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ABSTRACT

An algorithm for the numerical determination of asymmetric periodic
solutions of the planar general three body problem is described. The
elements of the "variational" matrix which are used in this algorithm
are computed by numerical integration of the corresponding "variational"
equations. These elements are also used in the study of the linear iso-
energetic stability. A number of asymmetric periodic orbits are pre-
sented and their stability parameters are given.

1. NUMERICAL DETERMINATION OF ASYMMETRIC PERIODIC SOLUTIONS

We use a rotating system of dimensionless coordinates with origin
at the center of mass of the two more massive bodies P, and P,.

The position of the three-body system is fully determined in terms
of the coordinates x,y of the third body P35, the distance x) of P, from
the origin and the angle 8 between the rotating and a non-rotating
system.

In the rotating coordinate system the Equations of motion of the
planar general three body problem are

¥= Bx +x82 + 20y + 6y + MAX.,

= (B+8%)y - xB - 236 ,

- 3 o (1)
= * - - - -

X, (m3B + 8 )x2 (1-m3)(1-u) /x2 + m3(1 u)Ax,

8 = —29x2/x2 + m3(1—u)Ay/x2,
or in first-order form:

dx1 dX2 dx3
——— = —— = A —_—— = X A
dt X4 a fl’ dt X5 f2’ dt 6 f3
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dx, 2
FoCBXy t XjXg o+ 2X X o+ XX+ UAX, 4 gy,
ax
5 2.2 . .
E— = (B+X8)X - X1X8 - 2X4)\8 A f5’
X 2 3,2 )
— = * X - - - -
T (myB* + X)Xy = (I-my) (1=p) 7/X5 + my (1-w)AX, & £,
ax
7
ac - g4ty
dxg
3t = —2)(8X6/X3 + m3(1—u)AX2/X3A f8r
where
(Xy s Xyo X0 Xy0 Xew Xy Xou Xg) = (X,9,%0,%, ¥, Xy, 6,8).

A periodic solution g(go; t) of the above Equations will satisfy

Xi(go; t+T) = xi(go;t), 1#7 (3)

where T is the period and §o = (Xol""' X o) is the initial-conditions
vector. Further, without loss of generality, we shall fix initial values
of y,8 and 8 as follows: y_=0,8 =0, 6 =1.

The periodicity conditionsoare wrigten in %he form:

X(xgr X500 Rgr ¥gr Fypi TV = Xq (@)
YKo s Xy00 Xor Voo RKoqi T =¥, (b)
Xy (gr Xygr Fgr Yoo Xpqi V= %50 ()
R (X, Xy00 Kgo Voo Koqi T) = Ky @) (4)
Y (Xgr Xpqr Xgo Yoo Fyoi T) = ¥q (e)
Xy (Ror Xpqr Kgr Vgr %y00 T = X500 (£)
8(xyr Xy0r oo Ygr %p05 T = 6 (9)

In practice condition (4b) is satisfied "by force" since we start
and terminate the numerical integration when the orbit crosses the Ox
axis. Further, due to the integrals of the problem only four of the re-
maining six periodicity conditions are trully independent. Essentially,
therefore, the periodicity conditions are only four and in this work we
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have used the conditions (4a, c,d,f).

From these periodicity conditions corrector-predictor algorithms
can be established for the numerical determination of entire series of
asymmetric periodic solutions. In the corrector phase we assume an ini-
tial state vector Xp which approximately leads to a periodic orbit of
(approximate) periad T, and seek to adjust this state vector by diffe-
rential corrections to improve iteratively the accuracy of periodicity.

If we integrate the Equations of motion and stop at the second

crossing with the Ox-axis (after one full revolution), we have in gene-
ral

X(X, ; T) # X

-0 0
¥ ; - . . .
We seek corrections 650 (6xo, 0, 6x02, éxo, 6yo, 6x20, 0, 0) such
that
)_(()_(O+6)_(O;T+6T)=)_(O+6>_(O. (5)

Expanding in Taylor series and neglecting terms of order higher that the
first, we shall have

Bxi 8xi 'axi axi
X, + 8X . + —m—— X + —mo— X+ —m— BX__
i axm 01 8x03 03 axo4 04 BXOS 05

). oX,

+ = X + ——— 8T = X_. + 6X

9X 06 oT 0i 0i '
06
(i=1,2,3,4,6). (6)

For i=2 we obtain in particular,

9X 9X 9x X
2 2 2 2
—— 6X + —— 66X + e 86X + — X
8x01 01 ax03 03 3x04 04 axos 05
+ —?i2— 58X + sz 85T = 0 (7)
8x06 06 aT
since, for t=T, x, = y=0 while 6X = b6yg= 0. Solving now Equations (7)

for 6T and substituting into relg%ions (6) we get

X, + u, 6X + u, _6X +
i il

01 13%%03 * U340

+ u, 6X + u,, 6X
i5

X
04 05 i6 06

=X + 6X

0i 0i” i=1,3,4,6. (8)
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where

axi 8x2 fi
u,, = - ’ i=1,3,4,6, (9)
ij axoj aXOj f2

("variations at the crossing"; Markellos, 1977).

Assuming X04 constant or equivalently 6XO4 = 0, Equations (8) become

(U =1) 6%y + 48K 5 + Uy 0Ky + 0y OXge = Xgy Xy
U 8%y + (g1 80Xy + Uy X + g 06Xy = X=Xy,

65X + u,.8X + u,_6X + u, 6X = X_ -X (10)
Y41%%01 43°%03 45°%05 46°%06 ~ 04 %4’
u616x01 + u636x03 + u656x05 + (u66-1)6x06 = x06—x6

This system is the corrector of the algorithm. It is solved for
the corrections 6X.,, 86X ., GXOS’ 68X _, which are then added to the
corresponding components of the initial state vector to obtain a better
approximation to the periodic orbit with period T + 6T.

After repeated applications of the corrector we find (assuming con-
vergence) the periodic (to the desired accuracy) solution characterized
by the value X which is kept constant during the correction process.

We then proceed to a single application of the predictor:

(g =18KG, + uy 38Xy + uy BXgg + 0 (AR = a8,
Uy BRop * (aggm By 4w By + g B = ug Xy, 1)
gy AXgy * ug3BRoy * UgshRpg vy AR = (1 )8y,
u61AX01 + u63AXO3 + u65AX05 + (u66-1)AX06 = —u64AXO4.

This predictor is designed to obtain the approximate initial state
vector X, + AX corresponding to another periodic orbit (along the
family), characterized by the value Xg = Xy * AxX_ ., where the
"increment" AX 4 is arbitrary but smafl so that convergence of the
subsequent apﬁglcation of the corrector is secured. The values of the
"sensitivities" u,, involved in Equations (10) and (11) are computed
from relations (9}3 where the "variations” 3X./3XO. are known through
numerical integration of the linear variationai Equ;tions:
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where

V={(v,.) = (9X,/9X,.)
i 03

and

)I i,jz 1,-..,8.

2. STABILITY

253

IF X. is the vector, in phase space, corresponding to a periodic
orbit and X, + 6X is the vector of a neighboring orbit corresponding
to the same value of the energy and angular momentum integrals, then a
transformation T is constructed which transforms the initial state X

to the state X when the orbit c¢rosses the surface of section X_ =Y=0

=0

for the second time (simple orbits). This transformation is expressed

as

<
]

9(Xg)
where

g = (ol,o

37 04, 06).

After linearization, the transformation (13) is written

5% =A 6%,
where
T
6X = (6% , X, 6%, 6X)
T
8%y = (0Xgyr BXg3s OXggr OXog) ™

(13)

(14)

(15)

(16)

and A is the 4x4 matrix with elements the first partial derivatives of

the functions (ol, 03, o

: b
i.e.

aci
A = (aij) = ( . ) » i, =1,3,4,6
03

The conditions for stability are:

a>0, |pl<2, laf<2,
where

- 2
A= a '4(3'2)1 P =

(a+ VD), q =% (a~V/B)

N
|
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and
o = —(all + a33 + oLL+L+ + a66) (20)
%1 %13 %11 Gy “11 %16
B: o] * o [0 * e} ¢}
31 %33 41 Gy 61 66
%33 %ay %33 %36 “hy o Yus
+ o * o o + o o !
%43 Ly 63 66 Bl 66
(21)

(Hadjidemetriou, 1975). The elements ajj can be determined as functions
of the elements vij of the "variational" matrix through the expressions:

X4 %y %4
213 =V T 5 Vo) Y Wys T Vas)Pis t Vig T % Vag!Pig,
5 5 5
X X X
_ __6 __6 __6
ay; = Uy xe Voil * V3s % Vy5)Dis * (Vi % Vog'Pig
% X X
_ __4 __4 __4
ag; = Vyy x. Vail * (Vg X Vos)Dig * (Vg xg Vos'Pig
% X X
. __6 __5 __6
ag; = (Vg %, Voil * Wes %, Vy5iDig ¥ Veg %, V08'Dig
(i =1,3,4,6) (22)
where
Dig = ~(Fy3Fog = FpFyg) /Dy
Dig = ~(FpiF1g = F13Fpg) /Dy (23)
D= FiFg = Figfose
and
oF oF
1 JE __2 _op .
Flj o 9x.  ox, ' F2j Tx,  ox.' 7T 1.3,4,6 (24)
j j j j

with F, = E and F2 = P denoting respectively the energy and angular
momentum integrals.
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3. PRELIMINARY RESULTS

Applying the above technique, we started the computation of asym-
metric periodic solutions of the general three body problem using initi-
al conditions of such solutions of the restricted problem given by
Markellos (1977) for values of the mass parameter u in the interval
(0,0.5). We chose as starting point an orbit belonging to the bifur-
cation series A2O for uw=0.25 with initial conditions xqg=-2.3310.

Xx. = -0.17292, 7y = 1.9017 and Jacobi constant C = 2.67054. The perio-
dic solutions obtained are members of a continuous series formed by
gradual increase of the mass of the third body m,, in the interval
(0,0.2), while the value of the mass parameter u is kept constant:

u = 0.25. Sample numerical results are given in Table I. As can be seen
in the last column of the Table, all orbits are unstable, in the linear
"isoenergetic" sence.
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