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Abstract

Quasi-dual-continuous modules, which generalize the concept of dual-continuous modules, are studsed
Mohamed, Miiller and Singh had obtained some decomposition theorems and their partial converses,
for dual-continuous modules. It is shown that these results can be extended to quasi-dual-continuous
modules. Further, a short proof of a decomposition theorem for quasi-dual-continuous modules
established recently by Oshiro is given. Some more structure theorems for such modules are
established. Finally, quasi-dual-continuous covers are studied, and duals for results of Miller and
Rizvi are derived.

1980 Mathematics subject classification (Amer. Math. Soc.): primary 16 A 51; secondary 16 A 50, 16 A
53.

Consider the following conditions on a module M.

(D,) For any submodule A of M, there exists a decomposition M = M, & M,
such that M|, € 4 and 4 N M, is small in M,.

(D,) If for any submodule N of M, M /N is isomorphic to a summand of M,
then N is a summand of M.

(D,) If for two summands 4, B of M, M = A4 + B holds, then A N B is a
summand of M.

(D,) If for two summands 4, Bof M, M = A + B holds and 4 N B is small in
M,then M = A & B.

Utumi [18] studied continuous rings. The concept of continuous rings was
extended to that of continuous modules by Jeremy [5] and by Mohamed and
Bouhy [10]. Since the conditions (D;) and (D,) are dual to those defining
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continuous modules, a module satisfying (D;) and D,) was called a dual-continu-
ous (in short d-continuous) module, by Mohamed and Singh [13]. In {11] and [13]
Mohamed, Miiller and Singh established a decomposition theorem for d-continu-
ous modules. Then dual continuous modules, and modules satisfying (D) only,
were further studied by Abdul-Karim, Mohamed, Miiller and Singh in [8], [9],
[12], [16], [17]. Jeremy (5] defined the concept of quasi-continous modules.
Dualizing it, we call a module M, satisfying conditions (D,) and (D,) quasi-dual-
continous (in short gd-continuous). Now [13, Lemma 3.6] shows that condition
(D,) implies (D,); so any d-continuous module is gd-continuous. In Section 1 we
show that most of the techniques or results given for d-continuous modules in [13]
hold for gd-continuous modules. Recently Oshiro [15] has introduced the concept
of semi-perfect and quasi-semi-perfect modules. These concepts are precisely the
same as that of d-continuous modules and gd-continuous modules respectively.
He has established a decomposition theorem for gd-continuous modules which
improves upon that for d-continuous modules established in [11] and [13}. In
Section 2, we give a short proof of this theorem. Other interesting results for
gd-continuous modules are in Propositions 2.8 and 2.9. We extend [12, Theorems
2.2 and 2.4] to gd-continuous modules. In Section 3, gd-continuous covers are
studied.

The notations and terminology used in [13] are also used here. Thus for the
definition of a small submodule, d-complement of a submodule, local module and
other undefined terms we refer to [13]. A module M, is said to be supplemented if
for any submodule 4 of M, any submodule B, such that M = 4 + B, contains a
d-complement of A. Supplemented modules are precisely the perfect modules
defined by Miyashita [7). A nonzero module M is said to be hollow if every
proper submodule of M is small in M. Clearly any indecomposable module
satisfying (D, ) is a hollow module. A decomposition M = ¥, & M, of a module
M as a direct sum of nonzero submodules (M,),c, is said to complement
summands (complement maximal summands) in case for every (every maximal)
summand K of M there exists a subset B C 4 with M = (L; & M,) ® K. For
properties of such decompositions we refer to Anderson and Fuller {1]. For the
definition and properties of M-projective modules, where M is any module, we
refer to Azumaya [2].

1. Some general results

PROPOSITION 1.1. Under condition (D,), the conditions (D;) and (D,) are
equivalent.

PROOF. It is clear that (D,) implies (D,). Assume (D,) and let 4 and B be
summands of M such that M =4 + B. By (D;), M = M, & M, such that
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M,cANnBandANBNM,CM NowB=M &BN M, Hence BN M, is

a summand of M. Also
M=A4A+B=4A+(M®BNM,)=A4A+BNM,.

As A and B N M, are summandsof Mand 4 N BN M, C M, weget(4 N B)N
M, = 0. Hence M = (4 N B) & M,, and the result follows.

The above proposition shows that quasi-semi-perfect modules as defined by
Oshiro are exactly the gd-continuous modules.

The following is easy to prove.

PROPOSITION 1.2. Any summand of a module M satisfying any condition (D;) also
satisfies (D;). In particular a summand of a qd-continuous module is qd-continuous.

In [13, Lemma 3.6] it was proved that a module with condition (D,) satisfies
(D,). It is obvious that Lemma 3.6 in [13] also holds for gd-continuous modules.
Then a number of results were proved using only condition (D,) and Lemma 3.6.
Therefore these results hold for gd-continuous modules. In particular Proposition
3.7, Corollary 3.9, Proposition 4.1 and Corollary 4.2 in [13] give respectively the
following four results.

PROPOSITION 1.3. A qd-continuous module M is supplemented ( perfect in the
sense of Miyashita 7)), and every d-complement submodule of M is a summand.

COROLLARY 1.4. Let M, be a summand of a qd-continuous module M. If M, is a
d-complement of M|, then M = M, ® M,.

PROPOSITION 1.5. If A & B is qd-continuous, then A is B-projective.
COROLLARY 1.6. If M X M is qd-continuous, then M is quasi-projective.

It was pointed out in the proof of [13, Theorem 2.3] that a quasi-projective
module always satisfies (D,). Hence for a quasi-projective module, the notions of
gd-continuity and d-continuity coincide.

In [5, Definition 3.2], Jeremy mentioned that a module M is quasi-continuous if
and only if M = A4 @ B for any two submodules 4 and B which are complements
of each other. The following dual result is an easy consequence of Proposition 1.3
and Corollary 1.4.

PROPOSITION 1.6. A module M is gqd-continuous if and only if M is supplemented

and M = A ® B for any two submodules A and B which are d-complements of each
other.
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2. Decomposition theorems

Mohamed, Miller and Singh [11] and [13] proved the following decomposition
theorem for d-continuous modules.

THEOREM 2.1. A d-continuous module M has a decomposition, unique up to
isomorphism, M = ¥, ®A; ® N where each A, is a local module and N = Rad N.

Recently, Oshiro [15] obtained a decomposition theorem for gd-continuous
modules which improves the above theorem. The following comprises Theorem
3.5, Theorem 3.10 and Corollary 3.11 in [15].

THEOREM 2.2 (Oshiro). A qd-continuous module M has a decomposition M =
Y.c; ® H; where each H; is a hollow module; further, this decomposition comple-
ments summands.

In this section we give a short and simplified proof of Oshiro’s theorem. We
also give some partial converses of this theorem, which extend analogous results
for d-continuous modules due to Mohamed and Miller [11, 12}].

We need the following three results.

LEMMA 2.3. Let M = M, ® M, be a qd-continuous module, and w; M — M, be
the associated projections. If m, N C M, for some summand N of M, then N N M, = 0
and N ® M, is a summand.

PROOF. Let S = mN. By (D,), M; = 4 @ Bsuch that 4 C Sand SN BC M.
Let 7 denote the projection 4 ® B ® M, —» B. Then #aN = aqam N =aS =S5 nN
BC M. Now NN (B@®M,)CaN®m,Nc M. Since M = N + (B ® M,), we

get by (D;) that NN (B® M,)=0. Hence M = N & B ® M,, proving the
result.

PROPOSITION 2.4. The union of any chain of summands of a qd-continuous module
M is a summand of M.

PROOF. Let { N} be a chain of summands of M and let N = U_N,. By (D,),
M = M, & M, such that M; C N and NN M, C M. Let m, be the projection
M, ® M, > M,. Then ;N = N N M,. For any a, m,N, C m,N ¢ M. It follows
by Lemma 2.3 that N, N M, = 0. Consequently NN M, =0and N @ M, = M.
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LEMMA 2.5. Let M be a qd-continuous module. For every nonzero x € M, there
exists a decomposition M = M, ® M, such that M, is hollow and x & M.

PROOF. By Zorn’s Lemma and Proposition 2.4, we can find a summand M, of
M maximal with the property x & M,. Write M = M, & M,. If M, is not hollow,
then it contains a nonzero summand by (D). Let M, =4 & B. Then M = M, &
A ® B. Now maximality of M, implies that x € M, ® 4 and x € M, & B.
However this implies x € M,, a contradiction. Hence M, is hollow.

PROOF OF THEOREM 2.2. Let M be a gd-continuous module. By Zorn’s Lemma
and Proposition 2.4, we can find a maximal direct sum N = ¥, ; ® H, of hollow
summands H, such that N is a summand of M. Then N = M by Proposition 1.2
and Lemma 2.5. Hence M = ¥, ., ® H,.

Let A be a summand of M. Again by Zorn’s Lemma and Proposition 2.4, we
can find a maximal subset J of I such that ANY,.;®H,=0and K=4 &
L,esH; is a summand of M. If possible, assume that K # M. Then by Lemma
2.5,M = T & H, where H is a nonzero hollow summand and K ¢ T. Let 7 be the
projection T ® H —» H. If wH,= H for some a € I, then M =T+ H,. As
TN H,C M, we get by (D;) that TN H, = 0. So that M = T ® H,. However
this contradicts the maximality of J. Therefore, mH; # H for every i € I. Let
{iy, i,,...,i,) be a finite subset of I and let

L=H ®H & - ---®H.
Then
oL CaH, +aH,_ + ---+7H,.

As H is hollow, we get 7L C H. Then it follows by Lemma 2.3 that L N H = 0.
This proves that (., ®H,) N H = 0. Consequently H = 0, a contradiction.
Hence K = M, and the result follows.

REMARK. Let M =%, .,®H, =Y ., ®K; be any two decompositions of a
gd-continuous module M into hollow submodules. Since these decompositions
complement summands, by Anderson and Fuller [1, Theorem 12.4] the two
decompositions are equivalent, in the sense that there exist a bijection 6: I - J
such that H, = K, foreveryi € I.

We now prove some more results which are related to the decomposition of
gd-continuous modules.

PROPOSITION 2.6. Let M be a qd-continuous module, and B a d-complement of a

submodule A of M. If C is a summand of M contained in A, then C N B = 0 and
C ® B is a summand of M.
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PrROOF. By Proposition 1.3, M = 4’ ® B for some 4’ C A. Let = denote the

projection 4’ ® B > B. ThenwCCad =A N B C M. Hence the result follows
by Lemma 2.3.

The following is an immediate consequence of the above proposition.

THEOREM 2.7 (Oshiro [14]). Let { N, } <, be an independent family of submodules
of a qd-continuous module M. If for every finite subset F of I, X, .r®N, is a
summand of M, then ., ; ® N_ is a summand.

PROOF. Let A =X, .; ®N, and B be a d-complement of A. Then M = 4 & B
by Proposition 2.6.
The following extends [13, Proposition 4.5].

PROPOSITION 2.8. Let M be a qd-continuous module. Let N be any summand and
A be a hollow summand of M. Then either NN A = 0 and N & A is a summand of
M,or, N+ A =N & S for some small submodule S of M and A is isomorphic to a
summand of N.

PROOF. Write M = N@® L. Then N+ A = N ® [(N + A) N L] yields (N + A)
NL=A/(A N N). Consequently as A is hollow. (¥ + 4) N L is indecomposa-
ble. Two cases arise.

Case 1. (N + A)N L is not small in M. By (D,), (N + A) N L contains a
nonzero summand of M. Consequently (N + 4) N L itself being indecomposable,
is a summand of M. This in turn gives that N + 4 is a summand of M. By
condition (D,;), N N A is a summand of M. However 4 indecomposable and
A Nyield NN A=0andsoN & A4 is a summand of M.

Casell. S =(N+ A)NLC M. Write M =4 & A" Then
M=(N+A)+A=N+(N+A)NL+ A4 =N+4.
By (D;), NN A is a summand of M. So write N =N’ & (N N A4’). Then

M = N'® A, and A = N’'. This completes the proof.
As a consequence we get the following result which extends [12, Lemma 2.3].

PROPOSITION 2.9. Let {N,},c; be a set of mutually non-isomorphic hollow

summands of a qd-continuous module M. Then ¥, ., N, is direct and is a summand
of M.
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PROOF. By the above proposition ¥, . z N, is direct and is a summand of M, for
every finite subset F of 1. The result now follows by Theorem 2.7.

LEMMA 2.10. Let M = S & T = A + T such that S is T-projective. Then M =
S’ ® Twhere S’ C A.

ProoFr. The hypothesis gives the following commutative diagram:
S

¢/ | nat.

T M/A 0

nat.

LetS’ = {x —¢(x):x€ S).ThenS " c4dand M =S & T.

THEOREM 2.11. Let M = YJ_; ® M, such that M, is hollow and M projective
whenever i + j. Then M is qd-continuous.

PROOF. Let 7: M — M, be the associated projections.

(i) First consider a non-small submodule B of M. As B € ¥."_, @, B, and each
M, is hollow, we get m, B =M, for some k € {1,2,...,n}. Then M =B +
... OM,. As M, is (T,., ® M,)-projective by [3, Proposition 1.16], using Lemma
210, weget M =M/ ® X, &M, M, C B. Thus any non-small submodule of
M contains a hollow summand of M.

(ii) Next, let M = H ® K where H is indecomposable. By the above argument,
there exists « € {1,2,...,n} such that M=He X, oM. AsH=M, H is
hollow. Also K = ¥, , ® M, implies that H is K-projective.

Let # denote the projection H ® K —» H. Then H = ¥}_, #M,. Since H is
hollow, H = #Mj for some B € (1,2,...,n}. Then M = M, + K. Applying
Lemma 2.10, we get M = H' & K, H' C M. As My is indecomposable, H' = M.
Hence M = M, @ K. This proves that the decomposition M = Y., & M, comple-
ments maximal summands.

(iii) Let N be a submodule of M. If N is not small in M, then it contains a
hollow summand H, of M, by (i). Write M = H, ® T,. Thenby (i), M = M, & T,
for some i; € {1,2,...,n}. If NN T, is not small in M, then N N T, contains a
hollow summand H, of M. Then M = H, ® H, ® T, = M, ® M, ® T,. Repeat-
ing the process and noting that this can continue for at most n steps we get
M=H ®H,® ---® H,® T,suchthat ¥¥_, ®H, C N and N N T} is small in
M. This proves that M satisfies condition (D,).

(ivVLet M=Ceo® D. By (iii) C=C,®C,® --- & C, for some hollow sub-
modules C;. Then as the decomposition M = ¥, & M, complements maximal
summands, weget M =M, ® M, & --- ® M, ® D. Thus D = ¥, r ® M, where
F = {i,,1i,,...,i,}. Then by [3, Proposition 1.16] C is D-projective.
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(v) Let A and B be summands of M such that M = 4 + B. Write M = B’ & B.
Then B’ is B-projective by (iv). Then by Lemma 2.10, M = A’ & B such that
A’ € A. Hence A = A’ ® A N B, proving that A N B is a summand of M. Thus
condition (D;) holds.

THEOREM 2.12. Let M =X, ® A, such that A, is local and Aprojective for
i # j,and Rad M ¢ M. Then M is qd-continuous.

Proor. That M satisfies condition (D;) follows as in [12, Theorem 2.4]. Let
M = C & D. Then by Warfield [19, Theorem 1], there exist two disjoint sets J
and Ksuchthat I=JUKand C=%,.,®A4,, D =X, . ®A,. Since each 4, is
cyclic, it follows by [2, Propositions 1 and 5] that C is D-projective. Then
condition (D,) follows as in Theorem 2.11.

ReMARK. Consider any free module F = X2, ®R,, R; = Ry, a discrete valua-
tion ring of rank one. Clearly each R, is R -projective. However F is not
gd-continuous, as Rad F is not small in F.

3. Covers and d-continuous modules
We start with the following general result.

LEMMA 3.1. Let M be a qd-continuous module. If M = ¥, M, is an irredundant
sum of indecomposable submodules M;, then M = ¥, ® M.

PrOOF. That the sum X, _; M, is irredundant implies that no M, is small in M.
Then M, contains a summand of M by (D,). As M; is indecomposable, M, is a
summand of M. So M, is hollow. Let F be a finite subset of 1. Let K be a maximal
subset of F such that ¥,_, M, is direct and is a summand of M. Suppose that
K # F. Let a € F such that a € K. By Proposition 2.8, we have (I, x ® M) +
M, = ,cx ®M,) + S, for some small submodule S of M. However this implies
that M =%, M, which is a contradiction to the irredundancy of the sum.
Therefore K = F and ¥, M, is direct. This completes the proof.

Next we prove the dual of {14, Theorem 4].
THEOREM 3.2. Let A, and A, be two submodules of a qd-continuous module M.

Let Q, and Q, be summands of M admitting epimorphisms w: Q, = M/A; with
Kerm, € Q,,i =12 If M/A, = M/A,, then Q; = Q,.
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PROOF. Let K;=Kerm, i =1,2. Then Q,/K, = Q,/K,. As Q, is gd-continu-
ous, Q, = X,; ®B; where each B, is a nonzero hollow submodule of Q2 Let Q
denote Q,/K Let § be an isomorphism of 0, onto Q,. We have 0, = T, 4,,
where 8(B,) = A4,. Let 4, be the full inverse image of 4, in Q,. It is clear that
¥, &4, is irredundant.

As Q, is gd-continuous, Q; = M, ® M/ such that M; C 4,and S, = M/ N A4;is
small in Q,. Hence 4,= M, ® S,. Now 4, =B, is hollow This implies that

A, =S, 0r A,= M, However A, =85 unphes A;=S;,+ K, € Q,, which is a
contradlctlon of the irredundancy of the ¥, ;4,. So 4, = M,, and hence 4, = M,

+ K,. Then
0, = ZA,'= Z (M, + K,) = ZME+K1'
iel iel iel
As K, CQ,, we get Q, =X, ., M, It is also clear that the sum X, M, is
irredundant.

We claim that M, is hollow. Assume that M, = X + Y. Then 4, = M, = X + Y.
As A, is hollow, 4, = X or A, = Y. Let us assume that 4, = X. Then 4, = X + K
and hence

O =MeM =A4+M =X+K, + M =Xo M.

This implies that X = M,. Similarly 4, = Y implies that ¥ = M,. This proves our
claim.

It now follows by Lemma 3.1 that Q, = X,.,®M,. Leta € I. As B, and M,
are hollow summands of M, it follows by Proposition 2.8 that M, = B, or
M_ + B, is direct and is a summand of M. In the latter case M, is B,-projective
by Propositions 1.2 and 1.5. Thus there exists a homomorphism g: M, — B, such
that the following diagram is commutative:

nat. —
M, - M,=A4,
i

g
nat.
B - B

o o

Since B is hollow, g is onto. As B, is M, -projective, g splits. Then g is an
isomorphism as M, is hollow. Thus one has M, = B, in either case. Hence

0, =X ®M,= ) ©B,=0Q,.

iel iel

COROLLARY 3.3. Let A, and A, be submodules of a gqd-continuous module M. Let
Q, and Q, be d-complements of A, and A, respectively. If M/A, = M/A, then
0, =0Q,.

https://doi.org/10.1017/51446788700026069 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700026069

296 Saad Mohamed, Bruno J. Miiller and Surjeet Singh [10]

PROOF. As Q, is a d-complement of 4;, Q; is a summand of M by Proposition
13and 4, N Q,C M. Now

0./(4;, N Q)= M/A, = M/A, = Q,/(4,N Q,).

Hence the result follows by the above theorem.

For any factor module M /A4 of a gd-continuous module M, a summand Q of M
is called a cover of M/A in M if there exists an epimorphism 7: Q — M /A with
Ker 7 C Q. Theorem 3.2 shows that any two covers in M of a factor module of M
are isomorphic.

Theorem 3.2 has the following

COROLLARY 3.4. A gd-continuous module M is d-continuous if and only if every
epimorphism M — M with small kernel is an isomorphism.

PROOF. Necessity is obvious.

To prove sufficiency, consider any summand B of M and any epimorphism f:
M — B. Let K=Kerf. Writte M =P & Q such that PC K and KN QC M.
Let f* = f|Q. Then f*: Q — B is an epimorphism, and Kerf* = KN Qc M.
Also M = 4 & B for some submodule 4 of M. Now M/K = B = M/A. Then,
by Corollary 3.3, the d-complements of X and 4 are isomorphic; that is 0 = B.
Now

1af*
M=PoeQ— P®B=Pao Q=M.

This gives an epimorphism g: M — M with Ker g = Ker f* C M. By assumption,
g is an isomorphism. Hence K N Q = Kerf* = 0. So M = K ® Q and f splits.
Hence M is d-continuous.

We apply the above theorem to determine when a gd-continuous module is
d-continuous.

THEOREM 3.5. Let M be a gd-continuous module. Then M is d-continuous if and
only if every hollow summand of M is d-continuous.

PROOF. Necessity follows by Proposition 1.2. Conversely, assume that every
hollow summand of M is d-continuous. By Theorem 2.2, M = ¥,_, ® M, where
each M, is hollow. Let f: M — M be an epimorphism such that Ker f ¢ M. Then
M =X, ,f(M,)is an irredundant sum of hollow submodules f( M,). It follows by
Lemma 3.1 that M = ¥, ® f(M,). Again by Theorem 2.2, f(M,) é M; for some
J € I. Let f* = f{M,. Then as M, is d-continuous and M, is M,-projective for j + i,
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the epimorphism 8f*: M, — M, splits. Since M; is hollow, 6f* is an isomorphism,
and hence f* is an isomorphism. Consequently f is an isomorphism. The result
now follows by the above corollary.

LEMMA 3.6. Let M’ be a qd-continuous module, and f be an epimorphism of any
module M onto M’ with Ker f C M. Then Ket f is invariant under every idempotent
endomorphism of M.

PrROOF. Let M = A ® B. Then M’ = f(A) + f(B). As M’ is gd-continuous, it
follows by Proposition 1.3 and Corollary 1.4 that M’ = 4, ® B, for some
submodules 4, C f(4), B, C f(B). Then M = f~Y(A4;)+ f7'(B,). However
f Y4y cf(4)NA4+Kerf and fY(B) < f(B)NB+ Kerf. Conse-
quently M = f~}(4,) N4 + f"}(B,) N B, as Ker fC M. We get

M=A®B=f"'Y4)nA4ef'(B)nB.

Hence f(A) = A,, f(B) = B,, and M = f(A) ® f(B). This shows that Ker f is
invariant under every idempotent endomorphism of M.

We now prove two theorems analogous to [20, Proposition 2.2] and {6, Theorem
5.6] respectively.

THEOREM 3.7. Let M be any qd-continuous module and f be an epimorphism of M
onto a module M’ with Ker f C M. Then M’ is qd-continuous if and only if Ker f is
invariant under every idempotent endomorphism of M.

PrROOF. Necessity follows from Lemma 3.6.

Conversely assume that Ker f is invariant under every idempotent endomor-
phism of M. Let A be a submodule of M’. Write M = P & Q, with P C f 1(A)
and f~'(4) N Q ¢ M. Then the hypothesis on Ker f yields M’ = f(P) ® f(Q).

Clearly f(P) c A. Further
fHANf(Q)cf M (4)NQ+KerfcM

yields 4 N f(Q) ¢ M’. Therefore M’ satisfies condition (D,). Now 4 = f(P) @ 4
N f(Q), so if A is summand of M’, we get A N f(Q) = 0 and hence 4 = f(P).

Let B and C be summands of M’ such that M’ = B + C. As seen above there
exist summands S, T of M such that f(S)=B, f(T)=C. Then M =S+ T +
Kerf=S + T. As M is gd-continuous, by (D;), SN T is a summand of M.
Consequently M =S, @ SNT®T, with S=S,6SNT, T=T1&SNT.
The hypothesis on Kerf yields M’ = f(S)) @ f(SN T)® f(T,). This im-
mediately yields B N C = f(S N T). Hence M’ is gd-continuous.
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THEOREM 3.8. Let M be any module every summand of which admits a projective

/
cover. Let P - M — 0 be a projective cover of M. Then M is qd-continuous if and

only if Ker f is invariant under every idempotent endomorphism of P and P satisfies
(D).

PROOF. Let P satisfy (D,) and let Ker f be invariant under every idempotent
endomorphism of P. As seen in the proof of [13, Theorem 2.3] any quasi-projec-
tive module satisfies (D,). Consequently P is gd-continuous. So by Theorem 3.7,
M is gd-continuous.

Conversely let M be gd-continuous. By Lemma 3.6, Ker f is invariant under
every idempotent endomorphism of P. Let A be any submodule of P. Write
M = N, @ N,, such that N, C f(A4) and N, N f(A4) € M. This results in a decom-
position P = P; & P, such that

1P
P> N -0

Fils)
P,->N,->0

are projective covers of N; and N, respectively. Since M = f(A) + f(P,) we have
P=A+P,+Kerf=4A+P,=P, &P,

By Lemma 2.10, P = 4, ® P, for some 4, CA. Asf(ANP)C f(A)NN,Cc M
and KerfcC P, we get 4 N P, C P. Hence P satisfies (D,). This proves the
theorem.

We end the paper with the following

REMARKS. (i) Consider any module My such that every homomorphic image of

M has a projective cover. Let P - M — 0 be a projective cover of M. By [6,
Theorem 5.6}, P satisfies condition (D, ), and hence every homomorphic image of
P has a projective cover. Let L be the sum of all those submodules K of Ker f
whmh are invariant under idempotent endomorphisms of P. Let M = P/L. Then
P> P/L - 0 is the projective cover of M, where = is the natural mapping, and
we have the epimorphism f: M — M such that fr = f. By Theorem 3.7, M is
gd-continuous. It can be easily seen that given any gd-continuous module O,
having a projective cover, and any epimorphism g: Q — M, there exists an
epimorphism g: Q - M such that fg=g. In this sense we can call M a
gd-continuous cover of M.

(ii) The same proof as that of [13, Proposition 5.1] shows that given any module
M and any two small submodules 4 and B of M, such that M/4 & M/B is
gd-continuous, then M/A = M/B. Thus in particular if two modules M and M’
have isomorphic projective covers and M & M’ is gd-continuous, then M = M’
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