Ergod. Th. & Dynam. Sys., (2021), 41, 3821-3840 © The Author(s), 2020. Published by Cambridge 3821
University Press. This is an Open Access article, distributed under the terms of the Creative Commons
Attribution licence (http:/creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use,
distribution, and reproduction in any medium, provided the original work is properly cited.
doi:10.1017/etds.2020.120

Exponential polynomials with Fatou
and non-escaping sets of finite
Lebesgue measure

MAREIKE WOLFF

Mathematisches Seminar, Christian-Albrechts-Universitdit zu Kiel,
Ludewig-Meyn-Str. 4, D-24118 Kiel, Germany
(e-mail: wolff@math.uni-kiel.de)

(Received 14 August 2019 and accepted in revised form 2 October 2020)

Abstract. We give conditions ensuring that the Fatou set and the complement of the fast
escaping set of an exponential polynomial f both have finite Lebesgue measure. Essentially,
these conditions are designed such that | f(z)| > exp(|z|*) for some o > 0 and all z outside
a set of finite Lebesgue measure.
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1. Introduction and results

Let f be a transcendental entire function, and let /" denote the nth iterate of f. The Fatou
set F(f) of f is the set of all z € C such that the iterates ( f"),cn form a normal family
in a neighbourhood of z, and the Julia set J( f) is the complement of F( f). These sets
have an important role in complex dynamics. Clearly, F( f) is open, and J( f) is closed.
Moreover, J( f) is always non-empty, and either J( f) = C or J( f) has empty interior.
An introduction to the dynamics of transcendental entire functions can be found in [2].
The escaping set of f is defined by

I(f):={z: f"(z) - ocoasn — oo}.

Eremenko [7] showed that 7 ( f) is always non-empty, and that J( f) = dI( f). Forr > 0,
let M(r, f) := max|;=r | f(z)| denote the maximum modulus of f, and let M"(r, f) be
its nth iterate with respect to r. The fast escaping set A( f) is a subset of the escaping set.
It was introduced by Bergweiler and Hinkkanen [5] and is defined by

A(f) :={z : there exists / € N such that | f*(z)| > M""X(R, f) forn > 1},

o
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where R is chosen such that M (r, f) > r for r > R. For a thorough discussion of the fast
escaping set, see [12].

We are interested in the Lebesgue measure of the sets defined above. McMullen [9]
showed that the Julia set of f(z) = sin(az + b), a # 0, has positive Lebesgue measure.
In fact, it can be seen from the proof that J(f) N A(f) also has positive measure.
Sixsmith [14] proved that if f(z) = ?:1 aj exp(w;z), where ¢ > 2, a; € C\{0}, and
wy = exp(2mi/q), then J( f) N A(f) has positive measure. Sixsmith remarked without
proof that his result remains true for

q
f@) =) ajexpb;ja), (1)
j=1
whereg > 3,a;, b; € C\{0},arg(b;) < arg(bj41) < arg(b;) +mwforje{l,...,q—1},

and arg(b,) > arg(b) + m, with the argument chosen in [0, 27). Bergweiler and
Chyzhykov [4] gave conditions ensuring that the Julia set and the escaping set of
a transcendental entire function of completely regular growth have positive measure.
These conditions are satisfied for the functions (1). In fact, they are also satisfied if one
allows arg(bj41) = arg(b;) + m for some j € {1,...,qg — 1} or arg(by) = arg(by) + .
Further criteria for Julia sets and (fast) escaping sets to have positive measure are
given in [1, 3].

For certain functions, it is possible to obtain stronger results in the sense that one can
bound the size of the complement of the Julia set or (fast) escaping set. Schubert [13] used
McMullen’s methods to prove that if f(z) = sinh(z), then the Lebesgue measure of F ( f)
and C\I( f) is finite in any horizontal strip of width 2. In fact, the proof shows that one
may replace I ( f) by the fast escaping set A( f) here. Schubert’s result was generalized by
Zhang and Yang [15] to functions of the form f(z) = P(e?)/e®, where P is a polynomial
of degree at least two satisfying P(0) # 0.

There seem to be no papers whose main aim is to show that the Lebesgue measure of
the Fatou set or the complement of the (fast) escaping set of certain transcendental entire
functions is finite. However, there are some results presented in papers mainly treating a
different subject. We mention two of them. Hemke [8, Theorem 5.1] showed that if

(@) = Q1(z) exp(P(2)) + Q2(z2) exp(—P(2)), 2

where P, Q1, Q> are polynomials with O, Q> # 0 and deg(P) > 3, then the Lebesgue
measure of C\I( f) is finite. One example of such a function is f(z) = sin(z3). A result
of Bock [6, Example 2] says that if f(z) = sin(7rz), then F( f) = @, and ( f*(z)) tends to
infinity for almost all z € C.

This is different for f(z) = sin(z), which is conjugate to the function sinh(z) considered
by Schubert, and f(z) = sin(z?).

Example 1.1. The Fatou set and the non-escaping set of sin(z) and sin(z?) have infinite
Lebesgue measure.

We will verify this in §5. See Figure 1 for an illustration of the non-escaping sets of sin(z),
sin(z2) and sin(z?).
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FIGURE 1. The non-escaping sets of sin(z), sin(z2) and sin(z%).

In this paper, we consider exponential polynomials of the form

N
f@ =) 0@ expbz! + Pj(2),
j=1
where Q ; and P; are polynomials with deg(P;) < d. We give conditions ensuring that the
Lebesgue measure of the complement of J( f) N A( f) is finite.

THEOREM 1.2. Let

N
f@) =) 0@ exp(bz! + Pj(2)),
j=l1
where d € N with d > 3, P; and Q; are polynomials with Q; # 0 and deg(P;) < d,
and b; € C\{0} are distinct numbers satisfying arg(b;) < arg(b;;1) < arg(b;) + m for
all j e{l,..., N —1}and arg(by) > arg(b1) + m, with the argument chosen in [0, 2).
Then the Lebesgue measure of C\(A( f) N J(f)) is finite.

Note that the conditions on the b; imply that N > 3. Recall that Sixsmith’s result for
the functions (1) remains true if arg(b; 1) = arg(b;) + 7 for some j € {1,...,q — 1}
or arg(b,) = arg(by) + m. This is not true in general for Theorem 1.2, as the following
example shows.

Example 1.3. Let
h(z) = % exp(z3 +1iz) — % exp(—z3 +iz) = exp(iz) sinh(z3).

Then & has a superattracting fixed point at zero, and the attractive basin of zero has infinite
Lebesgue measure. In particular, the Lebesgue measure of C\ (A (k) N J(h)) is infinite.

We will verify this in §5. However, the next theorem yields that under additional
assumptions on the polynomials P;, Theorem 1.2 can be extended to the case where
arg(bj;1) = arg(bj) + for some je{l,...,N—1} or arg(by) = arg(bhy) +m.
These assumptions are satisfied if deg(P; — (bj/bj;1)Pj+1) <d —3 or deg(P —
(b1/bn)Pn) < d — 3, respectively. We actually state a slightly more general condition,
taking into account that several of the numbers b; may have the same argument.
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THEOREM 1.4. Let

N
f@) =) 0@ exp(b;z? + Pj(2)),
j=1
where d € N with d > 3, P; and Qj are polynomials with Q; # 0 and deg(P;) < d,
and bj € C\{0} are distinct numbers satisfying arg(b;) < arg(bjy1) < arg(b;) + mw for
all j e{l,..., N — 1} and arg(by) > arg(by) + m, with the argument chosen in [0, 21).
If there exists j € {1, ..., N — 1} such that arg(b 1) = arg(b;) + m, or if arg(by) =
arg(by) + 7, in addition suppose that there are k,l € {1, ..., N} with arg(by) = arg(b;)
and arg(b;) = arg(bjy1), or arg(by) = arg(by) and arg(b;) = arg(by), respectively, such
that

deg <Pk — b—kP1> <d-3. 3)
by
Then the Lebesgue measure of C\(A( f) N J(f)) is finite.

Note that the conditions on the b; imply that N > 2. Theorem 1.2 is a special case
of Theorem 1.4. Also, the functions (2) considered by Hemke satisfy the assumptions of
Theorem 1.4.

Throughout the rest of the paper, let f be an entire function satisfying the assumptions
of Theorem 1.4. In §2, we will show that f can be approximated by simpler functions
in large parts of the complex plane, and use this to prove that | f(z)| is large outside a
set of finite measure. Then, in §3, we show that f is injective in certain small disks. We
finish the proof of Theorem 1.4 in §4, using a construction similar to one that was used in
McMullen’s paper [9] and has since then been used by various authors. Finally, in §5, we
verify the properties of Example 1.1 and Example 1.3.

2. The behaviour of f
In this section, we prove several properties of the function f. We first introduce some
notation. For j, k € {1,..., N} with j # k, let

Pix(2) i= (bjz% + Pj(2)) — iz + Pe(2)) = (bj — bi)z® + (Pj(2) — Pr(2)).
Let
vi=d—

[S1[9)}

and define the sets
Uy :={w e C: [Re(w)| < |w|"/}
and
U :={w e C: [Re(w)| < 2lw|"/4}.
Moreover, define ‘exceptional sets’
N
E = Pl

jdk=1
J#k
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FIGURE 2. The sets E (dark grey) and E; (light and dark grey) for f(z) = Q1(z) exp(z3) + 02(2) exp(—z3).

for I € {1, 2} (see Figure 2). We will later prove that the function f behaves ‘nicely’
outside Ej.

For z9 € C and r > 0, we denote by D(zg, r) := {z: |z — zo| < r} the open disk of
radius r around zg. Moreover, let meas(A) denote the Lebesgue measure of a measurable
set A C C.

LEMMA 2.1. Let P be a polynomial of degree d, with d as before. Then the Lebesgue
measure of P~1(Uy) is finite.

Proof. Write

d
P(z) = Z ajzj.
j=0

Fix R > 224/5 guch that all critical values of P are contained in D(0, R), and let
V be a component of P~1(C\(D(0, R) U (—o0, 0])). Then the restriction Ply : V —
C\(D(0, R) U (—o0, 0]) is biholomorphic. Let ¢ denote the corresponding inverse func-
tion. Then P~1(U>) NV = @(U>\D(0, R)). For n(r) := arcsin(2r >/ CD), Jet

9 3
—7‘} < U(V)}-

W :=U\D(, R) = {reie :r > R, min {‘9 — % s

‘We have

meas(P~L(Up) N V) =/ |<p’(z)|2 dx dy =/ dy
w w

—d
P "

0 7/24n(r) 1 37 /240(r) .
:/ r(/ ,—“d9+/ s d@) dr.
RN (P w2y [P @(re®))]
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If r is sufficiently large, then
r=IPp(re?)| <29/ Diagllp(re”)| .
Thus,
lp(re'®)| = 271/ @ Djaq 71,14

and

1P/ (p(re" )| = 3dlagllore™)|"™" = jdlaq"* - =D/, @)
Since arcsin(x) < (/2)x for 0 < x < 1, we also have

n(r) = arcsin(2r /4y < gp=3/CdD), (5)

Using (4) and (5), we get

16
redn(r) - d2|ag|¥/dr2@=Dyjd

o0
meas(P ' (U») NV) < / dr
R

IA

64 o0
d—f|ad|—2/d / . po5/Qd) | =2d=D/d g,
R

o
|ad|—2/df o H/QD) gy — oo,
R

Since there are only finitely many such components V, and also P~Y(D(0, R)) has finite
Lebesgue measure, the claim follows. O
The following corollary is an immediate consequence of Lemma 2.1.

COROLLARY 2.2. The Lebesgue measure of E1 and E3 is finite.

The next Lemma yields that if Ry > O is large, then in each component of C\(E; U
D(0, Ryp)), f behaves like one of its summands Q,,(z) exp(bmzd + P, (2)).

LEMMA 2.3. Let ¢ > 0. Then there exists Ry > 0 such that for each connected component
V of C\(E1 U D(0, Rg)) thereisanm € {1, ..., N} such that for all z € V and all j €
{1,..., N} with j # m, we have

Re(bnz? + Pu(2)) > Re(b;z? + P;(2))

and
’ f(@ |
—1] <e,
Om(2) exp(bmzd + Pu(2))
‘ 1@ |

—1] <e,

dbyz971 0, (2) exp(bpuz? + Py (2))
\ o e
d?b272472Q,,(2) exp(bmzd + Pu(2)) '

Proof. Let Ry > 0 such that all zeros of the polynomials P; ; are contained in D(0, Ry),
and let V be a component of C\(E; U D(0, Rp)). Let zo € V, and let m € {1, ..., N}
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such that
Re(bnzf + Pu(20)) = max Re(b;zj + P;(z0))- (©6)
Letje{l,..., N} with j #m.Forall z € V, wehave P, ;(z) ¢ U and hence
IRe(bmz? + Pn(2)) = Re(bjz? + Pj(2)] = [Re(Pp.j ()| = [Puj)["%.  (7)
In particular,
Re(bnz? + Pu(2)) — Re(bjz? + Pj(2)) # 0
for all z € V. By continuity and (6), we get
Re(bnz? + Pu(2)) — Re(bjz? + Pj(2)) > 0
for all z € V, and hence
Re(bnz? + Pu(z)) — Re(b;z? + Pj(2)) > | P j(2)]"4
by (7). Thus, forallz € V,

' f(@ B
O (2) exp(bimz? + Py (2))
‘Z, 1 Q@) exp(bjz? + Pj(2)) — Om(2) exp(bmz? + Pm(Z))‘
Om(z) eXP(me + P (2))

0,
=‘Z Q;()exp(b,z + Pj(2) = (buz’ + P (z)))‘
/#m

0@
(2)

exp(Re(b;z? + Pj(2)) — Re(bpz” + Pu(2)))

J#Em
Jj (2)
(2)

exp(—|Pjm(2)"?) < &

j#m
if Ry, and hence |z| is sufficiently large. This is the result for f.
Moreover,

N
£/ =) (dbjz"'0;2) + P}()Q;(2) + Q(2)) exp(b;z? + Pj(2)).
j=1
The result for f' now follows from similar estimates as above and the fact that
bz 0;(2) + Pj()Q;(2) + Q) = (1 + 0(1))db;z' ' 0 (2)

as |z| — oo. Analogously, the result for f” follows from

N
£1@) =Y (1 +0(1)d*h3:272Q(2) exp(bjz? + Pj(2)
j=1
as |z| — oo. O
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Remark. 1In order to prove Lemma 2.3, we did not need any assumptions on the arguments
of the b;. In particular, the statement remains true without the additional condition (3)
in the case where arg(bj41) = arg(b;) + m for some j € {1,..., N — 1} or arg(by) =
arg(by) + . This is different for the next result.

LEMMA 2.4. Let @ € (0, v). Then there exists Ry > 0 such that for all z € C\E| with
|z| = Ry, we have

|f(2)| = exp(]z]*) and |f'(z)| > exp(|z]*).

Remark. Without the additional condition (3) in the case where arg(b; () = arg(b;) + =
for some j e {l,..., N} or arg(by) = arg(by) + 7, the statement of Lemma 2.4 is
not true in general. We will prove in §5 that the function h(z) = (1/2) exp(z3 +iz) —
(1/2) exp(—z> +iz) given in Example 1.3 is bounded in a set of infinite Lebesgue
measure.

Proof of Lemma 2.4. We prove the statement for f. The proof for f’ is analogous. Let
z € C\E. If |z| is sufficiently large, then by Lemma 2.3 there is m € {1, ..., N} such
that

Re(byz? + Pu(2)) > Re(b;z? + P;(2))

forall j € {1,..., N} with j # m and
£ ot
Om(2) CXP(med + P (2) -2
Then
|£ @ = 510m ()] expRe(bmz? + Pu(2))).
Thus, it suffices to show that there exists j € {1, ..., N} with

Re(bjz? + P;(2)) > 2Iz|°.
We first consider the case where f satisfies the assumptions of Theorem 1.2, that is,
arg(bj11) < arg(b;) +mwforall j e {1,..., N — 1} and arg(by) > arg(by) + 7.

Then there is a constant C > 0 such that for all w € C there exists j € {1, ..., N} with
Re(b; w?) > 2C|w|¢. In particular, this applies to w = z. Since deg(P;) < d, we get

Re(b;z? + Pj(2)) = 2CIz|* — |P;(2)| = Clz|? > 2z|*

if |z| is sufficiently large.

Now suppose that f does not satisfy the assumptions of Theorem 1.2. Then the
assumptions of Theorem 1.4 imply that there are k, [ € {1, ..., N} satisfying | arg(bx) —
arg(b;)| = m, such that deg(Pr — (br/b;)P;) <d — 3. Thus, there exist polynomials
g, 8k, g1 with deg(g) < d — 1 and max{deg(gx), deg(g;)} < d — 3 such that

Py =brg+gr and P =bg+g.
With B := arg(by), we have
br = |bele® and by = —|by|ePr.
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Thus,
bk — by = (|be| + |by])e'
and
Pri(@) = (bl + 1biDeP (20 + g(2)) + (g (2) — &1(2)).
Moreover, we assume without loss of generality that
Re(bi(z? + g(2))) > Re(by (2% + g(2))).
Then Re(bk(zd + g(2))) = 0. Since z ¢ E;, we get
|Pri@)]"? < [Re(Pry(2))] < (bk] + 1b1]) Re(eP (27 + g(2))) + I8k () — g1(2)]-
Hence,

Re(bz? + Pi(2)) = Re(b (2% + g(2)) + gk (2))
= |bi|Re(eP (29 4 g(2))) + Re(gi(2))

|bk| v/d
Y (P — — — .
Z el Ibzl(l k1 (2] 18k (z) — 81(2)]) — |8k (2)]

Since
|Pea(@)] = 27 (1ol + 1ba]) 12|
if |z| is large, and since max{deg(gx), deg(g;)} < v, we deduce that
Re(biz? + P(2)) = 5lbel (bl + BN z]” > 2z*

if |z| is sufficiently large. This completes the proof. O

3. Injectivity
The aim of this section is to prove that f is injective in certain disks contained in C\ E;.
We start with a basic injectivity criterion (see, e.g., [11, Proposition 1.10]).

LEMMA 3.1. Let D C C be a convex domain, and let h : D — C be holomorphic. If
Re(h/'(z)) > O for all 7 € D, then h is injective in D.

We also require the following criterion.

LEMMA 3.2. Let z0 € C and r > 0. Let h be holomorphic in D(zq, r). Suppose that
h(&) #0forall ¢ € D(zg, r) and
R 1

< .
W@y r

[E—z0l<r

Then h is injective in D(zq, 1).

This follows directly from Becker’s univalence criterion (see, e.g., [10, Theorem 6.7]).
However, Lemma 3.2 may also be proved by much more elementary arguments using
Lemma 3.1. We sketch the proof here.
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Sketch of proof. 'We may assume without loss of generality that 4'(zg) = 1. Let ¢ be the
branch of log A" in D(zg, r) satisfying ¥ (z9) = 0. Then, for all z € D(zo, r),

(9] 1
[V (2)| = / —di‘ < —|lz—z0] < 1.
w0 () r
Thus, arg(h’(z)) = Im(¥ (z)) € (—1, 1). In particular, Re(h’(z)) > 0. Hence, h is injective
in D(zg, r) by Lemma 3.1. O

We now state the main result of this section.

LEMMA 3.3. Let o € (0, 1/(4d max; |b;|)). Then there exists Ry > 0 such that the
following holds. If z € C\E with |z| > Ry is such that D(z, 20|z|~@=D) c C\E}, then
f is injective in D(z, 20|z|~@= D),

Proof. Letr :=20]|z|~@~D By Lemma 2.3, there exists m € {1, ..., N} such that

4
@] 3 _ o
LICON R FIT sup [¢1971 < 2d by |z)¢ 1<;

f/(g) 2 |&—z|<r

sup

[¢—z|<r

if |z| is sufficiently large. Thus, f is injective in D(z, r) by Lemma 3.2. O

For z € C and A C C, let dist(z, A) :=inf{|]z —a| : a € A} denote the Euclidean
distance between z and A.

LEMMA 3.4. There are C{, R3 > 0 such that if z € C\E3 and |z| > R3, then
dist(z, E;) > C; |z|_3/2.
The following corollary is an immediate consequence of Lemmas 3.4 and 3.3.

COROLLARY 3.5. Let o be as in Lemma 3.3. There is Ry > 0 such that if z € C\E and
|z| > R4, then f is injective in D(z, 20z|@=D),

Proof of Lemma 3.4. Let 7 € C\ E;. It suffices to show that if |z| is sufficiently large, then
dist(z, E1 N D(z, 1) = C1]z| /2

for some constant C; > 0. Let w € E1 N D(z, 1). Then there are j, k € {1, ..., N} with
J # k such that [Re(P;(w))| < |Pj,k(w)|"/d. If |z| is sufficiently large, then |w| <
(6/5)'/7|z| and
|Pjik(z) — Pjr(w)| > Re(Pj x(z)) — Re(Pj x(w))
> 2| Pj @)1 — | P (w)|"
> 2 31bj — bil"|z) = $Ibj — bil M w]”
2

> $1bj — bl 1zl = (8)71bj — bl 1z

= 3slbj — bel 121172,
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On the other hand,

|Pji(2) = Pjr(w)| = < sup [P ()] |z —w|

teD(z,1)
< 2d|bj — bl(1z] + D7z —w| < 4d|bj — billz] 7Yz — wl.

/ P, () dt

w

Thus,

bj — by |4
25d

for Cy = (mingz, by — by|"/471)/25d. O

lz —w| > 121732 = Cy)z| 732

4. Proof of Theorem 1.4
In this section, we prove Theorem 1.4. First, we collect several results that we require. For
o > 0, consider the function

Ey :[0,00) = [0,00), Eq(x)=exp(x®).
We will use the following result [3, Lemma 2.1].
LEMMA 4.1. Let B > a > 0. Then there exists xo > 0 such that
E"f[(x) > ngz(x) forallk > 4 and x > x.
The next lemma is due to Sixsmith [14, Theorem 3.1].

LEMMA 4.2. Let h be a transcendental entire function and zg € I1(h). Let z, := h"(z0)
for all n € N. Suppose that there exist . > 1 and N > 0 such that
h' (zn)

h(zn)
Then either zg is in a multiply connected Fatou component of h, or zo € J (h).

h(zp) #0 and

Zn > A foralln > N.

The following result is due to Zheng [16, Corollary 6 and Remark (J)].

LEMMA 4.3. Let h be a transcendental entire function of the form

M
h(z) = q;(2) exp(p;j(2)),

j=1
with polynomials p; and q;. Then the Fatou set of h has no multiply connected
components.

For a curve y C C we denote by £(y) the Euclidean length of y.

LEMMA 4.4. Lety C C be a curve of positive length, and let s € (0, £(y)). Then
. I
meas({z : dist(z, y) <s}) < - L(y).

Proof. Let L € N such that L — 1 < £(y)/s < L. We divide y into L subcurves
Y1, ..., yL satisfying £(y;) < s forall j € {1,...,L}. Then, for j € {1,..., L}, there
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isana; € Csuch that y; C D(aj, s/2). We have
{z: dist(z, ¥j) < s} C D(aj, (3/2)s).
Thus,

9
meas({z : dist(z, yj) < s}) < THSZ'

Using (£(y)/s) + 1 < 2€(y)/s, we get
9
72

O
2 = 76" L(y). 0

meas({z : dist(z, y) < s}) < L%SZ = (Z(s_)/) * 1)

The next result is a direct consequence of the well-known Koebe distortion theorem
(see, e.g., [10, Theorem 1.6]).

LEMMA 4.5. Let zo € C, r > 0 and p € (0, 1). Suppose that h : D(zg, r) — C is holo-
morphic and injective. Then, for all z € D(zo, pr),

| (z0)] _ @) —hGzo)l _ | (z0)]

A+p2 " Jz—z00 ~— A=p)?

Moreover,

maxjo|<pr [h'@)] _ (1 + 0)4
minp<pr W) ~ \1—p/

Proof of Theorem 1.4. Throughout the proof, write
Ja = T(HNACS.

The strategy of the proof is as follows. First, we construct a suitable collection S of squares
in C\ Ej such that C\ | Jg.g S has finite Lebesgue measure. For Sy € S, we then show that
points in Sp which stay in ses S under iteration lie in J4, and that the set of such points
has large density in Sp. Finally, we prove that ) ¢ s meas(S\J4) < 0o.

Lete =1/3,a € (0,v), 0 € (0, 1/(4d max; |bj|)) and B > d, and let Ry, Ry, Rz, xo
be the corresponding constants from Lemmas 2.3, 2.4, 3.3 and 4.1, respectively. Also, let
C1, R3 be the constants from Lemma 3.4. Let By be an open square centred at zero with
sides parallel to the real and imaginary axes such that all z € C\ By satisfy

|z| > max{Ry, ..., R3, xo},
C1 30 (8)
—_— > —’
|Z|3/2 |Z|d—1
M(|zl, f) < Eg(lzD, )
3d min |bellz]? > 2, (10)
meas(E;) < (1 870 )CXP(| 1) an
2 —_ - T = ., . Z 9’
\/§|Z|d_1
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5\* 32|z)2€@-2 - 1| « 1)
-] —— <exp| — = .
3) oZexp(zl®) ~ P\ 2"

For a compact set X C C, let

and

M(X) :=max |z] and w(X) := min |z|.
zeX zeX
More generally, for a continuous function g : X — C, let

M(X, g) :=max [g(z)] and w(X,g) = min |g(z)|.
zeX zeX

Let S be a collection of closed squares in C with sides parallel to the real and imaginary
axes such that:

o Uss §=C\By
e forall Sy, S; € S with §1 # S5, we have ST N S5 = ¥; and
o forallSeS , the side length s of S satisfies

o (o2
<

a2y == My

If the side length of By is sufficiently large, this can be achieved as follows. First, divide
C\ By into squares of a fixed size so that the side length of all squares satisfies the lower
bound. If the side length s of a square does not satisfy the upper bound, divide it into four
squares of side length s/2, and then continue this procedure until the side length of the
squares satisfies the upper bound.

Let S be the collection of all S e & such that dist(S, E1) > 20 /u(S)4~1. By
Lemma 3.4, the definition of S, and (8),

C\(E2U By) C | J § € C\(E1 U By). (13)
SeS

Next, we construct a subset of J4 as an intersection of nested sets. Fix a square Sy € S.
Let

Ko = {So}
and, forn € N, let
Kn:={T, CSo: f"(Ty) e Sand T, C T,,—; for some T, € K,,_1}.
We first show that

T:=ﬁ< U Tn>CJA.

n=0 " T,ek,
To do so, let z € T. Then f"(z) € C\E| for all n > 0. Using Lemma 2.4, Lemma 4.1 and
(9), we get

1f"()] = Ef(1z) = Ej 21z = M" (12, f)
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FIGURE 3. An illustration of pack( f(S)) (not to scale). It consists of squares contained in f(S) which are not
too close to Ej. The size of the squares decreases as their distance from zero increases.

for all n > 4. This yields z € A(f). Forn € N, let z,, := f"(z). By Lemma 2.3, Lemma
2.4 and (10),

. f'(zn)
" f(zn)

By Lemmas 4.2 and 4.3,z € J(f). Thus, T C Ja.
For A C C, define

—d min |b, > 2.

pack(A) :={SeS: S C A}

Moreover, for measurable A, B C C with meas(B) > 0, let

meas(A N B)
dens(A, B) := ——
meas(B)

denote the density of A in B. We will show that for any square S € S,

1
den8<f(S)\ U S/,f(S)>§eXp<—§u(S)“)-

§'epack(f(S))

See Figure 3 for an illustration of pack( f(S5)).

https://doi.org/10.1017/etds.2020.120 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.120

Fatou and non-escaping sets of finite Lebesgue measure 3835

By Lemma 3.3, f is injective in S. We have

meas( f(S)) = / |f'(2)|* dx dy > meas(S) - u(S, f)>.
S
Moreover, | f(z)| > exp(|z|¥) for all z € S by Lemma 2.4, and hence

f&ce\B =Js.

s'eS

By (13) and Corollary 2.2, the Lebesgue measure of the union of all squares S’ € S\S
is at most meas(E>) < co. We now consider the union of all squares S’ € S with §' N
af (S) # 0. The length of 9f (S) satisfies

4o
L(Af(S)) = ") |d M, fHLOS) < ————M(S, ).
@£ () /aslf(z)llzlf (S, fH )<ﬁM(S)d—1 (S, )
Analogously,
o
L(Of (S —u(S, .
OF () = < (S, 1)

By Lemma 2.4, | f'(z)| > exp(|z|*) for all z € S. In particular, £(3f(S)) > 1.For §' € S
with §" N 3f(S) # @, we have

S {z: dist(z, 3£ (S)) < 1}.

By Lemma 4.4,
meas((z : dist(z, 9f () < 1)) < 97” L@OF(S) = %M(& ).
Altogether, we get
mea8<f(S)\ U S/) < meas(Es) + ——T 0 M(S, 1) < M(S, 1),
B V2M($)! B

S’epack( f(S5))
where we used (11) in the last step. Thus,

M(S, f1)
meas(S) - u(S, f)?

dens(f(S)\ U S/,f(S))S

S’epack( f(S))

Let zo be the centre of S. Then S C D(zo, (6/2)|z0|~“~ "), and by Lemma 3.3, f
is injective in D(zo, 20|z0|~“~ V). By the Koebe distortion theorem (Lemma 4.5),
Lemma 2.4 and (12),

/ 5 ! 1
dens(f(S)\ U SJ(S)) = (5) meas($)(S, ')

S’epack(f(5))
- (3) e
~\3/ o exp(u(S)¥)

1
< eXp( - EM(S)“) (14)
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Recall that we want to show that the density of J4 in the square Sy € S is large by
considering the subset T = (,2y Uz, exc, Tn € So N Ja. Let n > 0 and T, € K. Then
f"(T,) € S. By (14) applied to S = f"(T,) and Lemma 2.4,

dens( T\ U s, f"+1(Tn))

§'epack( f"+1 (1))
1 1
< eXP< - Eu(f”(Tn))“> =< eXp( - E(EZ(M(So)))“).

We use this to prove that the set T”\(UTn+| o
allk € {1,...,n}, there is a square S; € S such that fX(7},) C Si. In particular, f"+! is
injective in 7,. Thus,

T.+1) has small density in 7;. For

meas (T,,\ U Tn+1)

Tn+IEICu+1
1
< .meas(f"+l(Tn)\ U S/>’
w(Ty, (f )") §’epack( f1H1(Ty))
and
1

W meas(f"+1 (Tn))

meas(7;) >

Hence,

dens <Tn\ U Th+1, Tn)

Tht1 EKYI+1

n+1y/1\2
_ M@ ()

= T () dens(fn+l(Tn)\ U s fn+1(Tn)>

§'epack( f*H1(T;))

M Tn, n+1\/4\ 2 1
< (M((T(;fﬂ))))) exp( - 5<E3<u<so)>>“). (15)

To estimate M (T}, ( f*t1))/ (T, (f711Y), letk € {0, . .., n} and wo € fX(T},). Then

fk(Tn) C Sk C D(wyg, O‘|w0|_(d—1)).

By Lemma 3.3, f is injective in D(wy, 20 |wo|~@=D). The Koebe distortion theorem
(Lemma 4.5) yields that for all w € f kT,

|f(w) = fwo)| _ 4

lw—wol 79

| f (wo).

By Lemma 2.4, | f/(wg)| > 5. Thus,

diam( F¥1(T;,)) > 2 diam( f*(T})).

https://doi.org/10.1017/etds.2020.120 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.120

Fatou and non-escaping sets of finite Lebesgue measure 3837

Induction yields

o

M (So)?!

1 1
diam(f*(T,)) < 3= diam(f"(T,)) < 5 -

- 1 . o
=2 MRS

In particular, for z; € f k (Ty),

2k—n
i D(Zk, W&S)dl) - D(Zk, 2k"0|zk|(d1)>.

Since f is injective in D(z, 20 |zx|~@=D), the Koebe distortion theorem (Lemma 4.5)
yields

MUHAT). ) _ (1 +2’<—n—1)4
w( KT, f) — \1=2k=n-1]"

Since ("1 (z) = [1i—o £/ (£*(2)), we get

M@, (/") _ (L’HH>4_ ("li[l 1+2—j>4
w(Ty, (frrhyy — bl 1 — 2k—n—1 = -

o0 _iN4
1427/
5(1_[1_2—/) =: (2,

j=1

where C; € (0, 00). Together with (15), this implies

1
den8<Tn\ U Tut1s Tn) <3 exP( - E(Eﬁ(/«c(So)))“)

Tnr1€K0 41

Thus,

meas(So\T) = Z Z meas(T,,\ U T,,_H)

n=0 T, ek, Thr1€Kn41
o

=Z Z dens(Tn\ U Th+1, Tn> - meas(Ty)
n=0 T, ek, Th+1€K0+1

< C5 exp| — —(E"(M(So)))“) meas(7y)
nZ:(:) 2 p( 2 o Tn%:cn

> 1
<C3 Z exp( - E(ES(M(SO)))"‘> - meas(Sp).
n=0

For all large x, exp(ax®) > x* 4+ 2 log 2, and thus

exp (= 2(Eq(x))%) = exp (— § exp(ax®)) < 1 exp (= 1x%).
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Induction yields

i eXp( - 1(E”(M(So)))‘)‘> < i L eXP< - lM(So)‘)‘> =2 eXP( - l/VL(So)‘”>
= 2° ¢ - = n 2 2 '
Thus,

meas(Sp\J4) < meas(So\T) < 2C§ exp ( — %[L(S())a) meas(Sp).
To conclude that meas(C\J4) < oo, fix R > 0 such that By € D(0, R/2). For r > R,

define
ann(r) :={z: r <|z| <2r}.
Then
U sc {z : % <lzl < Sr} C D(0, 3r).
SoeS
SoNann(r)##
We get

2 1 o
meas(ann(r)\(J4 U Ez)) < Z 2C, exp( — Ep,(So) ) meas(Sp)

SoeS
SoNann(r)#P

o
<2Cexp( - LT Y meas(Sp) < 2C3 exp( — "\ meas(D(0. 3r))
= 205 exp 7\ 2 0) = 2L5 €Xp Jita ,
S()ES

SoNann(r)#¢Y

2.2 re re
= 8r Cyr exp( - 21+a> < exp( — ﬁ)

if r is sufficiently large. Applying this to the annuli ann(2" R), n > 0, yields

meas(C\J4) < meas(D(0, R)) + meas(E) + » _ meas(ann(2" R)\(Ja U E))
n=0

00
RY
< meas(D(0, R)) + meas(E>) + E exp( — rra 2"“) < oo,
n=0

This completes the proof. O

5. Verification of the properties of Examples 1.1 and 1.3
We first verify the properties of Example 1.1, that is, we prove that the Fatou set and the
non-escaping set of sin(z) and sin(z?) have infinite Lebesgue measure.

First, let f(z) = sin(z). From f(0) = 0 and f/(0) = 1, it follows that F( f) # @, and
that there exists a component of F( f) where ( f"(z)) tends to zero. Since F( f) is open
and 2 -periodic, the Lebesgue measure of F( f) and C\7( f) is infinite.

Let us now consider the function f(z) = sin(z2). Note that f has a superattracting fixed
point at zero. Let ¢ > 0 such that D (0, ¢) is contained in the attractive basin of zero. There
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exists 6 € (0, w/2) such that sin(D(7k, §)) C D(0, ¢) for all k € Z. Let Dy := D(xk, §)
and p(z) = z2. Then p~!(Dy) is contained in the attractive basin of zero of the function f.
We get

1 2 1 782
= () st e
meas(p~ (D)) e \2VIEl dxdy z 2(lk|m + 8) meas(Dy) 2(lk|m + 8)

Summing up over all k yields that the attractive basin of zero has infinite measure.
In the remaining part of this section, we consider the function

h(z) = % exp(z3 +iz) — % exp(—z3 +iz) = exp(iz) sinh(z%)

given in Example 1.3. Note that & satisfies all assumptions of Theorem 1.4 except for
condition (3). Moreover, function / has a superattracting fixed point at zero. Recall that
we want to prove that the attractive basin of zero has infinite Lebesgue measure, so that in
particular the Lebesgue measure of C\(J (k) N A(h)) is infinite.

To do so, fix ¢ > 0 such that D(0, ¢) is contained in the attractive basin of zero. For
large ro > 1, let

i
0 — =

B:=1re : r>n,
2

- 1
“rllogr)’
‘We have

oo pr/241/(? logr) 00 2 00 1
meas(B):f / rd@dr:/ dr=2/ — du = oo.
ro Jr/2—1/021og 1) ro Tlogr log(rg) U

We now show that if r is sufficiently large, then 2(B) C D(0, ¢), and hence B is contained
in the attractive basin of zero. Let z = re'? € B. Then

Ih(2)] < | exp(iz)] - 3(| exp(z)] + | exp(—27))
= exp(—r sin(9)) - (exp(r? cos(3)) + exp(—r* cos(36)))
< exp(—r sin(0)) - exp(r°|cos(36)]).

in(w) = 1 + 0 ) z
sin(w) =1+ W=7 asw — =,
) = _ 3 Lo B 3 \° N 3
COS(U) =\w 7) w 7 as w 7

Since |0 — /2| < 1/(r? log r), this implies

‘We have

and

—sin(0) < —%

and

30)| <2-
leos(360)] = r2logr
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if r is sufficiently large. Thus,

1 1
|h(Z)| <exp| —<r|)-exp 6 - " <exp| —-r) <e
2 log r 4

if r is sufficiently large. So h(B) C D(0, ¢) C F(h)\I (h) if rg is sufficiently large.
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