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Abstract

Let g(n, m) denote the maximal number of distinct rows in any (0, 1)-matrix with » columns,
rank < n — 1, and all row sums equal to m. This paper determines g(n, m) in all cases:

("1 if1<m<n/2,
n-2 .
g(n, m) = 2((n—2)/2) ifm=n/2,
(;:11) ifn/2<m<n.

In addition, it is shown that if V' is a k-dimensional vector subspace of any vector space, then V'
contains at most 2% vectors all of whose coordinates are 0 or 1.

1980 Mathematics subject classification (Amer. Math. Soc.): 05 B 20.

1. Introduction

Let g(n, m) denote the maximal number of distinct rows in any (0, 1)-matrix
with n columns, rank < n — 1 (over any field of characteristic zero), and all row
sums equal to m. In a recent paper Longstaff [1] determined g(n, m) for
1<m<Vn—-2 and n — Vn —2 <m < n— 1. The purpose of this note is
to present a different method that determines g(m, n) completely. (Note that
g(n, m) = {},> — 1, where (%> is Longstaff’s rotation.)

©Copyright Australian Mathematical Society 1981
193

https://doi.org/10.1017/51446788700033474 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700033474

194 A. M. Odlyzko [2)

THEOREM 1. If 1 < m < n — 1, then

-

( n m 1 ) ifm<n/2,
n—2 .
g(n, m) = 2((n _ 2)/2) ifn=0(mod2),m=n/2,
(";:11) ifm>n/2.

Results of the above type have applications in certain combinatorial prob-
lems. For example, suppose that each element j of an n-element set {1, ..., n}
has associated to it a real (or complex) number x;, and that there is a family F of
m-element subsets of {1, ..., n} and a constant ¢ such that

2 x;=c foralld €F.

JjEA
What can we conclude about the x? There is always the trivial solution
x; = c/m for all j. If |F| > g(n, m), then this is the unique solution.

The restriction in the definition of g(n, m) that the rank be < n — 1 over a
field of characteristic zero (ranks of (0, 1)-matrices are the same over all such
fields) is essential, since if the characteristic is positive and divides k, all the ()
vectors containing exactly £ 1’s span a subspace of dimension n — 1. It should
be possible to extend the method of this note to obtain results for non-zero
characteristics which do not divide k. Also, it should be possible to extend
Theorem 1 to cover the case where the rank of the matrix is restricted to
be < n — 2 for some n > 2, but such results would be much more complicated.

The basic tool in our proof will be provided by Lemma 1. That lemma also
leads to an easy proof of the following result, which is of independent interest
and answers a question posed by P. Frankl in connection with a problem of
Erdos about set intersections.

THEOREM 2. Let V be an n-dimensional vector subspace of some vector space W
(which may be over any field). Then in any coordinate system for W, V contains at
most 2" vectors all of whose coordinates are 0 or 1.

2. Proofs

LeEMMA 1. Let V be an n-dimensional subspace of an r-dimensional vector space
W over any field. Then in any coordinate system for W, we can find a basis of V
such that after permuting the coordinates of W this basis has the form

) (I, 4,,-,)
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where I, denotes the n X n identity matrix, A, ,_, some n X (r — n) matrix, and

the rows of the matrix represent the basis vectors,

PrOOF. Let M be an n X r matrix whose rows form a basis for V. By
permuting the columns of M, if necessary, we can assume that M is of the form

M= (B (),
where B is a nonsingular n X n matrix. But then the rows of
B'M = (I, B”'C)

generate the same space as the rows of M, namely V.

PrOOF OF THEOREM 2. We may assume that W is of finite dimension r, since if
V had more than 2" (0, 1)-vectors in an infinite-dimensional space W, then we
could find a subspace V"’ of a finite-dimensional space W’ such that dim(¥V’) <
n = dim(¥), and V' would contain > 2" (0, 1)-vectors. Suppose therefore that
dim(W) = r. By Lemma 1, we can find a basis of V such that after a suitable
permutation of the coordinates, it has the form (1). Let », ..., », denote the
rows of the matrix (1). If » is any (0, 1)-vector in V, then

n
v= 3 a,.
j=1

Since » has only 0’s and I’s as coordinates, we conclude that each g; is 0 or 1.
Hence there are no more than 2" possibilities for ». Q.E.D.

Proor ofF THEOREM 1. This proof is considerably more involved than that of
Theorem 2. We first prove that g(n, m) is at least as large as the values given in
Theorem 1. If m < n/2, consider an (n — 1) X n matrix

0

0

Then the (%)) choices of m rows of 4 give distinct n-vectors with sum of entries
equal to m, and they all lie in the (n — 1)-dimensional subspace spanned by the
rows of A. Hence g(n, m) > (";!) (a bound which is actually valid for all m). If
m > n/2, we replace each 0 in the last column of 4 by 1/(m — 1) and consider
choices of m — 1 rows of 4 at a time. This shows that g(n, m) > (*_!)). Finally,
suppose that 2|n, m = n/2. In this case we replace the last column of 4 by the
transpose of the vector (m — 1), (m— 1)}, ..., (m — 1)}, -1) of length
n — 1. Then adding up any choice of m — 1 of the first n — 2 rows of 4 will
yield an n-vector with sum equal to m. This same sum, however, will also be
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obtained by choosing any m — 1 of the first n — 2 rows of A and the last row of
A. Thus we obtain 2(%%) distinct choices in this case, which concludes the
proof that the values given in Theorem 1 are actually lower bounds for g(n, m).

We now proceed to obtain upper bounds for g(n, m). Let us suppose that V is
a vector subspace of a vector space W (over a field of characteristic O this time),
dim(W) = n, dim(¥V) = n — 1. Let V,, be the set of (0, I)-vectors in ¥ which
have exactly m 1’s. If m = 1, then the assertion of the theorem is trivial. Hence
we can take m > 2. By Lemma 1, we can find a basis for V' which, after suitable
coordinate permutations, has the form

a;
(2) In—l
an—l
Denote the rows of this matrix by », ..., 2,_, & = (%), - - - 5 ¥,,)- Any vector

v € V,, must be the sum (with coefficients 1) of either m — 1 or m of the p;. Let
Si={{zy - >mp1<i< - <ig<n—1,y €V,

If we could show that none of the sets in S,,_, is a subset of any set in S,,, we

would be done very quickly. Unfortunately no such result is valid in general.

However, our proof will be based on a somewhat related observation. If
A€S,_,B€ES,,then

2 Vk,n = 1’ 2 yk,n = 0,
nEA wEB
so that if B =4 U {z,}, then y,, = —1. Thus the vectors », with », ,
a special role, and we will treat them in a special way.
Let 7 be the number of vectors »,, 1 < p < n — 1, such that »,, = -1, and

[l

-1 play

Zp>
T={»,; v, =-1}. By permuting rows and columns of the matrix (2), if
necessary, we may assume thatv, , =v»,_,. .\, =-' =y, =-1.(Wedo

not exclude the possibility that £ = 0.) We let s = n — 1 — ¢, so that v, , # -1
for 1 < k < 5. We also define
m—k
S*k)y={p;r=(y...,0,)p= 3 v, L <ip <ee e <y <s,v,,=k},
j=1
s(k) = |S*(k)].
We now observe that if vy € V,,, v = (»,,...,7,) has v, =0, then for some
nonnegative integer r, » must be a sum of r distinct vectors », € 7, and of a
vector in S*(r). Similarly, if » € V,, has v, = 1, then for some 7, it is the sum of
r distinct vectors from 7 and of a vector in S*(r + 1). Moreover, each such
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representation is unique. Hence
3) 1Vl = S5 L) + Sstr + 1)( )
=Ss((* 1),

where r ranges between 0 and min(¢ + 1, m — 1).

To bound the sum in (3) we now need to obtain some additional information
about the S*(k). In fact we only need to show that not all of the S*(r) can be
large simultaneously. Since »,, * ~1 for any p, with 1 < p <5, we conclude
that if € S*(w + 1), v=w, + -+ +p__, then p + p, & S*(r) for any p
with 1 < p<s, p#i,...,0,_,_,. Thus for each v € S*(r + 1), there are
s — (m — r — 1) vectors which cannot be in $*(r) even though they are sums of
m — r of the »,, | < k < s. Furthermore, since each vector w which is a sum of
the »,, 1 <k <5, can be expressed in at most m — r ways as w = p + y, for
v € S*(r + 1), 1 < p <5, we conclude that

s—m+r+1

(4) s(r) + ——————s(r + 1) <(,,%,)

for 0 < r < min(¢, m — 2). We will conclude the proof by showing that the
system (4) of inequalities yields the desired bound for V,,.

We now regard the s(r) as nonnegative real numbers subject only to the
inequalities (4). Since the system (4) gives an absolute bound for each of the s(r),
there is a choice of the s(r) which achieves the maximum possible value of

min(t+1, m—1) i
!+
() 4 3 so(*31)
We now claim that for this optimal choice of the s(r), equality must hold in (4)
for all . This is clearly true for r = 0 and r = min(¢, m — 2), since in each case
the corresponding inequality contains an s(k) that appears only in that inequal-
ity. Suppose therefore that for some r, 0 <r < min(¢, m — 2), we have the

inequalities
s—m+r s
(6a) =D+ s < ()
s—m+r+1
(6b) s(r) +——m—_r——s(r + 1) < (mf— r)’
s—m+r+2 K]
(6¢) s(r+‘)+—m;ﬁ_s(r+2)<(m—r—l)'

We wish to show that the strict inequality in (6b) enables us to find another
set of s(k)’s which will increase the sum in (5). If we increase s(r) by ¢ > 0,
then in order to keep (6a) satisfied we will need to decrease s(» — 1) by
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e(s — m + r)/(m — r + 1). This change will add to (5) the quantity
—ft+1)_ s-—m+r(t+1)
=) - e ()

If we instead increase s(r + 1) by ¢, then in order to keep (6¢) satisfied we will
need to decrease s(r + 2) by e(m — r — 1)/(s — m + r + 2) which will have the
effect of adding to (5) the quantity

_fr+1y_, _ m—-r—1 (t+l)
*2 e(r+l) Ss—mrr+2\r+2/)

We now show that either x, > 0 or x, > 0. After simplifying the above expres-
ston we discover that x; > 0 precisely when
yvw=mt—rt—rs—3r+t+2m+2>0
and that x, > 0 when
Va=-mt+rt+rs+3r+t-2m+2s+4>0.

However,
W+y,=2t+2s+6=2n+4>0,

so at least one of y, and y, is positive, and hence at least one of x, and x, is
positive. This shows that the s(r) do not maximize (5), which is a contradiction.
Thus we have proved our claim that equality must hold in (4) for all r.

The rest of the proof is relatively straightforward. Since we have

7 s+ 22 L ey = (5 )

for 0 < r < min(¢, m — 2), the value of 5(0) determines all the other s(r), and in
fact any solution (s5(0), s(1), . . .) of (7) is a convex combination of the extremal
solutions obtained when s(0) = 0 and when s(0) = (). Therefore (5), and hence
also |V,,|, is bounded by the maximum of the values of (5) at those two choices
of the s(r). If s(0) = 0, we obtain s(r) = 0 for r = 0 (mod 2), s(r) = (,,°,) for
r = 1 (mod 2), and so

V<SSO = 2 ('Y

r=1(2)

If 5(0) = (,3), then s(r) = 0 for r = 1 (mod 2), s(r) = (,,,.,) for r = 0 (mod 2),
and so

Wl <231 = Z (W2 (T

r=0(2)

Theorem 1 now easily follows from the following binomial coefficient inequality.

https://doi.org/10.1017/51446788700033474 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700033474

(7] On the ranks of some (0, 1)-matrices 199

LEMMA 2. If m, n, and k are positive integers, and
= n k
j;(m’ n, k) - 2 (m - r)(r)
r=j(2)
Jorj = 0or 1, then

("+,’;“1), m < (n+k)/2

fi(m, n, k) < (n;:li] 1), m>(n+ k)/2,

2(";’1—12), m=(n+ k)/2.

PROOF. We first prove the lemma for n + k odd, m = (n + k — 1)/2. Let us
first assume that n > 4, k > 4. Since fj(m, n, k) 1s the coefficient of z™ in

1 n i
SO+ 21+ 2 + %(_1)'(1 — ¥+ 2),
it will suffice to prove that if 4,, = coefficient of z™ in (1 — z)¥(1 + z)", then

@) 1l < 2"+ E= ) = (nh ) = (A ) = o ()

Now by Cauchy’s theorem, -

1 k k. —m—1
=— -0 + m=1dy,
A, T 'll‘z|=l(1 z)( z)z 4

so as # runs over the real numbers,

1 |, 1 |7
in = =8| .
sin = 8| |cos )

|4,,] < m;\x|1 — e?5|1 + ¥ = max 2tk 3

Letting x = (sin(#/2))%, we find that
|4, < max 4" *xk(1 — x)".
0<x<1
By setting the derivative of x*(1 — x)" equal to 0, we discover that the maxi-
mum above is attained at x = k/(n + k), and equals
kknn4n+k kknn42m+1

(n + k)n+k - (2m + 1)2m+l )

To obtain (8), it will therefore suffice to prove that for 4 < k < 2m — 1,
2m+1

k _p2mEl-k am—1(2m + 1) 2m\?
©) K*@m + 1 - k) <4 (2mY.
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The maximum of the quantity on the left side above is achieved at the endpoints
of the interval [4, 2m — 3}, so it will suffice to prove (9) for k = 4, which reduces

to
2
Im+5 _agm—3__(m+1) 2m\?
(10) #7+32m — 3) G 2 1T (2m).
Since
(2’;”) > Vo form > 1,
m
(10) will follow if we can show that
(11) m(m + 1’ 2m — 3)"7’CQm + 1) < 45,
But
m(m + 1) 2m — 3y 3 _m(m+ 1)2( 4 )2”'”
@2m + 1™ @2m - 3)* 2m + 1
2
< %e“‘ form > 1,
m—

and m(m + 1’2m — 3)* < 11 - 12%- 197 < ¢*- 4% for m > 11, which proves
(11), and therefore also (10) for m > 11. Finally, it is easily checked that (10)
holds for 7 < m < 10. We have thus proved the lemma in the special case
m=n+k—-1)/2,4<k<2m-3, m> 7T lfm=n+k—-1)/2,4<k<
2m — 3, but 4 < m < 6, then we check by direct computation that the lemma
holds.

To complete the proof of the lemma for m = (n + k — 1)/2, we next consider
1 € k < 3. As an example, we have

A+ 2/2,m3 =3(,05) + (/2 - 2)

n-—1 n n
=6(,,/2_ 1) + (n/2—2) + (n/2—-3)'
On the other hand,

((nn++2)2/2) = 6( n’/lz__l 1) + 2( n/zn__ 2) > fi((n +2)/2, n, 3).

The verification of the other cases is even more routine and is omitted. Finally,
the case 2m — 2 < k < 2m reduces to the case 1 < k < 3, since

fi(m, n, k) = f.(m, k, n),
where j = j' if m = 0 (mod 2), andj = 1 — j’ otherwise.

The above discussion proves the lemma whenever m = (n + k — 1)/2. The
remaining cases follow quite easily. We use induction on m + n. Suppose that
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the lemma is true for m + n < M. Since the lemma is trivially true if any of
m, n, and k equals 1, this assumption is certainly true for M = 2. Now suppose
m+n=M+ 1,and thatm > 2,n > 2. Then

(m, n, k) = {n—1+( n—1 )}k
(12) Hom 0 rzzz(z) (=220 N0
=f(mn—1k)+ f(m—1,n—1k).
We now apply the induction hypothesis to
f{m,n—1,k) and f(m—1,n—1,k).
If m < (n+ k — 1)/2, then we obtain
n+ k-2 n+k—-2\_(n+k—-1
f"(m’n’k)<( m )+( m~1 ) ( m )’
which is the claim of the lemma. Similarly if m > (n + k + 1)/2, then
n+k——2) (n+k—2)=(n+k-l)
j}(m,n,k)(( m—1 )T m2 m—-1 )
If m = (n + k)/2, then (12) and the induction hypothesis give
n+ k-2
f(m, n, k) <z( * k- )
To complete the proof, we thus only have to consider m = (n + k = 1)/2. If
m = (n + k — 1)/2, then the claim of the lemma follows from the discussion at

the beginning of the proof. The case m = (n + k + 1)/2, on the other hand,
follows from the case m = (n + k — 1)/2 and the observation that

k — n k
gomniy= 3 (o) E,)= S L (3}
/j ’sj(z)(n m+r) k—r n5k+j(2)(n+k m s)(s)
so that f(m, n, k) = f.(n + k — m, n, k), where j' =k + j (mod 2).
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