J. Austral. Math. Soc. (Series A) 53 (1992), 39-50

UNIFORM DISTRIBUTION AND LATTICE POINT COUNTING

G. R. EVEREST

(Received 28 May 1990)

Communicated by J. H. Loxton

Abstract

A well-known theorem of Hardy and Littlewood gives a three-term asymptotic formula, counting
the lattice points inside an expanding, right triangle. In this paper a generalisation of their
theorem is presented. Also an analytic method is developed which enables one to interpret the
coefficients in the formula. These methods are combined to give a generalisation of a “height-
counting” formula of Gyo6ry and Pethé which itself was a generalisation of a theorem of Lang.

1991 Mathematics subject classification (Amer. Math. Soc.): 11 H 16, 11 M 41, 11 R 45.

In their paper [5] Hardy and Littlewood consider the lattice points inside a
right triangle, two of whose sides lie on the x-y axis , the third lying on
the line x + 8y = Q. Here Q is a real parameter and 6 > 0 is a real,
irrational number. They obtained a three-term asymptotic formula counting
the number of lattice points when Q is large. If TQ denotes this triangle
they showed that

(1) #2 N T,) =T,0" = T,0 +0(Q).

In fact their interest in this problem lay in the relationship between the
precise order of the error in (1) and the continued fraction expansion for 8.
For example, they showed that if 6 has bounded convergents then the error
is

(2) O(log Q).

Several authors (see [2], [10], [11]) have considered generalisations of (1). In
[2] the author applied such a generalisation to the study of the values taken
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by a general sum of S-units. Since it appears that these techniques will find
other applications it seems worthwhile to present a general formulation of a
lattice point counting theorem which may be of independent interest.

For applications it is often desirable to have explicit formulations of the
coefficients of an asymptotic formula in terms of invariants of the underlying
data. The class-number formula is a classical example (see [7]). In Theorem
1 below the constant A is easy to interpret, being the volume of the region p.
In Section 2 an analytic method will be presented which in principle gives an
explicit interpretation of the constant B. In Section 3 a concrete example is
presented, one which has been applied to count solutions of the norm-form
equation (see [3]). It is a generalisation and refinement of a Theorem of
Gyroy and Petho [4], who in turn had generalised a Theorem of Lang in [9].

1. Lattice points

Suppose r > 1 is an integer and p is a bounded region of R’ defined by
a system of linear inequalities

3) Lx)<1, 1<i<k
and
(4) 9;(x)<0, 1<j<li,
where it is assumed that
(i) L,...,L, and ¢, ..., ¢, have real coefficients,

(i) L,, ..., L, have rank r,
(iii) for every 1 < i < k the coefficients of L (x) span a Q-vector space
of dimension greater than or equal to 2. Write

(5) M(x) = 1’;‘;‘;’1{1‘:'(")}'

For real Q > 0, define

(6) pQ={x€R':M(x)5Q, ¢j(x)§0, j=1,...,1}.
THEOREM 1. There exist constants A and B with

(7) #(Z Npy) =40 +BQ ™ +0(@7"), as Q- oo.

Obviously Theorem 1 is a generalisation of the result of Hardy and Little-
wood because one may take
L,(x)=x,+0x,, L,(x) =x,—-0x,, p,(x)=—-x, P,(x) = ~x,,

(the form L,(x) playing no role at all).
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(8)

X,
X, + 0x; =Q

A simple case of (3) and (4) is show in Diagram (8) and this turns out to be
the induction step required later.

Here a, b €e RU{oo} (>20) and 0< 6 <1 is irrational. Let W, denote
the shaded region.

LEMMA 1. There are constants w,, @, such that
(9) HZNWy) =0,0° +0,0+0(Q), as Q- oo.
COROLLARY. Suppose TQ is a triangle bounded by the lines
ax, +bx,=Q, i=1,2,3.
Provided a,/b; ¢ Q for i=1,2, 3, there is a formula
(10) #2'NT,) =1,0°+1,0+0(Q), as Q- .

The proof of the corollary is trivial; T, isa union of differences of regions
like W,

Consider the lattice points x € z? together with the unit square C_ cen-
tered at x. Write CQ for the C, with x € z , with positive coordinates

which intersect the line x, + 6x, = Q non-trivially. Write d(x) for the
distance from x to the line along the x,-axis, and d = (6 + 1)/2 so that

(11) —-d<d(x)<d for x€Cy.

LEMMA 2. The sequence d(x) for x € C, is dense and uniformly dis-
tributed (u.d.) in the interval [—d, d} if and only if (9) holds.

Proor. We will use freely the equivalent formulations of u.d. as given in
[1]. Suppose (9) holds. Replace Q by QO + &. The number of lattice points
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caught in the strip is 24¢ + 0(Q) . Thus the number with d(x) lying in the
region
—-d<p<dx)<ac<d
is 24(a — B)Q + 0o(Q), compared with 44dQ + o(Q) in total. The ratio
tends to (o~ B8)/2d as expected.
Conversely the area of WQ is clearly AQ2 . This can be written as

(12) 4= Y 1+ ) area(C,nW,).

x:C,.CW xeCy
The area of C,N WQ is a continuous function on d(x) (piecewise polynomial
in fact) and since d, is u.d. in [-d, d] it follows that the sum in (12) can
be replaced by an integral (see [1]) to yield

(13) A,Q+0(Q).
Counting those x with x € Won CQ is the same as counting 1 every time
d(x) > 0. Again the u.d. of d(x) allows the sum to be replaced by an integral
and it follows that
(14) > 1=4,0+0(Q).
X€E WQﬂCQ

The counting techniques for those x with C, intersecting either of the lines
X, = ax, or x, = bx, is similar. The only difference is that @ and b are
not necessarily irrational. If one is rational then close to that line a sequence
of distances is obtained which is discrete in the interval. However the u.d.
property is still valid. Notice that in this case there could be lattice points
sitting on the lines x, = ax,, x, = bx, .

To summarize, we have

(15) ) area (C,nW,) = 4,0 +0(Q).
xeCQ
(16) > 1=4,0+0(0Q).
xECQnWQ

Putting (12), (15), (16) together yields
4,0+40°= Y 1+4,0+0(Q)

x€Z'OW),
and this is the form of (9).

LEMMA 3. The sequence d(x) is u.d. in the interval [-d, d].

PROOF. Treat first the case a = oo, b = 0. Consider the values of
(17) Q—x,—0x,
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in the range [-d, d], that is,
(18) 0<Q-0x,+d-x,<2d=1+89.
Notice that 1 < 2d < 2. Let {¢t} =t —[t], [¢] denoting the integer part of
t. As x, runs from 1 to [Q/0] = N the expression {Q@-6x,+d} isud. in
[0, 1] and there are N values. Asymptotically N lie in the range [0, 6].
We are counting all values {Q — 6x, +d} for 1 <x, < N together with the
values 1+ {Q ~0x, +d} for {Q - 0x, +d} < 6. This gives a sequence of
(14+0)N points (asymptotically) in the interval [0, 1+ 8] and this sequence
is u.d.

For b > 0 it suffices to count as before but with X, running from 1 to
[cN] for some ¢ > 0. Now the result for W, is obtained as the difference
between two regions with 6 >0, a = .

PROOF OF THEOREM 1. The faces F; of p, correspond to sections of
the hyperplanes L,(x) = Q. Fix / and consider those x € Z' for which
C,NF, # . There must be a pair of coefficients in L,(x) say a4, and
a, with § = a,/a, ¢ Q (by condition (iii)). Then Diagram (8) applies.
Here though Q = Q(x,, ..., x,) depends on the other variables. Let (as in
Lemma 3) d(x) denote the distance along the x,-axis. We claim that these
distances are dense and uniformly distributed within an interval

1
~d <d(x)= (@~ L(x) <d.
2
Use Weyl’s criterion and set
(19) = Z lrikd(x)/d]
x:C,NF#&

where k is a nonzero integer. Every (r—2) tuple (x;, ..., x,) which occurs
in x =(x,,..., x,) in the sum in (19) gives rise to a value Q(x,, ..., X,)

and then to a diagram (8). The sum over the resulting pairs x,, X, is
therefore o(#S), where #S denotes the number of terms in the sum, because
of Lemma 3. Thus the sum in (19) must be o(#7) where #7 denotes the
total number of terms and this shows Weyl’s criterion is satisfied.

Now Theorem 1 follows from exactly the same counting argument as in
the proof of Lemma 2. The key point is that discrete sums may be replaced
by integrals, using the uniform distribution property just established.

2. Analytic theory

In this section the analytic theory of counting lattice points in regions
defined by (3) and (4) will be developed. It turns out that when condition

https://doi.org/10.1017/51446788700035370 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700035370

44 G. R. Everest [6]

(4) is vacuous a very simple interpretation of the constant B in (7) can be
given. This is sufficient for the applications in [2] and [3].
Given the notation in Section 1, define

(20) M(z)= ) M‘

—_—,
x€Z'ND (X)

where D denotes that region of R’ defined by (4). Let | || denote the
‘max-norm’ on R’

zeC,

lx =(x,, ..., x,)|| = max{|x;|}.

LEMMA 4. The boundedness of p implies
(21) M(x) > C||x|| forall x €D,

where C > 0 is constant.

Proor. Define F(p) to be those x € p with M(x) = 1. Notice that
M(x) > 0 always since if M(x) <0 and 4> 1 then

M(ix) = AM(x) < M(x).

Thus p contains Ax for arbitrarily large A, contradicting the boundedness
of p. Notice also that p contains the origin. Thus, given x € D, project
x centrally onto F(p) by dividing by u > 0 say. Thus M(x/u) =1 and
x/u lies on F(p). This means that the coefficients of x/u are uniformly
bounded so

x|l <du=dM(x) ford>0,

are required.

LEMMA 5. M(z) converges absolutely in the half-plane Re(z) > r and
uniformly on compact subsets of Re(z) > r.

Proor. This is trivial since we can use (21) to compare M (z) with the
series 3o ¢ yezr x|~ .

THEOREM 2. The series M(z) has meromorhpic continuation to the half-
plane Re(z) > r—1 where it is analytic apart from simple poles at z = r and
z=r-1.

NoTtgs 1. In fact Theorem 2 follows directly from Theorem 1. The residues

of the poles at z = r (respectively r — 1) are given by rA (respectively
((r — 1)B). We will now prove Theorem 2 in a way which allows simple
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formulae for the residues to be given, at least in the case where condition (4)
is vacuous. See Note 1 after Theorem 4 for an example of the dichotomy.
2. If condition (4) is vacuous then the series M(z) has a continuation to
Re(z) > r — 2 with simple poles only as stated.
ProOF OF THEOREM 2. We will treat only the case where the condition (4)
is vacuous. Write

(22 1= [ M) dy

where F is a compact ball about the origin. Notice that we are free to change
F because this only adds to I(z) an entire function and does not affect the
form of the results we seek.

The domain of integration can be decomposed into a finite union of regions
of the form

M(Xysoens X,) 2%, 2v(X5, ..., X,),
Ny(Xy, ..., X,) > Xy 2 Vy(X5, ..., X,),
(23)
n_(x)>2x._, 2v,_(x,),
co2x,27>0,
where v,, v; are linear forms in the variables shown and we can take for-

mally (if necessary) #, = oo (respectively 0) or v, =0 (respectively —oo).
Then the integral can be evaluated directly as a multiple integral, and it is

analytic in the complex plane apart for simple polesat z=1,...,r.
Compare the sum with the integral
(24) M(z)-1(z)= Y (M(x)" - /C M) dy) ,
xeZ’ x

where C_ denotes the unit cube centered at x and where it is assumed that
those x have been omitted for which C NF # @, obviously a finite number.
Write this as

(25) y (M(x)"— /C M<x+y>"dy),

x€Z’
where C_ denotes the unit cube about the origin. It is certainly true that

(26) M(x+y)=M(x)+ 0(1)

for x€Z and y € C,, the constant implied by O(1) being uniform. In
fact it is true that

27 M(x+y)=M(x)+LJ(y) forsomel<i<k
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forall x € Z andall y € C, apart from those x which cluster around a
finite number of hyperplanes in R. let C denote those x which satisfy
(27), C' denoting the rest. Then

Mz -Iz)= % (M(x)‘z - Mx)~ /C (1+ ZL,-(y)/M(x))‘zdy)

x€C

+ > (M(x)_z+M(x)_z/C (1 +0(1)/M(x))"dy) :

xeC’

0

Expand the inner brackets by the binomial theorem. This gives the mero-
morphic continuation to Re(z) > r — 1. Apart from smaller order terms

(28)  M(2)-I2)=Y e z+1/ S Ly dy+z H,

xeC

The second series converges for Re(z) > r — 2 because it is a sum over
lattice points clustered around a finite collection of hyperplanes. It follows
that apart from the addition of a function which is analytic in Re(z) > r—2
the following formula holds:

(29) M(z) = I(z) + I(z + 1)/C S L) dy.

The case where there are auxiliary inequalities runs along similar lines.
We do not present the details because the resulting formulae do not allow
explicit computations of the residues.

Norte. For a connection with the classical literature consider the case

(1) Li(x)=0x, +x,, (2) ¢,(x) ==x;, 0,(x) =—Xx;, ¢5(x) =ax, —x,
{a > 1 say). Then we see that the proof of Theorem 2 proceeds in a similar
fashion, taking account of the inequalities in (4). The only difference is that
in equation (29) the following sum is introduced.

1 - {ax, }
(30) (a+0)° Zl x|

This series has been studied in special cases by Hecke (see [6] or {8]).

Next we go on to establish a technical result which shows that the bulk of
the lattice lie inside easily described regions. These regions are important for
applications where general problems about counting solutions of equations
are reduced to counting lattice points inside regions described below (see [2]
and [3]).

Recall the definition (5) and define M*(x) to be the second largest of the
linear forms, M**(x) to be the third largest. Repetitions are allowed so we
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might have M(x) = M*(x), etc. Given constants 6, , 6, define

Ty=Ty(0,,0,) ={x €Z': M (x) + 0,log M(x) + 6, < M(x)}

31 S
(31) Ty=Ty8,,0,) ={x€Z': M (x)+6,log M(x)+ 6, < M(x)}.

THEOREM 3. For 1 > ¢ >0,
(i) #(TyNpg) = AQ"+0(Q"™'™),

(32) it r r—1 r—2+¢
(i) #(Tynpy) = 40"+ BQ™ + 0(Q"*").

Proor. (i) Count those x with
M (x) < M(x) < M*(x)+6,log M(x) +6,, M(x)<Q.

The number of those points is bounded by the greater of the value (in 7-
space) of this region and the volume (in (r — 1)-space) of the boundary.
Clearly this is O(Q'"l(log Q)*) for some a > 0.

(ii) This is similar.

3. Application

Let K denote an algebraic number field of finite degree n over Q, n =
[K:Q]. Let O, denote the ring of algebraic integers in K and O, the
group of units of O, . The structure of 0,*( is known to be

(33) O, 2T xZ, forsomereN,

where T denotes the group of roots of unity in K. (See [7] for definitions
and results in algebraic number theory.) Let o, ..., 0, denote the embed-
dings of K into C. We will count complex embeddings in conjugate pairs
so we distinguish only r + 1 distinct embeddings. Define, for a € K,

(34) H(o) = 1§1§ﬁ1{|”"(a)|}'

Similarly H*(a) (respectively H**(a)) denotes the second respectively third)
largest member of the set. Also let w, = |T|, the number of roots of unity

in K,

Choose a basis for Oy modulo T. Then the collection of log|a,(u)]
becomes a set of r + 1 linear forms {,(x), ..., ¢, (x) on R". Define the
regulator R, by
(35) R, =|det({,(e))l, i=1,...,r, ,=(0,...,1,...,0).
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Notice that on R,

r+1

(36) > Lx)=0
i=1

so the definition of R, is independent of the choice of labelling for the {,,
also of the choice of basis for 0,*( .
For ease of presentation we are going to assume that K is totally real.

THEOREM 4. Take any totally real number field K .
(i) Let U(q) =#{u € O: H(u) < q}. Then

(37) Ut) = 2 Goga)
1 r—1 ’_ r—-
%(lezq) '+ o((logg)™").
(ii) Let U,(q) = #{u € Oy: H(u) = |6,(u)| < q}. Then
r—1
68 U= 6 (0ga) + w0080 +olloga) ™).
Kr.
(iii) Let
_ . H"™(u) 0,
V(g) #{u € 0y: Hw) < (logH(u))o‘} , 6,>0, 6,>1.

Then
(39) U(q) = V(q) +o((logg) ™).

Notes. (1) It is a curious fact that we are unable to give u; explicitly in
formula (38). This is a feature of the phenomenon observed earlier. The
derivation of this formula involves nontrivial data in the definition (4). In
application we need to apply (38) as it stands so we consent ourselves with
the observation

gl:u _ wg(r+ 1)~!
= Ry(r—1)t ~

(2) These formulae are generalisations and refinements of the theorems of
Gyory and Pethoé in [4] and Lang in [9] (see page 58).

(3) We could have counted instead those u € 0}; with N, K|Q(“) =1. The
only difference would be to replace w, by w,/i, , where i, is the index
of Oy of the norm-1 subgroup.

Proor. This is simply a matter of identification. The forms {,, ..., {, +1
correspondto L, ..., L, ,sothat log H(u) identifies with M(x), the vector
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x corresponding to the vector of exponents for u with respect to the chosen
basis for 0,"; (mod T). For example, the condition

H* (u) < 6,
H(u) ~ (log H(u)%

is identified with
M™(u) + 6, log M(x) + 6, < M(x)

so that 6, =6, and 0, = —log6,.

Thus it is that formulae (i) and (ii) follow from Theorem 1 while formula
(iii) follows from Theorem 3. Theorem 2 can be applied in the following way
to find the explicit nature of the coefficients in the formulae. From equation
(29) we wish to find the residues of the function

I(z) = Z(y)"dy,  Z(y)= max {{,(}

R —F 1<i<r+1

atitspoles z=r, z=r—1. Clearly

I(z) = (r + 1)!/’ L7 dy

where we assume that {, > {, > - >{ = —-{ —---—{ . Change the
variables so that y,'. = {,(y). The Jacobian is R;l . Now change again so
that

" / ’ ’
Y; =yi+"'+2yi+"'+y .

r

The Jacobian this time is (r+1 )~'. To ensure that a compact ball is removed,
integrate over the region y:' > 1. Now the integral is

n

r+1)° | (ry) =¥y ==y " dy",

and this is an easy multiple integral. The residues of the poles of I(z) are

r+ 1!

(r+1)

m for z=r—1.

for z=r, and
Finally, observe that a factor of w, must be inserted in the formulae in
order to apply Theorem 2, because we worked modulo 7 and used the fact
that H is invariant under T is the sense that H(at) = H(a) forall c € K,
teT.
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