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forms of SO(2n + 1), 11

Dihua Jiang and David Soudry

ABSTRACT

This paper is a continuation of our previous work (D. Jiang and D. Soudry, On the
genericity of cuspidal automorphic forms on SOagy,y1, J. reine angew. Math., to appear).
We extend Moeglin’s results (C. Moeglin, J. Lie Theory 7 (1997), 201-229, 231-238)
from the even orthogonal groups to old orthogonal groups and complete our proof of
the CAP conjecture for irreducible cuspidal automorphic representations of SOsgy,41(A)
with special Bessel models. We also give a characterization of the vanishing of the
central value of the standard L-function of SOg,1(A) in terms of theta correspondence.
As a result, we obtain the weak Langlands functorial transfer from SOagy,41(A) to GLa, (A)
for irreducible cuspidal automorphic representations of SOgy+1(A) with special Bessel
models.

1. Introduction

Let G be a reductive algebraic group defined over a number field k. Assume that G is k-quasi-
split. It is known that irreducible cuspidal automorphic representations m of G(A), where A is the
ring of adeles of k, may not be generic, i.e. may not have a nonzero Whittaker Fourier coefficient.
It is interesting to know how close, in terms of near equivalence, the non-generic cuspidal
automorphic representations are to irreducible generic cuspidal automorphic representations.
Two irreducible automorphic representations m; and 7o are nearly equivalent if, at almost all
places v of k, the local components m;, and 7y, are equivalent, as representations of G(k,).
n [JS], we state the CAP conjecture, which says that, for an irreducible cuspidal automorphic
representation 7 of G(A), there exists generic cuspidal data (P, o), where P = M N is a parabolic
k-subgroup of G and o is an irreducible generic cuspidal automorphic representation of the Levi
subgroup M (A), such that 7 is nearly equivalent to an irreducible constituent of the induced repre-

G(A)

sentation Indp, A)(a) (see [JS, Conjecture 1.1]). Further remarks on this conjecture and its relation
to the Arthur conjecture can be found in [JS].

In [JS], we study the CAP conjecture for G = SOgy,+1, the k-split odd special orthogonal group.
More precisely, we study the CAP conjecture for irreducible cuspidal automorphic representations
of SOgy,41(A) with a nonzero special Bessel model. From its definition [JS, §2] a special Bessel
model is attached to the sub-regular nilpotent orbit of the corresponding Lie algebra, while a Whit-
taker model is attached to the regular nilpotent orbit. Hence, the family of irreducible cuspidal
automorphic representations of SOg,11(A) that have special Bessel models is expected to be very
close to irreducible generic cuspidal automorphic representations. Indeed, in Proposition 2.2 and
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Theorems 4.1 and 4.6 of [JS], we show almost completely that the CAP conjecture holds for
irreducible cuspidal automorphic representations of SOg,41(A) that have special Bessel models.
What remained to be done was to check the genericity of the cuspidal data involved in the CAP
conjecture for this case. In order to determine the genericity of the cuspidal data, we need to
know certain basic results about the theta correspondence for the reductive dual pair (Spy,,(4A),
SOs2,+1(A)). Such results for the theta correspondence for the pair (Sp,,,(A),SOs9,(A)) were
established by Moeglin in [Moe97a, Moe97b]. One of the main ingredients of the proofs of Moeglin’s
theorems is the regularized Siegel-Weil formula [KR94] and its variants. Thanks to the work of
Ichino [Ioh01] on the regularized Siegel-Weil formula for §f)2m(A), we are able to apply the argu-
ments in Moeglin’s proofs to our current case.

In order to make the paper self-contained, as much as possible, we summarize in §§2.1 and 2.2
the details of basic facts about both the local and global Rao cocycles and metaplectic groups.
In §2.3, we prove a variant of the regularized Siegel-Weil formula for Sp,,(A) (Corollary 2.2)
based on the work of Ichino [Ioh01] and the local theory of the Siegel-Weil formula [Ral84, KR90a,
Zhu07], and then extend the theorem of Moeglin on the regularized Siegel-Weil formula for SOg,
to any number field, by using the regularization in terms of local p-adic Hecke elements
(Theorem 2.4).

__In §3, we establish certain basic properties of the theta correspondence for the reductive dual pair
(Spasm;s SO2p+1), which are analogues of Moeglin’s theorems for the reductive dual pair (Spy,,,, SO2y,).
Since our proofs are very similar to Moeglin’s in [Moe97a, Moe97b], we either indicate briefly, for
the sake of completeness, Moeglin’s proof for our case or just refer directly to [Moe97a, Moe97b],
for the parts which carry over, word for word. To state these theorems, we need further
notation.

Let Z be a symplectic vector space of dimension 2n defined over k, and let V' be a quadratic
vector space of odd dimension m defined over k. For a positive integer b, denote by Z; the direct sum
of the space Z and b copies of two-dimensional k-symplectic vector spaces. Similarly, denote by V,,
the direct sum of the space V' and b copies of k-hyperbolic planes. Denote by Sp(Z)a (or Sp(Zp)a) the
corresponding adelic metaplectic group attached to Z (or Z,, respectively) and, similarly, by O(V')a
(or O(Vp)a) the adelic orthogonal group attached to V' (or V;, respectively). Let ¢ be a non-trivial
character of K\A. We denote by 97‘;’ , the 1-theta correspondence from é\f)(Z )a to O(V)a, and by

95,\/ the 1-theta correspondence in the other direction.

THEOREM 1.1. Let 7 be an irreducible, genuine, cuspidal, automorphic representation of %(Z)A.
Assume that 91‘;,1 ,(7) is cuspidal.

(1) The following identity holds
071 (61 1 (7)) = 7.
(2) Let b be a positive integer. Then 05”‘/(91‘;_1 (7)) is orthogonal to all cusp forms on %(Zb)A.

(3) Let b be a positive integer, and let Z' be a symplectic subspace of Z, such that Z = Z;. Put,

for brevity, Z' = Z_;. Then
Z_ -
0, (01 4(7)) = 0.

THEOREM 1.2. Let o be an irreducible, cuspidal, automorphic representation of O(V)a.
Assume that 05,1 v (o) is cuspidal.

(1) The following identity holds
0 (671 () = o
(2) Let b be a positive integer. Then 9}?2(95,1 v(0)) is orthogonal to all cusp forms on O(V})a.
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(3) Let b be a positive integer, and let V_;, be a quadratic subspace of V', such that V- = (V_);.
Then

0y (071 () = 0.

The following theorem is deduced from Theorems 1.1 and 1.2, in exactly the same way as
in [Moe97a, §3].

THEOREM 1.3. Let 7 (respectively, o) be as in Theorem 1.1 (respectively, Theorem 1.2).

(1) The representation 05 2 (7) (respectwely, 6% -1 v (0)) is irreducible, and for all positive inte-
gers b, 91‘;’11 () ( respectwely, w* () is orthogonal to all cusp forms on O(V})a (respectively,

SP(Zy)1)-

(2) Let & (respectively, o') be an irreducible cuspidal automorphic representation of é\f)(Zb)A
(respectively, O(V,)a), where b is a non-negative integer; we assume that 7' is genuine.
Then 91‘;—1,Zb(7~r,) = 91‘;_172(7?) (respectively, 95_1%( o) = 01!} 1y(0)), if and only if b = 0
and T = 7' (respectively, o = o).

(3) Let 7, & (respectively, o,c') be two isomorphic, irreducible cuspidal automorphic representa-
tions of §f)(Z)A (respectively, of O(V)s). We assume that 7, ©’' are genuine. Then

01 4(7) #0660, 1 4(7) #0,
and

ew 1y (o )7’504:”% 1y (o a') #0.

In §4, we discuss several applications of Theorems 1.1, 1.2, and 1.3. First we establish a
criterion for the non-vanishing of the central value of the standard L-function, L(o, ) attached
to an irreducible generic cuspidal automorphic representation o of SOg,41(A) in terms of the
-theta lift of o to the Witt tower §f32m(A) (Theorems 4.1 and 4.2). We prove the following.

THEOREM 1.4. Let o be an irreducible cuspidal automorphic representation of SOag,y1(A).
Assume that o is generic, i.e. has a nonzero Whittaker Fourier coefficient. Then the -theta lift
of o to San(A) Hwn( o)+, is non-trivial if and only if L(c, ) # 0, where L(o, s) is the standard
L-function attached to o.

See §4 for comments on the relation of this theorem to Furusawa’s work [Fur95] and to the work
of Howe and Piatetski-Shapiro [HP83].

In the rest of §4 we complete our proof of the CAP conjecture for irreducible cuspidal auto-
morphic representations of SOgy,4+1(A) with special Bessel models. In fact, we obtain additional
information about the generic cuspidal data in terms of the central value of standard L-functions.
We state this now. Here, for A € k*, which is not a square, o, denotes the global Hilbert symbol
(-, A), and x, denotes the character of SOg,41(A), which is the composition of the spinor norm with
ay. For other unexplained notation, see [JS].

THEOREM 1.5. Let o be an irreducible cuspidal automorphic representation of SOag,t1(A).
Assume that o has a nonzero Bessel model of special type, i.e. of type (D, 1,4y ,—1,5). Then either
o is nearly equivalent to an irreducible generic cuspidal automorphic representation, or o is CAP
with respect to generic cuspidal data. More precisely, the following hold.

(1) If the special Bessel model is k-split, i.e. A € k* is a square, then o is generic.

(2) Assume that the special Bessel model is not k-split. Then the first occurrence, mg (), in the
1-theta lifting tower satisfies

n—1<mgy(o) < n.
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a) Assume that mg,(0) = n. Then either o is nearly equivalent to an irreducible generic

A that mg Th ith ] 1 ivalent t irreducibl i
cuspidal automorphic representation o, such that L(c’ ® x», %) # 0, or o is CAP with
respect to the generic cuspidal data of the form

1
(Pryoz] - |2 ® op—1),

where P) is the standard parabolic subgroup, whose Levi part is isomorphic to GLj X
SOs9y,—1, and 0,1 is irreducible generic cuspidal automorphic representation of SO, 1 (A),
such that L(op—1 ® X2, %) =0.

(b) Assume that mg(c) = n — 1. Then o is a CAP representation. It is CAP either with
respect to the generic cuspidal data

1
(Py;] |2 ® on-1),
such that L(op,—1 ® X, %) = 0; or with respect to the generic cuspidal data

1 1
(Pris| 2 ®@an] - |2 ® 0p—2),

where Py is the standard parabolic subgroup, whose Levi part is isomorphic to GLq X
GL; x SOg,—3, and L(op—2 @ X, %) = 0.

It is not hard now to figure out from Theorem 1.5 the possible global Arthur parameters for
irreducible automorphic cuspidal representations of SOsg,+1(A), which have a Bessel model of special
type. We will show, in a future work, that the relevant global Arthur packets can be constructed
by theta correspondences.

2. Notation and preliminaries

2.1 The metaplectic group over a local field

Let F' be a local field of characteristic 0 and let W be a vector space of dimension 2f over F,
equipped with a non-degenerate anti-symmetric form (,). Let Sp(1¥) denote the corresponding
symplectic group acting from the right on W. For F' # C, Sp(W) has a unique (up to isomorphism)
non-trivial twofold cover §13(W) (the metaplectic group). In this paper, we use the realization of
§f)(W) in terms of a Rao normalized cocycle ¢y (see [Ran93]), which may be simply called a Rao
cocycle. Thus, the metaplectic group §13(W) is realized as

{(9.€) | g € Sp(W),e = 1},
with the group law
(91, €1)(92, €2) = (9192, e1€2cw (91, 92))-
Let us recall briefly some facts about the Rao cocycle cy. See [Ran93] for the details.
The definition of a Rao (normalized) cocycle depends on a choice of a symplectic basis
B={e1,...,ep,6_f,...,e_1}

of W, i.e. Wt = Span{e1,...,ef} and W~ = Spang{e_1,...,e_y} are totally isotropic sub-
spaces of W, and (¢, e_j) = d;, for 1 < i,j < f. In particular, WF and W~ are transversal
Lagrangians of W. (So, we should denote the cocycle by cp, but this will make future notation
quite cumbersome. Later on, we even drop W from cyy.)

Let P C Sp(W) be the Siegel parabolic subgroup, which preserves W ™. Let us now list some
properties of the Rao cocycle [Ran93].
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(a) There is a function z : Sp(W) — F*/(F*)?, satisfying (1)-(5) as follows.
(1) We have z(p) = dety,— (p) mod (F*)2,p € P.
(2) We have z(p1hps) = z(p1)x(h)z(ps), for p1,pe € P and h € Sp(W).
(3) For (é g) € Sp(W), according to the polarization W = W+ & W, with det C # 0,

A B _ *\ 2
m(c D):detC mod (F™)~.

(4) Let (-,-) denote the Hilbert symbol of F. Then, for p;,p2 € P, hy, hy € Sp(W),
cw (p1ha, haps) (@(p1), z(h))(z(p2), z(h2))

ew(hiha)  (2(p1), 2(p2))(@(p1p2), (k1 ha))

and
cew (hapy ', piha)
= —xz(h hs)).
BABP2) (o) —a(h)o(he)
(5) For each subset S C {1,...,f}, consisting of j elements, let 7¢ be the element of Sp(W),
defined by €;,7¢ = —e_; and e_;7g = ¢;, for i € S, and, otherwise, 7g fixes the remaining

elements of the basis B. Then the double coset PrgP depends only on j = |S|. Let 7; be a
choice of 7g, for |[S| = j. Then {Tj}fzo is a set of representatives for P\Sp(W)/P. We have

.’E(Tj) =1.
Note that the Rao function g — x(g) is unique by [Ran93, Lemma 5.1].

(b) Let Wy, W5 be two symplectic spaces of dimensions 2n;, 2ng, respectively. Denote the cor-
responding symplectic forms by (,)w, and (,)w,. Let W = W; & Wy be the direct sum of these
two spaces, with the symplectic form (,) = ()w, ® (,)w,. Let, for I = 1,2, 4 : W; — W be
the embedding of W; in the Ith coordinate, and let j; : Sp(W;) — Sp(W) be the corresponding
embedding of symplectic groups. Let j : Sp(W7) x Sp(Ws) — Sp(W) be the corresponding direct
sum embedding, i.e.

391, 92) = j1(91)72(92) = j2(92)j1(91), for gi € Sp(W).
Choose symplectic bases
B = {egl), el O ,6(_l)1

2 Eny s €y
for Wi, 1 =1,2. Let B = By U By, and order B as follows. Take, first, the image, by 71, of the first
ny elements of By, then the image, by i9, of all elements of By, then the image, by i1, of the last nq
elements of By. This is a symplectic basis of W. Let ¢; be the Rao normalized cocycle on Sp(W)),
corresponding to B; (I = 1,2), and let ¢y be the Rao normalized cocycle on Sp(W), corresponding
to B. Denote by x; the corresponding z-functions on Sp(W;) (I = 1,2). Then [Ran93, Corollary 5.6]

states that, for g1, ¢] € Sp(W1) and g2, g5 € Sp(Wa2),
CW(j(gh 92)7 ](gll ) gé))
c1(g1, 91 )ca(g2, 95)
In particular, for g, h € Sp(W;), with [ = 1,2
ew (41(9), i(h)) = a(g, h). (2.2)
Thus, the restriction of the Rao normalized cocycle ¢y to Sp(W;) is the Rao normalized cocycle ¢.

Hence, we can lift, for [ = 1,2, j; to an embedding j; : §f)(I/VZ) — §f)(W) by 71(g,€) = (i(9), €).
We have

= (z1(g1), 22(92))(x1(91), 72(92)) (1 (9191), 72(9295))- (2.1)

71(91)72(F2) = j2(32)71 (1),
725

https://doi.org/10.1112/50010437X07002795 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X07002795

D. JIANG AND D. SOUDRY

and this defines a homomorphism j : %(Wl) X %(W2) — §f)(W), defined by j‘(gl,gz) —
71(31)72(g2)- Tts kernel is {(Iw,, €), (Iw,,€) | € = £1}.

(c) Assume that our local field F' is non-archimedean of odd residual characteristic. Denote
by O its ring of integers and by W(Q) the lattice over O spanned by the symplectic basis B.
Let K C Sp(W) be the stabilizer of W (). This is a maximal compact subgroup (standard with
respect to B). It is known that there is an embedding & : K — Sp(W) of the form &(r) = (r, e(r)).
See [MVW8T7, p. 43] for a proof. Note that this means that, for ry,ry € K,

e(rirs)
cw(ry,rg) = ————.
W) = ()
This embedding is unique, if the residual field has at least four elements. It is not hard to see that,

for r € P(O),
e(r) = (r,1). (2.3)
(d) We will be interested in dual pairs Sp(Z)x O(V'), inside Sp(W), where O(V) is the orthogonal
group corresponding to a non-degenerate symmetric bilinear form ¢ on a vector space V of odd
dimension m = 2[+1, over F, and Sp(Z) is the symplectic group, corresponding to a 2n-dimensional
vector space over I, equipped with a symplectic form (,)z. We view O(V') as acting from the left
on V and Sp(Z) as acting from the right on Z. Thus, W = Z ® V is of dimension 2mn over F' and
is equipped with the symplectic form (,) = (,)z ® Q. Let

a:Sp(Z) x O(V) — Sp(W)

be the natural homomorphism; it is given by (2 ® v)a(g,h) = 29 ® h~'v. Let dg and hg be the dis-
criminant and the Hasse invariant, respectively, of (). Choose an orthogonal basis {e1, ..., e} of V,
and put a; = Q(e;,€;), for 1 < i < m. Choose a symplectic basis By = {z1,...,2n,2—n,---,2-1},
for Z. Denote by B} the first n elements of Bz and by B, the last n elements. We also denote by
X and Y the transversal Lagrangian subspaces of Z spanned by B}r and B, respectively. Let ¢
denote the corresponding Rao normalized cocycle on Sp(Z). Let

B=B}®eU---UB,®enUa,'B, e, U---Ua; "B, @e.

This is a symplectic basis for W. Let ¢y denote the corresponding normalized Rao cocycle on Sp(W).
Then, from [Kud96, pp. 20 and 35] one can get the following equivalence of ¢ and the restriction
of e on a1(Sp(Z2)) x a1(Sp(Z)), where a1(g) = a(g,Iv). (From [Kud96] one sees clearly that
the double cover of Sp(WW') does not split over Sp(Z) exactly due to the fact that m is odd; oy is
equivalent to ¢*.) We have, for g1, g2 € Sp(Z),

cew(aa(g1),a1(g2)) = %6(91&2), (2.4)
where
e(g) = his? (2(g), (~1) 2™ D) (dg, (—1) 340 O-D), (2.5)

Here u(g) is determined by writing g in the form p;7gpe, with |S| = u(g), as in property (a) part (5).
Note, also, that

z(on(g)) = dp ()™ mod (F*)2. (2.6)

The restriction of ¢y to ae(O(V)) x aa(O(V)), where ag(h) = «(lz,h) is very simple (and the
following relation is valid also if m were even). For hy, he € O(V),

ew (aa(hy), as(hg)) = (det hy, det ho)". (2.7)
Let O(V) be the group of all pairs {(h,€) | h € O(V),e = +1}, with the group law
(h1,€1)(h2,€2) = (h1ha, €1€2(det hy, det hg)).
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Then @ : Sp(Z) x O(V) — Sp(W), given by

(g, 1), (h,e2)) = (alg, h), e1ehe(g) (des? x(g), det h)™) (2.8)
is a homomorphism, which lifts «. This follows from (2.4), (2.5), (2.7), and the fact that
ew (a1(9), az(h)) = ew(az(h), a1(g)) = (ds”z(g), det h)", (2.9)

which follows from (2.1) and (2.6).
We denote a1(g,¢) = a((g,¢€), (Iy,1)) and as(h,e) = a((Iz,1), (h,€)). These homomorphisms

from é\f)(Z ) and O(V') into Sp(W) lift ay and «q, respectively. For other dual pairs in the symplectic
group, see [Kud94].

(e) We keep the notation of property (d). Let ¥ be a non-trivial character of F'. Let wy be the

Weil representation of §f)(W), corresponding to 1. We realize it in the Schrédinger model S(X ®@ V).
We will identify X @ V = V" through z; ® v1 + -+ + 2z, ® v, — (v1,...,v,). Then we have the
following formulae (see [Kud96, p. 37]).

Wy <d1 <<a a*) 76>>¢(v1, ooy Un) = ey(det a,w%)_l(det a, (—1)%m(m_l)dQ)

-|det a|™2¢((v1, . .., vp)a); (2.10)
oy <d1 <<I” ;;) ,e>>gb(v1, o vn) = (Sr(Cr(vn, . ., 0)Twn)) B0, - - U );

ww(dQ(hv 6))¢(U17 s 77)”) = e”'y(det h_n7 Qp%)_lqb(h_lvb s >h_lvn)'

Here, the elements of Sp(Z) are written as matrices with respect to the basis Bz. The element
wyp, in (2.10) is the n x n matrix which has 1 in the second main diagonal and zeroes elsewhere.
Gr denotes the Gram matrix. Finally, v(¢,¢") is the Weil factor, with respect to the character )
(x # 0). As is traditional, we normalize wy, o & so that the action of O(V') becomes linear. Thus, we

define the following representation, which we still denote by wy,, of §f)(Z ) x O(V),

wy (G, h) = y(det B, 42wy (@(7, (h, 1)), (2.11)

for § € Sp(Z) and h € O(V). Note that the first two formulae in (2.10) remain the same, and the
last formula in (2.10) becomes

wyp((Iz,1),h)p(v1, ... vn) = (b vr, ... R ty,). (2.12)

Sometimes, when we want to emphasize the dual pair, we will re-denote wy, in (2.11) by wy 70
or Ww7z®v.

2.2 The metaplectic group over an adele ring

Let k£ be a number field. Let W be a vector space, of dimension 2 f over k, equipped with a symplectic
form (-, -). Let

B={el,...,ep;6_5,... 61}
be a symplectic basis of W, over k, as before. For each place v of k, let W, = k, @, W. We will re-
denote k, ® €; = ke, for |j| =1,..., f. Denote by (-,-), the corresponding symplectic form on W,.
Here B serves as a symplectic basis of W, as well. Denote by cy, the Rao normalized cocycle on

Sp(W,)) corresponding to B. For each finite odd place v, we have an embedding ¢, : K, — Sp(W,,)
as in property (c) of §2.1.

27
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(a) Let A be the ring of adeles of k and let gl\)(W)A be the restricted product [T, §f)(WZ,) with
respect to {e,(K,) | v is finite and odd}. Let

C' = {H(I,EV) € Sp(W)a

v

HE,, = 1}.
Then
Sp(W)a := C"\Sp(W)a (2.13)
is a twofold central cover of Sp(W),. The projection
pr : Sp(W)s — Sp(W)a
satisfies

(' [0 T2 ) = T] o 1T 1

ves v¢sS vesS  v¢S
where S is a finite, large enough set of places. The kernel of the projection is

Cy = {O,H(I, 6,/) S %(W)A} = {:l:l} = 2.

v

Note that the natural projection @(W)A — §f)(W)A is injective on each %(Wy) and gives a
commutative diagram
Sp(W,) — Sp(W)a
! !
Sp(Wy) — Sp(W)a

where the vertical arrows are the natural projections.

(b) Let v € Sp(W). Let S be a finite set of places, including those at infinity and the even ones,
such that v € K, for all v ¢ S. Then there is a finite set of places S’ D S, such that

e (v) = (7,1), (2.14)

for all v ¢ S’. This follows from the decomposition v = p17;p2 as in property (a) part (5) of §2.1,
where now p1, pe are in P, the Siegel k-parabolic subgroup of Sp(WW') which stabilizes the subspace
W, = Spang{e_1,...,e_s}. Thus, we can take S’, such that pi,ps € P(k,)NK,, so that z(p;) € O},
for all v ¢ S" (i = 1,2). By parts (2), (4) and (5) of property (a) in §2.1, and by (2.3), we get that
there is a; = +1, such that, for v ¢ 5,

ev(7) = ev(pr)en(m))en(p2) = (p1,1)(75, a5)(p2, 1) = (7, a5).

To show that a; = 1, we write 7; as a product of elements of the form 7. By [Ran93, Corollary 5.5],
we may assume that 7; = 7 and, then, it is a simple calculation in a SLy to show that a; = 1.

(c) As a corollary, we get that the map
v C' ] D), (2.15)

v

from (the k-rational points) Sp(W) goes to §f)(W) a. It is an injective group homomorphism, since
for all v1,v2 € Sp(W), we have

H CWV (717’}/2) = 17

as follows from Rao’s explicit formula in [Ran93, Theorem 5.3]. We view Sp(WW) as a subgroup of
Sp(W)a, via (2.15). We re-denote the right-hand side of (2.15) by (v,1).
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(d) Let P, be the Siegel parabolic subgroup of Sp(W,)) stabilizing the subspace W, as in part (6)
of this section and let Py be the restricted product of all P,, with respect to {P, N K, | v < oo}
Denote by Py, the inverse image of Py inside Sp(W) By (2.13), it is easy to see that Py = {(p, €) €
Py x {£1}}, with the group law

(p1,€1)(p2, €2) = <p1p27 erez | [(det o, detpz,u)u>7 (2.16)

where the determinants of p; , are taken as linear operators on the vector space W, . The isomor-
phism is given by

' 1 wwe) [ evlor) — <Hp,,,He,,>. (2.17)

ves vgsS
Here S is a large enough finite set, and p, € P, N K,, for v ¢ S, so that by (2.3), €,(p,) = (pv, 1)
for v ¢ S. In this case, we also re-denote, for brevity, the elements of Py via (2.16) and (2.17) by
(p,€), where p € Py and € = £1.

(e) Assume that W is the (orthogonal) direct sum of two symplectic subspaces Wi and Ws.
Then, as in property (6) of § 2.1, we have the direct sum embedding j : Sp(W7) x Sp(W3) — Sp(W),
and its restriction to each component is given by j; : Sp(W;) — Sp(W), I = 1, 2. Similarly, we have
the corresponding local embeddings j,, j;,, and global embeddings ja, ji a. Let us fix symplectic
k-bases By, Bo and B = By U By of Wi, Wy, and W, respectlvely, as in property (b) of §2.1.
Then for each place v, we have obtained the embeddlngs Jiv Sp(VVl,V) — Sp(W ), { =1,2, and
the homomorphism j, : Sp(Wl,,,) xSp(WQJ,) — Sp(Wy), which lift j; ,,, { = 1,2, and j,,, respectively.
Let us denote, for finite and odd places v, the standard maximal compact subgroup of Sp(W;,)
by K;, (I = 1,2). Consider the embeddings, as in property (c) of §2.1, ¢/, : K;,, — §f)(VVl,,)
Then, by (2.2) (if the residue field contains at least four elements),

jlu(glu(r)) ::Eu(jlu(r)%

for I = 1,2, and r € Kj,. Thus, the collection {]l,,}l, defines an embedding ]m §f)(VVl)A —
Sp(W)A, which lifts j; 4, and a homomorphism Ja Sp(Wl)A X Sp(Wg)A — Sp(W)A, which lifts
Ja. We have

Ja(g1,G2) = J1,4(91)72,(52)-
Note that (with our conventions) for v, € Sp(W;) (I =1,2),

ia((11,1), (92, 1)) = (G(31,72), 1).

(f) Let a : Sp(Z) x O(V) — Sp(W) be a dual pair, as in property (d) of §2.1, and we
use the same notation, except that here we assume that the vector space Z (respectively V') and
the corresponding non-degenerate anti-symmetric (respectively symmetric) form are defined over the
number field k. Recall that dimg V' = m = 20 4+ 1 is odd. Let 9 be a non-trivial character of k\A.
For each local place v of k, consider the local Weil representation wy, of Sp(Z,) x O(V,), realized
in the Schrodinger model S(X, ® V;,) = S(V,7). Then the restricted tensor product wy = @’ wy,
defines the global Weil representation of §f)(Z Ja X O(V)a on the Schrodinger model S(V,). It pulls

back to gl\)(Z)A x O(V)a. (Of course, it is obtained from the Weil representation of é\f)(Z ®V)a.)
Let 6 be the theta distribution on S(V),

=) ¢x)

zevn
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and denote, for (g,h) € %(Z)A x O(V)a and ¢ € S(V),

63, 1) = 8(wy (3. )9),
and sometimes, more precisely,

952 2oy (3:h) = 0wy zov (G, h)®).

Due to the Sp(Z ® V)-invariance of 6, we know that Hi is Sp(Z) x O(V)-left invariant. The func-

tion ej(g, h) is of moderate growth in each variable [HP83]. Thus, for an irreducible automorphic
representation o of O(V)y, if either the quadratic form @ on V is anisotropic or o is cuspidal, then
the integrals

6% (en)3) = [
O(V)\O(V)a
converge absolutely, for each ¢,, in the space of o, and qb € S(V{). These automorphic functions

053, h)s (h) dh (2.18)

9¢(g00) generate a subspace of automorphic forms on Sp( )a, which is denoted by 0 v(o). It is

stable under rlght translations by Sp(Z )a. We use the same notation, for the automorphlc repre-
sentation of Sp(Z )a, thus obtained. This is the automorphic representation of Sp( )a obtained by
the ¥-theta correspondence from o, which may of course be zero. Similarly, we consider the 1-theta
correspondence in the reverse direction, starting with an irreducible genuine cuspidal automor-
phic representation 7 of Sp(Z)s. The subspace of automorphic functions on O(V'), thus obtained
is denoted by Hw 4 (7). It is an automorphic representation of O(V')s in the space generated by
the integrals

0% (p2)(h) = / 0@ s () da, (2.19)
C2Sp(2)\Sp(Z)

as ¢ and @z vary in S(V") and the space of 7, respectively.

2.3 The Siegel-Weil formula

We keep the notation of §2.2. We establish some simple variants of the regularized Siegel-Weil
formulae based on the works of Kudla and Rallis [KR94], Ichino [Ioh01], and Moeglin [Moe97a,
Moe97b].

Let (V,Q) be the nondegenerate quadratic vector space over k with Witt index r. If r = 0,

the i-theta lifting of the trivial representation of O(V') to §f)(Z )a does not need regularization.
In the following we may assume that r > 0. We first recall Ichino’s formulation [Ioh01] of the
Siegel-Weil formula. Assume that dimy V' = m is odd, and that

m=dim V< idimy Z+1=n+1. (2.20)

Since V' has Witt index r > 0, we may write V' = Vy & H,., where Vj is k-anisotropic and H, is
the direct sum of r hyperbolic planes. Let (V' Q') be the nondegenerate quadratic space over k
in the same Witt class of (V,Q), and of dimension m’ = 2n 4+ 2 — m. In this case we may write

V= ‘/0 S Hn—i—l—r—dimk Vo-
From (2.20), we have
n+1—r—dimgVyg>m—r—dimg Vo =r > 0.

Ichino’s theorem now applies with our m’ replacing m in [Ioh01, p. 203]. Indeed, let ' =n+1—7r—
dimy, V denote the Witt index of V’. Then we clearly have n+1 < m/ < 2n+2, and m’ —r' <n+1,
which are two of the conditions in Ichino’s theorem (the regularized Siegel-Weil formula).
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We recall some details of the regularized Siegel-Weil formula from [IohO1]. In the case under
consideration, the theta integral

¢/~
/O o, (2.21)
diverges in general. In [KR94], the regularization is carried out using a certain differential operator
from the universal enveloping algebra at real archimedean local places. In [Ioh01], the regularization
is obtained by using a certain element of a local p-adic Hecke algebra. The advantage of the approach

in [Ioh01], whose possibility was mentioned in [KR94], is that it applies to any number field.

Let us describe Ichino’s regularization. Fix a finite place vg of k, where the number of elements of
the residue field is congruent to 1 modulo 4. Assume also that 1), is unramified, and the quadratic
form is unimodular at vp. Assume that ¢ € S(V') is fixed by wy, (cy (K7 x KJ,)). Here, KZ is
a (standard) maximal compact subgroup of Sp(Z,,), and K, is a hyper-special maximal compact
subgroup of O(V,,). Then there is an element «,,,, which depends only on the place vy, in the spher-

ical Hecke algebra (genuine functions) of é\f)(Zl,O) with respect to K7, such that 9:%’0 (a”0’1)¢(g, h)
is rapidly decreasing in h, and hence the integral
w g, 1
/ %w»o( V(G 1) dh (2.22)
O(VN\O(V)a

converges absolutely. There is a non-zero constant c,,, such that if the integral (2.21) converges
absolutely, then

0$(§7 h) dh = C;Ol / 0:@’1% (auo,l)‘b(g’ h) dh.

/O(V)\O(V)A O(V)NO(V)a

In other words, the regularization (2.23) is a natural extension of (2.21), in its domain of convergence.
Moreover, there is an element a;,, = 0(a,) in the spherical Hecke algebra of O(V,,), with respect
to K, , such that

W, (g, 1) = wy, (1, 00,), (2.23)

as endomorphisms of S(V,*)“*+o (euo (K5)%K2) Here 6 is the homomorphism from the Hecke algebra
of Sp(Z,,) to the Hecke algebra of O(V,,), given in [Ioh01, Proposition 1.1]. For ¢ € S(V{") and

g € Sp(Z)a, the regularized theta integral is denoted by

wwuo (auo 71)¢
¥

1

Ireg,V,?j) (§7 ¢) = C;O 0 (ga h) dh. (224)

/O(V)\O(V)A

It is independent of the choice of 1y, as above, or the choice of . Finally, for ¢/ € S((V})"), s € C,
and g € Sp(Z)a, the Siegel section attached to ¢’ is denoted by

F2@g) = la(g))~ " T=m20Y (3, )¢ 0). (2.25)

Here a(g) is defined as follows: if g € Sp(Z), is the projection of § and g = pk is its Iwasawa de-
composition with p € Py and k € K7 (with self-evident notation), then a(g) = a(g) = [, dety, p.
By comparing with [Ioh01, p. 202] we note that

m-n—-1_ n+l-m
2 B 2
By (2.10) and using part (d) of §2.2, we have
l “ v q s+(n !~
; <<< a*> ’6>g> = €x,,,, (deta)ldet o H V2L (g), (2.26)
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where
COES | PPC: Hv (20, 92) Lz, (-1 2 (M=) ), (2.27)
Note that ’
Xvw = Xy (2.28)
Indeed, (—1)%m,(m,_1)dQ/ = (—1)%m(m_1)dQ. We view ., as a character of Py. From (2.27), we
see that

;S
¢ e mdP Py, |det ).

Consider the Eisenstein series, which is the analytic continuation of the following absolutely con-
vergent series when Re(s) > n +1/2,

E@g =Y (D7)
vE€P\Sp(Z)

It has at most a simple pole at s = (n+ 1 —m)/2. Finally, Ichino defines a map ryy : S(V{)"

S(Vy), which is §f)(Z )a-intertwining (this is ‘778,7TK’ in [Ioh01]). Now, we can state the following.

THEOREM 2.1 (Ichino [IohO1]). In the notation above, assume that m < n + 1 (and m is odd).
Then there is a non-zero constant cy, such that, for all ' € S((V})") and g € Sp(Z)a,
Ress:(n+1—m)/2 E(ga ffl) = COIreg,V,w (g) TV’,V(qb,))' (229)
We derive the following corollary, which will be used in the following sections.

COROLLARY 2.2. Assume that m < n+1 (m odd). Then, for all € S(V}"), there is ¢’ € S((V{)™),
such that for all g € Sp(Z)a,

Ireg,V,?j)(.Eh ¢) Res, =(n+1—m)/2 (g fs ) (230)

Proof. By checking the definition of ry - (which is ¢ 8/711{’ in [Ioh01, p. 203]), it is easy to see that
at almost all finite places v, the local map ry; vy, takes the characteristic function of the standard
lattice in (V)™ to the characteristic function of the standard lattice of V. Let v be an arbitrary
place of k, and ¢ = @), ¢,» be a factorizable function in S(V'), whose local components ¢, are
fixed at all places, except at the given local place v, where we let it vary. Consider the linear
functional

ly(qbu) = Ireg, ( ¢)
Here, 1 denotes the identity element of Sp(Z),. We recall from (2.24) in the case vy = v that
lV(wwuyzquu(gNV7 hl/)qbV) = Ireg,Vw(jy, ¢)
In particular, [, is O(V, )-invariant, i.e. it factors through the space of co-invariants S(V;")o(;)-

This last space is isomorphic to R, (V,), which is the space of functions on §f)(Z,,) generated by
%(3) = wy, (3,1)$,(0), as ¢, varies in S(V,?). Note that
Sp(Zv) m—n—1)/2
R,(Vy) € Ind ) (xy, , 1det|( /%),
The isomorphism
d; : S(VVH)O(VV) — Rn(V2)

is induced from d, (¢,) = f?. See [Ral84] for v finite, [KR90a] for v real, and [Zhu07] for v complex.
Thus, if f% =0, then I, (wy, (g, 1)¢,) = 0 for all § € Sp(Z,). Consider the map

d,/ o) TV,LVV : S(Vym) — Rn(V,,)
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This map is %(Zy)-intertwining and O(V,,)-invariant [Ioh01, Lemma 5.5]. By [IohO1, Lemma 5.1]
for v finite, [KR90a, Corollary 2.7] for v real, and [Zhu07] for v complex, and by our assumption
that m < n + 1, R,(V,) is an irreducible Sp(Z,)-module. Hence the map d,, o ryyy, is surjective.

It follows that for a given ¢, € S(V,?), there is ¢/, € S((V/)") such that f¢ = f"Viw W”), and hence
lu(wwu (G, 1)on) = lV(wwu (90, 1)TVJ,VV(¢:/)),

for all g, € Sp(NZ,,). Therefore, for a given factorizable ¢ = @, ¢, € S(V}), there is a factorizable
¢ =Q, ¢, € S(VL)"), such that

Ireg,V,w(g’ @) = Ireg,\/,w(ga TV/,V(qbl))a
for all g € SpZZ)A. Now, the identity (2.31) follows from (2.30). O

Next, we are going to establish a regularized Siegel-Weil formula characterizing residues of
Siegel Eisenstein series on the k-split even orthogonal group O(l,[). This was done by Moeglin for
totally real number fields by using the regularization at real archimedean local place [Moe97a, § 3.2].
We use the regularization in terms of elements in a p-adic Hecke algebra as in [Ioh01], which extends
the results of Moeglin to all number fields. This result will be used in the next section. We give the
details very briefly. Once we introduce the regularization, the rest follows exactly as in [Moe97a,
§3.2].

Let (U,b) be a non-degenerate quadratic space over k, which is k-split and even dimensional.
Put dimy U = 2[. In this case, the double cover §f)(U ® Z)a splits over Sp(Z)a x O(U)a. Denote,
again, by wy or wy zeu the Weil representation of Sp(Z)a x O(U)a obtained by composing the
1)-Weil representation of §13(U ® Z)p with an embedding

Sp(Z)a x O(U) s — Sp(U ® Z)a.

Consider the corresponding theta series HfZ (g, h), where ¢ is in a corresponding Schrédinger model
S(U}). The theta integral involved in the regularized Siegel-Weil formula characterizing residues of
Siegel Eisenstein series on O(U)y is given by

/ 05(g,h) dg,
Sp(Z)\Sp(Z)a

which is divergent in general if n < [, so that regularization is necessary.

First, we fix a local finite place vy, such that v, is unramified and the local quadratic form b,
is ky,-unimodular. Assume that ¢ is fixed by wy,, (KZ x KU, where KZ (respectively, KU) is a
(standard) maximal compact subgroup of Sp(Z,,) (respectively, O(U,,)). (Thus, the choice of 1
depends on ¢.) The local Howe duality asserts that wy, (How,,)) and wy, (Hsp(z,,)) coincide as
algebras of operators on S(U/! ) (K% XKHO), where Hgy,(z,,) (respectively, Ho,,)) is the spherical
Hecke algebra of Sp(Z,,) (respectively, O(U,,)) with respect to K, ,/ZO (respectively, K %), see [How79]
and [MVW8T7]. Following the explicit calculation of the local theta correspondence (Howe duality)

for unramified representations by Rallis in [Ral82], one has the following.
PROPOSITION 2.3. Assume that n <. Let 0 = 0, ,, be the Hecke algebra homomorphism

~ 0 ~ n
C[qisl, o ’q:l:sz]WO(U) o~ HO(UVO) — HSP(ZVO) o~ C[qitl, o ’q:I:t :IWSp(Z)’

which is given by
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Then for all o € Ho(u,,)
wwl/()vzl/(ybu() (17 a) = wwuoyzuoybuo (e(a)7 1)

Z U
as endomorphisms of S(U]! ) (Ko > Kap)

We have
Clg*, ..., Wow = C[Xy,..., X|]*,
where X; = ¢®4+q¢ % ,i=1,...,1; Sy is the symmetric group on [ letters. Similarly, for Y; = ¢% +q %,
1=1,...,n,
Clgth, ..., ¢ W) = Clyy, ... ,Yn]S".
Let 01,...,0; denote the elementary symmetric polynomials in X1,..., X;. We have, as in [KR94,

Corollary 5.1.2] and [Ioh01, Lemma 1.3] that, for n < [, there is a unique element oy ,, ,,, € How,,):

of the form
n

Al nvg = Ont+1 — § ;05
=1

such that

0l7n7'/0 (al7n7'/0) = 0'
Define, for n <1,

Qyy = Al n—1,19-

This defines an element of HO(UVO)' We have 0,1 () = 0, which means that

(Y1, Yoo, g 7 g T 4 g,2) = 0.
Note that o, is of degree n and is Sj-invariant. Consider the element 6(c,,) = 6;.5,., (0w, ). Then

0(051/0)(}/17 e 7Yn) = al/o(}/h e 7Yn7q_l+n+l + ql—n—17 s 7q_l + Q72)

This is a polynomial of degree n in C[Y7,...,Y,]% = Hsp(z,,)- Since it is symmetric and satisfies
0(cy) (Y1, ., Yo 1,¢7 7" + ¢!=™) = 0, we conclude, as in [KR94, Lemma 5.5.4] and as in [Ioh01,
(1.1)] that

o) Ve, Vo) = IO = (a7 4 7))
i=1
Let 6(ay,) act on the trivial representation of Sp(Z,,) by the scalar c,, . Then

Cany = 0@ "+ 4" ¢ " +¢"1 g + ).

We conclude that, for 2n <1, ca,, # 0.
Let us return to the global set-up. Recall that we choose the finite place o,,, dependent on the
function ¢ € S(UY). Assume that n < [, so that a,, = aj,_1,, is defined. Then, as in [KR94,

Proposition 5.3.1] and [Ioh01, Proposition 1.5], we have that Q:w”‘)(l’al’o)(ﬁ(g, h) is rapidly decreasing
in g € Sp(Z)\Sp(Za), for all h € O(Uy). For this, it is enough to take g as a Siegel domain and
h € [1,.4,, OUy) (since O(U)[I,,, O(U,) is dense in O(Uy)). Then, it is enough to show that
quo(lv Qo )buo (Y1, - -+, yn) = 0, for linearly dependent yy,...,y, € U,,. We assume, for simplicity,
that ¢ is decomposable. As in [Ioh01, p. 210] we can find a € GL,(0,,) and z1,...,2,—1 € Uy,
such that (y1,...,yn) = (z1,...,2n—1,0)a, and then, since ¢,, is fixed by Kli x 1 and the action of
ay, (via quo) commutes with the action of (the Siegel parabolic subgroup of) Sp(Z,,), we get that

wwuo (17 al/())(bl/o (y17 cee 7yn) - wwuo(la al/o)(bl/o (.Tl, ey In—1, 0)
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The last expression is zero, since 6,1 ,,(0w,) = 0. Indeed, let
{21, 20y 2y oy 2-1 ),
be a symplectic basis of Z, as in property (d) of §2.1. Put
Z"' = Span; {21, ..., Zn_1,%nils---y 21}

Denote by wgp the Weil representation for the dual pair Sp(Z’) x O(U), and let us realize w;ﬁ in the
Schrédinger model S(U ™). Denote the restriction of ¢,, to U~! by ¢/, . Then

wwuo(lv aV0)¢V0 (3317 sy -1, 0) = W:/;,,O (17 al/o)qb;/o (xlv ce ,xn—l)
= w:p,,o (O1n—1,00 (Qwg) 1)¢:/0 (w1, Tno1)
=0.

This proves that
wdiuo (lvauo)(z) o
01!) (97 h) - Z ww(g’ h‘)wwuo (17 OZVO¢($))7
zeU" rank(x)=n

where, for z = (z1,...,x,), rank(z) is the dimension of the subspace of U, spanned by z1,...,z,.
Now, the rapid decrease in g follows as in [KR94, Proposition 5.3.1]. Moreover, if

/ 05,(g, h) dg
Sp(Z)\Sp(Za)
converges absolutely, then
w 1 (170“1 )¢
/ 0, """ (g, h) dg = ca,, / 0%(g, h) dg.
Sp(Z2)\Sp(Z)4 Sp(Z)\Sp(Z)4

As before, we define, for 2n < (so that c,,, # 0)

wdiuo (lvauo )¢

Lieg.p(hy §) = Cqpr 0, (g, ) dg.

0 /Spw)\Sp(zm
This definition is independent of the choice of the place vyg.

Next, consider a Siegel parabolic subgroup P C O(U), whose Levi part is isomorphic to GL;.
Take a standard section & in the space of the normalized induced module Ind%iU)A (|det|®) and form
an Eisenstein series E(h,&s) as usual. By [KR90b, Theorem 1.0.1], the Eisenstein series E(h,&s)
converges absolutely when the real part of s is greater than (I —1)/2; it has a meromorphic contin-
uation to the complex plane C and, after normalization, it has at most simple poles occurring only
at s=(1—1)/2—j#0with j € {0,1,...,1—1}.

Assume now that n < (I—1)/2. Then s = (I —1)/2 is a simple pole of the normalized Eisenstein
series, and it is also a pole of E(h,&s). Now, we can repeat the proof of Moeglin, in [Moe97a, § 3.2], to

get the following version of the regularized Siegel-Weil formula, which is valid for arbitrary number
fields.

THEOREM 2.4. Assume that n < (I — 1)/2. Then, for every Schwartz function ¢ as above, there is
a section &, as above, such that

wdiuo (lvauo )¢

eq/; (ga h) dg = Ress:(l—l)/Q—nE(h7 gs) (231)

/Sp(Z)\Sp(Z)A
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3. The theta correspondence

We are going to prove Theorems 1.1, 1.2, and 1.3 as stated in the introduction. The main task
is to give an explicit description of various spaces of automorphic functions via the theta corre-
spondences. In § 3.1, we start with an irreducible genuine cuspidal automorphic representation 7 of
Sp(Z)a, and in § 3.3, we start with an irreducible cuspidal automorphic representation o of O(V')4.
Theorem 1.1 is proven in § 3.2 and the proofs of Theorems 1.2 and 1.3 are discussed in §3.3.

3.1 Certain subspace of automorphic forms on éI)(Z)A

Let 7 be an irreducible genuine cuspidal automorphic representation of §13(Z )a. The ¥~ !-theta lift of
7 to O(V)a is denoted by 01‘;,1’ ,(7) as before. Assume that 91‘;,1’ ,(7) is a cuspidal representation
of O(V)4. For any integer a > 0, define a symplectic vector space Z, by

Zo =7 &1, (3.1)

where [, denotes the 2a-dimensional symplectic space over k. We consider the ¢-theta lift
957‘/(9};,1’ (7)), which is a subspace of automorphic functions on the metaplectic group Sp(Zy)a.

To fix a Rao normalized cocycle for §f)(Za) A (at each place), we fix a symplectic k-basis

R, ’o /
B, ={z1,..., 24,2 ¢4, ., 21}

of l,, and a symplectic k-basis

Bz ={z1,... 20, 2—ny- .-, 21}
of Z. Then we take the symplectic k-basis

/ / / /
Ba = {2, o 20y 21y ey Zns By ey B 1y 2y ey 21 )

for Z,. Put

lcjl: = Spa‘nF{zil:h s 7Zi|:a}’
Denote by P, the standard Siegel parabolic subgroup of Sp(Z, @ Z), with respect to the basis
11(Bg) U i2(Bygz), ordered as in property (b) of §2.1, where i1 (respectively, i) is the embedding
of Z, (respectively, Z) in the first (respectively, second) coordinate of Z, @ Z. Consider, also, the
homomorphism as in part (e) of §2.2 (which we now shorten to j, instead of j4),

5 Sp(Za)a % Sp(Z)a — Sp(Za X Z)a.

Let ¢ be the k-linear automorphism of Z, such that z;c = z; and z_;c = —z_; for all 1 <7 < n.
Clearly, ¢ € GSp(Z), and has similitude factor —1. Let ¢ act by conjugation on Sp(Z,), i.e.

g— g¢ = cge L.

Then one can lift this conjugation to an automorphism of é\f)(Z,,) by
(9:) =G § = (9:9) = (g, e(g), (~1)" ) (=1, ~1)2" @@,

in the notation of (2.5). See [Szp06] for details. This gives an automorphism of §13(Z Ja, g — §,
which lifts the conjugation ¢ on Sp(Z),. Finally, we denote by K the standard (with respect to By)

maximal compact subgroup of Sp(Z)4, and we let K denote its inverse image in §13(Z )a. We use
similar notation for other symplectic spaces.

PropPOSITION 3.1. Let 7 be an irreducible genuine cuspidal automorphic representation of §f)(Z)A
with dimy Z = 2n. Assume that 91‘;_1 4(7) is cuspidal on O(V)a with dimy, V' = m. Let a > 1 be

an integer such that m < n+a+ 1. Then the subspace 95"‘/(0};,1 (7))o consisting of all Kz, -finite
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functions of the space 05;“/ (91‘;,1 (7)) is contained in the subspace of automorphic forms on %(ZG)A
generated by the automorphic functions

Ga ~ 907?(g)ReSs:(n+a+1—m)/2E(5(gaa§/)7fs) dg,
C28p(2)\Sp(Z)a
where E(Z, f5) is the Eisenstein series corresponding to a K Zo@z-finite section fs in Inpia(Xy.,,5) =

Sp(Z, Z
Ind) P< 24 (., |det[*).

Proof. We repeat [Moe97a, §2.1]. By definition, the space 9 (9V (7)) is spanned by

/ 0t [0 Wes(@) dgdn (3.2
O(VN\O(V)a C2Sp(2)\Sp(Z)a

where ¢z is a cusp form in the space of 7, ¢ € S(V[), ¢’ € S(VA"JFG) and g, € §f)(Za)A. We have
(see [MVWS7, p. 36]) that for g € Sp(Z)a,

0 1(3,h) = 007, ).
Viewing ¢/ ® ¢ as an element of S (VAQ"JF“), we have (see [MVWS87, p. 37]) that

03, (Ga, 1)05.(5, 1) = 670 (5 (G, '), h)-
Hence, the integral (3.2) becomes

/ / 093G, ), e (§) di . (3.3)
O(WV)\O(V)a 4 C28Sp(Z)\Sp(Z)a

In order to interchange the order of the integrations with respect to g and h, we have to regularize
the integration with respect to h. To this end, we choose a finite place vy, which satisfies all of the
requirements as given in §2.3. Take an element oy, in the spherical Hecke algebra of Sp((Z, ® Z),,)

vy ®
as in §2.3. Then 9 Wiy (@ 1)(¢'®e)
brevity, the Weil representation of

(7(§a, @), k) is rapidly decreasing in h, where wys,, denotes, for

§£)((Za ® Z)vy) X O(V)y,

Hence, we can interchange the order of integrations in (3.3) and obtain, by using (2.25), that
(3.3) equals

— w 1z (aV 71)(¢l®¢) S~ ~ ~ ~
o / S / %w o (7(Ga, '), h) dh pz () dg,
C2Sp(Z)\Sp(Z)s Y O(V)\O(V )4

which can be written as

[ heavali0u )6 @ 0)r(a) s (3.0)
C2Sp(Z)\Sp(Z) 4

Finally the proposition follows from Corollary 2.2. U

In order to further describe the structure of the subspace 95‘1‘/ («91‘;,1 (7)) as in Proposition 3.1,
we have to investigate the following integral

/ _ o#(DEG(Gar 7, f5) dg (3.5)
C28p(2)\Sp(2)a

Consider the polarization
Zo®Z=27" an T Za_ A
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where Z;%A = i1 (IF) + {(v,£vc) | v € Z}. Note that for g € Sp(Z), j(g,9°) acts as identity
on iy (IF), and (v, +ve)j(g,9°) = (vg, +(vg)c). Here, we use notation as in properties (b) and (e)
of §2.1. Let P, o be the Siegel parabolic subgroup of Sp(Z, & Z), which preserves the maximal
totally isotropic subspace Z WA Write its Levi decomposition P, A = My AUq A, where M, A is the
Levi part, which is 1somorphlc to GL(2n 4+ a). Thus, #(g) = j(g, ¢¢) defines an embedding of Sp(Z)
into Mg . Let 09 € Sp(Z, & Z) be such that it acts as the identity on i1(l,) and do Py, Aé_l =P,
the standard Siegel parabolic subgroup of Sp(Z @ Z) defined before Proposition 3.1. For a standard
section fs in Ipya(Xy.,,s), we define f((b) = fs((do,1)b b). Then

Sp(Za®Z
F1€ Tyra) o8) = Ind PS80 fdet,— ),

where x| (B) = Xy, (50, 1)5(do, 1)~1). We have
E(z, f5) = E((d0, 1), fs) :E,(:i’,f;), (3.6)

where E’ denotes the Eisenstein series corresponding to I3, . ,(x/
each place v, we have, for p, € P, a(ky),

(0, 1)(pv, €) (o, 1)_1 = (50]91150_1, eycu(éoypu)(detZ;A (Pv); 20 (00))w ), (3.7)

- s). It is easy to check that at

where ¢, is the Rao normalized cocycle on §f)((Za x Z),) with respect to the basis above. Note the
following properties of f7.

LEMMA 3.2. Let R, C Sp(Z,) be the parabolic subgroup which preserves I, and its Levi decom-
position R, = Mpg,Ug,. We identify Mg, with GL(I}) x Sp(Z). In the fol]owing, e = £1 and
be Sp(Za)A'

(1) Let uw € Ugr,(A). Then
il (us €)b) = ey (b).
(2) Let d € Mg, (A) correspond to an element of GL(I})a. Then
FLG1(ds ©)b) = € - o, (detys d)|detyp d|* D2 ().
(3) Let g € Mg, (A) correspond to an element in Sp(Z)a and let g be an inverse image of g in
Sp(Z)a. Then
FLG1@)b) = Fi(G2(F) ).

Proof. By (3.7) and the fact that j;(Ug,) C Uy a, we have

a1 (u,€)b) = € e(So, 1 (u)) f4(D).

It is clear that u — j;(u,1) = (j1(u),1) is an embedding of Ug, (A) inside §f)(Za X Z)a. This implies
that u +— ¢(do, j1(u)) is a po-valued character of Ug,(A), and hence is trivial. This proves part (1).

For part (2), since dy is the identity on ji(ls), it follows that dp and ji(d) commute. Hence (do, 1)
and ji(d, €) commute. It follows that

Xi/,’(fl (51 (d,e)) = Xvp (51 (d,e)) =e€- Xv,y (detlj;d)’
Now the assertion follows.

Finally, we have f/(j1(§)b) = f.(5(3,3)j2(3")~'b). Note that j(g,9°) lies in Mg, (A) and its
determinant on either of Z;f (A) is det g = 1. Tt follows that f/(j;(§)b) = Xiw(j(g,g’))fs’(jg(g’)_lb).

Clearly, g — X, w(j(g, g')) is a po-valued character of Sp(Z )a, trivial on Cy(A), and hence, it is
trivial. This proves part (3). O
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Motivated by the global integral (3.5), we define, as in [Moe97a, p. 211],

fon(Ga) = / @G @) da (3.8)
Co\Sp(Z)a

As in [Moe97a, §2.1], the previous lemma implies that, if the integrals (3.8) converge absolutely at
a point s, then f,,. is a Kz,-finite element of the representation

Sp(Za)a

J(7, )—IndR )

g ldetys |* @ 7),
where 11y |det;+|* ® 7 is the representation of R, (A), which is trivial on (Ug, (A),1) and acts as

€ Xy, (det;+d)|det,+d|*7(g) (3.9
for an element (d,e)g in the Levi part Mg, (A) with d € GL(IJ)s and g € Sp( )a. Note that
(det,.-d|"@FV/2 = 5 (d).

PROPOSITION 3.3. The integral (3.8) converges absolutely for Re(s) > n+ (a+1)/2, and continues
to a meromorphic function in the whole plane. Its poles are contained in the set of poles of an
Eisenstein series corresponding to a certain fixed (independent of 7) degenerate principal series for
§f)(Z @ Z)a, induced from a Siegel parabolic subgroup.

Proof. As in [Moe97a, §2, (2)], let us rewrite

fon.(Ga) = / e @ Ge@)T()) da
CQ\SP(Z)A

) D FG(0) 1)52(8)51(3a)) d3- (3.10)

\/;QSP(Z)\SF(Z) WGSP(Z)

Note that (v,1) = (9¢1), for v € Sp(Z). Since v — Jo(7) is an embedding of Sp(Z) inside

P, A\Sp(Z, x Z), the inner sum in the integral (3.10) is a sub-series of the series defining the
Eisenstein series E'(j(§q,d), f}) as in (3.4), and hence it converges absolutely for Re(s) > n +
(a+1)/2.

_ In order to obtain the analytic continuation, we may assume that g, = h lies in §f)( Z)a C
Mg, (A). Then we saw that h — for _(h) lies in the space of 7. Thus, it is enough to show the

analytic continuation of
Lo h g, (3.11)
C25p(2)\Sp(Z)a

for every cusp form &. By using part (3) of Lemma 3.2, the integral (3.11), in its convergence

domain, is equal to
/ | o @& G (i) di
C2Sp(2)\Sp(Z)a J C2\Sp(2)a

_ / / @& FGa(h ™)) dg dh
C2Sp(Z2)\Sp(Z) 4 J C2\Sp(2)a

/ / (@) Ga(d)) dg dh
C28p(Z) \SP C2\Sp(Z)a
- / B f;<j2<g'>><%<g>soﬁ,gﬁ>pdg,

CQ\SP(Z)A
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where ( , )72 is the standard L2-product of cuspidal _automorphic forms on C’gSp(Z)\éB(Z)A.
Note that the switch of order of integrations dg and dh is justified, since @z and &z are rapidly
decreasing. Thus, the integral (3.11), using (3.8), is equal to

[ RG@)en 7@ 12 da (3.12)
C2\SP(Z)A

We recognize (3.12) as the result of unfolding the Rankin—Selberg integrals of the doubling method
applied to metaplectic groups. This unfolding is quite formal, and is obtained exactly as in the
linear case. See [PR86] and [LRO5]. Thus, let f; be the restriction of f; to Sp(Z @ Z)a. Then f; is
a holomorphic Kz z-finite section in
SP(Z®Z)a [ 1 s+a/2
IndPA(A) (x,, . |det] ).
Here Py = Py a, and we think of Sp(Z @ Z) as Sp(Zy @ Z). Let E*(h, f) be the corresponding
Eisenstein series on Sp(Z @ Z)a. Then (3.12) equals
/  G@esME (@R, ) dad. (313)
CoSp(Z)xCaSp(Z)\Sp(Z)axSp(Z)a

This integral is meromorphic in the whole plane, and its poles are included in the set of poles
of E*(z, f¥). O

Remark 3.4. Note that the integral (3.12) is Eulerian, and its computation at unramified places was
carried out by Li in [Li92]. Also, it is easy to see that integral (3.5) is (for a = 0) an inner integral
of (3.13).

Let Efe(h, foz.,) denote the Eisenstein series on §13(Za) A corresponding to the section f,.
given by (3.8). This Eisenstein series will give another description of the subspace 95"‘/(0};,1 (7))

THEOREM 3.5. In the notation above, we have

Lo @) £) s = B3 f ) (3.14)
C2Sp(2)\Sp(Z)a

Proof. The proof is exactly as in [Moe97a, §2], which is a generalization of the doubling method.
The reason for the exact similarity is the fact that Sp(Z) (respectively, Sp(Z, @ Z)) is a subgroup
of §13(Z )a (respectively, §f)(Za @ Z)a), and similarly for unipotent radicals (over A). Thus, when
we unwind the left-hand side of (3.14), we have to examine the double coset space

Poa\Sp(Zo © Z)/3(Sp(Za) x Sp(Z)).

This is described in [PR86] and used in [Moe97a, § 2], and exactly as in [Moe97a, § 2] only one double
coset has a non-trivial contribution to the left-hand side of (3.14), and it is the double coset of the
identity element: P, Aj(Sp(Z,) x Sp(Z)). Again, the reason is that for the other double cosets, we
get a stabilizer in Sp(Z,) x Sp(Z), whose projection on Sp(Z) contains a unipotent radical, which

contributes an inner integration of a cusp form of 7 along this radical, and hence results in zero.
Thus, we get, as in [Moe97a, § 2], that the left-hand side of (3.14) equals

o .
/CQ\SP(Z NG 1)Ga, 7)) dg = > Fors((1:1)Ga) = ER (G0, for o)

YERa(K)\Sp(Za)

This proves the theorem. U

YER. (K \Sp(Z

Using Proposition 3.1 and (3.6), we conclude as follows.
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THEOREM 3.6. Let & be an irreducible genuine cuspidal automorphic representation of %(Z)A.
Assume that 91‘;_1 ,(7) is cuspidal. Let a be a positive integer such that m < n + a + 1. Then the

space Oiav(ﬁx,l ,()) Is contained in the space of automorphic forms on §13(Za) A generated by
the residual automorphic forms

Ga — Ress:(n+a+1—m)/2ERa (gm fgo;r,s)- (315)

3.2 Proof of Theorem 1.1

We are now ready to complete the proof of Theorem 1.1 stated in the introduction. The details are
exactly as in [Moe97a, Moe97b]. We indicate them briefly. Let us apply the constant term along
Ug, (as an operator) to the inclusion asserted in Theorem 3.6. For an automorphic form &, on
§f)(Za)A, denote by £y, ~its constant term along Ug,, restricted to the Levi part MRG (A). For an
automorphic representation 7 of %(ZG)A, we denote by 7y, the automorphic representation of
Mg, (A) whose space consists all of the §Ugr, > as & varies in the space of 7. Recall that Mg, is
isomorphic to GL(I}) x Sp(Z). By Rallis’ tower property [Ral84], for any cuspidal automorphic
representation o of O(V)a,

Resé‘f)(z)A [Hifv(a)]URa = 957‘/(0). (3.16)

Here we view §f)(Z)A as a subgroup of MRa (A). Moreover, CA}i(l;{)A acts on [Oifv(a)]URa by the
character

(d,€) = ex., (detysd)|det,+ d|™? = py(d)|det, d|™/. (3.17)

The main formula which explains (3.16) and (3.17) is that, for ¢ € S(V;""), of the form ¢ ® ¢o,
where ¢ € S(V) and ¢2 € S(V") (in the notation of (2.25)),

050Uz, ((d: €)5) = et () (d)]det(d) 207 (5) (9), (3.18)
for g € é\f)(Z)A, d € GL(I})a, e = £1. From Theorem 3.6, we conclude that, over MRG (A),
Mw|detl;|m/2 ® 95,\/(91‘;71,2(7?)) - {[Ress:(n+a+l—m)/2ERa('7 for Nun, | o7 € Va}. (3.19)

Exactly as in [Moe97a, §2], by expressing the constant term along Ug,, [Ef* (-, fo. )lug, , of the
Eisenstein series B (-, fso;r,s) in terms of intertwining operators, we can replace the right-hand side
of (3.19) by a certain sum of residues of certain intertwining operators, which take values in the
space of 7. The details are exactly as in [Moe97a, §2], only that we replace the characters

diag(ty, ... ta) = [ta]** - [ta]*
there by (our) characters,
(diag(t1, ... ta), €) = exy,, (t1 - ta)[t1|" - [t ]
We then conclude from (3.19), by considering only the action of §13(Z )a, that
95,\/(91‘;71,2(7?)) =
This concludes the proof of part (1) of Theorem 1.1.

The proof of part (2) of Theorem 1.1 now follows, as in [Moe97a, §2], the only interesting case
being b < m—n—1. Otherwise, we just apply Theorem 3.6 for a = b. For a fixed integer a > m—n—1,
we follow the same process as in the proof of part (1) of Theorem 1.1 above. This time we apply
the constant term along Ug, _, (as an operator) to the inclusion asserted in Theorem 3.6, viewing
Zg as (Zg—p)p- This will prove part (2) of Theorem 1.1.

Finally, part (3) of Theorem 1.1 follows immediately from part (1) of Theorem 1.1 and the Rallis
tower property [Ral84]. Indeed, since 91‘;*1,2(7?) is assumed to be cuspidal, then any irreducible
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sub-representation of it, o, is cuspidal. Then 957‘/(0) is non-trivial and is a sub-representation
of 95 V(Qx,l ,(7)) = 7, and hence equals 7 and, in particular, is cuspidal. By the Rallis tower

property [Ral84], 95}}’ (o) = 0 for all positive integers b. This proves part (3) of Theorem 1.1 and

hence completes the proof of the whole theorem.

3.3 Proof of Theorems 1.2 and 1.3

The proofs of these two theorems can be directly inferred from [Moe97b]. For this, let us explain

how to proceed until we reach the point where we can directly use the results of [Moe97b].

Let o be an irreducible cuspidal automorphic representation of O(V)s. Assume that 05_1 vi(o)

is cuspidal, as an automorphic representation of é\f)(Z )a. Let Vj be the orthogonal direct sum of
the quadratic space V' (equipped with its symmetric form @) and b hyperbolic planes ku; + ku_;,

i=1,...,b. As usual, u; and u_; are isotropic, and the Gram matrix of the pair (u;, u_;) is ((1) (1))

Put ¢, = @szl(kui + ku_;) and Ebi = EB?ZI ku+;. Denote by Qp the symmetric bilinear form
on V;. Consider the theta lift 95”2(95,1 v(0)). Its space is generated by the following automorphic
forms on O(V3)a

AN 09013, h)po (h) dh dg. (3.20)
C2Sp(Z)\Sp(Z)a O(V)\O(V)a

Here hy € O(Vp)a, 1 € S(V), d2 € S(Vp(A)"), and ¢, is a cusp form in the space of 0. Now, let us
View Wwy-1 zgy as Wy, zgy, Where V' denotes the space V', equipped with the symmetric form —Q.
(See [MVW87, p. 36].) We have a natural embedding over k

O(Vp) x O(V') = O(V, & V'),

where the symmetric form of V, & V' is Qp @ (—Q). Note that V, @ V' is a totally split, even-
dimensional quadratic space over k. We have [MVW87, p. 37]

- . ®
03 v, (@ )05 v (G, 1) = 072700 < (9, (o, B)),
where g € Sp(Z), is the projection of g, and we think of ¢ ® ¢ as an element of S((V; & V')}).
Thus, (3.20) becomes

002501 v (9 (o, B)) g (R) dh dyg. (3:21)
/Sp<Z>\Sp<Z>A /ow')\ow'm EEV 0

Now, we are at the situation of [Moe97a, §1]. Indeed, we assume that 2n < m + b — 1. By applying
Theorem 2.4 with regularization in terms of a p-adic Hecke element «, which is the same as in the
proof in [Moe97a], the integral (3.21) has the form

/ o (WReS = s-1)/2-n B (hy, ), £,) . (3.22)
O(VNO(V")a

oO(Vy®V'
Ly, a(A)
Eisenstein series. We denote by Lj A the maximal parabolic subgroup of O(V;, & V"), which preserves

the isotropic subspace

Here &, is a Ky, qy/-finite section of Ind )A|detvb7 A%, and E(-, &) denotes the corresponding

b
Via = @D k(ui,0) + {(v,0) € V x V'}.
i=1
The proof proceeds from this point on, word by word, as in [Moe97a, §1]. Note that the parity of
m is no longer relevant to the rest of the proof. First, we conclude, as in the previous section, as
follows.
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THEOREM 3.7. Let o be an irreducible cuspidal automorphic representation of O(V'). Assume that
95_1 v (0) is cuspidal. Then HZbZQi_l v (o) is contained in the space of residues at s = (m~+b—1)/2—n

of the Eisenstein series corresponding to Indgl(f(/g))‘ﬂdetébﬁs , where Dy, is the parabolic subgroup of

O(V3), which preserves ;.

Now Theorem 1.2 in the introduction follows in exactly the same way as the proof of Theorem 1.1
in the previous section. Theorem 1.3 in the introduction follows from Theorems 1.1 and 1.2, exactly
as in [Moe97a, §2]. We omit the details.

4. Applications

In this section, we let H,, = SOgy4+1 = SO(V), where (V,Q) is the column space of dimension
2n + 1 over k, equipped with the non-degenerate k-split symmetric bilinear form in 2n + 1 variables
associated to the symmetric matrix defined inductively by

0 1

J2n+l = J2n—l
1 0

We denote by Gy (k,) and G, (A) the local and the global metaplectic groups, respectively, cor-
responding to the symplectic group G, = Sp,, over k, with respect to the standard symplectic
form on the 2n-dimensional row space. For an irreducible cuspidal automorphic representation o of
H,(A), we denote by 0}, (o) the ¢-theta lift of o to Gy, (A); it is generated by the automorphic

forms 0$(@U)+, which are defined as in (2.18), only that the integration in (2.18) is replaced by an
integration over Hy,(k)\H,(A). Similarly, for an irreducible genuine cuspidal automorphic represen-
tation 7 of Gy, (A), we denote by 07 . (7) the -theta lift of T to Ozpn41(A). We denote by 07 (7)+
the automorphic representation of H,(A) obtained by restricting the functions of 4;; ,, (%) to Hy,(A).

Our first application is the proof of Theorem 1.4 in the introduction, which is part (4) of the
main theorem in [Fur95] without the assumptions made there.

THEOREM 4.1. Let o be an irreducible cuspidal automorphic representation of Hy(A). Assume that
o is generic, i.e. has a nonzero Whittaker Fourier coefficient. Then the v-theta lift of o to G, (A),
0y.,(0)+, is non-trivial if and only if L(o, 1) # 0, where L(o, s) is the standard L-function attached
to o.

Proof. Since o is cuspidal and generic, the local components of ¢ are all unitary and locally generic,
and hence, by the exponent structure of the generic unitary dual [LMT04], L(o,, s) is holomorphic
at s = %, for all places v. Thus, L(o, %) # 0, if and only if L(o, %) # 0, for any finite set S of
places of k, which includes the set of all archimedean places of k. This can also be deduced from the
explicit Langlands functorial transfer from SOg,11(A) to GLg,(A) for irreducible generic cuspidal
automorphic representations o of SOgy,4+1(A), which has been established through [CKPS04, GRS01,
JS03, JS04].

Choose S, such that o and ¢ are unramified outside S. If L%(o, %) # 0, then by
[JS, Remark 2.3], o has a Bessel model of special type with respect to SOp ;. Then by [Fur9s,
Proposition 1] (with A = 1), §$7n(a)+ has a non-trivial ¢-Whittaker Fourier coefficient, and hence
93777/(0')_’_ is nonzero. Note that, for this direction, we did not use any of the results proved in the

previous sections.

Conversely, assume that §Z7n(a)+ # 0. Then we claim that §Z7n(a)+ is cuspidal. Indeed,
if this is not so, then the Rallis tower property [Ral84]| (which is clearly valid for special
orthogonal groups as well) implies that, for the first integer m > 0 such that 9$n(0)+ # 0, the
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representation 7’ = gmm(J)Jr is cuspidal. Choose an irreducible summand 7 of 7. In particular,
at a given finite place v of k, we get that 7, is a local v,-Howe lift of the generic o,, but this is
impossible by [JS03, Proposition 2.1], since m < n. This proves the claim.

Let us denote by Zs = {£Is,+1} the center of Og,11. Note that Og,11 = Zy x Hy,. Let p be
a character of Z3\Z>(A), and denote by o, the extension of o to Og,41(A) by the character p on
the center. This also allows us to extend cusp forms of o from H,(A) to Og,+1(A) in the same way.
The space of 5Z7n(0)+ is generated by the integrals 9$(g00)(§)+. It is clear that

@)=Y | 0% (3, ), (1) .
v Zu: Ot (F)\Ozns1(A) * "

Thus, it follows that there is p such that 7 = %,n(aﬂ) # 0 and is, of course, cuspidal. By Theorem
1.2, we know that 7 is irreducible and o, = 91’}),1%(%). By [Fur95, Proposition 3], we get that 7
is 1)-generic since o is generic. Note that by restricting to H,(A), we get that o = QZ,IM(%)JF.
By [CKPS04], o has a functorial lift to GLg,(A) and by [GRSO01, Sou05], this lift has the form
T = 7 H --- B 7, which is an isobaric sum of [ pairwise non-equivalent, irreducible, cuspidal,
automorphic representations 7; of GLgy,(A), with the property that L°(;, A% s) has a pole at
s =1 for each i. It follows that with respect to ¢, 7 lifts at almost all places to 7, and by [Sou05,
Theorem 13], we conclude also that L(7;, 1) # 0 for all i. This implies that L5(c, 3) # 0. O

Next, we are going to consider the cases when the central value of the standard L-function
LS(O', %) is zero.

Let o be an irreducible generic cuspidal automorphic representation of H,(A). By [HPS83,
Theorem 5.7], the t-theta lift of o to Gp+1(A), 93;1(0)+, is nonzero and admits non-trivial
1»-Whittaker Fourier coefficients. The calculation of this 1)-Whittaker Fourier coefficient can also be
found in [Fur95, §4J; its precise local variant appears in [JS03, Corollary 2.2]. The precise formula
for the 1)-Whittaker Fourier coefficient of automorphic functions in szl(a)Jr is as follows.

Let U be the standard maximal unipotent subgroup of G,,. Since the Rao cocycle is trivial
on U at all places, we may regard U, as a subgroup of én(A) Denote by ¢ the standard non-
degenerate (or Whittaker) character of Uy given by evaluating v at the sum of all simple root
coordinates of elements of Uy. Let ¢, be a cusp form in the space of o. Let wZJ{/l denote the

restriction of the -Weil representation to the subgroup Gp41(A)-H,(A), realized in the Schrédinger
model S(V"™!), where V' is the (2n + 1)-dimensional column space, over k, on which H,, acts. Let
{v1,...,Un, V0, V—p,...,v_1} be the standard basis of V over k, i.e. the spans of the first n vectors
and of the last n vectors are maximal totally isotropic subspaces, both orthogonal to the vector vy,
Q(vi,v—j) = 6;; for i,j < n, and Q(vg,v9) = 1. For ¢ € S(Vg“), we denote, as before but with
more precision, by @‘ﬁf;*l(%n the 1-theta lift of the cusp form ¢, in the space of o to énH(A),
which is defined as in (2.18), but with the integration taking place over H,,(k)\H,(A). Consider the

1)-Whittaker Fourier coefficient of ai”ZJrl(gog)Jr

WY

N gentl ; Nt (w) du.
oo, @ = [T o) )07 )

Then we have the following expression

Wy, () :/ W NG, h) (01, .. vn, v0)WE (h) dh. (4.1)
NCON Colb\Ha8) ' %
Here Wng is the standard -Whittaker Fourier coefficient of ¢,, and C,, is the pointwise stabilizer
in Hy, of v1,...,v,,vg. Clearly, the right-hand side of (4.1) is not identically zero, since o is generic.
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Thus, if L(o, %) — 0, then by Theorem 4.1, the 1-theta lift to G, (A), %7”(0)% vanishes. Then by
the Rallis tower property [Ral84] the -theta lift to énH(A), gg}f(aﬁr is cuspidal. As we did before,
there is a character p of Zs\Z3(A) such that 53);1(0”) = 7 is irreducible, cuspidal, and )-generic.

Conversely, let 7 be an irreducible genuine cuspidal automorphic representation of énH(A).
Assume that 7 is -generic. If the ¢~ !-theta lift of T to Og,11(A), o/ = Hg,lmﬂ(fr), does not
vanish, then ¢’ is cuspidal, according to [JS03, Corollary 2.2(2)]. By Theorems 1.1 and 1.3, we get
that g’ is irreducible, and hence it is of the form o, with notation as above. We conclude that
T = 9321(0,1). Since 7 is 1-generic, then we can compute the )-Whittaker Fourier coefficient on
7 as we did in (4.1), and obtain the same formula, except that, in the right-hand side of (4.1),
we integrate over Cp,(A)\Og,+1(A). In particular, W:fa is not identically zero, and this means that
031 41(7) 4 is generic. From Theorem 4.1, we also conclude that L(o, %) = 0. Let us summarize the
above discussion as follows.

THEOREM 4.2. With notation above, the following hold.

(1) Let o be an irreducible generic cuspidal automorphic representation of H,(A). Assume that
L(o,%) = 0. Then 9321 (0)+ is cuspidal and 1)-generic.

(2) Let 7 be an irreducible genuine 1)-generic cuspidal automorphic representation of én—i—l- Assume
that o = 93,1 n+1(7~r)+ is non-trivial. Then o is irreducible, cuspidal, and generic, such that

L(o, %) =0.

Finally, we are ready to complete our proof of Theorem 1.5. We are going to use the notation
introduced in [JS] freely.

Let o be an irreducible cuspidal automorphic representation of H,(A), which has a nonzero
Bessel model of special type, i.e. of type (D, 1,9y, n—1.1), with respect to the quadratic extension
of k generated by the square root of A € kX \ (k*)2. See [JS, §2.2] for the definition of this notion.
By [JS, Theorem 4.1(1)], we know that 9,{2771(0-)4_ =0, for k < n — 1, and by [Fur95, Proposition 1],
the last space is non-trivial for k& = n.

Assume now that ézz’_nl(o-)_i_ # 0. Then, as before, we can find a character p of Zs\Z(A) such

that 7 = ggfnl(a“) is cuspidal and irreducible. Again it follows from Theorems 1.2 and 1.3 that
oy = Hg,l’n_l(%), and then that o = 93,1’n_1(7~')+. Now, we can compute explicitly the Bessel
model of special type of o = Hg,l’n_l(%)Jr. It is defined by the integral in [JS, (2.11)], taking there
r = n — 1 and the automorphic form ¢ to be the constant function 1. Then the calculation is
exactly as in the p-adic case in [JS, Proof of Theorem 4.3]. We get that the Bessel model of special
type (given by the integral) of o = 93,1’n_1(7~')+ can be expressed in terms of the 1,-Whittaker
Fourier coefficient of 7. Hence, 7 must be y-generic. (This calculation shows that starting with an
irreducible, automorphic, cuspidal representation 7 of én_l(A), which is y-generic, HZ_lm_l(%)Jr
has a non-trivial Bessel model of special type, with respect to A, as above, and, in particular, this
theta-lift is nontrivial.) This proves the following theorem.

THEOREM 4.3. Let o be an irreducible cuspidal automorphic representation of Hy,(A). Assume that
o has a nonzero Bessel model of special type, i.e. of type (Dx, 1,y ,—1.1), with a nonsquare X € k*.

If the i-theta lift to én_l(A), 5;;;}(0)% does not vanish, then the automorphic representation
gg_nl(a)_l,_ of G,_1(A) is cuspidal and i-generic.

We briefly recall, from [JS], what we have proved for irreducible cuspidal automorphic
representations o of H,(A), which have a nonzero Bessel model of special type, i.e. of type

(Dx,1,%nn—1.2), with A € k*. We proved in [JS, §2.3] that if this special Bessel model is
k-split, i.e. A € (kX)?, then the automorphic representation o is generic [JS, Proposition 2.2].
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If the special Bessel model of type (D, 1, 1)) is not k-split, i.e. A is not a square, then we
proved in [JS, Theorem 4.1] that the first occurrence of the 1-theta lift of o to the G, (A)-tower,
Le. the first index m = my (o), such that 67, (o) is nonzero, satisfies the following inequalities

n—1<my(o) <n.

Then we proved that if my (o) = n, then there are two possibilities. The first is that o is nearly
equivalent to an irreducible generic cuspidal automorphic representation o}, of H,(A), such that
o), ® x is in the image of the Y~ I-theta lift, from irreducible, genuine, automorphic, cuspidal,
1-generic representations of G, (A). In this case, we conclude, by Theorem 4.1, that L(¢’ ® xa, %)
# 0. Here ) is the composition of a) with the spinor norm, and «) is the character given by the
Hilbert symbol (-, \)g.

The second possibility is that o is a CAP representation with respect to the cuspidal data
1
(Pr;an] - |2 @ op-1),

where P; is the standard parabolic subgroup of H,, which preserves an isotropic line, and o,_1
is an irreducible cuspidal automorphic representation of H,_1(A), such that o,_1 ® x) is in the
image of the b~ -theta lift from an irreducible, genuine, automorphic, cuspidal, ¥-generic represen-
tation of G,,(A). Note that in [JS, Theorem 4.1(2)], we were unable to determine further explicit
properties of the cuspidal data, in particular, of o,,_1, so that we were unable to complete the proof
of the CAP conjecture [JS, Conjecture 1.1] for this case. Now by Theorem 4.2, we conclude that
on—1 is generic and that the central value of the standard L-function twisted by xx, L(cn—1 ® X, %),
is zero. This proves a little more than what the CAP conjecture asserts in this case.

Now, let us analyze the remaining case, where the first occurrence my, (o) is n—1. By Theorem 4.3,
we conclude that the cuspidal automorphic representation Og_nl (0)4+ is ty-generic. Thus, there

is an irreducible y-generic cuspidal automorphic representation 7 of én_l(A) such that ¢ =
031 _1(T)+ (by Theorems 1.2 and 1.3). In this case, we proved in [JS, Theorem 4.6] that either o
is CAP with respect to the cuspidal data
1
(P3| - [2 ® op),
or ¢ is CAP with respect to the cuspidal data
1 1
(Pri;] -2 @an] -2 @ op-2).

In the first case 0,1 is cuspidal and generic on H,,_1(A). The proof there shows, in this case,
that 0,1 ® x, is the image under the 1)~ !-theta lift of the 1)-generic representation 7, which is
an outer conjugation of 7 by the similitude element diag(l,, AI,,). By Theorem 4.1, we get that the
central value of the standard L-function twisted by xx, L(op—1 ® X, %) is nonzero.

In the second case, P 1 is the standard parabolic subgroup whose Levi part is isomorphic to
GLy x GLy x H,—3, and 0,_5 is an irreducible cuspidal automorphic representation of H,_o(A).
By construction,

on2 ®xa =052 (7).

Again, in [JS] we were unable to prove further properties for 0,9, so that the CAP conjecture can
be completely verified for this case. Now, by Theorem 4.2, o,,_» is also generic and the central value
of the standard L-function twisted by x», L(op—2 ® X2, %) must be zero.

The proof of Theorem 1.5 is finally completed.
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