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Marcinkiewicz Commutators with Lipschitz
Functions in Non-homogeneous Spaces

Jiang Zhou and Bolin Ma

Abstract. Under the assumption that p is a nondoubling measure, we study certain commutators gen-
erated by the Lipschitz function and the Marcinkiewicz integral whose kernel satisfies a Hormander-
type condition. We establish the boundedness of these commutators on the Lebesgue spaces, Lipschitz
spaces, and Hardy spaces. Our results are extensions of known theorems in the doubling case.

1 Introduction

As an analogue of the classical Littlewood—Paley g function, in 1938 Marcinkiewicz
[13] introduced the operator

2 2
Mo = ([ EEEOEEEEO SO ) 7 e jo.2m),
0

t3

where F(x) = fox f(t)dt. This operator is now called the Marcinkiewicz integral.
Zygmund proved that the operator M is bounded on the Lebesgue space L? ([0, 27])
for p € (1,00). Stein [17] generalized the above Marcinkiewicz integral to the fol-
lowing higher-dimensional case. Let {2 be homogeneous of degree zero in RY for
d > 2, integrable and have mean value zero on the unit sphere $Y~!. The higher-
dimensional Marcinkiewicz integral is then defined by

Ma(f)(x) = / \/l ; ‘xi = 2E=D) r)ay )2””) . xem
x—y|<t

The Marcinkiewicz integral and its related topics are important in harmonic anal-
ysis and are still the focus of active research. The reader can refer to [1H4,23]] and
the references therein. Particularly, we want to mention the work by Torchinsky and
Wang [18]], where they introduced the commutator generated by the Marcinkiewicz
integral Mg, and the classical BMO(RY) function and established its L? (R4)-bound-
edness forall p € (1,00) ifQ2 € Lipa(Sd_l) for some o € (0, 1]. It is also worth men-
tioning that another commutator generated by the Marcinkiewicz integral Mg and
the Lipschitz function was recently studied by Mo and Lu (see [15]) when €2 is ho-
mogeneous of degree zero and satisfies the cancellation condition, and they obtained
its boundedness from L? (RY) into L*(R) for 1 < p < n/Band 1/s=1/p — 3/n.
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On the other hand, in recent years, harmonic analysis on spaces of nondoubling
measure has become a very active research topic. Among a long list of research pa-
pers, one of them [9] is on the Marcinkiewicz integral related to the nondoubling
measure /i, where /i is a positive Radon measure on R? that only satisfies the growth
condition that for all x € R and all r > 0,

(1.1) w(Bx, r)) < Co 1",

where Cy and n are some positive constants and 0 < n < d, and B(x,r) is the
open ball centred at x and having radius . In [9], Hu, Lin, and Yang established its
boundedness, respectively, from the Lebesgue space L! (1) to the weak Lebesgue space
LY (), from the Hardy space H' (1) to L' (1), and from the Lebesgue space L°° (1)
to the space RBLO(p). Also, they obtained the boundedness of the Marcinkiewicz
integral in the Lebesgue space L? (1) with p € (1, 00). Moreover, they also obtained
the boundedness of the commutator generated by the RBMO(u) function and the
Marcinkiewicz integral with kernel satisfying certain slightly stronger Hormander-
type condition (2.1)), respectively, from L?(u) with p € (1, 00) to itself, from the
space Llog L(1) to L*°(1) and from H' (i) to L1 (u).

We recall that p is said to be a doubling measure if there is a positive constant
C such that for any x € supp(u) and r > 0, u(B(x,2r)) < Cu(B(x,r)), and that
the doubling condition is a key assumption in the classical theory of harmonic anal-
ysis. Recently, many classical results concerning the theory of Calderén—Zygmund
operators and function spaces have been proved still valid if the Lebesgue measure is
substituted by a measure y as in (LI)); see [557,10,[14}19,20,22] and their references.
We mention that the analysis on non-homogeneous spaces played an essential role in
solving the long-standing open Painlevé problem by Tolsa [22].

Let K be a locally integrable function on R? x R?\ {(x, y) : x = y}. Assume that
there exists a constant C > 0 such that for all x, y € R? with x # y,

(1.2) |K(x, )| < Clx — y|_("_1),

(1.3) / [K(x, ) — Kx, 9|+ K x) — K(y', 9]
[x—y|>2]y—y’|

« — 1 <cC
lx =yl

for any y,y’ € R?. The Marcinkiewicz integral M(f) associated with the above
kernel K and the measure p as in (1)) is defined by

o aap@=([|[ xensma| F)" cew
x—y|<t

Throughout this paper, we always assume that M is bounded on L?(j1). Obviously,
if yu is the d-dimensional Lebesgue measure in RY with d > 2, and K(x,y) =
Q(x — y)/|x — y|*~" with © homogeneous of degree zero and € Lip,($?~") for
some 3 € (0,1] fsd—' Q= 0, then it is easy to verify that K satisfies (I.2)) and (L.3),
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and M in (I.4) is just the Marcinkiewicz integral Mg introduced by Stein [17]. Thus,
M in (L4) is a natural generalization of the classical Marcinkiewicz integral in the
current setting.

By a cube Q C R we mean a closed cube whose sides are parallel to the coordinate
axes, and we denote its centre and its side length by xq and £(Q), respectively. For
« > llet «Q denote the cube with the same centre as Q and £(aQ) = al(Q).

Given two cubes Q C Rin R4, set

Nor

12*Q)
- kSl S
ax =1+ farg

where N r is the smallest positive integer k such that £(2¥Q) > ¢(R). The number

of Sq r first appeared in [[19], where some useful properties of S g could be found.
Now we define multilinear commutators generated by Marcinkiewicz integral and

Lipschitz functions. First we recall the following definition of Lipschitz functions [5].

Definition 1.1 Let 8 > 0and b be a p-locally integrable function on RY. We say b
belongs to the space Lip;(4) if there is a constant C > 0 such that

(1.5) |b(x) — b(y)| < Clx — y|”

for p—almost every x and y in the support of p. The minimal constant C in ([L.3)) is
the Lip;(11) norm of b and is denoted simply by ||b||vip,, -

Let M be the Marcinkiewicz integral operators as in (L4), m € N and b;, €
Lip Bi(p), i = 1,2,...,m. The multilinear commutator Mj is formally defined for
x € RY by

e 3@ = ([ ][ Hibw - soike nroao] £)"

—y|<ti=1

In what follows, if m = 1and b = b, then we denote M simply by M;. When
by = -+ = by, My is the higher commutator of the Marcinkiewicz integrals denoted
by Mj". In this paper, we will study the behaviours of the multilinear commutator
defined by (L.6) on the Lebesgue space and the Hardy space.

In Section 2, we focus on the boundedness on Lebesgue spaces. Meng and Yang
[14] obtained the (L?(u), L9(x)) boundedness of multilinear commutators defined
by Calderé6n-Zygmund operators and Lipschitz functions for 1 < p < n/(>"1" | ;)
and 1/q = 1/p—(3_I", B;)/n and as well as their weak type (L' (1), L/ "= 2235 5 (1))
boundedness where 0 < > ", 3 < n. When m = 1, they also considered the
boundedness in the case that n/3 < p < oo and the endpoint case that p = n/f.
Here the author obtains the same bounded estimates for Mj.
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Similar to the result in [[14], in Section 3 we will prove that the multilinear com-
mutator defined by (L) is bounded from the Hardy space H' (1) to some Lebesgue
space with nondoubling measures.

Throughout this paper, we use the constant C with subscripts to indicate its de-
pendence on the parameters in the subscripts. For a yi-measurable set E, xr denotes
its characteristic function. For any p € [1, 0], we denote by p’ its conjugate index,
namely, 1/p+1/p’ = 1.

2 Boundedness on Lebesgue Spaces

This section is devoted to the behaviour of commutators on Lebesgue spaces.

Theorem 2.1 Letm € Nandfori=1,2,...,m,b; € Lip(8;, p) with0 < f5; < 1.
Assume K satisfies (L2) and (L3)), and let M be as in (L.8). Suppose0 < Z:":l B < n.
Then there exists a positive constant C > 0 such that

(1)  for all bounded functions f with compact support,

m
MG (Alragy < C Hl [1BillLipgy 11 f 1l
i

wherel < p <n/(> L, Bi)and1/q=1/p— OIL, Bi)/n;
(ii) for all bounded functions f with compact support and all A > 0,

[T ||bi||Lip(31)||f||Ll(}l)) n/(n=321", Bi)

p(fx € R M ((x) > A}) < c( .

To prove Theorem 2.1} we need the following lemma about fractional integral
operators on Lebesgue space with nondoubling measures.

Recall that for 0 < o < n and all x € supp(u), the fractional integral operator I,
is defined by

1
I, = _ d .
() A S

Garcia-Cuerva and Gatto [6] obtained the boundedness of I, as follows.

Lemma 2.2 Let0 < a<nl1<p<n/aandl/q=1/p— o/n.Then there exists
a positive constant C > 0 such that for all bounded functions f with compact support
andall X\ > 0,

Hla(f)”L‘I(u) < C”f”LP(u)a

i € Y21, > Ap < o Koy =
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Proof of Theorem[2.1] By the Minkowski inequality and the condition (T.4)), we have

e = (7| [ o — e s anon| iy

= e fimes —sonson( [ ) ao)
<cfiiin,, || iy duty
< Ci:ﬁl 1BillLip,,, Lo, a0 (11D ()

Then it is easy to deduce the result from Lemma[2.2] ]

By contrast with the endpoint estimate for the commutators generated by
Marcinkiewicz integrals and RBMO(u) functions ([9) Theorems 3.1, 3.5, 3.6]), we
can see that the behaviour of commutators with Lipschitz functions is quite different
from that of commutators with RBMO(u) functions.

Now we assume m = 1. In the following, using Theorem 2.1] we consider the
boundedness of commutators defined by (L) for n/8 < p < coand p = n/p.

Hu, Lin, and Yang [9]introduced a Hérmander condition

(2.1)
o0 / I
sup > k [IK(x, y) — K(x, y")| + |K(y,x) = K(y',%)]]
l>0>}’¢)’l€Rd k=1 2kl<‘x—y|§2k+ll
ly—y'I<I
dp(x) <C,
x — |

which is slightly stronger than (I.3). Actually they proved the boundedness of Mar-
cinkiewicz commutator generated with RBMO(u).

Here we will study the commutator M, with kernel K satisfying (LI)) and the
Hormander condition defined as follows.

Definition 2.3 Given 1 <5 < 00,0 < € < 1, we say that the kernel K satisfies the
L*-Hérmander condition if there are numbers ¢; > 1 and C; > 0 such that for any
x € RYand | > x|,

o0

1

ke (~kp\n 1
sup 2k (2%1) / |K(x, y) — K(x, ")
l>0,y,y’€Rd ; ( (2kl)” 2k1<|x,y‘S2k+ll |: (

ly=y'I<I

K0 ~ KO0l) ] ) < e

|x

We will denote by .7 the class of kernels satisfying the L*-Hormander condition.
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Observe that these classes are nested: by Holder’s inequality, it is easy to check that
S C N C A, 1< <5< o0,

and 7! is obviously stronger than condition 2.1).

Theorem 2.4 Letn/f < p < 00,0 < & < landb € Lips(u), 0 < B <
min{1/2,e}. IfK satisfies (L2)) and the 7 (p < s < o0) condition, then the commu-
tator M, in (L@ is bounded from LP(u) into Lipﬁ_n/p(u), with bound no more than

Cl1blvip, o such that [|My(HlLip,_, 00 < CllOlLip, 0 | £l o)-

Remark 2.5 The method used in the proof of Theorem 2.4] is not applicable to
multilinear commutators defined by (L&) for m > 2.

Remark 2.6 When p is the d-dimensional Lebesgue measure in R and K (x, y) =
Q(x — y)/]x — y|"~! where Q € L5(8%~!) satisfies the condition defined in [15}, The-
orem 1], by a straightforward computation using [12} Lemma 2.2.2], we know K
must satisfy the condition 77 with some 0 < £ < 1. In this sense, the condition ¢
is weaker.

The following characterization of the space Lip;(p) for 0 < 8 < 1in [5] plays a
key role in the proof of Theorem 2.4

1
loc

Lemma 2.7 Fora functionb € L
alent.

(i)  There is a constant C, > 0 such that |b(x) — b(y)| < Ci|x — y|?, for p-almost
every x and y in the support of p.

(ii) There exist some constant C, > 0 and a collection of numbers bq, one for each
cube Q, such that these two properties hold: for any cube Q

(), conditions (i), (ii), and (iii) below are equiv-

1 8
(2.2) o0 /Q 1b(x) — bl du(x) < C2U(Q)",
and for any cube R such that Q C R and {(R) < 24(Q),

(2.3) lbg — br| < CU(Q)".

(iii) For any given p, 1 < p < oo, there is a constant C(p) > 0, such that for every
cube Q, we have

/
[ 19 = mar dut] " < cppc,
Q

where here and in the sequel, mq(b) = ﬁ fQ b(y) du(y), and also for any cube
R such that Q C Rand ¢(R) < 20(Q), |mq(b) — mg(b)| < C(p)(Q)~.

In addition, the quantities inf{C, }, inf{C, }, and inf{C(p) } with a fixed p are equiv-
alent to Hb||Lipﬁ(,,,).
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We remark that Lemma 2.7 is a slight variant of [5, Theorem 2.3]. To be precise,
if we replace all balls in [5, Theorem 2.3] by cubes, we then obtain Lemma[2.71

Remark 2.8 TFor 0 < 8 < 1, (Z.3)) is equivalent to
(2.4) lbg — br| < C3Sqrl(R)?

for any two cubes Q C R with /(R) < 20(Q); see [5, Remark 2.7]. Note that for
B = 0, 22) and ([Z.4) are just the space RBMO(u) of Tolsa; see [21]]. Therefore,

the space Lip;(u) for 0 < 8 < 1 can be seen as a member of a family containing
RBMO(u).

Proof of TheoremZ:4 For any cube Q in R? and any cube R such that Q C R satisfies
U(R) < 20(Q),letag = MQ[Mb(fX]Rd\ Q)rl, and ag = mp Mh(fXH{d\ sp)]. Itis easy

to see ag and ag are real numbers. By LemmaIZZI, we need to show that there exists a
constant C > 0 such that

1 bD—n
es oo /Q M) — aol dpx) < C|flun €Q° P,
(2.6) lag — ag| < Cl|flog £(Q° /2.

Let us first prove the estimate (2.5)). For a fixed cube Q and x € Q, decompose
f=fi+ fo,where fi = fxsgand f, = f — f1. Write

@/ My (f)(x) — ag| dulx) < / |V (i) (x)] dpa(x)
Q

1
1(2Q)
(ZQ)/Wb(ﬁ)(x)—anu(x)

=L+

Choose 1 < p; < n/B < pand q; such that 1/q; = 1/p; — B/n. From the
Holder inequality and Lemmal[2.7 it follows that

1 1-1/q,
o] / @ o] (@

< C| fllzro I1bllLip, 0 Q) 7.

To estimate the term I,, set

Dilx, y) = (/ooo[/x—z|§t<|y—z| K, 2)b=) = mQ(b)Hﬁ(z)‘d’“‘(z)} 2 %) "

Dalx, y) = </0(><> [/}’ z|<t<|x—z] ‘K(% Z)”b(Z) - mQ(b)HfZ(Z)‘ d'u(Z):| 2 %) 1/27
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Ds(x, y)

= (/Ooo {/y—dgt |K(x, z) — K(y, 2)||b(2) — mq()|| f2(2)] du(z)} 2 %) 1/2.

le—z|<t

It is easy to see that for any x, y € Q,

My (£2)(x) = My(£2)(p)]
oo 2 /2
[ (710 - @ikt D@ auta] )’
0 |x—z|<r

o 2 dt 1/2
([ o -kt ap@due)| )
0 ly—zl<t t

3
<> Dj y).
j=1
To estimate D (x, y), forx,y € Q,z € (370)‘, we have

= Ib(z) — mo(b)] 2 iy 112
P05 () [y i 0100 )

< cuQ'”? / 166@) = mo®], 1 gz

R\ 2Q |x — Z‘n+1/z
3 |b(z) — mq(b)|
< CUQ)V? / lbte) = mo(®)] o0
kz:lz 312kQ\226-1Q |x — Z|n+1/2 |f(2)]

<CY 2 QWi [ 15N duta
isz

k=1 2

(o)
- a3 _
< ClBllzips | Fllrg D272 QP (G 25 QP
k=1

< ClIb|Lipui || Il £Q)7 /.

Here we used the Minkowski inequality, 0 < 8 < 1/2 and condition (ii) of Lemma
27 i.e.,

3
|b(z) — mq(b)| < CL2*Q)°||b||1ip,u, forz e ]R{d\EQ.

Similarly, by symmetry, we have that for x, y € Q,

Dy < Clbllzip,0l fllzrgn €Q)° /7.
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Finally, applying the Minkowski inequality and condition (T.2)).

D3(X, )/)
- (/ M, <, K(x, 2) = K(y, 2)[[b(2) _mQ(b)”fz(Zﬂdu(z)}
R
SCZ/ K(x, 2) = K(y, 2)||b(2) — mq(b)
k=1 %sz\%Zk—IQ‘ we 7: 2)|[b(2) — mq(b)|

< ClIblluip, ol llo D 25 QP2 Q)
k=1

X K(x7Z)7K( 32)7
</§2ko\;2klo{| g ||)’ — 7]

< ClIblluip, ol o D €25 Q" Pe(2+Q)"
k=1

1
X <W Azko\zzle(|K(xa Z) - K(y7z)|

< Clblluip, o | fllzeo Q72

] P’ du(z)) 1/p’

- ) »’ d,u(z)) 1/p

Here we used the condition .77 that kernel K satisfies and the fact that 0 < 8 <

min{1/2,¢}.
Combining the estimates above, we obtain that

L < ClIBllzip, o0 | 17 Q)77

and the estimate (2.3)) is proved.

We now verify (2.6). For any cubes Q C R with x € Q, where Q is an arbitrary
and R is a doubling cube with £(R) > £(Q), denote N, r + 1 simply by N. Write

laq — ag| < |mR[Mh(fXW\2NQ)] - mQ[Mb(fXRd\zNQ)H

+ [moMy(fxavg\ 21| + [MrR[Me(fXovg\20)]] = E1+Ea+Es.

As in the estimate for the term II,, we have

Ey < Cbluip, 0| fllon Q)7 2.

On the other hand, via y € R,z € 2NQ\ %Q, we have

Mb(sz”Q\%R) (y) < C/

2VQ\3R

< Clbllip, 0 | fllzr o 6Q7 2.
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Taking the mean over y € R, we obtain

Es < Clbllsip, 0 | fllru 6(Q° /7.

An argument similar to the estimate for E, tells us that
Ey < C1blluip, o F 1o £(Q) 2. u

For the endpoint case that p = n//3, we have the following result.

Theorem 2.9 Let K satisfy (L2) and the " condition for p € (n/f, co) and
p = ﬁ. Let M, be defined as in (L6). Then for any 0 < 3 < 1andb € Lips(p),
there is a constant C > 0 such that for all bounded functions f with compact support,

[Ms(f)llrsmo) < CllblLipes) || f

L/ ()

Here we will not give the details of the proof of Theorem since we can prove
it similarly to Theorem 2.4

3 Boundedness on Hardy Spaces H'(u)

In order to consider the boundedness of multilinear commutators generated by the
Marcinkiewicz integrals with Lipschitz functions on the Hardy space H'(11) of Tolsa
[1920]], we first recall the definition of the grand maximal operator Mg of Tolsa [20].

Definition 3.1 Given f € L _(u), we define

Mg f(x) = sup

prox

f«pdu‘,

R4

where the notation ¢ ~ x means that ¢ € L'(x) N C'(R) and satisfies

@ el <1,
(i) 0<p(y) < ﬁ forall y € RY,
(iii) |¢'(y)] < =geer forall y € RY.

Based on Tolsa ([20, Theorem 1.2]), we can define the Hardy space H!(u) as fol-
lows; see also [19].

Definition 3.2 The Hardy space H' (1) is the set of all functions f € L'(u) satis-
fying [, fdp = 0and Mg f € L'(11). Moreover, we define the norm of f € H' (1)
by

Ao = Mf g + 1Mo fllg-

Using Theorem[2.1] we can obtain the following boundedness of multilinear com-
mutators in the Hardy space H'(1).
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Theorem 3.3 Letm € Nandfori=1,2,...,mb; € Lip(f;, p) and 0 < 5; < 1.
Suppose that 0 < >_I* | Bi < nand1/q =1 — (3, B;)/n. Let K satisfy (L2) and
the 71 condition and let My be as in (L€). Then My is bounded from H () to L9(p)
with the operator norm at most C||by ||uip(s,) - - - | ||Lip(3,)-

Remark 3.4 In [19], Tolsa showed that the space RBMO(y) is the predual of the
Hardy space H!(u), as in the doubling case. By this fact together with the fact that
L”/ﬂ(u) is the dual of L”/("*g)(u), we can deduce Theorem from Theorem
We omit the details.

To prove Theorem [3.3] we first recall the atomic Hardy space H iﬂfo (), which has
been proved to be the same space as the Hardy space H' (11); see [19,20].
Definition 3.5 Letp > 1. A function h € L} (p) is called an atomic block if
(i) there exists some cube R such that supp(h) C R,
(i) [ h0) dpa(x) = 0,
(iii) for i = 1,2, there are functions a; supported on cubes Q; C R and numbers
Ai € Rsuch that h = A\ja; + \aay, and ||a;|| o () < [(pQ;)Sq, r1™ "

Then we define |h] HL () = [A1] +|A2|. We say that f € H alt’boo(u) if there are atomic
blocks {h;} jen such that

f=2_h

M

Il
-

J
with 337%, [Bjl e,y < 00. The Hy® (1) norm of f is defined by

1 lligpeoy = 6] 3 e }

i
where the infimum is taken over all possible decompositions of f in atomic blocks.
The definition of H;t’lfo (1) does not depend on the constant p > 1, which was
proved in [[19].
Proof of Theorem[3.3] For simplicity, set

m m
B=3 B and |Bllup, = [T Ibillui, -
=1

i=1

It is easy to see that we only need to prove the theorem for atomic blocks h as in
Definition[3.5with p = 4. Let R be a cube such that supp(h) C R, fW h(x) du(x) = 0,

and
(3.1) h(x) = Mai(x) + Aaaz(x),
where ); for i = 1,2 are real numbers, |h\H1Aboo(M = |\| + | A2, a; fori = 1,2 are

bounded functions supported on some cube Q; C R and satisfy

(3.2) llaillzoo gy < [1(4Qi)Squr] ™"
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Write

/ /
HMB(h)HU(u) < C(/ZR |Mg(h)(x)‘q du(x)) Y4 + (/Rd\(zR) |Mg(h)(x)‘q du(x)) 1/q

1/q
<c( / MGG dp(x))
2R

|x—xg|+2¢(R)
AL ([N e
R4\ (2R) *J0 lx—y|<t

< TTb — b dun)|” %)™ auco)

i=1

(L (] K
R4\ (2R) |x—xg|+20(R) ' J |x—y| <t

< [T6 — b )| %)™ auco)
i=1

1/q

1/q

=I+II+II.

By (B)), we can further decompose
1/q 1/q
1< / M an G du)) o+l / M) du0) =1+
2R 2R

To estimate I, we write,

1/q 1/q
LI @) ([ i) da)
2Q 2R\2Qu

= 111 +IIZ .

Choose p; and gq; such that 1 < p; < n/Band 1/q; = 1/p; — B/n. Itis
obvious that 1 < g < ¢q;. The Hélder inequality, the fact that S, g > 1, and the
(LPr(p), LT (11))-boundedness of M; by Theorem 2. Tlin Section 2 tell us that

1/q
<[ a0l duto] ey
2Qu

< CHbHLiP(ﬂ)‘/\1|Hal||Lpl(lt)ﬂ(2Ql)1/q71/ql

< Cl[bllip,, [ M-

Denote Syq, ok simply by Nj. Invoking the fact that || ||,y < [1(4Q1)Sq, =17,
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we have

N1+1

Ly < CIAY z /MQW

[bi b; / /
/ ‘/ ; [T (x)|n 1(y)]al()’)d/l()/)‘zg}qzdu(x)}l q
x—y|<t

X

Ni+1

= CHEHUP(s)')\d{ Z g(szqu*”)/
k=1

q 1/q
[ mwwww]wm}
2K1Qp \ 2k Qy Q

Ni+1

o 1/
< CllBllup,, M { D 62 Q01 (@) 17 Qo

k=1

< CHbHUP(ﬁ)')‘l"

Here we use the fact that
Ny+2

(2"Q)
l(ZkQ)” -

SQI R>
k=2

see [19520]]. The estimates for I;; and Iy, give the desired one for I;. An argument
similar to the estimate for I, tells us that I, < C ||?7’||Lip | A2|. Combining the estimates
for I; and I, yields the desired estimate for I.

Fori= 1,2,y € Q; C R, x € R?\(2R), we have

|x — y| ~ |x — xg| ~ [x — xg| + 2£(R).

By the Minkowski inequality, we have

|x—xR\+2€(R) dt 1/2
weel [ LT
RA\QR) "SR S [x—y| t

h s Y
|h(y)] H i) — bi(y)ldu()/)} qdu(x)} q
1

lx — y[m=1 4

m

(R |h(y)] PREY 1/
SC/R{A{A\QR)(lx—yP/Z =l | U b)) duo} " duy)

i=1

2 fe’s)
< C|lBllvip,, (Z |Aj|||aj||L1(m) {ZK(R)1/26(2kR)—n+;3—1/2’u(2k+1R)1/f1}
j=1 k=1

2
< Clbllin,, (D M) -
j=1

https://doi.org/10.4153/CMB-2011-139-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-139-1

Marcinkiewicz Commutators with Lipschitz Functions 659

Now we turn our attention to the estimate for III. For 1 < i < m, we denote
by C" the family of all finite subsets 0 = {o(1),...,0(i)} of {1,2,...,m} with i
different elements. For any o € C!", the complementary sequence o’ is given by
o' ={1,2,...,m}\o. Forany o = {o(1),0(2),...,0(i)} € C", set

Bs = Poy+ -+ Boiy and By =B — fo.
For1 <i<m,allo € C" all y € R? and all cubes R, write
[b(y) — mp(b)], = [boy(y) — mr(boy)] - - - [boqiy () — mr(boiy)].

With the aid of the formula

m

[Tbi) =61 =" > [b(x) — me(®)],[mr(b) — b(y)]o,

i=1 i=0 oeCy

and for any y € R, we have r > |x — xg| + 20(R) > |x — xg| + |y — xr| > |x — y|. So
by the fact that [, h(x) dp(x) = 0, we obtain

me{ | / K(x, y)H [b1(x) — bi(y)h(y) du(y)
RI\(2R)
oo de\ 1/214 1/q
- (‘/XXRH%(R) F) ’ d‘u(x)}
K(x, y)h(y) oy . q 14
- A{d\ 2R)‘/ |x — xg| + 2£(R) 1_[1[b](x) mR(b])]du(y)‘ dﬂ(x)}

N c / ‘ / K(x, y)h(y)
ri\R) | JR X — xr| + 20(R)

xZZ[b(x) ()] [mn(6) = b)) dp(y)| du(x)}

j=1 JEC”'

K(x, y)h(y) e
+C /Rd\uR)‘/x—leJrZE R)H mp(b;) — bj(y)] du(y)‘ du(x)}

= C{III, + 111, + I1;}.

For III;, by the Minkowski inequality, the vanishing condition of & and (3.2)), we
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have
a m o [ Kx, ) = K(x, xg) 4 1
I, = {/{d\ N ‘]Hl [b(x) — mR(b,)]/R e T R h) du(y)| du)}
< C”EHLip(g)
I > 2*R) IK(x, y) — K(x,xz)| qd 1/qd
<[] I3 Ll 1R I ) )

2
< Cllblluip,,, Y Al

j=1

Here we use the fact that 1/g=1— f/nand 0 < e < 1.
Similar to the estimate of III;, we obtain

m—1

IHz<C{/ ZZ’/M
- RA\QR) 5T seon /R |x — xg| + 24(R)
]

q 1/q
X [b(x) — mg(b)]g [mr(b) — b(y)]s du()/)‘ du(x)}

Sy [ 0"

j=1 UEC"’

‘K(xﬂy)_K(xaxR” 1 1/q
< /\[ x—J] bGx) = (@)l | dpux)) " h()] dia(y)

2 2
S CHbHLiP(;@) Z ‘)\]Hla]”Ll(H) S Cllb”LiP(ﬁ) Z |)\]|'

j=1 j=1

Let us now estimate I1I;. Note that for any y € R, x € RY\2R, we have |x — y| ~
|x — xg| + 24(R), so by the Minkowski inequality,

K(x,)
I, < /M\m[' = ‘H| et~ bl ")) Il duy

R lx — y|

<C [ 3 Ml KPR " RS ) )
R

k=1 j=1

2
< Clblluip,,, > IAl-
j=1
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Solll < C||B\|L,-p(m Z?Zl |Aj|. Combining the estimates for I, II, and III yields that

IV (W) < Clllgee

Dk n
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