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Almost Periodicity and Lyapunov’s
Functions for Impulsive Functional
Differential Equations with Infinite Delays

Gani Tr. Stamov

Abstract. This paper studies the existence and uniqueness of almost periodic solutions of nonlinear
impulsive functional differential equations with infinite delay. The results obtained are based on the
Lyapunov—Razumikhin method and on differential inequalities for piecewise continuous functions.

1 Introduction

Impulsive differential equations arise naturally from a wide variety of applications
such as aircraft control, inspection process in operations research, drug administra-
tion, and threshold theory in biology. However, due to numerous theoretical and
technical difficulties, not much has been developed in the direction of impulsive
functional differential equations. In the few publications dedicated to this subject,
early works were by Anokhin [1] and by Gopalsamy and Zhang [3]. Some qualitative
properties (oscillation, asymptotic behavior and stability, almost periodicity) were
investigated by several authors (see [2, 13, 14]).

One of the most important parts of the qualitative theory of differential equations
is the theory of the existence and stability of the almost periodic solutions. In the
present paper we consider the problem of existence and stability of almost periodic
solutions of nonlinear impulsive functional differential equations with infinite delay.
Moreover, the technique of investigation essentially depends on the choice of min-
imal subsets of a suitable space of piecewise continuous functions, which are used
to estimate the derivatives of Lyapunov’s functions [6, 12]. It is well known that
Lyapunov—Razumikhin methods have been widely used in the study of qualitative
properties for functional differential equations without impulses [10].

The paper is organized as follows. In Section 2 we give some preliminaries and
main definitions. In Section 3 we investigate the existence and stability of almost pe-
riodic solutions of nonlinear impulsive functional differential equations with infinite
delay. Sufficient conditions are obtained by means of piecewise continuous auxiliary
functions that are analogues of the classical Lyapunov functions. The investigations
are carried out by also using a comparison principle that permits us to reduce the
study of nonlinear impulsive functional differential equations to the study of a scalar
differential equation.
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2 Preliminary Notes and Definitions

Let R” be the n-dimensional Euclidean space with norm || - ||, R* = [0,00), B, =

{xeR": x| <v}v>0,QCR",B, CQQ#a. Consider the following sets:

e B ={{n}: 7% € Rk < The1,k € Z}, ice, {7} is unbounded and strictly
increasing, with distance p({T,EU}7 {7',52)}).

* PC = PCIR,R"] = {¢: R — R" ¢ is a piecewise continuous function with
points of discontinuity of the first kind at 74, with {7} € B, at which ¢(7; — 0)
and o(7x + 0) exist and (7, — 0) = (%) }.

e PC'[R,R"] = {p: R — R", ¢ is continuously differentiable everywhere except
for points 73, with {7} € B, at which ¢ (7% —0) and ¢(7+0) exist and ¢(7,—0) =
()}

Let o € PC[R, Q] and |po| = sup, g [|@o(t)].
We will consider the system of impulsive functional differential equations

{x(r) = f(t,x:),t > to,t 7 Tk,
(2.1)

Ax(1i) = x(1c +0) — x(1x — 0) = Li(x(1x — 0)), k€ Z,

where fp € R, f: R X PC[R,R"] — R"; I} € C[Q,R"],k € Z; {7} € B, and for
t > tg, x5, € PC[R,IR"] is defined by x, = x(t +5), —00 < s < 0.

Denote by x(t) = x(; o, o), o € PC[R, Q] the solution to system (Z.I)) satisfy-
ing the initial conditions

x(t5to, o) = wolt —to), t < to,
(2.2)

x(to + 0520, o) = ¢o(0),
and let J* (), o) be the maximal interval of type [to, ) in which the solution
x(t; t, @o) is defined.

Recall from [14] that the solution x(¢) = x(¢;y, o) of the initial value problem
(om0 is characterized by the following:

(i) Fort < fy,t0 € [Tk, Th)), Thy < This Tk € {7k},i = 0,1 the solution x(¢)
satisfies the initial conditions (2.2);
(ii) Forty <t < 7k, x(t) coincides with the solution to the problem
x(t) = f(t7xt)7 t > tO?
X, = @o(s), —00 < s < 0.
At the moment t = 7, the mapping point (¢, x(¢;to, o)) of the extended
phase space jumps instantaneously from position (7, , x(7%,; to, ©o)) to position
(Tky » X(Thy3 20, P0) + 11 (x(Th;3 20, P0));
(i) For Ty, <t < Tk, Tk, € {7k} the solution x(¢) coincides with the solution to
}’(t) = f(tayt)a t > Tkn
yn, =1, 1 € PC[R, ],
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where

eo(t — Tk,) t e (—o0, 7],
o1t — 1) =
x(t;t0, po) + I, (£ 10, p0) £ = Ty,

At the moment t = 7%, the mapping point (¢, x(¢)) jumps instantaneously, etc.

Thus in interval J* (), o) the solution x(#;ty, o) to the problem 2.1, 2.2) is
a piecewise continuous function with points of discontinuity of the first kind at the
moments t = 7%, k € 7Z, where it is continuous from the left.

For convenience, let us state the following hypotheses.

(H1) f € C[R x PC[R, Q],R"], f(t,0) = 0,t € [tg, 00).

(H2) The function f(t, ¢) is Lipchitzian with respect to ¢ € PC[R, 2] uniformly on
t € [ty,0).

(H3) I € C[2,R"], I}(0) = 0and (I + I}): Q — , k € 7Z where I is the identity in
Q.

Lemma 2.1 Let the conditions (H1)—(H3) hold. Then J*(ty, po) = [to, 00).

Proof Since conditions (H1)—(H3) hold, then from the existence theorem for the
equation without impulses x = f(¢,x;) [4, Theorem 2.2.1], it follows that the so-
lution x(¢) = x(t;t9, ¢o) to problem (2.I)), (2.2) is defined on each of the intervals
(Tk—1, 7k}, k € Z. From the property of the sequence {7} we conclude that it is
continuous for t > t,. [ |

We note that the problems of existence, uniqueness, and continuity of the solu-
tions of functional differential equations without impulses have been investigated
[5,7].

Since the solutions to (2.I)), (2.2)) are piecewise continuous functions, we adopt
the following definitions for almost periodicity.

For T,P € B, let s(T U P): B — B be a map such that the set s(T U P) forms a
strictly increasing sequence and if D C R, let 6.(D) = {t + &, t € D}, and F.(D) =
N{:(D) : € > 0}.

By ¢ = (p(t),T) we denote an element from the space PC x B, and for
every sequence of real numbers {a,},n = 1,2,..., let 6,,¢ denote the sets
{ot+a,), T—a,} CPCxB,whereT —a, = {mx —an,k€Z,n=1,2,...}.

Definition 2.2 ([11]) The set of sequences {T,f}, Tkj =Tj— Tk, K€L, jEL
{7} € B, is said to be uniformly almost periodic if for any ¢ > 0 there exists a
relatively dense set in R of e-almost periods, common for all the sequences {7} }.

Lemma 2.3 ([11]) The set of sequences {T,f} is uniformly almost periodic if and only
if from each infinite sequence of shifts {Tx — a,},k € Z,n =1,2,...,a, € R we can
choose a subsequence that is convergent in B.

Definition 2.4 The sequence {¢,}, ¢, = (p,(t), T,) € (PC X B) is convergent to
o, & = (p),T), (p(), T) € (PC x B) if and only if for any ¢ > 0 there exists
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no > 0 such that for n > ny,

p(T,Ty) <&, |pat) —p(t)] <e
holds uniformly fort € R\ F.(s(T, U T)).

Definition 2.5 The function ¢ € PC[R, 2] is said to be an almost periodic piecewise
continuous function with points of discontinuity of the first kind from the set T if for
every sequence of real numbers {a’,,} there exists a subsequence {a,.}, an = aj, ,
such that 6, ¢ is compact in PC x B.

We introduce the following assumptions.

(H4) The function f(¢, ) is almost periodic in ¢t € R, uniformly with respect to
¢ € PC[R, Q.

(H5) The sequence {Ix(x)} is almost periodic, uniformly with respect to x € (2,
Qe R

(H6) The function ¢y € PC[R,R"] is almost periodic.

(H7) The set of sequences {Tkj}, T,g = Tkyj— Tk, k € Z, j € Z,{7x} € B, is uniformly
almost periodic.

Let conditions (H4)—(H7) hold and let {c,'} be an arbitrary sequence of real
numbers. Then there exist a subsequence {a, }, «, = «,,,/, such that the sequence
{f(t+au,x, y)} is convergent uniformly on x € €2, y € Q to the function (¢, x, y),
the sequence o (f + ;) is convergent uniformly to the function ¢f (¢), and the set of
sequences {7x — a, }, k € Zis convergent to the sequence 7', uniformly with respect
tok € Zasn — oo.

By {k,, } we denote the sequence of integers such that the subsequence {7y, } is
convergent to 7', uniformly with respect to k as i — oo. From (H2) it follows that
there exists a subsequence of the sequence {k,, } such that the sequence {Ii., (x)} is
convergent uniformly to the limit denoted by I} (x).

Then for every sequence {«/,} the system (2.0)), (2.2)) satisfies the system E® in the
form

x(t) = fa(t7xt)7t 7é TI?(7
(2.3) x(t) = 5 (1), t € (=00, o],
Ax(t) = IF(x(t¢),t =18, k€ L.

Definition 2.6 The set of all systems E“ is said to be the module of the system (2.1)),
2.2), and we denote this set by mod(f, v, Ik, Tk)-

Definition 2.7 ([14]) The zero solution to the system E* is said to be

* uniformly stable if (Ve> 0)(30 = d(¢))(Vtp € R)(Vypo € PCIR,R"] N By)
(Vt > to): [|x(t3t0, po)|| < &5

* uniformly attractive if (IA> 0)(Ve> 0)(IT = T(e))(Vpo € PC[R,R"] N B))
(Vg e R)(VE > 1o+ T) = ||x(t5t0, p0)|| < &

* uniformly asymptotically stable if it is uniformly stable and uniformly attractive.
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Consider the sets:

Gr={(t,x,y) ERXR"XR": 74 <t <71,k€Z,},G= | Gis
kez
Q = {a € C[R*,R"] : a is strictly increasing in R and a(0) = 0}.
Definition 2.8 We shall say that the function V: R x R” x R" — R* belongs to
the class Vy if
e Viscontinuousin Gand V(¢,0,0) = 0,7 € R.
* For each k € Z and each point (xy, yo) € B, X B, the limits

V(1 — 0,x0, o) = lim Vt,x,y),
(t,%,y)—(Tk%0,)0)
(t.x,y)EGk

V(1 + 0, %0, y0) = lim V(t,x,y)
(t,%,y)— (Tk,%0,70)
(t,%,y) €EGyy1

exist and are finite and the equality V(7% — 0, %o, yo) = V (7%, %0, y0) holds.
* Vislocally Lipshitz in x, y, i.e., there exists a positive constant L such that

(2.4) IV (t, %1, 1) = V(t, %, y2)|| < L[ — %2l + [[y1 — 25
fort € R, (x;, i) € B, X B, i =1,2.

LetV € Vg, t > ty, t # T, x € PC[R,R"], y € PC[R,R"]). Introduce
D_V(t,x(t), y(t)) = lign iglfdfl

{V(E+6,x(t) +0f(t,x), y(t) + 0f(t,y)) — V(t,x(t), y(1) } .

Introduce the following classes of functions:

Q1 ={(x,y) :x,y € PC[R,Q, V(s,x(s), y(s)) < V(£,x(t), y(1)),
—o0<s<t, t>1, VEV}.
Definition 2.9 We shall say that the function W: R xR” — R* belongs to the class
W, if the following hold:
* W is continuous for (t,x) € R x R",t # 7, k € Zand W(t,0) =0, t € R.
* For each k € 7 and each point xy € B, the limits

W(rg —0,x%) = lim  W(t,x),
(£,)— (7 %0
t<r

W(rd +0,x) = lim W(t,x)
(#,)— (Ti,%0)
>7

exist and are finite and the equality W(7® — 0,x9) = W (7, xo) holds.
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* W islocally Lipshitz along x.
Let W € Wy, t > 1o, t # 7", x € PC[R, R"]. Introduce the function

D_W(t,x(t)) = lign iélf(s_l{W(t +0,x(t) + 6 (t, %)) — W(t,x())}.

In the proof of the main results we shall use the following lemmas.

Lemma 2.10 Let the following conditions hold.

(i) Conditions (H1)—(H3).

(ii) The functiong: (ty, 00) x Rt — Ris continuous in each of the sets (Tx—_1, 7] X R,
ke, andg(t,0) =0 fort € (ty, 00).

(iii) v € C[R*,R*], %(0) = 0, and (1) = u + y(u), k € Z are nondecreasing
with respect to u.

(iv) The maximal solution r(t; ty, uy) to the problem

(2.5) {” =g(t,u), t > to, t # 7k, u(to +0) = ug > 0,

Au(te) = (u(mi)), 7c > to, k € L.

is defined in the interval [ty, 00).
(v)  The solution x(t) = x(t;to, o), y(t) = y(£5t0, po) to the problem 2., is

such that x(t), y(t) € PC[R,Q] N PC![R, Q].
(vi) The function V€ Vy is such that V (ty + 0, o, @o) < ug and the inequalities
D_V(t,x(t),y(t)) < gt,V(t,x(t), y(t))), fort # 7,
V(t +0,x(t) + Ik (x(2)), y(t) + I(y (1)) < oV (£, x(2), y(t))), fort =74, k € Z,
are valid for each t > ty and x, y € Q.
Then

(2.6) V(t, x(t; to, @o), y(tsto, 00))) < r(tsto, ug) ast > ty.

Proof From Lemmal[2.T]it follows that J*(to, wo) = [to, 00). The maximal solution
r(t; to, o) to problem is defined by

T'(t; t07u()+)7 ty <t S Tky s
rl(t; Tk17u-]+)7 Tkl <t S Tkz?

T(t; to, 1/!0) = .
ri(ts T, ul),  t <t <ty

where r;(t; 7k, uf

g(t, u) in the interval (7y,, 7y

) is the maximal solution to the equation without impulses &t =
1, {7} C {7} for which

i+l

uj =il (T3 Ty i—1))s kK €Z, ug = uy.
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Lett € (ty, 7, ]. Then from corresponding comparison lemma for the continuous
case [8, Theorem 1.4.1] it follows that

V (&, x(t5 10, po), y(t; to, o)) < r(tsto, up),

i.e., inequality (2.6) is valid for t € (fo, %, |-
Suppose that (2.6) is satisfied for t € (7x,_,, 7], ki > ki. Then from condition
(vi) of Lemma[2.10land the fact that the functions 1, are nondecreasing, we obtain

V(Tk{ + O,X(Tki + 0) th 900)3 )’(Tk; + 0) th ()00))
< g, (V (7, %(73 10, 0), ¥ (T3 to, ©0)))

S ’l/)k,’(r(Tk,‘;th ()00)) = 7/1k;(”k,,1(7'k,»§7'k,»,17u;,fl)) = UZ’,.

We apply again the comparison lemma for the continuous case in the interval
(Tk» Tk,,, ] and obtain

V (t,x(t; 10, p0), ¥(t5 10, 00)) < 1, (85 7%, ui) = r(t5 80, 1g),

i. e, inequality is valid for ¢t € (7y,, 7, ]. The proof is completed by induction.

i+1

Lemma 2.11 Let the following conditions hold.

(i) Conditions (H1)—(H7).

(ii) For any E* € mod(f, @, Ik, Tx) there exist functions W € Wy, a,b € Q such
that

(@) a(||lx(@)]]) < W(t,x(t)) < b(||x(t)]]), t € R, x(¢) € PC[R, R"];
(b) foranyt > ty,x € PC[(ty, 00), R"] for which W (s, x(s)) < W(t,x(t)) s €
[to, t] the following inequalities hold

D_W(t,x(t)) < —cW(t,x(t)),t # 7', c = const > 0,
Wt +0,x(t + I} (x(1))) < W(t,x(1),t =7, k € Z.

Then the zero solution to the system E® is uniformly asymptotically stable.

Proof The proof of Lemma[2.TT]is analogous to the proof of Lemma[Z.10]. ]

3 Main Results

Theorem 3.1 Let the following conditions hold.
(C1) Conditions (H1)—-(H7).
(C2) The functionsV € Vyand a,b € Q are such that

(3.1) a(|lx(t) — y®)|) < V&, x(1), y(£)) < b(||x(t) — y(1)]),

forx(t) € PC[R, Q], y(t) € PC[R, €2].
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(C3) The inequalities
(32)  D_V(t,x(t), y(t) < —cV(t,x(), y(t)), t # T, ¢ = const > 0,
(3.3) Vit +0,x(t) + Ik (x(2)), y(t) + I(x(2))) < V(t,x(t), y(t)),

t = Tg, X,}/GQh kel.
(C4) There exists a solution x(t;tg, po) of I, Z2) such that ||x(t;to, po)|| < v1,
wheret > to, 1) < V.
Then for the system [2.1)), 22) there exists a unique almost periodic solution w(t)
such that:
@) lw®| < vi;
(i) mod(w(t), k) C mod(f, wo, I, Tk);
(iii) w(t) is uniformly asymptotically stable.

Proof Let {c;} be any sequence of real numbers such that o; — oo asi — oo and
{a@;} moving the system (Z.1)),(Z.2) in the system E%, E* € mod(f, o, It, Tk)-
For any real number f3, let iy = iy(3) be the smallest value of i such that a;, + 5 >
to. Since ||x(t5to, wo)|| < vy forallt > t, x(t + s t, o) € B, fort > 3, i > iy.
Let I C (f3,00) be compact. Then for any € > 0, choose an integer ny(e, ) >
ig() so large that for I > i > ny(e, 3) and t € (3, 00) it follows that

a(e)c
2L’

b(2u, e Wrai—t) ?, f&+anx) — ft+ai,x)] <

where x € PC|[(ty, >0), B,, ], ¢ = const > 0.
Consider the function V (o, x(0), x(c0 + oy — «;)).
For o > ty,x(0) € Qy, x(0 + oy — ;) € Oy, from 2.4)). (2.6), and (3.2) we obtain

(3.4) D_V(o,x(0),x(c + a; — «;))

< —cV(o,x(0),x(0c + a; — o))

+ L”f(a + Q) — aiax(7+o¢1—0¢,') - f(07x0+(!1—0'i)||

< —cV(o,x(0),x(c + o) — o)) + a(;)c.
On the other hand, from (33)), (3.4), and Lemma[2.10]
a(e)c

V(t+ai, x(t+a;), x(t+ap)) < e*f“mt'*fo)\/(to,x(to),x(to+al—ai))+T < a(e).

Then from (B.I) we have ||x(t + ;) — x(t + )| < &, forl > i > ny(e,B), t € L
Consequently there exists a function w(#) such that x(¢ + ;) —w(t) — oo fori — oo.
Since (3 is arbitrary it follows that w(¢) is defined uniformly ont € I.

Next we shall show that w(#) is the solution to (2.3)). Since x(¢; fo, o) is solution

to (2.1)), we have

%t + i) — x(t + a)|| < [|f(F+ @iy Xera,) — fE+ Qu, Xera,) ||

+ Hf(t+ al7xt+o¢,-) - f(t + ala-xt-*-m)”v
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fort +a; # 7, j =1,k andk € Z
As x(t + o) € B, for large «;, for each compact subset of R there exists an
n1(e) > 0 such thatifl > i > n;(¢), then

g

Hf(t + ai7xt+(xi) - f(t + alvxtﬂy;)n < E

Since x(t + aj) € B,,, j = 1,1, it follows from Lemma that there exists
n,(g) > 0 such thatif [ > i > n,(¢), then

&
| f(t+ u, xira,) — fE+ au, xe00)|| < 3

Forl > i > n(e), n(e) = max{n;(g),ny(¢)} we obtain
|t + ) —x(t+ )| < e, t+a; # 7,

which shows that lim;_, o %(t+c;) exists uniformly on all compact subsets of R. Then
lim; o %(t + ;) = W(t), and

w(t) = Im [f(t + o, Xpva,) — [t + i, w() + f(E+ i, w(t))]
ftw), t # 7¢.

On the other hand, for t + a;; = 7,

(3.5)

w(tg +0) —w(re —0) = lim (x(7¢ + o +0) — x(7" + a; — 0))
(3.6) e

Jim B (xe(7il + 00) = I (w(r)-

From (H6) we get that for sequence {«;} there exists a subsequence {«,}, o, =
v, such that the sequence {yo(t + a,)} converges uniformly to the function ¢§.
From (3.5) and (3.6)) it follows that w(t) is a solution to (2.3).

To show that w(¢) is an almost periodic function, let the sequence {«;} move the
system (2.1) to mod(f, o, Ix, 7%). For any € > 0 there exists m(e) > 0 such that if
1> i > my(e), then et < g(g) /4 and || f(k + i, Xira,) — F(K+ Quy Xera)) || <
a(e) /4L, where x € PC[((t, 00), R"], ¢ = const > 0.

For each fixed t € R let 7. be an a(e)/4L-translation number of f such
that t + 7. > 0. Consider the function V(7. + o,w(0),w(c + o — «;)), where
t <o <t+q;.Then

(3.7) D_V(re+ow(o),wloc+o—a;) —cV(re+o,w(o),w(o+ao —a;))
+ L f*(o,w(0)) — [ + o,w(0))]]
+L||f*(0 +a — aj,wlo +ap — o))
— fY 1+ o,w(o+ar— )|

< —=cV(r.+o,w(o)) + 3ai€).

https://doi.org/10.4153/CMB-2010-040-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2010-040-3

376 G. T. Stamov

On the other hand,

(3.8) V(- + 78, w(md) + IHw(T), w(t + ap — i) + [ (w(Td + o — «;)))

<V(re + g w(rg), w(tg + ag — ).

From (3.7)), (3.8), and Lemma[2.10lit follows that

(3.9 V(r-+t+a;,w(t+a),w(t+aqp))

3a(e)

< e N (T + t,w(t),w(t + a5 — ) + < a(e).

From (3.9)) we have
(3.10) lw+ ;) —wE+ )| <e, 1>i>mg(e).
From the definition of the sequence {a;} for I > i > my(e) it follows that
p(Tk + i, T + ) < €.

Then from (3.10) and the last inequality we obtain that the sequence w(t + ;)
converges uniformly to the function w(z).
Assertions (i) and (ii) of Theorem [B.I]follow immediately. We will prove assertion
(iii). Let @(t) be an arbitrary solution to (iii), and set
u(t) =w(t) —w(t), gt u(t)) = f@t,ult) +wt)) — f*(t, w(t),

Ve () = I (u+w) — I (u).
Now we consider the system
=g (t,u(t)), t # 1%,

Au(rd) = v (u(r)), ke Z,

u(to+0) = up, o € R,

and let W (¢, u(t)) = V(t,w(t),w(t) + u(t)). Then from Lemma [2.10]it follows that
the zero solution u(t) = 0 of the last system is uniformly asymptotically stable for
tp > 0 and w(t) is uniformly asymptotically stable. ]

Example 3.2 Consider the equation

x(t) = —a(t)x(t) +/ c(t —s)x(s)ds + f(t), t > to, t # T,
(3.11) —o0

Ax(Tk) = bkx(Tk)7 ke Z,
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where g, ¢, f € C[R, R] are almost periodic in the sense of Bohr. The function f(¢)
is Lipchitzian in R; {bt}, by > 0, k € Z, is an almost periodic sequence of real
numbers, and condition (H7) for sequence {74} € B is met. Let

—al(t) +M/°° [c(w)|du < =X,
0

where A > 0and M = [[™_(1 + by). For the function V (¢, x, y) = |x| + |y], (C2)
and (C3) of Theorem[3.Ihold for the equations (3.11)), and from it follows that
there exists a uniformly bounded solution for equation (3.11)). Then the conditions
of Theorem[3.Tlhold and consequently there exists a unique almost periodic solution

for equation (B.11)).
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