2ds]1,
for f € P(L2) is similar to the proof of (4.7) in (2). It follows from (4) that,

whenever f € P(L,?) and ¢, ¢ € S2(G), the integral [[ f(s — £)o(s)¥ () dsdt
exists, not necessarily as a Lebesgue integral, but as the limit of the integral

Jonfanf (s — )e(s)¥(t) dsdt

asm,n — o0, where G, = U1 K, i.e., as the sum of the absolutely convergent
series

S5 6= newv@ as

It is this interpretation of the integral that is meant in Theorem 4.1.

LEMMA 1. Given a compact set C in G, there is a function € S?(G) N L(G)
such that ¥ =  has compact support and is equal to 1 on C.

Proof. We have C C Cy X C,, where C is compact in R* and C; is compact
in G1. Let A be the annihilator group of H, 4 = {§ € Gils,81=1 forevery
s € H}. Since H is open, G1/H is discrete, and thus 4, which is the dual group
of Gi1/H, is compact. Since H is compact, its dual group G;/A4 is discrete,
and therefore 4 is open. C: is thus covered by a finite number of cosets of
A: 84+ A, ..., & + A. If xg denotes the characteristic function of H, let

k
) = xa) 2 15, 41
o
Since Xz = xu, we have
k
¥, (8) =jZl xa( —$;),

and thus ¥, has compact support and is equal to 1 on C.. Since the support of
Y2 is H, it is in S2(G;). Let ¥; on R? be an a-fold product of twice differentiable
functions of a real variable which is equal to 1 on C; and 0 outside a larger
compact set. Then ¢; is an a-fold product of functions which are O(x~2) as
x — 4= 00 and are therefore in S?2(R). Hence y; € S?2(R%). Define ¢ on
G = R* X Gy by ¥(s,t) = ¢1(s)¥2(¢). Then ¢ and ¥ have the required
properties.

tAs usual, for any subset 4 of an abelian group, 4 — 4 = {a — b; a, b€ A4]}.
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LeEMMA 2. There is a net {ay} of continuous functions with compact support on
G such that |ay(s)| £ 1, ay(s) — 1 uniformly on any compact set, and

ay = Bu * EU-

Proof. Simon (7) constructed a net {ay} C C.(G) such that lap(s)| =1,
ay(s) — 1 uniformly on compacts, &y = 0, and &y € L'(G). Write &y = vu?,
where vy € L2(G). If By = vy, then By * By = ay and By = Bu.

LemMMA 3. Let X be a linear space of complex-valued funciions which is
closed under complex conjugation and let YV be a subspace of X. Suppose that for

each ¢ € X there exists ¢ € Y such that |o(s)| = ¢(s). Then any positive linear
functional on Y can be extended to a positive linear functional on X.

For the case where X is a space of real-valued functions, see (3, p. 219,
Theorem 3) and since X is assumed to be closed under complex conjugation,
we can extend the functional from the real-valued functions in X to all of X.

THEOREM 4.1. If f € P(L,?), there is a positive measure u such that

JI 7 = Dew () dsdt = [ ®($)W(S) du(s)
whenever ¢, ¥ € S2(G) and ®, ¥ € C.(G).

Proof. Define Py(§) = f ay(s)f (s)[8, s] ds, where ay has the properties listed
in Lemma 2. Then

Py($) = [ Bu* Bu($)f ()8, slds = [[ £ (s — DBu()IS, s18u (D[S, £] dsdi = 0.

Since the Fourier transforms of the functions ayf and ¢ * ¥ are Py and &V,
respectively, the Parseval formula yields:

J Py($)2($)¥($) ds = [[ av(s — Of (s — De(s)¥(t) dsdt
and the properties of ay ensure that the integral on the right-hand side con-
verges to fff(s — 1)e(s)y¥(t) dsdt. Now define

T(®) = lim [ Py(8) ®(3) ds

and let ¥ be the set of functions ® € C,(G) for which the limit exists. 7 is a
positive functional on ¥ since Py (§) = 0. Y contains those functions ® € C,(G)
whose inverse transform ¢ is in S2. For by Lemma 1 there exists ¥ € C.(G)
such that ¥ is equal to 1 on the support of ® and ¢ € 52, and thus

T(®) = lim [ Py(§) ®(5)¥(5) ds

exists by the arguments above.

We can extend T to be a positive functional on C,(G) by virtue of Lemma 3
since any function in C.(G) can be majorized by a suitable constant multiple
of the function constructed in Lemma 1. Hence there is a positive measure u
on G such that

T(®) =] 2@ du(®) (2€ V).
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In particular, if ® ¥ € C,(G) and ¢, ¢ € S2(G), we have:

[f£(s = Dols)p(t) dsdt = [ ®($)¥($) du(s).

If U is a neighbourhood of 0 in G, let V be a compact neighbourhood of 0
such that V— VC U and V = V; X V,, where Vy; C R% V., C G:. For
1 =1, 2, let ¥; be a positive L? function having support in V; and integral
equal to 1. Set ¢y (s, 1) = ¢1(s)¥2(t) and ¢y = Yy * Y. Then ¢y is a positive
function with support in Uandf eu(s)ds = 1. &y = &y will be the summability
function for the integral representation of f.

THEOREM 4.2. If f € P(L.2), there is a positive measure u on G such that

76) = tim s, 190(5) du(6),
Us0vY @
where the limit exists uniformly on any compact set on which f is continuous, and
exists in LY over any compact subset of G.
Proof. We know from Theorem 4.1 that

5) 176 = De()e() dsdt = [ |8($)[* du(s)
holds whenever ¢ € S?and ® € C,. We show first that (5) continues to hold if
¢ €J ={p €SBl t) = ¥(NN, N € L2(G), A € LY(G),

¥ € LY(R%), ¥ € L1(R%), 02°¥/0x:2 ... 0x,2 € C M L1(R%)}.
Since A € L'(G,), its support is o-compact and thus contained in the union

of a countable number of cosets of the annihilator A: §; + A4, §s + 4, ... .
The Fourier transform of the function

6uls) = x;;(s)j;"l [s, &,

is the characteristic function of the set Uj-1 (§; + 4), so that if \, = A % §,,
then |A,(8)| increases to |A($)| and ||A — A,||1 — 0 as » — 0o. Since the sup-
port of \ is compact and the support of each ¢, is H, each \, has support in a
common compact set which can be covered by a finite number, say r, of
cosets of H. Thus for every n we have |||\]]]2 = 7[|\]]2 = 7[|N]]e

Since 02°W/dx:%. .. dx,2 € L1 (R*), we can find ¥, with compact support
such that ||¥ — ¥,||; — 0, |¥,| increases to | ¥|, and the functions

Q, = 92°%,/0x,%. .. 0x,?
have uniformly bounded L! norms: ||2,][1 £ B. Thus we have
|¢n(517 ey sa)l = BISLI_Z .o Isa]_2

for every n. This inequality shows not only that ¢, € S?(R*) but also that the
sequence {|||¢,|||2} is bounded and the convergence of the series Y_m=1 ||[¥al|2.m
is uniform in #.
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Set @uls, £) = ¥u(s)\(t) so that &,(3,1) = ¥, (§)A.(¢) is in C.(G),
[|®@ — ®,/|i = 0, and |®,| increases to |®|. Since [||¢a||l2 = ||[¥alli2l|[\]]]2, the
sequence {|||¢,|||2} is bounded. The fact that the convergence of the series
Y m=1||¢n]|2,m is uniform in # follows from the corresponding fact for ¢, and the
fact that each )\, has support in a common compact set. Thus, given ¢ > 0,
we can choose N so that

Milleallls 25 Nlenllom < ¢/8
m=N+1
for every # and

Mlllellla 3 llellam < e/5.

) F
Writing

[[£(s = le(s)ot) — en(s)en(®)] dsdt = I, + I,

where I; and I, are the integrals over Gy X Gy and its complement, respec-
tively, we see from (4) that

ns(5 5+ 5 SN ) T mewmw s

fx,,. J;pf(s — Den(s)ea(t) dsdt‘ }

)

s 2Mlllellle 35 llelln+ 2M[llells 3 llenlle
< €/2.
Since ||® — &,||1 — 0 we have
o)) = en()eu(®l < [|BE) 2(=1) — &,(8) @, (—D)[11 >0,

and thus

+

le©)e®) = e ©enll < (¢/2) [ay-ay |f ()] ds
for n > m,, say. Thus |I;] < ¢/2 for n > n,. It follows that

I 7(s = D)en(s)ealt) dsdt — [[ F(s — t)e(s)e () dsd.
On the other hand,

Jl2®)2 du() = [ |2(5)[2 du(s)
by the monotone convergence theorem. Since (5) holds for ¢,, it must therefore
hold for ¢ € J.

We now extend the range of validity of (5) further to the case where
o(s,t) = ¢(s)N®), ¥ € L2(R*), N € L2(G1). Let {¢,}] be a sequence of
infinitely differentiable functions with supports in a common compact set and
such that ||¢ — ¥,||: — 0 and |¥,| < |¥|. Since A € L?(G,), it has o-compact
support and thus, by the same construction as in the first part of the proof,
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there exist functions \, € L2(G:) with supports in a common compact set such
that [N — N,]a— 0, A, € L1(Gy), and |A,| < |A]. Then ¢,(s, t) = ¥, (s)\(t)
isin J, |l¢ — ¢,]]2— 0, and |®,| < |®|. The functions ¢, * ¢, have supports
in a common compact set and

llo* & — @n* @ll = llellolle — &allz + 1@allolle — @nllz — 0.

Consequently,

f}:(s—)‘f’n * @, (s) ds *IRS—)‘SD * 95(3) ds.

Since ||® — @,|]: = |l¢ — @u||]:— 0 we may assume, by passing to a sub-
sequence if necessary, that &, — & a.e. Then, by Fatou’s lemma,

f[@(§)]2du(§) gliT inff[@n(f)lzdu(ﬂ = 1imff("s‘)¢,,*¢,,(s) ds

so that the integral [ |®(§)|2 du($) is finite. Thus an application of the domin-
ated convergence theorem proves that

[7()e % ¢(s) ds = [ |@(5)]2 du ().
Applying this equation to the function ¢y (¢ 4+ s) we obtain

[ evlt + 5)f(s) ds = [ It, $195(8) du(s).

The left-hand side is ¢y * f(¢) (using Theorem 2.1) which converges to f (¢)
in the manner of the statement of the theorem.

THEOREM 4.3. Let f € P(L.2) and let u be the positive measure on G associated
with f by Theorem 4.2. Then for any compact set Cin G, u(§ + C) —0as§ — 0.
Iffislocally in L7, then u(§ + C) € L” (G)if 1 < p < 2and u($ + C) € L*(G)
ifp = 2.

Proof. From the proof of the preceding theorem we have

[F()exo(s)ds = [ |®($)]2 du(s)

whenever ¢(s, 1) = ()N, ¥ € L2(R*), N € L2(G,).If C C Ci1 X Cy, where
C, is compact in R® and C, is compact in Gy, let A be the function constructed
in the proof of Lemma 1 so that A € C.(G1), A € Cc(G1) and A(f) = 1 for
i € Cs. For some N, the set C; is contained in the a-fold product of the interval
[—N, N]. Let ¢ be the a-fold product of the function which is equal to
4N/w — 8N2|x|/x? for |x| < /2N and is equal to O for |x| = =/2N. Then
¥(8) > 1for$ € Crand thus ® > 1 on C. Since ¢ * ¢ € C,(G), the assertions
of the theorem follow from the inequality

0= u(E+ 0 =126 +H2du@) = [F()ex ()18, sds,

as in the proof of Theorem 3.2.
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