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A Module-theoretic Characterization of
Algebraic Hypersurfaces

Cleto B. Miranda-Neto

Abstract. In this note we prove the following surprising characterization: if X c A" is an (embed-
ded, non-empty, proper) algebraic variety defined over a field k of characteristic zero, then X is a
hypersurface if and only if the module Ty, , & (X) of logarithmic vector fields of X is a reflexive
On-module. As a consequence of this result, we derive that if Ty, /¢ (X) is a free O pn-module,
which is shown to be equivalent to the freeness of the t-th exterior power of Ty, /x (X) for some
(in fact, any) t < n, then necessarily X is a Saito free divisor.

1 Introduction

Freeness of modules (sheaves) of logarithmic vector fields is a celebrated property that
was first investigated in the influential paper by Saito [13], originally in the complex
analytic category. Several authors have enriched the theory and established beauti-
ful connections to algebraic geometry, topology, singularity theory, combinatorics,
and commutative algebra. Most of the techniques have focused mainly on detecting
families of examples and their features, as well as criteria for the freeness of mod-
ules of logarithmic vector fields along divisors (hypersurfaces) in smooth ambient
spaces, especially in the important case of hyperplane arrangements, which was first
highlighted and exploited by Terao (and extended by Traves—Wakefield to the situ-
ation of subspace arrangements). Divisors possessing a free module of logarithmic
vector fields have been dubbed free divisors. Some of the numerous references are
(1-12)15 16,191 20,22-26].

In the forthcoming paper [11], we investigate the problem in the more general,
algebraic setting of logarithmic derivations of not necessarily principal ideals in (pos-
sibly singular) factorial domains essentially of finite type over a field of characteristic
zero, and we readily derive freeness criteria for logarithmic derivation modules from
the reflexiveness characterization given therein. Here, by using similar methods, our
goal is to report the following surprising result, which had gone unnoticed and in fact
turns out to be a new module-theoretic characterization of hypersurfaces: if X c A" is
an (embedded, non-empty, proper) algebraic variety defined over a field k of charac-
teristic zero and T, , /x(X) stands for its module of logarithmic vector fields, that is,
polynomial vector fields tangent along the smooth part of X, then X is a hypersurface
if and only if Ty, , /x (X) is reflexive as a module over the polynomial ring Oa» (The-
orem . In particular, we obtain that T, /x(X) is a free Op»-module, which, by
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means of a general argument due to Vasconcelos (Lemma 3.2), is shown to be equiv-
alent to the freeness of the t-th exterior power A T, , /k(X) for some (in fact, any)
t < n, if and only if X is a free divisor (Corollary3.3).

We point out that, for a hypersurface X, the reflexiveness of T, /x (X) was first
noticed by Saito himself, in the local analytic setting (cf. 13, Corollary1.7]). Therefore,
our Theorem [3.]] states the converse of Saito’s result, and, moreover, that it is true in
the affine context as well.

Behind such a rigid characterization is the elementary fact that the defining ideal
Jx © Opn of X is radical. Note that Ty,, /x(X) can be regarded algebraically as the
module formed by the k-derivations of the polynomial ring A = Oa» preserving Jx;
analogously, under a natural scheme-theoretic viewpoint, we can consider the log-
arithmic derivation module T4/ (Y') of a given scheme Y = Spec(A/J), for a fixed
ideal J c A, as the A-module formed by the k-derivations of A preserving J. However,
the aforementioned main result may fail if J is t not radical; that is, in general, it is pos-
sible for T4/, (Y) to be reflexive (even free) with J non-principal; this is illustrated in

Example[3.4]
2 Setup and Preparatory Results

In this part, we fix the setup that will be in force throughout the paper, and we establish
some preparatory facts that will be used in our main results, proved in the next section.

We let k be a field of characteristic zeroand A = k[x;, . . ., X, | be a polynomial ring
inindeterminates xy, . . ., X, over k, so that A can be geometrically regarded as the ring
Oan of regular functions on the n-dimensional affine space A" = A}. We point out
that the results we will prove in this note are also valid in the graded context; that is,
we could replace the ambient A" by a projective space, but in our proofs no grading
on A will be needed and thus we consider solely the affine setting.

As it is well known, the module Der (A) of k-derivations of A is free, a basis be-
ing formed by the usual partial derivations 0/9x;, . .., d/dx, (for the reader’s conve-
nience, we recall that if S c R is an extension of (commutative, unital) rings, then an
S-derivation of R is an additive map 6: R — R vanishing on S and satisfying Leibniz’s
rule: 8(fg) = f8(g) + g6(f) for every f, g € R; such maps constitute an R-module
Derg(R)).

Given an algebraic variety X c A", we consider its defining ideal

Ix={fecAlf(p)=0,YpeX}

(which is, obviously, a radical A-ideal) as well as its logarithmic derivation module
TA/k(X) = {8 € Derk(A) | (S(Jx) c Jx} .

Naturally, if § = 3.}, g:9/0x;, for certain g;’s in A, then by 6(Jx) ¢ Jx, we mean
that the polynomial function 8(f) = Y1, g;0f/0x; vanishes on X whenever f has
this property. Thus, geometrically, this module collects the polynomial vector fields
tangent along X (the so-called logarithmic vector fields of the embedded variety X c
A™), and it is quite often denoted by Dery(-logX). It is immediately seen to be
A-torsionfree.
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Definition 2.1  An algebraic hypersurface X c A" is said to be a Saito free divisor
(free divisor, for short) if the A-module T} (X) is free.

There are some well-known freeness criteria available in the literature. The very
first of them is due to Saito [[13] and essentially asserts the following: if k = C and
0; = XiL18ij9/0xi, j = 1,...,n, are n vector fields tangent to a divisor X c A", say
defined by the reduced equation f = 0, then X is free if and only if the determinant
of the matrix (g;;) has the form af, for some « € C \ {0}. Terao [22} Proposition
2.4] realized that a hyperplane arrangement in A” is free if and only if its Jacobian
ring is Cohen-Macaulay of Krull dimension equal to n — 2. This characterization
raised a beautiful connection to commutative ring theory, and it is also true for general
algebraic hypersurfaces (a fact typically stated in the projective context; cf,, e.g., [10,
Lemma 4.1]).

Originally, the results of Saito and Terao were established in the local setting; how-
ever, itis a classical fact that finitely generated projective modules over the polynomial
ring A are free, so that we can harmlessly adopt a global concept as in Definition 2.1}
Moreover, if X is a free divisor then, necessarily, T/ (X) ~ A"; this is an immediate
consequence of Proposition[2.2] We recall that if a finitely generated module E over a
Noetherian ring R (whose total fraction ring we denote by K) satisfies K ®g E ~ K"
for some integer r > 0, then E is said to have a (generic, constant) rank, equal to r,
which we denote by rkg (E) = r. Itis clear thatif 0 > E > F — G — 0 is a short exact
sequence of finitely generated R-modules with rank, then rkg (E) +rkg (G) = rkg(F).

Proposition 2.2 For any algebraic variety X c A", we have rka(Ty/x (X)) = n.

Proof Notice that Jx Dery(A) c T,/ (X). Hence, Jx annihilates the cokernel Cx
of the inclusion T4, (X) c Derg(A) ~ A", which yields rk4 (Cx) = 0. Thus, from the
exact sequence

0 —> Tp/k(X) — Deri(A) — Cx — 0,

we obtain rka( Ty (X)) = tka(A") = n. -

Remark 2.3  Since the (free) A-module Der (A) has rank #, it would be natural to
ask whether we might have T,/ (X) = Deri(A) in a non-trivial situation. However,
it is a well-known classical fact that the polynomial ring A is differentially simple; that
is, if an ideal J c A is differential in the sense of Seidenberg [18] (which by definition
means that J is preserved by every k-derivation of A) then necessarily J = (0) or
d = A. As a consequence, if the given algebraic variety X c A" is proper and non-
empty, then necessarily

Task(X) # Derg(A),
or equivalently, there exist £ € {1,...,n}, f € Jx and p € X such that (df/dx,)(p) #

0. This holds, in more generality, for regular rings that are localizations of finitely
generated algebras over a field of characteristic zero (cf. [17, Proposition 2.4]).

For the next result (which was first noticed by Saito in the local analytic setting;
cf. 13} Corollary 1.7]), recall that a finitely generated module E over a Noetherian ring
R is reflexive if the canonical map E — Hompg (Homg (E, R), R) is an isomorphism. It
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is a standard fact that if R is a normal domain (e.g, a regular ring) and E is a second-
order syzygy module over R, then E must be reflexive.

Proposition 2.4  If the algebraic variety X c A" is a hypersurface, then the A-module
Ta/i(X) is reflexive.

Proof Fix f € A such that Jx = (f) and consider the ideal

Ix = (0f[0x1,...,0f[0xu, f).

Let yx: A" — Jx be the natural epimorphism

n af
(815 8n8) — ;g’aTc,. -gf.

If r: A™*! - A" is the projection map that omits the last coordinate, then the restric-
tion of 7 to ker(yx ) yields an isomorphism ker(yx) =~ T,/ (X), which gives an exact
sequence

0 — Ta/k(X) — A" 59y —0

so that T4x(X) is a second-order syzygy A-module (of A/Jx) and, hence, reflexive.
|

We end this auxiliary section by studying logarithmic derivations of height 1 ideals
of A. Given a k-scheme Y = Spec(A/J) for some fixed ideal J c A, we let T (Y)
be the module formed by the k-derivations & of A satisfying §(J) c J, which means
0(g) € J, forevery g € J. If J = A, then Ty, (Y) = Der(A). Now, suppose that J
has the form J = f{, for some non-constant polynomial f € A and some ideal J c A
containing an A/(f)-regular element, that is, a non-zero-divisor modulo ( f). Set

7= spec(A/(f)), W = Spec(A/d).
Proposition 2.5 In the situation above, we have
TA/k(Y) = TA/k(Z) n TA/k(W)-

Proof First, pick 6 € Ts/x(Y). Then & preserves the ideal J = fJ. We claim that
0 preserves (f) and J as well. By hypothesis, J contains a polynomial f, which is a
non-zero-divisor modulo (f). Since f fy € J, we have

3(ffo) €T (f),

and hence, by Leibniz’s rule, fo8(f) € (f), which in turn implies §(f) € (f) as fo is
A/(f)-regular. Now, given an arbitrary g € J, we get: fge I = f8(g)+g0(f) eI =
f8(g) € J. This yields 6(g) € J (since f # 0 and A is a domain), thus showing the
claim. The converse is even easier. If § € T4/ (Z) N T4/ (W) then & preserves both
(f) and g, and therefore, for any g € J, we have f8(g), g6(f) € J, whence 6(fg) €7J,
as needed. ]
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3 Main Result

We now prove the surprising characterization whose statement was anticipated in
our introduction. Precisely, it guarantees that the converse of Proposition [2.4]is true,
which will lead us, as a consequence, to freeness criteria for the module of logarithmic
vector fields. In the proof, we denote the height of a properideal J c A = k[x1, ..., x,]
by ht(J). Moreover, given A-modules E c F, we can consider the conductor ideal
E:F={geA|gFcE}.

Theorem 3.1 Let X c A" be an (embedded, non-empty, proper) algebraic variety.
Then X is a hypersurface if and only if the A-module Ty (X) is reflexive.

Proof If X is a hypersurface, a proof of the (well-known) reflexiveness of T4/x (X)
was given in Proposition Now, assume that T, (X) is reflexive. We claim, first,
that ht(Jx) = 1. Suppose that ht(Jx) > 2. Recall that, by the discussion given in
Remark we must have Ty, (X) # Derg(A), since X is non-empty and proper.
Now, since Jx Deri(A) c Ty i (X), we get

Ix © Tak(X):Deri(A)

so that ht( T,/ (X): Derg(A)) > 2, which clearly means (T,/x(X))p = (Derx(A))p,
for every prime ideal P c A with ht(P) < 1. Thus, using a classical result due to Samuel
(cf. [14, Proposition 1]), we obtain that the reflexive module T5x (X) can be expressed,
in the K-vector space Ta/x(X) ®a K = Ta/i(X) (o) (Where K = A(gy = k(x1,..., %),
the fraction field of A), as

Tasr(X) = ) (Q)_I(TA/k(X))P = ) (Q)_I(Derk(A))p = Derg(A),

a contradiction. Therefore, we necessarily have ht(Jx) = 1, the case Jx = (0) being
ruled out by hypothesis. It follows that the defining ideal of X has the form Jx = fJ
for some non-constant polynomial f € A and some non-zero ideal J c A. We will
show that J = A.

Clearly, by absorbing the greatest common divisor of a generating set of  into f if
necessary, we can assume that J contains an A-sequence of length at least 2. Hence,
as every associated prime ideal of A/(f) has height 1 in A (by the normality of A),
there exists a polynomial in J that is A/(f)-regular. Setting Z = Spec(A/(f)) and
W = Spec(A/J), Propositionyields Taj(X) = Taj(Z)NTas(W). In particular,
Ta/k(X) © Tajx(Z). Further, it is easy to check that

d © Tapr(X): Tas(2).

Localizing at any height 1 prime ideal Q c A and using that J contains a length 2
regular sequence, we obtain (T4/k(X))q = (Ta/k(Z))q. Applying Samuel’s result
again, as before, we get that the reflexive A-module T,/ (X) must equal Ty, (Z),
and therefore Ty/x(Z) = Ta/k(Z) N Tasc (W), which means

TA/k(Z) c TA/k(W)-
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In particular, f Dery(A) c T,/ (W) and hence, for every 6 € Deri(A) and every
g € J, we must have

fé(g) e (f)nd.
Since Jx is radical, it can be written as Jx = (f) nJ (this is elementary: Jx c (f)nd c
\/WO\/g = \/fd = Ix). Therefore, f8(g) € fJ, which yields 8(g) € J (as f # 0 and
A is a domain) and then the non-zero ideal J is preserved by every derivation of A;
by the differential simplicity of A (see Remark[2.3), this forces J = A, as needed. W

For one of the equivalences established in Corollary 3.3} we will apply the follow-
ing important, general observation from [21, Lemma 2.1], where it is attributed to
W. Vasconcelos, and whose proof we supply for the reader’s convenience.

Lemma 3.2 Let R be a Noetherian local ring, let E be a finitely generated R-module,
and let t > 1 be an integer. If the t-th exterior power \' E is non-zero and R-free, then
E is R-free.

Proof We proceed by induction on . We assume that # > 2, since the assertion is
obvious for t = 1. There is a surjective R-homomorphism E ®g ATYE > A'E. Since
A" E is non-zero and R-free, we have a surjective R-homomorphism E®y ATYE - R
Composing this map with the map E - E ®z A'"' E (induced by tensoring with any
element of A" E) yields an R-homomorphism E — R. However, since R is local, one
of these R-homomorphisms must be surjective. Therefore, we have a splitting E =
R @ E’. Applying A’ to this decomposition, we get that A'™" E’ is a direct summand
of A! E. Hence, the R-module A"™! E’ is free.

Now, we claim that A'™' E’ # 0, or equivalently, T ®z A" E’ # 0, where T is the
total quotient ring of R. Since E = R @ E’, we obtain

T®R/t\E:(T®Rt/_\1E’) @(T@R/t\E’).

However T ® A" E # 0 (since, by assumption, A’ E # 0), so that T® A" E’ # 0 or
T ®r A' E’ # 0, which indeed forces

t—-1
Ter \E'#0

thus showing the claim. By the induction hypothesis, E’ is R-free, and hence so is E,
as needed. ]

Corollary 3.3 Let X c A" be an (embedded, non-empty, proper) algebraic variety.
The following assertions are equivalent:

(i) Tajk(X) is a free A-module;

(i) A’ Tasi(X) is a free A-module for some (in fact, any) t < n;

(iii) X is a free divisor.

Proof The equivalence between statements (i) and (iii) follows readily from our The-
orem To prove that (i) and (ii) are equivalent, we first recall that rk 4 (T4 /x (X)) = n
(see Proposition[2.2), so that, for any given prime ideal P c A, we clearly have

ka, ((Taze(X))p) = 1,
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and hence the Ap-module (T4/,(X))p is minimally generated by no fewer than n
elements. Consequently,

/t\(TA/k(X))P #0, Vt<n.

This puts us in a position to apply Lemma 3.2} which in our context yields that the
Ap-module (T (X))p is free if (and only if) so is the Ap-module A*(T4/x(X))p =
(A Tajk(X))p for some (in fact, any) < n. Since P was taken arbitrary and, as it is
well known, finitely generated projective modules over polynomial rings are globally
free, we are done. |

Example 3.4 Let W c A® be the z-axis. Then, W is defined by the ideal = (x, y) c
A =k[x,y,z]. By Theorem the module T,/ (W) cannot be reflexive; explicitly,

0 0 0
Ta(W)=0d—e@J—oA—.
a(W) 38x®38y® 0z

However, setting

Y = Spec(A/7), T=(x*yz,xy’z) c A
we have that T4/ (Y) is free, even though J is non-principal. In fact, taking the free
hyperplane arrangement Z c A® defined by f = xyz, we have

J=f4,
Taj(Y) = Tapn(Z) = (x)% @ (y)aay ® (z)% ~ A3

as pointed out in [[11, Remark 3.9]. This illustrates that our result may fail if J is not
assumed to be radical (i.e., the defining ideal of an algebraic variety).

References

[1] T. Abe, H. Terao, and M. Yoshinaga, Totally free arrangements of hyperplanes. Proc. Amer. Math.
Soc. 137(2009), no. 4, 1405-1410.  |http://dx.doi.org/10.1090/S0002-9939-08-09755-4
[2] P. Aluffi, Chern classes of free hypersurface arrangements. J. Singul. 5(2012), 19-32.
[3] E Calderén-Moreno and L. Narvéez-Macarro, The module D f* for locally quasi-homogeneous
free divisors. Compositio Math. 134(2002), 59-74.  http://dx.doi.org/10.1023/A:1020228824102
[4] E.J. Castro-Jiménez and J. M. Ucha-Enriquez, Logarithmic comparison theorem and some Euler
homogeneous free divisors. Proc. Amer. Math. Soc. 133(2004), 1417-1422.
http://dx.doi.org/10.1090/50002-9939-04-07678-6
[5] D Cox and H. Schenck, Local complete intersections in P* and Koszul syzygies. Proc. Amer. Math.
Soc. 131(2003), 2007-2014.  http://dx.doi.org/10.1090/50002-9939-02-06804- 1
[6] J. Damon, On the legacy of free divisors: discriminants and Morse-type singularities. Amer. J.
Math. 120(1998), no. 3, 453-492.  |http://dx.doi.org/10.1353/ajm.1998.0017
[7] 1. de Gregorio, D. Mond, and C. Sevenheck, Linear free divisors and Frobenius manifolds.
Compos. Math. 145(2009), no. 5, 1305-1350.  http://dx.doi.org/10.1112/50010437X09004217.
[8] V. Goryunov, Logarithmic vector fields for the discriminants of composite functions. Mosc. Math. J.
6(2006), no. 1,107-117, 122.
[9] M. Granger, D. Mond, and M. Schulze, Free divisors in prehomogeneous vector spaces. Proc.
Lond. Math. Soc. 102(2011), 923-950.  |http://dx.doi.org/10.1112/plms/pdq046
[10] C.B. Miranda-Neto, Graded derivation modules and algebraic free divisors. . Pure Appl. Algebra
219(2015), 5442-5466. http:/dx.doi.org/10.1016/j.jpaa.2015.05.026:
[11] , Free logarithmic derivation modules over factorial domains. Math. Res. Lett., to appear.
[12] M. Mustata and H. Schenck, The module of logarithmic p-forms of a locally free arrangement. J.
Algebra 241(2001), 699-719.  |http://dx.doi.org/10.1006/jabr.2000.8606

https://doi.org/10.4153/CMB-2016-099-6 Published online by Cambridge University Press


http://dx.doi.org/10.1090/S0002-9939-08-09755-4
http://dx.doi.org/10.1023/A:1020228824102
http://dx.doi.org/10.1090/S0002-9939-04-07678-6
http://dx.doi.org/10.1090/S0002-9939-02-06804-1
http://dx.doi.org/10.1353/ajm.1998.0017
http://dx.doi.org/10.1112/S0010437X09004217
http://dx.doi.org/10.1112/plms/pdq046
http://dx.doi.org/10.1016/j.jpaa.2015.05.026
http://dx.doi.org/10.1006/jabr.2000.8606
https://doi.org/10.4153/CMB-2016-099-6

A Module-theoretic Characterization of Algebraic Hypersurfaces 173

[13] K. Saito, Theory of logarithmic differential forms and logarithmic vector fields. ]. Fac. Sci. Univ.
Tokyo Sect. IA Math. 27(1980), 265-291.

[14] P. Samuel, Anneaux gradués factoriels et modules réflexifs. Bull. Soc. Math. France 92(1964),
237-249.

[15] H. Schenck, H. Terao, and M. Yoshinaga, Logarithmic vector fields for curve configurations in P>
with quasihomogeneous singularities. Math. Res. Lett., to appear.

[16] H. Schenck and S. Tohaneanu, Freeness of conic-line arrangements in P2, Comment. Math. Helv.
84(2009), no. 2, 235-258.  |http://dx.doi.org/10.4171/CMH/161

[17] P. Seibt, Differential filtrations and symbolic powers of regular primes. Math. Z. 166(1979),
159-164. http://dx.doi.org/10.1007/BF01214042

[18] A. Seidenberg, Differential ideals in rings of finitely generated type. Amer. J. Math. 89(1967),
22-42. http://dx.doi.org/10.2307/2373093

[19] J. Sekiguchi, A classification of weighted homogeneous Saito free divisors. J. Math. Soc. Japan
61(2009), 1071-1095.  |http://dx.doi.org/10.2969/jmsj/0614107 1

[20] A. Simis and S. Tohaneanu, Homology of homogeneous divisors. Israel J. Math. 200(2014),
449-487. |http://dx.doi.org/10.1007/511856-014-0025-3

[21] A. Simis and B. Ulrich, The Fitting ideal problem. Bull. Lond. Math. Soc. 41(2009), 79-88.
http://dx.doi.org/10.1112/blms/bdn106

[22] H. Terao, Arrangements of hyperplanes and their freeness. I, II. ]. Fac. Sci. Univ. Tokyo Sect. IA
Math. 27(1980), 293-320.

, Generalized exponents of a free arrangement of hyperplanes and
Shephard-Todd-Brieskorn formula. Invent. Math. 63(1981), 159-179.
http:/dx.doi.org/10.1007/BF01389197

[24] W. Traves and M. Wakefield, Derivation radical subspace arrangements. ]. Pure Appl. Algebra
215(2011), 1492-1501.  |http://dx.doi.org/10.1016/j.jpaa.2010.09.007

[25] M. Yoshinaga, Characterization of a free arrangement and conjecture of Edelman and Reiner.
Invent. Math. 157(2004), 449-454.  http://dx.doi.org/10.1007/s00222-004-0359-2

, On the freeness of 3-arrangements. Bull. London Math. Soc. 37(2005), 126-134.

http://dx.doi.org/10.1112/5S0024609304003704

(23]

[26]

Departamento de Matemdtica, Universidade Federal da Paraiba, 58051-900 Jodo Pessoa, PB, Brazil
e-mail: |cletoneto2011@hotmail.com

https://doi.org/10.4153/CMB-2016-099-6 Published online by Cambridge University Press


http://dx.doi.org/10.4171/CMH/161
http://dx.doi.org/10.1007/BF01214042
http://dx.doi.org/10.2307/2373093
http://dx.doi.org/10.2969/jmsj/06141071
http://dx.doi.org/10.1007/s11856-014-0025-3
http://dx.doi.org/10.1112/blms/bdn106
http://dx.doi.org/10.1007/BF01389197
http://dx.doi.org/10.1016/j.jpaa.2010.09.007
http://dx.doi.org/10.1007/s00222-004-0359-2
http://dx.doi.org/10.1112/S0024609304003704
mailto:cletoneto2011@hotmail.com
https://doi.org/10.4153/CMB-2016-099-6

