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1, Introduction

Recently J. M. Osborn has investigated the structure of a simple com-
mutative non-associative algebra with unity element satisfying a polynomia]
identity, (4), (5) and (6). From his work it seems likely that if such an algebra
is of degree three or more it is necessarily power-associative. In (4) he
establishes a hierarchy of identities with the property that each identity is
satisfied by an algebra satisfying no preceding identity. Following (5), (6),
the next identity to consider is

ay(x3x) + (— c— h)y(x*x?) + c(yx?)x* + (— c— B)(yx)x>
+(—4a+5c+SH(yx>x+(c+h(x . xDx+(6a—9c—8h)(yx* . x)x
+(=3a+4c+3n)((yx . X)x)x+h(yx . x)x* =0 (1.1
where a, ¢ and & are elements of the ground field.

In this paper we give two theorems useful in investigations of this kind (6),
and in §3 we give a sketch of the application of our theorems to algebras
satisfying (1.1).

By an algebra we shall mean a commutative non-associative algebra with a
unity element over a field of characteristic not equal to 2, 3 or 5. An algebra
is said to be of degree m if the supremum of the cardinal numbers of all sets
of mutually orthogonal idempotents is m. If e is an idempotent of an algebra
A and « an element of the ground field, define A, (¢) = {x€e€ 4: xe = ax}.
Often xy is written xR, where R, denotes the linear transformation induced by
right multiplication by y. If ae 4 then the component of a in the subspace
A(«) is written a,(e) or a,.

2. Theorems 1 and 2

Theorem 1. Let A be a simple algebra over a field Fand A€ F, 1 # 0, 1, 4,
be such that for each idempotent e in A the following hold:

() If xe =ax,xe A,aecF,thena =0,1, Aor 1-A4,
(i) 4 = A,0)+ AN+ AD+ A1) where 2 = 1—1.
+ Some of the material given here has appeared in a dissertation presented to the University

of Wisconsin in partial fulfilment of the requirements for the Ph.D. in Mathematics. The
dissertation was written under the supervision of Prof. J. M., Osborn.
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(iii) 4,0).4,(1) =0;
A[(1).41) g 4,(1);
Afx). A1) g A ) for a = A or 1.
(iv) Forally, w, z€ A,
V1. wWoZo = B(y3wo . 2o+ Y120 . Wo)

Vi« WozZo = 8(¥,Wo . 2o+ Y220 - Wo)
Jor fixed B, d € F.

Then A is of degree at most 2.

Proof. We first show that if e is an idempotent of 4 such that e # 0 or 1
then A,(0) is a Jordan subalgebra of 4. If 4, (2)+A4,(1) = 0 then 4,(0) is an
ideal of A. Hence we must have 4,(0) = 0 or 4,(1) = 0 which implies e = 1
or e = 0, contradicting the hypothesis. Thus A, (1)+ A4.,(1) # 0. Let

H ={xe A, 0): bx =0 forall be A,(2)+A4,2)}.
Then H is an ideal of 4. Indeed let x€ H and ae A. Then
xa = xay+xa,+xa;+xa; = xa,
by (iii) and the definition of H. Thus for all b € 4,(1)+ A, (1) we get b .xa =b .xa,
by (iv); so H is an ideal as desired. If H = A then 4 = 4,(0) and e = 0.
So H =0. Then for p, ge A,(0) let r = p*q.p—p*.qp. 1t follows from

repeated application of (iv) that br = 0 for all be 4,(1)+ A,(X). Thus re H so
r = 0 and 4,0) is a Jordan algebra.

If A has degree 3 or more then 1 = e+f+g where e, f and g are mutually
orthogonal idempotents. Consider the subspace
B(p, 0, 7) = A(p) N A0) 0 A7)
where p, o, 7 range over 0, 4, 1, 1. If be B(p, ¢, 7) and b # 0, then
b=5b.1=0ble+f+g) =(+o+7)b.

Thus p+o6+7 = 1. That is B(p, o, 7) = 0 unless at least one of p, o, 7 is 0.
If b e B(0, o, 7) then bf = af in the Jordan algebra 4,0). Thus o is one of
0, 1, 3 by (1). We have excluded the last by hypothesis. Thus B(p, 6, 7) # 0
only if exactly one of p, o, 7 is not 0. Now

A = B(1, 0, 0)+B(0, 1, 0)+ B(0, 0, 1).

Furthermore e € B(1, 0, 0) = A4.(1), a non-zero proper ideal of A4, contradicting
‘the simplicity of 4. Hence A4 is of degree at most 2 as desired.

Theorem 2. Let A be a simple algebra over a field F with the following
properties for each idempotent e:

D 4 = 4,(1)+4.3)+4.0).
(i) 4D . 4.(1)  4D);
A4[0). A1) = 0;
A40). A3 € 4.3);
A43) . 4(3) € A1)+ A4,0).
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(iii) If yg, zg € A (0) and w, € A, (3) then yozo . Wo = 2o . YoWa+ Yo . ZoWa.
@(v) If y,, z; € A, (3) and w, € A0) then
(222 - Wodo = (¥2 - Z2Wo)o +(22 - ¥2Wo)o
and (y; . Woz3); = (¥2Wo - Z2)1.
Then if A is an algebra of degree 3 or more A is Jordan.
It is enough to show that A is power-associative, by (3). This will follow

from Lemmas 2.1-2.3. In each of these lemmas we assume that A is an algebra
satisfying the hypotheses of Theorem 2.

Lemma 2.1. Ife = 0or 1 then A,(0) is a Jordann sub-algebra of A.

Proof. Let K ={xe A, (0): xb =0 for all b e A,3)}. Then if ac 4,
k € K we have ka = ka, by (ii). If be 4,3) then

ka.b=kay,.b=k.agh+ay,. kb =0
by (iii) and the definition of K. Hence K is a proper ideal of 4 and so must be
0. Alsoif p,qge A,0) and r = p*q. p—p*.qp then br = O for all be 4,(3) by
(iii). Thus re K, r = 0 and 4,(0) is Jordan.

If A has degree 3 or more then 1 = e+f+g for mutually orthogonal
idempotents e, f and g. As in Theorem 1 we define

B(p’ g, T) = Ae(p) N Af(a) a Ag(T)
where p, g, 7 range over 0, 4, 1. The same argument as before tells us that

4 = B(1, 0, 0)+ B(0, 1, 0)+ B(0, 0, 1)+ B(}, 3, 0)+ B3, 0, 1)+ B(0, $, ).

A standard idempotent is defined to be any one of e, f, g, e+f, e+g, f+g where
e+f+g =1

Lemma 2.2. Let h be a standard idempotent of A. Let yo € A,(0), x, € A, (1),
z,€ AS(3). Then

Yo« Z2X1 = Yo22 - Xy.

Proof. Assume’ = e,ande+f+g = 1. Thisresults in no loss of generality
for if h = f+g then 1—h = e and by interchanging the roles of x and y we
are back at the first case.

Thus we have x; € B(1, 0, 0). We may assume z, € B(3, 3, 0). We must
consider the three cases, y, € B(0, 1, 0), ¥, € B(0,0, 1), and y, € B0, 4, ). In
the first case the lemma holds because x,, x, and y, are all in 4,(0), and the
result holds in Jordan algebras (1). In the second case both sides of the equation
are zero by (ii). In the final case the lemma follows from (iii) since x, z, € 4,(0).
Here x,2, . Yo = X3 . 2,00+ X1V - Z; Where the last term is zero by (ii).

For fields of characteristic not equal to 2, 3 or 5, the commutative power-
associative identity is equivalent to x’x = x2x2, by (2). By repeated linearisa-
tion this is seen to be equivalent to P(x, y, v, z) = 0 where
P(x, y,v,2) =4yz.xv+4yv. xz+4yx . vz~(yz . v)x—(yz . x)v

—(xv.2)y—(xy.2—(vy.x)z—(vy . 2)x—(xy.0V)z
—(vy . y)x—(xz. p)o—(xv . Yz—(vz . x)y—(xz . v)y.
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Lemma 2.3. Let h be a standard idempotent of A. If x, y, v, z each belong
to A, (1) or A, 0) then P(x, y, v, z) = 0.

Proof. If all four elements are in 4,(1) or 4,(0) then they are allin a Jordan
subalgebra. Buta Jordan algebra is power-associative (1). Thus P(x,y,v, z)=0.
If some of x, y, v, z are in A,(1) and some are in A4,(0) then all terms in the
expression are zero by (ii) and P = 0 trivially.

To check that A4 is power-associative it is sufficient to show P(x, y, v,z) =0
for x, y, v, z each belonging to one of the six B(p, o, 7) that are non-zero. To
do this it is necessary to calculate P(x, y, v, z) in four specific cases. These are
given in the table below. Let x € 4,(a), ¥ € 4,(B), v € A (y), z € A,(5) where h
is a standard idempotent.

Case , a By 6 P(x, y, v, z) =0 by:
1 4 0 01 (ii), (iii), Lemma 2.2
2 0 1 1+ 1 (i), (iv), Lemma 2.2
3 1 3 31 (i), (iv), Lemma 2.2
4 0 £ 00 (ii), (iii).

All possible cases have been covered by Lemma 2.3 and the above table by
suitable choice of the standard idempotent 4. The proof of Theorem 2 is now
complete.

3. Application to algebras satisfying an identity of degree five.

In this section we show that except for a few values of the parameters a, ¢
and A, simple algebras satisfying (1.1) of degree three or more are of the form
A =A,0)+A4,(%)+ A1) and are Jordan.

We shall need the following well-known lemma:

Lemma 3.1. Let A be an algebra over a field F such that every subfield of
the centre of A is in F, and such that re F and r = k* for no ke F. Then if A
is simple so is Ax where K = F(k) and k is such that k* = r.

Let ¢ be an idempotent in an algebra 4 in which every pair of elements x, y
satisfy equation (1.1). Setting x = ¢ in (1.1) and factoring gives

YRR, —D)[(~3a+4c+3h)(RZ—R)+(—a+c+h)]=0. 3.1)
If @ = h and ¢ = 0 equation (3.1) gives no information. If ¢ # 0 but
—3a+4c+3h =0,

equation (3.1) becomes yR,(R,—1) =0, and it can be shown that simple
algebras satisfying (1.1) and this condition must be of degree one. Otherwise
(3.1) becomes
yRe(Re_ 1)(Re—;")(Re—}:) =0 (3'2)
where A and 1 are roots of the equation
(-3a+4c+3X*+(Ba—4c—-3X+(—a+c+h) =0,

1,z=12~i%(—“—‘h—)*-

—3a+4c+3h

that is,
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In view of Lemma 3.1 there is no loss in assuming that A, 1€ F. If A4 satisfies
(1.1) then so does Ag(;y. If Ag,,is of degree m or is power-associative then so
is 4. Notethat A4+1 = 1. Ifa = h,and of course ¢ # 0, we have A = 1 = §.
Finally we note that 4 or 1is 0 or 1 exactly if @ = c+h, and ¢ # 0.

If A satisfies (1.1) and (3.2) with four distinct roots then

A = 4,0)+ A+ A4, (D) +A4.(1).

By using this decomposition, linearisation, and by finding suitable ideals, one
can prove the following theorem.}

Theorem 3. Simple algebras satisfying (1 1) are either of degree one or
satisfy the conditions for Theorem 1 and so are of degree at most two, unless the
coefficients are so that a = h, a = c+h, (=2a+3c+3h)+Ba~5¢—5)u =0
for u = A or A, or so that (a, c, h) is a multiple of one of the following (8,7, —1),
6, —3,7), 4, 1,2), (16, —9, 19), (40, —19, 49), (22, -9, 25), (—26+10V/5,
121+33V/35, —158F34V/5).

We next consider an algebra satisfying (1.1) with a = h and ¢ # 0. Our
identity then is

y{aR s+ (—c—a)Ry2 2+ c(Ry2)*+(—c—a)R R s+ (a+ 5¢)R, R,
+(a+ )RR 2R +(—2a—9¢)R,2R2+ 4cR%+ aR2R 2} = 0. (3.3)

We recall that
yRe(Re - 1)(Re_ %)2 = 0

for all idempotents e of A. It follows that 4 can be written as the supplementary
sum
A = 40)+B(3)+A4L1)
where
Be(‘}.‘) = {x e A: X(2Re—'l)l = 0}'

The usual techniques of non-associative algebra show us that
{yR(R.—1)(R.- D)}
is an ideal of 4 for most values of the parameters.

Lemma 3.2. Let A be a simple algebra satisfying (3.3) with ¢ # 0 and the
pair (a, c) not a multiple of any of the following: (14, —3), (3, —1), (2, 1),
@2, —=1). Then A = A, 0)+A.(3)+ A1) for any idempotent e of A.

We use Theorem 2 to give us the following:

Theorem 4, Let A be a simple algebra satisfying (3.3) with ¢ # 0 and the
pair (a, ¢) not a multiple of any of the following: (14, —3), (3, —1), (2, 1),
2, —1), (8, —1). Thenif A is of degree = 3, A is Jordan.

T Most of the details of this and succeeding calculations have been omitted. A copy of
the complete calculations is available on request from the author.
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