
A CLASS OF POSITIVE LINEAR OPERATORS 

J. P. King 

(received September 13, 1967) 

1. Introduction. Let F[a, b] be the linear space of all 
real valued functions defined on [a, b]. A linear operator 
L : C[a, b] -* F[a, b] is called positive (and hence monotone) 
on C[a, b] if L(f) >̂  0 whenever f >_ 0. There has been a 
considerable amount of research concerned with the convergence 
of sequences of the form {L (f)) to f where {L ) is a 

n } n J 

s e q u e n c e of p o s i t i v e l i n e a r o p e r a t o r s o n C [ a , b ] . M u c h of t h e 
r e c e n t r e s e a r c h h a s m a d e u s e of t h e f o l l o w i n g t h e o r e m of 
K o r o v k i n [ 4 ] : 

T H E O R E M . L e t { L } b e a s e q u e n c e of p o s i t i v e l i n e a r 

o p e r a t o r s on C[a , b ] . L e t e e C[a , b ] b e d e f i n e d b y e (x) = x , 
f o r i = 0, 1, 2 . T h e n l i m L (f)(x) = f(x) u n i f o r m l y o n [a, b ] 

n^-oo 

f o r e a c h f e C[a , b ] if a n d o n l y if l i m L (e )(x) = x u n i f o r m l y 
n-*-oo 

o n [a , b ] f o r i = 0, 1 , 2 . 

A n a t u r a l c o l l e c t i o n of o p e r a t o r s w h i c h a r e d e f i n e d on 
s u b c l a s s e s of C[0 , l ] a r e t h o s e of t h e f o r m 

L (f)(x) = 2 a . ( x ) f ( k / n ) , 
k=o n k 

where the matrix (a , (x)) is generated by a function (h (x, w) 
nk r 

by means of the relation 

°° k 
[(f) (x, w)] = S a (x)w . 

k=o n k 
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The m a t r i c e s (a . (x)) which a r e defined in th i s m a n n e r w e r e 
nk 

i n t roduced by Sonnensche in [6], and have i m p o r t a n t app l i c a t i ons 
in s u m m a b i l i t y t heo ry when the funct ion 0 s a t i s f i e s c e r t a i n 
r e g u l a r i t y c o n d i t i o n s . 

It i s the obj ec t of th i s note to e s t a b l i s h a c o n v e r g e n c e 
t h e o r e m for a wide c l a s s of p o s i t i v e l i n e a r o p e r a t o r s of th is 
f o r m , to point out tha t the c o m p l e x ana logs of t h e s e o p e r a t o r s 
have i n t e r e s t i n g c o n v e r g e n c e p r o p e r t i e s , and to d e m o n s t r a t e 
tha t the s u m m a b i l i t y m a t r i x a s s o c i a t e d wi th the o p e r a t o r s i s a 
r e g u l a r m a t r i x if the o p e r a t o r s have the p r o p e r c o n v e r g e n c e 
p r o p e r t i e s . 

n 

O p e r a t o r s of the f o r m L (f)(x) = 2 a (x)f("~) have 
n . _ nk n 

k=0 
r e c e n t l y b e e n s tudied by J a k i m o v s k i and L e v i a t a n [2 ] . In [2], 
howeve r , the coef f ic ien ts a r e of the f o r m 
a , (x) = , . (-1) x (1-x) L , ( - k - 1 ) , w h e r e the 

nk g ( x - l ) n - k 
Ç, a r e g e n e r a l i z e d Boole p o l y n o m i a l s and g i s the u n i f o r m 

n- k 
l i m i t of a c e r t a i n s e q u e n c e of ana ly t i c func t ions . Thé m a t r i x 
A = (a (x)) which d e t e r m i n e s the o p e r a t o r of [2] i s , consequen t ly , 

not a Sonnensche in m a t r i x and the r e s u l t s of [2] a r e , t h e r e f o r e , 
not d i r e c t l y r e l a t e d to t hose of th i s p a p e r . 

E v e n m o r e r e c e n t l y , J a k i m o v s k i and L e v i a t a n [3] have 
c o n s i d e r e d s e q u e n c e s of p o s i t i v e l i nea r o p e r a t o r s of the f o r m 

00 

L (f)(x) = 2 a , (x)f(-~-) w h e r e A = (a , (x)) i s defined 
n nk n+k nk 

k=0 
in t e r m s of g e n e r a l i z e d Boole p o l y n o m i a l s in a m a n n e r s i m i l a r 
to that of [2] . The m a t r i x A = (a . (x)) i s aga in not a 

nk 
Sonnensche in m a t r i x so tha t the o p e r a t o r s of [3] a r e not the 
s a m e as t hose c o n s i d e r e d in th is a r t i c l e . 

2 . The o p e r a t o r s and c o n v e r g e n c e t h e o r e m . 

DEFINITION 1. Le t 0(z , w) be defined on S X i l w h e r e 
S and J L a r e s u b s e t s of the c o m p l e x p lane wi th [0, l ] C S 
and 1 € Ci . L e t 0(z , w) be ana ly t i c on i l for e a c h z € S 
F o r e a c h z e S le t the m a t r i x A = (a _ (z)) be defined by 

nk 
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1) 

[<f>(z,w)] S a , ( z ) w , n = 1 , 2 , . . . , 

k=o n k 

a (z) = 1, a (z) = 0, k = 1,2, 
oo ok 

DEFINITION 2 . Le t 0 and A sa t i s fy def ini t ion 1. 
L e t B denote the co l l ec t ion of funct ions which a r e bounded on 
{x : x > 0} . F o r e a c h f € C[0, l ] f) B a ^d x e [0, l ] let L (f) 

be defined by 

2) 

L (f)(x) 
n 

2 a (x)f(k/n), n = 1,2, 
k=o n k 

LEMMA 1. The o p e r a t o r L defined by (2) i s a pos i t i ve 
l i n e a r o p e r a t o r on C[0, l ] P ) B for each n = 1, 2, . . . if and 
only if a , (x) > 0 for each k = 0, 1, . . . , n = 1, 2, . . . , and 

1 n k — 
X€ [0, 1 ] . 

Proof . It i s c l e a r tha t L i s l i nea r for e a c h n = 1, 2, . . . . n 
If a , (x) > 0 for e a c h n = 1, 2, . . . , k = 0, 1, 2, . . . , and 

nk — 
x € [0, l l then f > 0 i m p l i e s L (f) > 0 for each n = 1 , 2 , . . . 

— n — 
so tha t L i s a pos i t i ve o p e r a t o r for e a c h n = 1 , 2 , . . . . It i s 

n 
a l so ev iden t tha t a . (x) > 0 for each n = 1 , 2 , . . . , k = 0 , 1 , . 

nk — 
and x e [0, l ] i m p l i e s that the s e r i e s in (2) c o n v e r g e s for e a c h 
f € C[0 , 1] f | B , x e [0, 1], and n = 1 , 2 , . . . , s ince 

oo 
S a (x) = [0(x, l ) f . 

k=0 
n k 

Suppose that L i s a p o s i t i v e l i nea r o p e r a t o r on C[0, l ] ( ) B 

for e a c h n = 1 , 2 , . . . . L e t g « C [ 0 , l ] r i B be defined by 

3) 
n , gofe) =^-nÇ, + 1 

0 

; = o 

0 < Ç, < 1 / n 

l / n < t, 
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for e a c h n = 1 , 2 , . . . . Since g > 0 it fo l lows tha t 

L (gn)(x) = a (x) > 0 for n = 1, 2, . . . and x e [0, l l . 
n o on " 

b y 

4) 

F o r each k = 1 , 2 , . . . le t g n e C[0, l ] f | B be defined 
K. 

f 

>;«> =< 

0 

n £ - k + 1 

-nÇ, + k + 1 

0 

k+1 
u < 

k - 1 
n 

k 
— < 
n 

k+1 

± 

< 

i 

s 

< 

:£ 

< 

- r 

n 
k 

< — 
~~ n 

k+1 
n 

for each n = 1 , 2 , . . . . Then g, >. 0 so tha t 

L (g. )(x) = a (x) > 0 f o r each n = 1 , 2 , . . . , k = 1 , 2 , . . . 
n k nk ~" 

and x e [ 0 , 1 ] . 

Th is p r o v e s the l e m m a . 

T H E O R E M 1. Le t <hy A and L sa t i s fy the cond i t ions 
r n 

of def in i t ions 1 and 2. Le t 0(x, 1) = 1 for e a c h x e [0, 1 ] 
and suppose that t h e r e e x i s t s M such tha t \é (x, 1) < M 

r w w 
for al l x € [0, l l . Suppose tha t L is a p o s i t i v e l i n e a r 

n 
o p e r a t o r on C[0, l ] ( | B for e a c h n = 1 , 2 , . . . . Then 
l im L (f)(x) = f(x) un i fo rmly on [0, l l for e a c h C[0, l l 0 B 

n 
n-*oo 
if and only if 0 (x, 1) = x for e a c h x e [0, l ] , 

Vv̂  

Proof . Suppose tha t 0 (x, 1) = x . Since 0(x, 1) = 1, 

i t fol lows tha t L (e )(x) = 1 for each x e [0, l ] and 
n 

n = 1 , 2 , . . . . It fol lows f r o m (1) that 

5) n[0(x, w)f" 0«(x, w) S k a (x)w 
k=o n k 

k - 1 
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w h e r e the d i f fe ren t ia t ion i s with r e s p e c t to w. 

6) n ( n - l ) [ 0 ( X ) w ) ] n " 2 [ 0 ' ( x , w ) ] 2 + n[0(x, w)f~ V ' ( x , w) 

00 k 2 
= 2 k ( k - l ) a (x)w 

k=o n 

t o r each (X,w) 6 [ o , i ] x . a . Hence 

00 

7) n(n- l ) [0 ' (x , l ) ] 2 + n0"(x, 1) = 2 k ( k - l ) a (x), 
k=o n k 

s ince 0 (x, 1) = 1 for e a c h x e [0, l ] . It fol lows f r o m (1) 
and (2) that 

00 

8) L ( e ^ t x ) - S a (x) - = 0»(x, 1). 
k=o n k n 

T h e r e f o r e (7) i m p l i e s 

00 00 

2 k 2 a (x) = n ( n - l ) [ L ( e 1 ) ( x ) ] 2 + n f ' ( x , 1) + 2 k a (x), 
k=o n k n k=o n k 

and hence that 

2 °° k 2 

9) L (e )(x) = 2 — a (x) 
n 2 nk 

k=0 n 

= (S^)[L (eStxjf+^^ELil + _ E 
L (e1)(x) 

n n 

Since 0 M(x, 1) i s un i fo rmly bounded on [0, l ] and 0 '(x, 1) = x 
for each ' x e [0, l ] , i t fol lows that 

2 2 
l im L. (e )(x) = x 

n 
n-*oo 

un i fo rmly on [0, l ] . The suff iciency p a r t of the t h e o r e m now 
follows f r o m K o r o v k i n ! s t h e o r e m . The n e c e s s i t y follows f r o m 
8) . 
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Two c l a s s i c a l e x a m p l e s of o p e r a t o r s sa t i s fy ing T h e o r e m 1 

a r e given be low: 

E x a m p l e 1. L e t 0 ( z , w ) = (zw + 1 - z ) . In th is c a s e 
0 " ( x , 1) = 0, and 

L (f)(x) = S ( ^ ) x k ( l - x ) n " k f ( - ) 
k=0 k 

i s the nth B e r n s t e i n p o l y n o m i a l [5] for e a c h n = 1 , 2 , . . . . 

z(w- 1 ) 
E x a m p le 2 . Le t 0 ( z , w ) = e . It fo l lows tha t 

2 
0 "(x, 1) = 1 + x , and 

oo k 

L (f)(x) = e"X S f r f p ) . 

i s the nth Szasz o p e r a t o r [7] for e a c h n = 1 , 2 , . . . . 

3 . Some c o m p l e x o p e r a t o r s . L e t 0 and A be as in 
def ini t ion 1) and le t L be defined by 

n 

°° k 
10) L (f)(z) = 2 a ( z ) f ( - ) 

n . _ nk n 
k=0 

for e a c h z e S and each f and n for which the s e r i e s c o n v e r g e s . 

It i s c l e a r tha t the f o r m a l c o m p u t a t i o n s involved in 
equa t ions 5) t h r o u g h 9) hold for the c o m p l e x o p e r a t o r s 
L (f)(z). It i s a l so c l e a r f r o m equa t ions 8) and 9) that if 

n 
0 ' (z , 1) i s a p o l y n o m i a l of d e g r e e l e s s than o r equa l to 1, and 
if 0 "(z , 1) i s a p o l y n o m i a l of d e g r e e l e s s than or equa l to 2, 

1 2 
then L (e )(z) and L (e )(z) a r e , r e s p e c t i v e l y , p o l y n o m i a l s 

n n 
of d e g r e e l e s s than or equa l to 1 and of d e g r e e l e s s than or 
equa l to 2 . T h e s e c o m p u t a t i o n s can be ex tended in a 
s t r a i g h t f o r w a r d m a n n e r to e s t a b l i s h the following l e m m a : 

LEMMA 2 . L e t 0 and A sa t i s fy def ini t ion 1 and let 
L be defined by 10). Suppose tha t 0 (z, 1) = 1 and tha t 

(v) 
0 (Z>1) i s a p o l y n o m i a l of d e g r e e l e s s than or equa l to 
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v for e a c h v = 1 , 2 , . . . , w h e r e the d i f fe ren t ia t ion is wi th 
m . , m 

r e s p e c t to w. Le t e (z) = z for e a c h m = 1 , 2 , . . . . 

Then L (e )(z) i s a po lynomia l of d e g r e e l e s s than or equa l 
n 

to m for e a c h m = 1 , 2 , . . . , n = 1 , 2 , . . . . 

The following t h e o r e m was i n s p i r e d by a s i m i l a r r e s u l t 
of Cheney and S h a r m a [ l ] for the complex Szasz o p e r a t o r . The 
proof fol lows f r o m L e m m a 1 and B e r n s t e i n ' s l e m m a [5, p . 90] 
in exac t ly the s a m e m a n n e r as the r e s u l t of [ l ] , 

THEOREM 2 . Le_t E be an e l l ip se with foci 0 anc[ 1 
and le t R denote the bounded componen t of the c o m p l e m e n t of 
E . Le t 0 and A sa t i s fy defini t ion 1 with R C S and 
a _ (z) > 0 for each 0 < z < 1 and: a n (z) = 0 for k > n. L e t L 

n k — — — n k n 

be defined by 10). L e t 0 ( z , l ) = 1 and 0f ( z , l ) = z for 
(v) 

e a c h z € S. L e t 0 (z, 1) be a po lynomia l of d e g r e e not 
g r e a t e r than v for each v = 1 , 2 , . . . and each z e S, w h e r e 
the d i f fe ren t ia t ion i s with r e s p e c t to w. Then l im L (f)(z) = f(z) 

n->oo n 

un i fo rmly on each c o m p a c t subse t of R. 

4 . The s u m m a b i l i t y method a s s o c i a t e d with L (f)(x). The 
1 n 

o p e r a t o r s L (f)(x) w e r e defined in t e r m s of the Sonnensche in 

s u m m a b i l i t y m a t r i x (a , (x)). The following t h e o r e m shows 
nk 

that if the o p e r a t o r s sat isfy the conc lus ion of T h e o r e m 1 then 
the a s s o c i a t e d m a t r i x is r e g u l a r . 

THEOREM 3 . Le t L (f) be defined by 2) for each 
n L 

n = 1 , 2 , . . . . Suppose that L i s a pos i t ive l i nea r o p e r a t o r 

on C[0, 1] H B for e a c h n = 1 , 2 , . . . and that 
l im L (f)(x) = f(x) un i fo rmly on [0, l ] for e a c h 

n L 

n-*-oo 
f e C|"0, l l 0 B . Then the m a t r i x (a , (x)) i s r e g u l a r for 

nk 
x e (0, 1] . 

P roof . Since l im L (e )(x) = 1 un i fo rmly on [0, 1], i t 
n -oo n 

00 

fol lows that l im 2 a _ (x) = 1 for each x € [0, l l . L e m m a 1 
n -oo k = Q nk 
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i m p l i e s tha t a (x) > 0 for e a c h n, k and x e [0, l ] . T h e r e f o r e 
Ï1K. 

00 

sup { 2 | a (x) | : n = 1, 2, . . .} i s f in i t e . L e t x e ( 0 , l ] 
k=0 n k 

and le t k be a fixed n o n - n e g a t i v e i n t e g e r . If k = 0 le t N be 

s u c h tha t n > N i m p l i e s tha t 0 < - < x . L e t g 1 = g € C [ 0 , 1 ] Q B 
— n °k o ' 

be defined by 3) for n >_ N. Then 

00 

v=0 

N N 
for n > N. So 0 = g (x) = l im L (g )(x) = l im a (x). 

— o ^ _ ^ n o „^r* n o 

n~*"0o n-*-oo 
k - 1 k k+1 

If k 4 0 le t N be such tha t 0 < < - < < x for 
— n n n — 

n > N . L e t g^ € C[0, l ] f) B be defined by 4 ) . Then 

oo 

L (g*)(x) = S a U ) g J ( - ) = a , (x) 
n k nv k n nk 

v=0 

N N 
for n > N. Hence 0 = g (x) = l i m L (g )(x) = l i m a . (x). 

~~ ° _̂ ~~ n o __ nk 
n-*oo n-*oo 

The S i l v e r m a n - T o e p l i t z t h e o r e m i s , t h e r e f o r e , sa t i s f ied 
Hence (a , (x)) i s r e g u l a r for e a c h x € (0, l l . 

nk 

E x a m p l e 1 shows tha t the a s s o c i a t e d m a t r i x (a (x)) m a y 
nk 

not be r e g u l a r a t x = 0. 
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