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COVER SET LATTICES
M. E. ADAMS AND J. SICHLER

Introduction. The proof of a main result in (1] concerning (0,1)-endo-
morphisms of finite lattices is based on properties of lattices 4 (G)
derived from the system of independent sets of an undirected loop-free
graph G. For a number of questions naturally arising from [1] and [2],
however, constructions employing only graph-induced complementation
and properties of the lattices 4 (G) associated with these are no longer
adequate. The present paper introduces cover set lattices (a generaliza-
tion of the lattices 4 (G)) to deal with some of these questions. A special
case of the main result presented here states that for every (0, 1)-lattice
L and any monoid homomorphism ¢:M — Endg (L) there exists a
lattice K containing L as a (0, 1)-sublattice in such a way that the
monoid End, ;(K) of all (0, 1)-endomorphisms of K is isomorphic to M,
and the restriction to L of every (0, 1)-endomorphism m of K is the
(0, 1)-endomorphism ¢ (m) of L.

A significant feature of lattices 4 (G), namely the ease of obtaining
results on lattice complementations in proper lattice varieties, is inherited
by cover set lattices. An example of this is the use of cover set lattices in
a forthcoming paper which exhibitis 2% lattice varieties satisfying the
famous theorem of Dilworth on uniquely complemented lattices.

The paper falls naturally into three sections: Section 1 introduces the
notion of an H#-reduction and of an %-reduced free product in an
arbitrary lattice variety %~ as natural generalizations of a % -reduction
and of a % -reduced free product ([6]), respectively. Associated with
every #-reduction is its cover set lattice. Lemma 1.1 establishes the
crucial property of an #-reduced ¥ -free product needed to prove the
main result of this section, Theorem 1.6., that generalizes a result of (4]
on % -reduced free products to a result concerning the validity of an
A -reduction theorem for an #-reduced 7 -free product in any variety ¥~
containing the appropriate cover set lattice. Theorem 1.7 describes the
complemented pairs of such Z-reduced ¥ -free products. Finally,
Theorem 1.8 and Corollary 1.9 show that the reduction theorem often
fails for reduced ¥ -free products whose cover set lattices do not belong
to? .

The second section returns to the special case of the graph-determined
cover set lattices 4 (G). The least variety &7 containing all lattices 4 (G)
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is shown to be locally finite. The (0, 1)-lattices of .27 form a universal
(binding) category, a result that considerably improves the conclusions
of [1] and [5]. In addition, both subdirectly irreducible and simple upper
(lower) cover set lattices of graphs are characterized here.

In the last section, a well-known question of E. Fried is answered by
Theorem 3.1. Its proof uses the general concept of an % -reduced frec
product and employs cover set lattices both as building blocks of its
construction and as a means to establish the relevant structural proper-
ties of the resulting lattices. Theorem 3.9 shows that the proof of Theorem
1 will yield finite lattices provided all the initial data are finite; it also
refines the main result of [1]. Theorems 3.7 and 3.8, in conjunction with
[3], clarify the role of the set-theoretical axiom needed to strengthen
Theorem 3.1; as stated, however, Theorem 3.1 requires no special set-
theoretical considerations.

The paper also contains several unsolved problems; these are stated
at the conclusion of the appropriate sections.

1. Cover set lattices. Before proceeding to the general definition,
we consider a special case [1] to illustrate the general concept of a cover
set lattice.

Let G = (X, R) be an undirected graph without loops; that is, the set
R of edges of G consists of two-element subsets of the vertex set X of G.
A subset 4 of X is an independent set of G if it contains no element of R
as a subset. The empty set @ is independent as is {x} for every vertex
x € X. Independent sets of G are partially ordered by inclusion;let I, (G)
be the poset of all finite independent sets of G extended by a largest
element 1. It is easy to see that [4(G) is a bounded lattice in which ¢
serves as its smallest element, and that the join of two elements 4 < 1,
B <1ofI,(G)is4 \J Bif A \U Bisanindependentsetof G,4 V B =1
if 4 \U B is dependent. The meet A A B is always the intersection of the
independent sets A and B.

Another description of 14(G) is based on a concept of lower weak direct
product My (C,:x € X) of three-element chains C, = {0, x, 1}: the lower
weak direct product consists of all elements ¢ of II(C,:x € X) for which
a(x) > 0for only finitely many indicesx € X. Aset Ry € I4(C,ix € X)
(called the upper reduction associated with G) will consist of all elements
o € M4 such that ¢(x) = 1 for some x € X and of all those ¢ for which
{x € X:o(x) > 0} contains an edge of G. It is easy to see that adding a
new unit 1 to the poset I, (C,:x € X)\Ry4 will produce a lattice iso-
morphic to I4(G). The zero @ of I,(G) is now represented by the zero 0
of My(Cr:x € X) and, for every x € X, the independent set {x} cor-
responds to the sequence x4 of I, defined by x4 (x) = x, x4 (y) = 0 for
y # x. The dual I*(G) of I4(G) can now be thought of as a subposet of
the upper weak direct product IT*(C,:x € X) with a new zero added, from
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which a lower reduction R* was removed; R* consists of all + € IT* with
7(x) = 0 for some x € X together with all r for which {x € X:7(x) < 1}
is dependent. Observe that the unit of I*(G) is represented by the unit
of IT* and that the independent set {x} of G corresponds to the sequence
x* of IT* satisfying x*(x) = x and x*(y) = 1 for y # x. The (0, 1)-sub-
lattice 4(G) of I«(G) X I*(G) generated by all pairs (xy, x*) is the
cover set lattice of the system (C,:x € X) of lattices subject to the reduc-
tion # = (Rs, R*). Lemma 7 of [1] indicates a reason for this termin-
ology: if A(G) is a bounded lattice generated by X in whichx vV y =1
and x A y = 0 whenever {x,y} € R and if the mapping x +— (x4, x*)
extends to a (0, 1)-homomorphism ¢: A(G) — 4(G), then for every
0 <a <1 in A(G) the nonzero values of the first component ¢ of
¢(a) = (o, 7) are exactly all x € X below ¢ in A(G); values of 7 similarly
form the set of all upper covers of @ in X. An important corollary [1] of
the existence of such a homomorphism ¢ states that the nontrivial
complemented pairs of A(G) are exactly the edges of G as described
above.

The present section aims to extend the concept of such a cover set
lattice and to apply the generalization to systems L = (L;:7 € I) of
lattices subject to a (possibly not symmetric) reduction # = (R, R*).
As a consequence, a generalization of the fundamental theorem [4] on
% -reduced free products will be proved in any variety of lattices con-
taining the cover set lattice determined by L and Z.

For an arbitrary set L = (L;:7 € I) of bounded lattices, let II,L
denote their lower weak direct product, that is, the sublattice of IIL =
II(L;:z € I) consisting of all ¢ for which o(z) = 0 for all but finitely
many indices ¢ € I; similarly, let IT*L (the upper weak direct product) be
the lattice of all + € IIL satisfying 7(¢) = 1f{or all but finitely many 1z ¢ I.
For every 1 € I, set Q; = L)\{0, 1}, and let Q = \U (Q.:4 € I) be the
union of the posets Q;in which no pair of elements of different components
Q4 Q;is comparable. For x € Q;, let x4 € II.L be the sequence defined by
%4 (1) = x, xe(§j) = 0 for j £ 7; analogously, x*(z) = x, x*(j) = 1 for
7 #~ ¢ define an element of II*L. An upper reduction Ry is a subset of IT,L
satisfying

(1) if ¢(z) = 1 for some 7 € I, then ¢ € Ry,
(2) if ¢ € Ry and p = o, then p € Ry,
3) if x € Q, then xy ¢ R,.

A lower reduction R* C IT*L satisfies the dual conditions

(1") if 7(z) = 0 for some 7 € I, then 7 € R*,
(2")if r € R*and p £ 7, then p € R*,
(38') if x € Q, then x* ¢ R*.

Extend the poset II,L\R, by adding a new unit 1. The resulting poset
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is a bounded lattice called the lower cover set lattice corresponding to L and
Ry; we will denote it by Ty = Ty(L, R«). The upper cover set lattice
T* = I*(L, R*) is obtained through an addition of a new zero 0 to the
poset IFLA\R*. If # = (R4, R*), then the cover set lattice T = T(L, #)
is defined as the (0, 1)-sublattice of Tw(L, Rg) X T*(L, R*) generated
by all pairs (xg, «*) with x € Q. It is easy to see that the mapping
x > x4 extends to a (0, 1)-embedding (¢:)s:L;— T4(L, Ry) and that
x4« = y4 if and only if x < y in a component Q; of Q. Similar properties
hold for T*(L, R*) and, consequently, the (0, 1)-sublattice of T'(L, #)
consisting of (0, 0), (1, 1), and of all (x4, x*) with x € Q; is isomorphic
to Ly If oL, —> T, %) is a (0, 1)-embedding thus defined, then
0i(x) £ ¢;(v) forx,y € Qifand only if 2 = jand x < v in the lattice L.

Observe that for any ¢ € I, we have
V(e()s:a(@) > 0) = o;
Similarly, if + € IT*L, then
NGFE@*r() < 1) = 7.

Let L. = x(L;:2 € I) denote the absolutely free product of lattices
L;(1 € I) and let (Ry, R*) = X satisfy (1)—(3). Let

oxixL — Ty (L, Ry)

be the homomorphism uniquely extending the system ((¢q)«:7 € I) of
(0, 1)-embeddings (¢1)s:L; — Ty (L, Ry) and let

o4l — T*(L, R*)

be defined analogously. The mapping ¢ = ¢4 X ¢* is a (0, 1)-homo-
morphism of 4L onto T'(L, %) such that ¢(x) = (x4, x*) forallx € Q.

Finally, let A be a bounded lattice for which there is an onto homo-
morphism g: *LL — A satisfying

4) ¢(V (¢()):0(@) > 0)) = 1forall o € Ry,
@) g\ ((1):7(i) < 1)) = 0forall T € R*.

Thus, in particular, g is a (0, 1)-homomorphism.

The lemma that follows will be of central importance for most of our
considerations.

LEMMA 1.1. If x € Q and X € #L, then

(5)  ex(x) = 0u(X) implies g(x) = g(X),
() e*(x) 2 ¢*(X) implies g(x) = g(X).
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Proof. We shall prove (5) by induction on the rank of X (see, for
instance, [6]).

(a) Letrank(X) = 1, thatis, X € L, forsome 1 €1I:

If X =0, then ¢x(X) = 0 and ¢4 (x) = x4 < 0 for no x € Q. Hence
(5) holds trivially. The same is true for X =1, for g(x) =1 = g(1) is
satisfied for all x € Q. If X € Q; and x4 = ¢ (x) = 0 (X) = X, then
x:(J) = X4 (G) = 0 for all j 1. Since x € Q, x4(2) > 0 and, conse-
quently,x = x4(1) £ X4(z) = X'in L;. Hence ¢g(x) =< g(X), as required.

(b) Let rank(X) > 1 and X = YV A Z for Y, Z € sL of a smaller
rank:

Hence ¢u(x) = (Y A Z) = ¢x(Y) A ¢x(Z) implies that ¢4 (x) =
ex(Y) and ¢y (x) = ¢4(Z). By the induction hypothesis, g(x) < ¢(YV)
and g(x) = ¢(Z). Hence

gx) £ ¢(V) A g(2) = g(X).

(¢c) Let rank(X) > 1 and X = V VvV Z for YV, Z € L of a smaller
rank:

If 0u(Y) =1, then ¢g(x) < ¢4 (Y) for all x € Q and the induction
hypothesis yields g(x) = ¢(V) = ¢g(X) for all x € Q. We may, therefore,
assume that ¢x (V) = 8 < land ¢4(Z) = v < lholdstruein Ty (L, R4).

Assume first that 8 V v € Ry. If 3(z) > 0, then

90*(6(’5)) = 5(”* =8 = @*(Y)

and, by the induction hypothesis, g(8(z)) < ¢(Y) for all 7 € I with
B8(z) > 0. Hence

V(g(8(1)):8G) > 0) < ¢(V)
and, similarly we find
V(g(y@)iv (@) > 0)= ¢(2).
Combining these two inequalities yields
g(X) = g(¥) v g2) =z V (2B@:):8G) > 0)
vV V (gv@)iv @) > 0)
gV (B V@B V)G >0).

Since 8 V y € Ry, the latter inequality together with (4) imply
g(x) =1 =g(X) forall x € Q, thus proving (5) in this case.

Next, let 8 V v ¢ Ry. Then

S"*(X) = ¢*(Y) \ V’*(Z) =8 Vy.
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If x € Q;, then ¢4 (x) < ¢u(X) holds if and only if x < 8(z) V v(1) <1
in L, If 8(2) > 0, the induction hypothesis and ¢4 (8(1)) = 8(1)s =
B = ¢x(¥) imply that g(8(:)) = ¢g(Y); if B(1) =0, then g(B(2)) =
2(0) = 0 = ¢g(Y) holds trivially. Altogether, g(8(1)) < g(¥) for each
1 € I and, similarly, g(y(z)) £ ¢(Z) for all indices 7 € I. If ¢x(x) =
¢« (X), then, as stated above, x £ 8(:) V v(¢) and hence

glx) = ¢BG)) Ve(v(@) = g(Y) V g2) = g(X).
This finishes the proof, for (5') is a claim dual to (5).

For a lattice homomorphism ¢, let Ker ¢ denote the kernel congruence

of Y.
ProposiTION 1.2. Let x € Q and X € *L. If Ker g © Ker ¢y, then
(6)  ex(x) = ox(X) if and only of g(x) = g(X);
if Ker g © Ker ¢*, then
(6")  o*(x) 2 *(X) if and only if g(x) = g(X).

Proof. Ker g C Ker ¢4 implies the existence of a (0, 1)-preserving
homomorphism ¢4: A — I'y(L, Ry) such that ¢4 = ¢y, 0g. Hence
g(x) < g(X) implies ¢4 (x) £ @& (X); the converse follows from Lemma
1.1. (6") is a dual of (6).

It is easy to see that Ker g © Ker ¢4 implies that A is a bounded
lattice generated by a copy of Q and containing each L; as a (0, 1)-sub-
lattice. If ¢4 = ¢4 0 g, then Yu(e) =1 if and only if ¢ = 1; dually,
Y*¥(a) = 0if and only if « = 0in A, as long as ¢* = y* 0 g.

PROPOSITION 1.3. If ¢4 = ¢y 0 g and if a < 1 is an element of A, then
the sequence a = Yy (a) € Te(L, Ry) is such that a(1) 1s the largest element
of L;below a in A. In other words, Y4 (a) is the sequence of lower covers of u
in A. Dually, if ¢* = ¢* o g, then ¥*(a) is the sequence of upper covers of
an element ¢ > 0 of A.

Proof. If & < 1is an element of A, the remark preceding Proposition
1.3 shows that @ = Y4 (¢) < 1 in Ty(L, Rs). Let X € L be such that
¢(X) = a. Then, for every 7 € I,

ex(a(?) = a(l)s = a = Pu(a) = ex(X).
If «(z) > 0, Lemma 1.1 yields

a() = gla@)) = gX) = a;
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if @(7) =0, then 0 = g(a(7)) < « is satisfied trivially. In either case,
a(?) € L, satisfies a(¢) < a. To show that a(7) is the lower cover of « in
L;, choose b € L; C A such that b < a = g(X). Since b = g(b) if
b€ Q, (6) gives

be = ¢x (D) = ¢ (X) = Yu(a) = a,

so that, in particular, b = bx (1) = a(z) in L,. If b = 0, there is nothing
to prove.
A similar argument proves the dual statement.

Remark. If Ker g C Ker ¢s M Ker ¢*, then the factorizing homo-
morphism ¢ = ¥, X ¢* satisfying y 0 g = ¢ assigns to every a ¢ A\
{0, 1} a pair (s, 7) of sequences that is an element of T'(L, #): the
sequence o = Yy () of lower covers of ¢ in component lattices L, of A
and the sequence 7 = ¢*(a) of upper covers of a. This is the rationale
for naming T'(L, #) a cover set lattice.

Following is a useful reformulation of Proposition 1.2.

ProprosiTiON 1.4, Let Ker ¢ C Ker ¢4 and let A C A\{1} be a finile set.
Then N A4 = 1in Aif and only if for every a € A there exists a sequence
o, € MWL such that 6,(1) = a for all 1 € I and the sequence ¢ = V (04:
a € A) belongs to Ry.

Dually, Ker g C Ker ¢* implies that for every finite A  A\{0} there
are 1, € I*L such that 7,(0) = a for all 1 € I and a € A with
N (r,ia € A) € R* if and only if N\ 4 =0.

Proof. If Ker g C Ker ¢y, let ¢y satisfy ¢ = ¢ 0¢. If 0,(¢) = « for
all « € A4 and all 7 € I, then

V (o4(1)s:04(1) > 0)
V (alo4(i))10,(i) > 0)
= ¥ (V (0.0 10u() > 0)) = Yu(a)
for every « € A. Since V (o,:a € A) € Ry is assumed,
1=V (o:a€d) sV @ula)acd) =y(VA)

holds in Ty (L, Ry4). Hence ¢4 (V 4) = 1 = Y, (1) and V 4 = 1 follows
from ¢u~1{1} = {1}.

Conversely, let VA4 =1, 4 € A\{1}. Let o, = ¢s(a) for every
a € A. Proposition 1.3 implies that ¢,(z) < « for all # € I. Furthermore,

Vio(ota € 4) = V @ala)ia € 4) = gu( V 4) = u(1) = 1
holds in I'y(L, Ry), and we conclude that V (o,:a € A) € Ry.

Il

U(l

Il

The dual statement is proved analogously.
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Proposition 1.4 claims that the join of a finite set .4 C A\{1} is 1 if
and only if it is forced to be by the prescribed upper reduction R,. We
say that ‘‘the reduction theorem for Ry holds in a lattice A" if the equiv-
alence stated by the first part of Proposition 1.4 is valid in A; similarly
for Ry and #Z = (R4, R*). To formulate a generalization of the result of
[4], we define the concept of an Z-reduced ¥ -free product of lattices as
follows.

Definition. Let ¥~ be a variety of lattices, let L = (L;:7 ¢ I) be a
system of bounded lattices from 7. Let # = (R4, R*) be a reduction.
A bounded lattice L € ¥ is an Z-reduced V" -free product of L, denoted
L =7 (L, ), if there is a system m = (m,;:1 € I) of (0, 1)-preserving
homomorphisms, m;:L; — L, such that

(M) NV (mi(c(i)):c(@) > 0) = 1 whenever ¢ € Ry,

(7 V (m(z(i)):r() < 1) = 0 whenever r ¢ R*,

&) ifm’ = (m/ic I)isasystemof (0,1)-preserving homomorphisms
m{: L, — L' ¢V satisfying (7) and (7’), then there is a unique
homomorphism e: L — L’ such that e o m; = m/ for every 1 € [.

Remark. 1t is easy to see that L =7 (L, #) is determined uniquely
up to isomorphism and that it is a bounded lattice generated by
U (m;(L;):1 € T). Furthermore, let 7" (L) be the ¥ -free product of
L = (L;:7 € I) extended to a bounded lattice through an addition of a
new 0 and a new 1; let © be the smallest congruence on?” (L) such that

V (e(i):ic(i) > 0)61 forall ¢ € Ry
and
N (+(@):7() <1)60 for all + € R*.

A straightforward argument now shows that?” (L, #) =~ 7 (L)/6.

Let K = (K;:j € J) be another system of lattices from ¥~ and let
S = (Ss, S*) be a reduction of K. Let n;: K; — K =7 (K,.%) be the
(0, 1)-preserving homomorphisms such that n = (n;:j ¢ J) satisfies
the requirements of the definition of ¥ (K, .¥).

The following simple lemma on homomorphisms?” (L, Z) — ¥ (K,.%)
will be used in the last section of the paper.

PropOSITION 1.5. Let ol — J be an arbitrary wmapping and let
f=(fiili— Kot € 1) be a system of (0, 1)-preserving lattice homo-
morphisms.

For every o € TI,L define fu(c) € TI4K by

[fe(0)](x(?)) = [fi(e(i)) and
Lfa(0)](G) = 0 forj € Na(l);
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stmilarly, if v € II*L, define
LM*(D) (@) = fi(r(1)) and
(f*(D1G) = 1forj € JN\a().
If
(9)  f4(o) € Sy for every ¢ € Ry, and
9)  f*(r) € S* for every 7 € R¥,
then there is « unique (0, 1)-preserving homomorphism F:L — K such that
Fom; = tagy ofi holds for all © € 1.
Proof. The mapping m,/ = nq.mofiiL; — K is a (0, 1)-preserving
homomorphism and
mi(c(1)) = nacy 0 fi(0(2)) = nacy (| fu(0)](@(i)))
for each 7 € 1. Since f;(0) = 0 for every 7 € I, we have
Vim/(c(@)):ic(@) > 0) = V (m/(c()):[ fa(@)) (@) > 0)
and the latter join equals

V (acy (fa (o) (@(@))):[ fa (@)1 (@(@)) > 0).
If ¢ € Ry, then fy(c) € S¢ by (9) and hence the last join must equal 1.
Consequently,

V m{(c(i)):o(i) > 0) = 1forevery ¢ € Ry
and this proves (7) for the system m' = (m/:1 € I). An analogous
argument shows that m’ also satisfies (7/). From (8) we now conclude
that there is a unique F:L — K such that

Fom;=m; = nguofiforalli € I.

THEOREM 1.6. If T'(L, %) €V, then all homomorphisms m;: L, —
vV (L, R) from the definition of ¥ (L, #) are one-to-one and V" (L, X) is
generated by the poset \U (m;(L\{0, 1}):2 € I) canonically isomorphic to
Q. Furthermore, the reduction theorem for X holds in?” (L, X#).

Proof. Let v (L) — (L, #) be the homomorphism whose kernel is
the congruence O defined in the remark preceding Proposition 1.5. If

v:+L — 7 (L) is the canonical homomorphism (that is, v is the common
extension of all identity homomorphisms L; — L;), then clearly

Ker(r ov) € Ker(e).

This, in turn, implies that the copy of Q described in the statement of
Theorem 1.6 generates?” (L, #). The lattice?” (L, %) satisfies the reduc-
tion theorem for # because Proposition 1.4 applies to A =7 (L, R)
and g =7 0v.

Remark. If T(L, #) and T'(K,. %) belong to ¥, then the conclusion
of Proposition 1.5 asserts, in view of Theorem 1.6, that F is the unique
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extension of all homomorphisms f;:L; — Ku; of component sublattices
of respective reduced ¥ -free products. To illustrate a simple consequence
of Proposition 1.5, consider three-element chains for all lattices L; and K,
and isomorphisms f;:L; — K. for every ¢ € I in the variety .2 of all
lattices. If the reductions #,.% are those determined by graphs G, H on
1, J respectively, then (9) and (9') simply say that « is a compatible
mapping of the graph G into the graph H. The extension /* determined by
Proposition 1.5 is then the lattice homomorphism 1/ (a) of £ (L, #) =
M(G) into M(H) = % (K,.%) considered in [5]. The lattice T'(L, #)
then becomes 4 (G), and T'(K,.¥) = A (H). Theorem 1.6 implies that
M(G) is a bounded lattice generated by an antichain isomorphic to [;
the validity of the relevant reduction theorem in M (G) means that the
complemented pairs of M (G) are {0, 1} and all pairs {7, ¢’} of vertices of
G that are edges of G.

A nontrivial use of Proposition 1.5 appears in the last section of the
paper.

Turorem 1.7. Let L =¥ (L, #) be an R-reduced v -free product in
a variely ¥ of luttices containing T(L, R). Then {a, b} = 10, 1} is a com-
plemented pair in L if and only if there are {x,z} € Q, |y, t} C O,
satisfying x < a S zandy < b =t such that either © = j and {v, v}, |z, 1}
are complemented pairs in L, or 1 7% jand xe V Vg € Ry, 2% N 1* € R,

Proof. By Theorem 1.6, the reduction theorem for % holds in?” (L, #).
Hence there exist ¢,, o, in 1L and 7, 7, in I*L such that o, V o ¢ Ry
and 7, A 7, € R*, and 0,(i) £ a« £ 7,(7), 0,(1) £ b = 7,(j) hold for all
1,7 ¢ I. Since {«, b} M {0, 1} = @, neither ¢, or o, belong to Ry; also,
7., Ty 7 R* and, consequently, ¢, > 0,0, > 0,7, < 1,and 7, < 1.

Observe that ¢,(7) > 0 and 7,(j) < 1 can hold simultaneously only if
1 =7, for the elements of Q; and Q, are pairwise incomparable in
7 (L, #) for 1 # j. Since o, > 0, there is an ¢ € I with ¢,(¢) > 0 and
our observation yields 7, = 7,(7)*; this, in turn, implies that ¢, = ¢, (7).
A similar argument shows that o, = ¢,(j)x and 7, = 7,(5)*. Let
o, (1) = x,7,(1) = 2,0,(j) = vy,and 7,(j) = L.

First of all, assume that ¢ = j. We may have o, V g, ¢ Ry only if
x Vy=1~inL,for (¢, V a,) (k) = 0fork ## 1. Analogously,s A =0
holds in L,; since x £« <z and vy £ b = ¢, {x, v}, |3, are comple-
mented pairs of L.

Secondly, let 7 # j. Then xge V Ve = 0, V 0, € Ry and z* A * =
Ta N Ty & R*.

This finishes the proof, for the converse implication is trivial.

Remark. Theorem 1.7 extends the Chen—Gritzer theorem on 7 -
reduced free products [4] in two ways. First, the reduction Z is not
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necessarily determined by a % -relation (i.e., a relation imposing com-
plementation on elements from distinct factors L, L;). Secondly,
Theorem 1.7 is valid in any variety ¥ of lattices containing the relevant
cover set lattice T'(L, #). Both of these features play an essential role in
the proof of the main result of the last section.

It should be pointed out that the proof of Theorem 1.7 only interprets
the reduction theorem in?” (L, #) and does not use the stronger assump-
tion T'(L, #) € ¥ directly. The existence of covers in? (L, %) also is a
consequence of T'(L, #) ¢ ¥ (see Proposition 1.3) and there appears to
be no reason why a reduction theorem should fail in the absence of covers.
(Examples exist of varieties of lattices for which not all elements of a
(0, 1)-free product have covers in every lattice component.) In a special
case of separating reductions described below, however, the presence of
'L, #) in ¥ becomes also necessary for the validity of a respective
reduction theorem in?” (L, ).

Definition. An upper reduction Ry C II,L has the separating property if
for every ideal I of I L and every ¢, ¢ I such that ((gx] V I) M Ry = 9
there is an ideal J D I satisfying both J M Ry = 0 and ((gs] V J)
M Ry # 0.

The separating property of a lower reduction R* is defined dually. A

reduction # = (R4, R*) is separating if both Ry and R* are.

X U y

Fi1c. 1

The separating property has a particularly transparent interpretation
in the case of a reduction Ry associated with a graph G: here it says that
for every independent set I'\J {v} such that v ¢ I there is another
independent set J O I such that J\U {9} is dependent. Thus every dis-
joint union of complete graphs has a separating reduction. Also, every
graph G is a full subgraph of another one, H, such that the reduction
associated with H is separating. For every pair of vertices x, y € G extend
the graph by a copy of the graph shown in Fig. 1. It is a simple matter to
check that the graph H thus obtained induces a separating reduction.

THEOREM 1.8. Let X = (R4, R*) be a separating reduction for L =
(Li:e € I). If Ais a bounded lattice generated by Q in which the reduction
theorem for R is valid, then there is an onto homomorphism i A —
T'(L, R#) such that (q) = (q«, ¢*) for all g € Q.

Proof. Assuming the separating property of Ry, we will show that the

https://doi.org/10.4153/CJM-1980-089-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1980-089-0

1188 M. E. ADAMS AND J. SICHLER

(upper) reduction theorem implies the existence of an onto homomor-

phism A1 A — Ty (L. Ry) such that N(g) = ¢4 for all ¢ € Q. To this end,

define a mapping & of A into the ideal lattice Ay of Ty (L, Ry) as follows:
h(a) = {o € Tgio(i) £ «forall 7 € I} for every « < 1in A,
h(l) = T.

It is easy to see that every h(«) is an ideal of I'y, that h(g) = (g4] for
all ¢ € Q, and that & is a meet-preserving mapping. Were % also join-
preserving, it would be a homomorphism of A onto a sublattice of Ay
isomorphic to I'y. Let us assume that, on thecontrary, therearea, b ¢ A
such that A(¢ V b) D h(a) V h(b). Clearly «, b < 1.

Assume first that k(¢ V b) = Ty4. Theng = « V bforall ¢ € Q. Since
a separating Ry is nonempty, there is a ¢ € Ry and

V (6(@):a(i) > 0) < a Vb

Because the reduction theorem for R4 holds in A, « V b must be the unit
of A. However, h(a) V h(l) is a proper ideal of TI'y and, therefore,
oo V o, ¢ Ryforall g, o, satisfying ¢,(i) < ¢and o,(¢) < bforall7 ¢ 1.
The finite set {«, b} © A\{1} violates the reduction theorem.

h(a Vv b) must, therefore, be a proper ideal of Ty, so that« V b <1
in A. Let v be an arbitrary sequence in i(a V b)\(h(a) V h(b)). Clearly
v(1)s ¢ h(a) V h(b) for at least one index 7 € I, for otherwise
v € h(a) V k(D). Let ¢ = v(i) and apply the separating property to
h(a) V h(b) = I and g4. There is an ideal J D h(¢) V h(b) such that
JN Ry = B and ((g4] V J) M Ry # B; the latter property implies the
existence of a ¢ € J such that ¢ V gx € Ry. Let

S = {a@i):ia(@) > 0},

and set
A =S\ {a,b}.

Clearly, A € A\{1} is a finite set and
Va4=(VS)vavdzVSvg=1

because ¢ £« V0 and ¢ V gx € Ry. Simultaneously, however, if
0,(1) = zfore € I and each z € 4, then

\/(O'ZZZEA)=U,,\/U,,V \/(a,\:sES)ggu\/%\/UEJ;
hence
V (6,12 € A) 7 Ry,

The set A thus exhibits a failure of the reduction theorem in A.

As a result, £ is a lattice homomorphism.
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COROLLARY 1.9. If X is a separating reduction for a system L of lattices
from a variety ¥ and if ¥ (L, R) is generated by a copy of Q, then the
reduction theorem for K holds in ¥ (L, R) if and only if ¥~ contains
rL, ).

O
G A4(G) M (G)

Fi1c. 2

A reduction theorem may be valid in?” (L, #) even though I'(L, #)
is not a member of the variety 7. In other words, some non-separating
reductions are “‘natural’’ for a given variety ?”. Fig. 2 shows, in order, a
non-separating graph G, its (non-modular) cover set lattice 4 (G), and a
modular lattice that satisfies the reduction theorem associated with G.
The lattice A (G) is the #-reduced .#-free product of three 3-element
chains and & is determined by G;.# denotes the variety of all modular
lattices.

We conclude by listing some of the problems arising from the above
results.

Problem 1.1. Are there properties of reductions, other than the separa-
ting property, that force T'(L, #) to belong to a variety ¥~ under the
assumption of the validity of the reduction theorem in?” (L, #)?

Problem 1.2. Are there lattices, other than T'(L, &), testing the validity
of a reduction theorem in?” (L, %) in the sense of Corollary 1.9?

Problem 1.3. Can the reductions ‘‘natural’’ for a given variety ¥~ be
characterized in terms of the identities of ¥"?

2. Cover set lattices associated with graphs. In this section we
investigate the properties of lattices 4(G) and the variety &7 they
generate in more detail.

Recall that, for a given undirected graph G = (X, R), the lattice 4 (G)
is isomorphic to the sublattice of I4(G) X I*(G) generated by all pairs
(fx}, {x}) with x € X. The lattice I4(G) is obtained from the poset of all
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finite independent sets of G by adding a largest element 1, and /*(G) is
the dual of I4(G).

Let .o, denote the variety of lattices generated by all I4(G), let.o/*
be generated by the class of all I*(G). Then.o denotes the join of these
two varieties, &/ = .97, V &/*

LemMa 2.1..97 is « locally finite variety.

Proof. Let L C I,(G) be generated by a set 4 of at most # elements.
If M is the set of all possible meets of elements of 4, then every element
[ < 1of Lisa join of members of M. Hence L has at most 2*" elements
and there are only finitely many pairwise nonisomorphic sublattices L
of I4(G) orof I*(G) with no more than #n generators. Since the n-generated
o -free lattice &/ (n) is a subdirect product of n-generated sublattices of
I4(G) or I*(G) and there are only finitely many of these, & (#) belongs
to a variety generated by finitely many lattices; such a variety is locally
finite and thus.Z (n) is a finite lattice.

The local finiteness of ./ enables us to stengthen the main result of
[1]. Recall that a category % is binding or universal if every category of
algebras is isomorphic to a full subcategory of 4. Equivalently, % is
binding if there is a full and one-to-one functor #:%; — %, where ¥,
is the category of all undirected 3-completely connected graphs [10]; for
a complete definition of &3, see Section 3 of this paper.

THEOREM 2.2. The category € of all bounded laltices in the variety .o/
and all their (0, 1)-preserving homomorphisms is universal: there is a full
embedding M:9 3 — € such that M(G) is finite for amy finite graph
G € Gy Consequently, every finite category 1is isomorphic to a full
category of € u, where € yn 1s the full subcategory of € determined by ull
finite bounded laltices of ¥ .

Proof. Given a graph G = (X, R) ¢ %, let M(G) be a homomorphic
image of the %/-free bounded lattice .27 (X) over X under a homomor-
phism whose kernel = is the smallest congruence for which x v y =1
and x A y = 0 whenever {x, y} ¢ R. The reader is referred to [1], where
it is shown that the nontrivial complemented pairs of M (G) are exactly
the pairs {x, y} of (incomparable) generators that belong to R; this con-
clusion can also be arrived at by using Theorem 1.7. It is easy to verify
that M extends naturally to a one-to-one functor; the complete descrip-
tion of complemented pairs of M (G) then implies the fullness of M by an
argument contained essentially in [5]. Since finite members of ¥,
determine a full subcategory of ¥ ; containing all finite categories as full
subcategories (see also Section 3 of this paper), the local finiteness of .7
yields the second claim of the theorem.
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The remainder of the section establishes results needed for the proof
of Theorem 3.1.

A graph H = (V,S) is a full subgraphof G = (X, R) if Y C X and S
consists of the two-element subsets of ¥ that belong to R. Equivalently,
afinite F € Yisanindependentset of H if and only if it is an independent
set of G. The lemma below easily follows.

LeEmMMA 2.3. If H is a full subgraph of G, then I (H) is a (0, 1)-sublattice
of I4+(G) and I*(H) 1s a 0, 1)-sublattice of I*(G).

We say that ¢+ € X is an solated vertex of G = (X, R) if + ¢ » for all
r € R.

PROPOSITION 2.4. Let G = (X, R) be a nonempty graph and let I denote
the set of isolated vertices of G. Then I4(G) is subdirectly irreducible if and

only if
(s) card(X) > 2 > card(]).

Proof. If card(X) = 2, then [,(G) is a distributive lattice with more
than two elements. For every isolated vertex ¢ of G, the congruence
0, = 06({1}, ¥) has sets {1} and all {a,a U {7}} with a < 1 and 7 ¢ «
for its congruence classes. If 7, j € I are distinct, then 6, M 0; = w; the
lattice I4(G) is a subdirect power of I4(G;), where G, is the full subgraph
of G on a vertex set (X\I) \U {¢}. This establishes the necessity of (s).

Let G satisfy (s) and let w < ® < be a congruence of I4(G).
Assume that a0b for a, b € I4(G) with a < b. There is an xo € X such
that {xo} <0 and a M {xo} = @; consequently, {x0,}00 and hence ©
contains a principal congruence 0 ({x,}, 8). If {xo, ¥} € Rforsomey € X,
then {y}61 and {x} 060 for every x # y. We see that every nonextremal
congruence O contains ©; whenever I = {7} and G has more than two
vertices. If I = @, then 6 < «implies that {x, x'} ¢ R if x, x" are distinct
from v and hence {y, x} € R for every x # y. The congruence © has just
two classes: {1} U {a:y € a} and {a:y ¢ a}. If ¢ > w is a congruence
not containing O, then ¢ D 6({y}, B); because {x,y} € R for all
x # v, {x}¢l for all these x. Since G has more than two vertices, the
latter claim yields #¢l. Hence O is the only nonextremal congruence of
1. (G) if G has no isolated points.

A graph G = (X, R) is a star if there is a vertex y, of G for which
R = {{x, yo} :x # ¥o}. The above proof also yields the following.

ProproSITION 2.5. I4(G) is a simple lattice if and only if G has no isolated
vertices and is not a star.

We conclude this section by a list of problems suggested by the investi-
gations presented here.
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Problem 2.1. Theorem 2.2 states that the variety ./ is universal as a
category. Are there proper universal subvarieties of .27 ?

Problem 2.2. Find the defining identities of /. Is.%7 finitely based?

3. An application: homomorphisms of bounded lattices and of
their (0, 1)-sublattices. Throughout this section, we will restrict our-
selves to (0, 1)-preserving homomorphisms of bounded lattices, thus
eliminating constant homomorphisms from our considerations. ¢ will
denote the category of all bounded lattices with more than one element
and all (0, 1)-preserving homomorphisms of these lattices. If L is a
lattice in ¢, Endy.,; (L) will denote the monoid of all (0, 1)-preserving
endomorphisms of L.

A consequence of the main result of [5] states that the endomorphism
monoids of a bounded lattice and its (0, 1)-sublattice are independent:
for every pair M, M, of monoids there are bounded lattices L;, L, such
that L, is a (0, 1)-sublattice of L, and Endg (L) = M;for: = 1,2. A
closer examination of this claim shows that for any general construction
of such lattices every endomorphism of L, that maps L, into itself must
leave L, pointwise fixed. To see this, it is sufficient to take different prime-
order cyclic groups for the monoids M;, M. to be represented. This
independence result is strengthened in [2], where it is shown that every
nontrivial bounded lattice L occurs as a (0, 1)-sublattice of some lattice
L’ with a prescribed endomorphism monoid. It is clear that the endo-
morphism monoids of the pair L. € L’ are subject to the same general
requirement.

If, in general, L, C L, are bounded lattices such that every endo-
morphism f of L, preserves the sublattice L;, then the restriction f | L,
is an endomorphism of L, and the mapping f+—f[L, is a monoid
homomorphism of Endy,(L.) into Endg;(L1); we may ask what are
the monoid homomorphisms ¢:M; — M, representable in this manner.
[2] shows that any constant ¢ (i.e., ¢ defined by ¢(m;) = 1, for
all my € M,) is representable. A special case of the main theorem of
this section generalizes both these results as follows: given a nontrivial
bounded lattice L and a monoid homomorphism ¢: M’ — Endy (L),
there is a lattice L’ containing L as a (0, 1)-sublattice such that M’ =~
Endy ; (L") and the restriction to L of the endomorphism f,, of L’ rep-
resenting m € M' is the endomorphism ¢(m) of L.

To formulate the main theorem, we recall some additional categorical
concepts.

A category K is small if its morphism class is a set. A full embedding
is a (covariant) functor ®: A — B which is one-to-one and maps A onto
a full subcategory of B. If U: A — Set and 1":B — Set are fixed faithful
functors (i.e., functors that are one-to-one on all hom-sets of respective
domain categories), we say that a full embedding ®:A — B is an
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extension of A into B if there is a natural transformation u: U — 170 &
consisting of one-to-one mappings p,:U(4) — V(®(4)); such a u will
be called a monotransformation. Given functors F, G:K —.%, we say
that F is a subfunctor of G if there is a system of one-to-one (0, 1)-
preserving homomorphisms h4:F(4) — G(A) forming a natural trans-
formation A: I — G, again called a monotransformation.

THEOREM 3.1. If K is a small category and F:K — % is a functor, then
there is a full embedding ®:K — & containing I as a subfunctor.

The restriction of smallness of K cannot be removed, for the inclusion
functor F:.¢" —.% of any proper subcategory ¥’ of ¥ whose objects
are all objects of . is not a subfunctor of any full embedding [3]. The
main result of [2] says that, on the other hand, any constant functor
F:K —.% whose domain is fully embeddable into a category of algebras
does occur as a subfunctor of a suitable full embedding. Under the set-
theoretical assumption

(M) there is a cardinal 6 such that every é-complete ultrafilter is
principal,

every concrete category K (i.e., category with a given faithful functor
H:K — Set) can be extended into any universal category of algebras or
graphs [13]. Hence any constant functor F from a concrete category K
into % is a subfunctor of a full embedding & if (M) is assumed. The
concretizability of K is, of course, also necessary.

The above results naturally suggest the question of whether Theorem
3.1 holds for functors F whose domain K is a category of algebras (and
thus fully embeddable into.# ; see [5]) and such that the range of F has
only a set of objects. Results of [3] show that, surprisingly, (M) is a
necessary requirement for the validity of Theorem 3.1 even for these
functors F. On the other hand, Theorem 3.8 below states that (M) is
also sufficient. Let us emphasize that no set-theoretical restrictions are
needed in the proof of Theorem 3.1 as stated above.

Theorem 3.1 is better illustrated by considering some of its special
cases.

If K is a one-object category, i.e., if the morphism set K™ of K is a
monoid, then F really is a monoid homomorphism of K” into End, ; (L),
where L is the image of the single object of K. Theorem 3.1 then gives the
extension of particular results of [5] and [2] discussed earlier.

If Fis a constant functor, Theorem 3.1 describes a special case of the
principal result of [2].

For a small (not necessarily full) subcategory L of ¥ and its inclusion
functor F:L —.%, Theorem 3.1 claims the existence of lattices L' =
®(L) containing objects L of L as (0, 1)-sublattices in such a way that
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each homomorphism f:L, — L, in L is uniquely extended to a homo-
morphism

o(f) =[f"1L/— L,

and the latter are all morphisms from L,’ to L, in.¥. Thus if, for instance,
&™ consists of identity homomorphisms only (i.e., if L is a discrete
category), then lattices L' 2 L determine a discrete full subcategory of
<. Loosely stated, this consequence expresses the possibility of elimina-
tion of all nontrivial lattice homomorphisms by enlarging each of the
given lattices. If, in particular, L consists of bounded free lattices, then
mutually rigid extensions of these free lattices can be found in . (an
object R of a category % is rigid if Homg (R, R) = {1z}).

The remaining part of this section is concerned with a proof of Theorem
3.1 and of its variations stated at the end of this section.

Let » = 3 be an integer. An undirected graph G = (X, R) is n-com-
pletely connected if for every pair a, b of vertices of G there are full sub-
graphs (X ;, R;) of G isomorphic to the complete graph K, on #n vertices
satisfying

(L€X1,bEX,,,,andXif\XH_l#ﬂ

fori=1,...,m — 1. Let %, be the category of all n-completely con-
nected graphs and their compatible mappings; let 1:% — Set denote
the standard faithful vertex-set functor, that is, the functor 1V determined
by V(X, R) = X, for any category ¥ of directed or undirected graphs.
In [10], an extension x,:R(2) — %, of the binding category R(2) of
all directed graphs is constructed for every n = 3. The monotrans-

formation n:1" — 1”0 x, of the extension x, is such that for every
(X, R) € R(2), the set

N(x,R) (X) - V(XH(XY R))

is an independent set of x,(X, R). Furthermore, if «,b € 5 g (X),
then {a, 2}, {b, z} are edges of x,(X,R) = (V,S)only if « = b. In other
words, the neighbourhoods

N(a) = {y € YVila,y} € S}

and N (b) of vertices a, b € n(x g (X) are disjoint whenever « # b.

Let U:¥ — Set denote the standard underlying-set functor. U is,
clearly, faithful.

If 4 # 0 is a set, define a functor K ,:Set — Set by

K,(X)=XX4
for every set X, and by
Ka(f)(x,a) = (f(x),a)
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for all (x,a) € X X 4. Let V,(X) be the disjoint union of X and 4,
define V,(f)(x) = f(x) forallx € X and V,(f)(a) = aforalla ¢ 4.
It is easy to see that K4, V, are faithful functors.

LEMMA 3.2. Let F:K —.% be a functor. If K is small or if K s a con-
crete category and (M) is assumed, then there is a full embedding ¥:K — 9,
and a monotransformation

w:VioKioUoF—ToVW

such that for every object K of K and any distinct elements a, b of V10 K;0
U o F(K)

(10)  {ux(a), ux (b)} is mot an edge of ¥(K),
(11)  N(ux(a)) N N(ux(0)) = 0.

Furthermore, if K is a finite category and F(K) 1s « finite lattice for every
object K of K, then all graphs ¥ (K) can be chosen to be finite.

Proof. Let C:K — Set be a faithful functor which is the left Cayley
representation of K if K is a small category. Thus if, in particular, K
is a finite category, then C(K) is a finite set for every object K of K. Let
a functor W:K — Set be defined as the disjoint union of Cand V; 0 Ky 0
U o F. The resulting W is faithful and there is an obvious monotrans-
formation 130 K40 U o F— W. Furthermore, if every lattice F(K) is
finite and K is a finite category, then every W (X) is a finite set. There is
an extension 2:K — R(2) accompanied by a monotransformation
W — Vo Z. If K is not small and (M) is assumed, the existence of such
a Z is the result by L. Kudera and Z. Hedrlin announced in [9] and
presented in [13]. If K is a small category, the existence of such a 2 is
proved in [7] and, in this case, Z(K) is a finite graph in R(2) whenever
WI(EK) is a finite set. To obtain the desired extension, set ¥ = x30 Z;
since x3 and 2 are extensions, so is ¥. Because x3(G) is finite for any finite
directed graph G [10], we conclude that, under our finiteness assump-
tions, ¥(K) is a finite graph for all objects K of K. Using the properties
of x, stated before Lemma 3.2, we see that the composite monotrans-
formation

w:VioKsyoUoF—->W—->VoZ—>1VoV¥
also satisfies (10) and (11).

Expressed in more intuitive terms, the properties of the extension ¥
described by Lemma 3.2 are as follows.

The vertex set Xx of each graph ¥(K) = (Xg, Rx) contains four
mutually disjoint copies of the underlying set U(L) of the lattice L =
F(K) and a vertex ax of ¥(K) not belonging to any of these four copies.
To simplify our notation, let /(X) X 4 denote the union of these four
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copies of UF(K). Furthermore, (10) claims that {ax} U (F(K) X 4) is
an independent set of ¥(K), while (11) implies that {x, (/,7)} and
{x, (I',7)} arein Rx only if / = I’ and 7 = j. If x: K — K’ is a morphism
of K, then

¥ (k) (ag) = ag and
¥ (k)(l, 1) = (F(k)(),1) foralll € F(K)and1 € 4.

From now on, we will assume that the range of the functor /:K — %
is a set, and denote by 8 the supremum of the set of all card (UF(K)) for
K ranging over the class K° of objects of K.

Let H, = (Z;, T,;) be mutually rigid graphs from %, such that
B < card(Z;) for j = 1, 2. A combination of the results of [14], [8], and
[10] guarantees the existence of such graphs; H; and H, can be chosen
finite if 8 is finite. It is easy to see that the disjoint union H = (Z, T") of
H, and H, is a rigid graph, and that H, and H, are the 4-components
(i.e., maximal 4-completely connected subgraphs) of H. Let A(H)
be the cover set lattice determined by H; that is, the sublattice of
I.(H) X I*(H) generated by all pairs ({z}, {z}) with z € Z. To simplify
the notation, we will often write z instead of ({2}, {2}) and say that 4 (H)
is generated by a copy of Z.

Choose once and for all arbitrary vertices b; € Z;for7 = 1, 2.

LeEMMA 3.3. I4(H,) and I.(Hs) are simple lattices. Furthermore,
I (H;) X {8} and {@} X I*(H;) are sublaitices of A (H) such that

(1,0) € (Ie(Hy) X {8)) N (I4(Hz) X {0})
1s the unit of A(H), and

@, 1) € ({0} X I*(H:)) M (10} X I*(H>))
1s the zero of A(H).

Proof. A nonempty graph in 7, contains a copy of the complete graph
K, on four vertices and is connected. By Proposition 2.5, both I4(H;)
and I4(H>) are simple lattices.

Since no nontrivial complete graph is rigid, there are independent sets
{a,b} € Z, and {c, d} C Z,. The lattice 4(H) generated by all pairs
({2}, {2}) with z € Z,\U Z, thus contains the element

[({a}, ta}) Vv (10}, t01)] A Lch, teh) Vv (1dY, 1d})]
= ({a, b}, 8) A (l¢, d}, 8) = (9, 0).

For every z € Z, the element ({z}, #) = ({2}, {z}) V (0, #) belongs to
A(H). Hence A (H) contains the copy I4(H;) X {0} of I.(H,) as a sub-
lattice. The rest of the proof is trivial, for (8, 1) < ({2}, {z}) < (1, 9)
for all z € Z.
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A lattice ®(K) will be constructed as an #-reduced free product of
lattices F(K), 4 (H), and a system (C,:x € X) of three-element chains,
where ¥(K) = (Xg, Rg) is the graph in ¥ ; from Lemma 3.2. Following
is the reduction Z = # (K) = (R4(K), R*(K)) used to define ®(K).

To simplify the notation, an element ¢ € Ry = R4 (K) will be written
as the list of all components ¢(z) > 0. The entries in these lists are
elements of the disjoint union Qx of posets F(K)\{0, 1}, X, and 4 (H)\
{0, 1}. A similar convention will apply to the description of R* = R*(K).

Ry is the reduction generated by the set

HE, (), Gt e FIEONO, 1, 4,7 € 4,7 5

U (0, 2), (0,7)):4,7 € 4,7 # j}

U {{yiv Vi yk}: Cal‘d{i,j, k} = 31 yr 6 N(lr 7’)

forr € {1,7, k} C 4}

U RK U {{aKv bl}! {aKy bz;}
in the following sense: a sequence {w, ..., w,} of elements w; € Qg
from different factors belongs to Ry if and only if there is an element
{ai, ..., a,} of this generating set such that for every a; there is a w;
with ¢; £ w, holding true in Qx; Ry contains also all sequences containing

the unit of one of the factors.
The reduction R* is dually generated by the set

HE (G a), Y e FIEONO, 1, 4,7 € 4,7 #
Ut 9), (L) a5 € 4,1 #
U {{xs x;, x5} card {2, 7, B} = 3,x, € N(0,7) forr € {i,7, k| C 4}
U R \J {Hak, bi}, {ak, bal}.
Define ®(K) as an (R4« (K), R*(K))-reduced free product of F(K),
A(H), and all three-element chains C, with x € Xg. According to the
remarks preceding Proposition 1.5, ®(K) is a quotient lattice of the

(0, 1)-free product of these lattices modulo the smallest congruence
relation = satisfying

IV (1) vV (,j) =1landl A (7)) AN (L,7) =0

if I € F(K)\{0, 1} and 7, j € 4 are distinct,

0,2) vV (0,7) =1land (1,7) A (1,7) = 0 for distinct 7, j € 4,
v: Vy; Vv = 1if1 j, kare distinct elements of 4 and

vi € N(1,7),y; € N(1,7), yx € N(1, k),

x; A x; A xp = 0if 4,7, k are distinct elements of 4 and

x; € N(0,2),x;, € N(,j), xx € N, k),

x Vx =landx Ax =0if {x,x'} € Re\J {{ax, b1}, {ax, ba}}.
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Let Tk denote the cover set lattice determined by the reduction
A (K),let (T'x)s and (Tx)* stand for the corresponding upper and lower
cover set lattice, respectively. Let

(vr)s: @(K) — (Tk)s

be the canonical homomorphism extending the identity mapping of Q
onto its copy in (Tg)s; the homomorphism (yg)*:®(K) — (Tk)* is
defined analogously. These definitions are justified by Theorem 1.6;
®(K) is generated by a copy of Qx and contains all component lattices
as (0, 1)-sublattices.

For every morphism «x: K — K’ of K we now define a mapping

k1:Qx \J {0, 1} — Qx U {0, 1}

by
ki = F(k) on F(K) S ®(K),
k1= ¥(x) on Xx & ®(K),
K1 = idA(H) on A(H) __C_ @(K)

Thus, in particular,

k(l,2) = (k) (1) = (F(x)(1), 2)
for (I,7) € F(K) X 4 C Xk, so that also «,(0,7) = (0,7) and x;:(1,7) =
(1, 7) for every 1 € 4. Furthermore, «;(b;) = by and k,(b2) = bo, k1(ag) =
¥ («) (ag) = ag.
LEMMA 3.4. For every morphism x:K — K’ of K there 1s a« unique
(0, 1)-preserving homomorphism ®(k): ®(K) — ®(K') extending k1. More-
over, ® is a one-to-one functor containing F as a subfunctor.

Proof. By Proposition 1.5, it is enough to show that
k@), ..., «(0)} € Ra(K")

whenever {x,...,t} € Ry (K) and a similar statement concerning the
lower reductions in order to conclude the existence of the homomorphism
® (k) extending «;. [t is easily seen that, to prove the first implication, we
only need to show that {k;(x), ..., x1(t)} € Re(K’) for every generating
sequence {x, ..., t} of Ry(K).

Let [ ¢ F(K)\{0, 1}, and consider {/, (I,7), (I,7)} € R«(K). By the
definition of «;,

{Kl(l)v Kl(ly 7/)v Kl([v-j)}
If F(k)(/) = 0, then
{Kl(l)y Kl(lv 1)1 Kl(lyj)}

{F) (D), (F() (1), 1), (F&) (D), 1)}

{0, (0,7), (0,7)} € Ru(K").
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If F(x)(l) = 1, there is nothing to prove. If F(k)(l) # 0, 1, then
{ki(?), k1L, 1), k1 (Z, 7)) € Ru(K")

is obviously true.
According to the observations preceding Lemma 3.4,

tx1(0, 2), k1(0, 7)) = {(0,49), (0,)} € Ru(K') for 7 5 j.

Since «;1(1,2) = (1, 7) for all 7 € 4 and because «; is a graph homo-
morphism of ¥ (K) into ¥(K'),

ki(N(1,7)) ST N1, 7r) C Xg

for all » € 4. Hence if {y; v;, %} € Re(K) and y, € N(1,7) for
r € {1,7, k}, then

{k1(y4), k1(31), k1(y)} € Ra(K').

If {x,x'} € Rg, then {ki(x), x1(x')} € Rx» € R4 (K') is true because
k1 = ¥ (k) on Xg.

Finally, observe that {xi(ak), x:1(b;)} = {ax/, b;} for j =1,2. We
conclude that «; maps R, (K) into Ry (K') as required; a similar argument
for the other pair of reductions would show that the hypothesis of
Proposition 1.5 is satisfied. Thus there is a unique (0, 1)-preserving
homomorphism ®(x) extending ;. It is easily seen that & is a functor;
since the restriction of ®(x) to the sublattice F(K) of ®(K) is the
(0, 1)-preserving homomorphism F(x): F(K) —» F(K') C ®(K’), the
functor ® contains F as a subfunctor. The restriction of ®(k) to the
antichain X C &(K) is the graph homomorphism ¥ (k). Since ¥ is a
faithful functor, so is ®. Any faithful functor ®:K —.% is naturally
equivalent to a one-to-one functor. We may thus replace ® by a one-to-
one functor sharing all other properties of ®. To avoid notational incon-
venience, we denote the one-to-one functor thus obtained by & again.

The proof of Theorem 3.1 will be completed once it is shown that
every (0, 1)-preserving homomorphism k:®(K) — ®(K’) has the form
h = ®(x) for some morphism x:K — K’ of K; that is, once the fullness
of @ is established. It will be enough to show that % coincides with some
k1 on Qg, for Qx is the generating set of ®(K).

A first step in the proof of fullness of & is the following description of
complemented pairs of ®(K).

LEmMMA 3.5. If {ci, ¢} # {0, 1} is a complemented pair in ®(K), then
either

{c1, o} € R \J T'U {{ag, b1}, {ak, bo}}

or there are complemented pairs {x1, x2}, {y1, ¥o} of the lattice F(K) such
that 1 < ¢; < y1and x3 < ¢c2 < ¥s.
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Proof. The lattice ®(K) is an (R4 (K), R*(K))-reduced free product of
lattices F(K), A(H), and the system (C,:x € Xg) of three-element
chains. We apply Theorem 1.7 to ®(K) and find that there are {x1, y1} &
Qi, {x2, ¥2} € Q, such thatx; £ ¢; = y1 and %2 = ¢2 £ ¥2. Theorem 1.7
classifies the complemented pairs of ®(L) into two groups as follows.

In the first group, {x1, ¥1} and {x3, y:} are contained in the same factor
of ®(K) and {xi, x2}, {v1, 2} are complemented pairs of this factor. If
the factor in question is different from F(K), then it must be 4 (H), for
lattices C, have no nontrivial complements. The only nontrivial com-
plemented pairs of A (H) are pairs {z,3'} € T of generators of A (H);
since the generating set Z C A(H) is an antichain, x; = ¢; = y; and
Xo = ¢2 = 7y and, consequently, {ci, co} € T.

In the second case, {x;, v1} and {x2, y:} are subsets of distinct factors
and (x1)x V (x2)g € Ry, (v1)* A (y2)* € R* If {x1, y:} € C, for some
x € Xk, then x; = x = y; and hence ¢; = x as well. If, in addition,
{22, ¥o} € A(H), then x4 V (x2)x € Re(K) implies that x = ax and
xe 2 b;forj = 1orj = 2;similarly, x* A (y2)* € R*(K) only if x = uy
and y, = by or y, = by Since by, by are incomparable, x, = b; = y,
follows for a unique j € {1, 2}. Hence

c2 = byand {cy, 2} € {{ak, b1}, {ak, ba}}.

If {x1, 91} € C, and {xs, y2} € C, for some v € Xg, then again x; =
yi=c¢ =% and xy =y, = ¢, = v. A pair {x,9} € X, belongs to
Rye M R* if and only if {x, v} € Rg. There are no elements of Ry that are
pairs {x, xo} with x € Xx and x; € F(K)\{0, 1{. The proof is finished by
observing that {ag, b;} are the only sequences in Ry M R* involving an
element of A4 (H) together with an element of another factor.

Notation and Remark. Let C(L) denote the set of all complemented
pairs of a bounded lattice L; the undirected graph G(L) = (L, C(L)) will
be called the complementation graph of L. Every (0, 1)-preserving homo-
morphism f:L — L; is a compatible mapping of G(L) into G(L,), a
property to be frequently used in what follows.

It is clear that Lemma 3.5 describes the complemented pairs of ®(K)
completely. As a consequence ,the subgraphs H;, Hs of G(®(K)) are the
only 4-components of G(®(K)) not contained in G(F(K)'); where
F(K)'" is the convex closure of F(K)\{0, 1} in ®(K) extended by 0, 1.
Furthermore, every 3-component of G(®(K)) other than (Xg, Rx),
H,, H, must be contained in G(F(K)").

The homomorphic image of an #-component of a graph G must clearly
be n-completely connected.

Let h:®(K) — ®(K’') be a (0, 1)-preserving lattice homomorphism.
Since H; is a full subgraph of H, the cover set lattice 4 (H,) isa (0, 1)-
sublattice of 4 (H) by Lemma 2.3. Let k; denote the restriction of % to
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A(H;) C ®(K). The generating set Z; of 4 (H;) determines the 4-com-
ponent H; of G(®(K)) and, therefore, #,(Z;) must be contained in a
4-component of G(®(K')); that is, ki (Z:) C F(K') or h(Z,) C Z; for
j=1lor2.

Assume k;(Z;) € F(K') first. Since Z; generates 4 (H,),

h(A(H,)) € F(K').
The image of F(K’)’ under the canonical homomorphism

Y& = (vg)s: @(K') — (Tr)s

is a sublattice of (T'k/)4 isomorphic to F(K'). It follows that the compo-
site homomorphism v, 0 h; maps A4 (H,) into F(K’). By Lemma 3.3,
A (H,) contains the copy I4(H:) X {@} of I+(H,) as a sublattice.
I, (H;) X {@} is generated by the set { ({21}, #):2, € Z,} bijective to Z,;
and

card(Z;) > B8 = card (F(K')).

The homomorphism v, 0 #; must, therefore, collapse a pair of elements of
this generating set. By Lemma 3.3 again, [, (H;) is a simple lattice, so
that v4 0 & is a constant mapping and, in particular,

1= ’y*hl(l, ﬂ) = ’Y*hl(ﬂ, 2).

Since the unit 1 € ®(K’) is the only element of ®(K’) mapped to 1 by
v%, we conclude that k,(@, #) = 1. A similar argument involving v* =
(vx)* and the sublattice {@} X I*(H,;) of 4 (H,) leads to k(@, @) = 0.
This contradiction shows that #(Z,) C Z, or h(Z,) C Z,.

If h(Z,) C Z,, then h defines a compatible mapping of the 4-component
H, of G(A(H,)) into H,. However, H; and H, are mutually rigid, so that
h(z1) = z1 and, analogously, k(zs) = 2z, for all z;€ Z; (j=1,2).
Because these copies of Z;, Z, generate respective sublattices 4 (H1),
A (H,), we see that h maps A (H) C &(K) identically onto the copy of
A(H) in ®(K’). In particular, k(b;) = b;forj =1, 2.

Observe that ax is the only element of ®(K) that has by, b» as its
complements; it follows that A(ax) = ax because axs plays the same
role in ®(K’) and &(b,) = by, h(b2) = bs. Recall that X x determines the
3-component of G(®(K)) containing ¢x and that X ¢ is the vertex set of
the 3-component of G(®(K’)) that contains ag.. Thus 1(Xx) € Xx' now
follows from h(ax) = ax’. If {x,x'} € Rk, then x V&’ =1 and
x A« =0in ®(K) and, consequently, {k(x), h(x')} & Xx must be a
complemented pair of ®(K’). Lemma 3.5 now implies that {h(x), h(x")} €
Rg. In other words, the restriction of % to X is a graph homomorphism
V(K)— ¥(K’). Since ¥ is a full embedding, 2 = ¥(k) for some
k:K — K’ in K uniquely determined by k. Altogether, & coincides with
kpon Xx\J A (H).
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To complete the proof of fullness of ®, we proceed to show that £ maps
F(K) € ¢(K) into F(K') € ®(K') and that & coincides with kx; = F(k)
on F(K). Since h = «; on Xg, we obtain the validity of the following
formulae:

h(l, 1) = (F(x)(!), 1) forall (/,7) € F(K) X 4;
in particular,
h(0,7) = (0,4), h(1,4) = (1,4) fori € 4.
Furthermore,
hix,7) € N(0,17) C X whenever x; € N(0,17) C Xg
and, similarly,
v: € N(1,7) € Xg implies &(y;) € N(1,1) € X forall ¢ € 4.
Let I € F(K)\{0, 1} be such that A(!) = 1. Since
0=1LA ({,0) N (37
for distinct 7, 7 € 4, it follows that
0 =~hr) AR A RLG) = (F)D), ) A (F)1), 7).

By (10) and Proposition 1.4, a pair { (I, 1), (/, /)} € Xk meets to zero
only if it belongs to the reduction R*(K’); that is, only if // = 1. Hence
F)() =1ifl#0,1and £() = 1.

Conversely, let [ € F(K)\{0, 1} and F(x)(/) = 1. Then

Ry v 1,4) v (1,7) =1

holds in ®(K’) for all distinct 7, j € 4. Assume i (/) < 1 and let B be the
set of all nonzero lower covers of k() in ®(K’). Then

Bi; = B\J{(L4), (1,7)} € Re(K')

by Proposition 1.4; k(l) < 1 implies that B;; € Qg-. B is nonempty, for
otherwise { (1, 1), (1,7)} ¢ R4« (K’) would contradict (10). By the defini-
tion of R4(K'), there is a generating sequence .S;; in Ry (K') such that
for every s € S;; thereisa b = sin B,,. Since B is the set of lower covers
of h(l) < 1,.S5;; is not a subset of B. Because Qx M Cq.p = {(1, k)]
for every k € 4, it follows that (1,7) € S;; or (1,7) € S;;. Recall that
every generating sequence .S from R, (K’) containing (1, k) has the form

S = {(1, k),yk} € Rg,

that is, y, € N(1, k). Hence if (1,1) € Sy;, then thereisa vy, € N(1, 1)
such that ¥, £ « for some a € B U {(1,j)}. The possibility of « = (1, j)
is excluded by (10); thusy; < b; € B. We see that for every two-element

subset D of 4 there is an 7 € D such thaty, < b, € Bandy, € N(1, r).
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In view of (11), the sets N(1,r) are pairwise disjoint for » € 4; hence
there is a three-element subset 7" of 4 such that, for every » € T, both
v, = b, € Band vy, € N(1,7). However, the set {y,:r € D} is a genera-
ting sequence in Ry (K’) and thus

1=V {y:rc D} =h().

This shows that, for / € F(K)\{0, 1}, F(x) () = 1 implies £(/) = 1.
These arguments show that #(/) = 1 is equivalent to F(k)(l) =
proof dual to the above yields the equivalence of £(!) = 0 and F(x) ()
Both equivalences are, clearly, valid for every [ € F(K).
If h(l) € ®(K')\{0, 1}, then, by the above equivalences,

F@) (1) € F(K'\{0, 1}.
Since I € F(K)\{0, 1}, the equations
Lv (i) Vv (7)) =1,
IAN L) AN LG =0
hold in ®(K). Therefore
() v (F)(D),4) vV (F&) D), 7) =1

1;a

0.

and
() A (F() (@), 2) A (F)(A),7) =0
in ®(K’) for all distinct 7, 7 € 4. It follows, from (10) and Proposition
1.4, that F (k) (/) is both an upper and a lower cover of £(l) in F(K’). This
proves that h(l) = F(x)(l) whenever k(l) # 0, 1.
Altogether, the restriction of 4 to F(K) C ®(K) is the homomorphism
F(x):F(K) — F(K') C ®(K').
This finishes the proof of & = ®(x).
LemMA 3.6. The functor ® s full.
THEOREM 3.7. The set-theoretical requirement (M) 1s equivalent to

(XC) if K is a concrete category and F:K — & is a functor whose range
is small, then there is a full embedding ®:K — & containing F as «
subfunctor.

Proof. Under the assumption (M), the proof of Theorem 3.1 presented
here can be used to derive (XC); see Lemma 3.2.

Conversely, if (XC) is assumed, choose the dual Set°® of the category
Set for K and any constant functor F:Set® —.%. The full embedding
& guaranteed by (XC) exists only if (M) is satisfied [12].

Remark. Surprisingly enough, the set-theoretical assumption (M) is
necessary even if (XC) is weakened to a condition (XA) requiring that
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K be a full subcategory of a category of algebras instead of a gencral
concrete category. Using this result, proved in [3], together with the
implication (M) — (XC) discussed earlier, we obtain immediately the
following theorem.

THEOREM 3.8. (M) s equivalent to (XA).

If K is a finite category and every lattice F(K) is finite, Lemma 3.2
states that all graphs ¥ (K) = (Xg, Rx) may be chosen to be finite and
the graph H may be finite as well. The cover set lattice T'x of finitely
many finite lattices I'(K), A (H), and C, for x € X is then obviously
finite. The variety ¥~ generated by finitely many finite lattices Ty is
locally finite and, consequently, each Z (K)-reduced ¥ -free product
&' (K) of F(K), A(H),and C,forx ¢ Xgisa finite lattice. Since T'x € ¥~
for each cover set lattice of ®'(K), the proof of Theorem 3.1 gives rise
to the following generalization of a result from [1].

TueEOREM 3.9. If K is a finite category and if F:X — & is a functor such
that F(K) is a finite lattice for every object K of K, then there is « full
embedding K — ¥ containing F as a subfunctor and such that every
&' (K) 15 a finite laltice.

Following is a list of problems concerning full embeddings into cate-
gories of lattices.

Problem 3.1. A full embedding ® of a category A of algebras into
another one, B, is called strong, if there is a functor S:Set — Set such
that Uo ® = So U, where U is the standard underlying-set functor.
Is there a strong embedding of the category A(2) of all groupoids into ¥ ?

Problem 3.2 A functor F:K — % is a quotient of ®:K — % if there is
a natural transformation e:® — [/ consisting of onto lattice homo-
morphisms. The problem of characterization of quotients of full embed-
dings into ¢ appears to be more complex than that of subfunctors. It is
casily seen that no constant functor F whose image is a lattice possessing
a prime ideal can be a quotient of a full embedding & if the domain
category K has a rigid object. A simpler question of this kind may thus
ask for a characterization of constant quotients of full embeddings

into % .

Remark. Arguments in a forthcoming paper of the authors show that
there are 2%0 varieties?” of lattices such that Theorem 3.1 remains valid
if & is replaced by & N7,
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