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Abstract. We prove that for any transitive subshift X with word complexity function ¢, (X),
if lim inf(log(c, (X)/n)/(log log log n)) = 0, then the quotient group Aut(X, o)/(c) of
the automorphism group of X by the subgroup generated by the shift o is locally finite.
We prove that significantly weaker upper bounds on ¢, (X) imply the same conclusion if
the gap conjecture from geometric group theory is true. Our proofs rely on a general upper
bound for the number of automorphisms of X of range n in terms of word complexity,
which may be of independent interest. As an application, we are also able to prove that
for any subshift X, if ¢, (X)/n*(logn)~' — 0, then Aut(X, ¢) is amenable, improving a
result of Cyr and Kra. In the opposite direction, we show that for any countable infinite
locally finite group G and any unbounded increasing f : N — N, there exists a minimal
subshift X with Aut(X, o)/(o) isomorphic to G and ¢, (X)/nf(n) — 0.
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1. Introduction
This work deals with symbolic dynamics, which is the study of symbolically defined
topological dynamical systems called subshifts. A subshift is simply a closed and
shift-invariant subset of A~ for some finite set A. One way of measuring the size of a
subshift X is via its word complexity function ¢, (X); c¢,(X) is the number of different
n-letter strings (or words) appearing within points of X.

Another sense of ‘complexity’ for a subshift comes from its group of automor-
phisms; an automorphism of a subshift X is a homeomorphism from X to itself which
commutes with the shift map o : X — X defined by (ox)(n) = x(n + 1). The set of
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automorphisms Aut(X, o) has an obvious group structure from composition, and turns
out to always be countable. By definition, o itself is always in Aut(X, o), and (o), the
subgroup generated by o, is always a normal subgroup of Aut(X, o). (See §2 for more
details.)

In this paper, we continue a line of research which has been fruitfully developed in many
recent works [3-8, 16, 17], namely: in what sense must subshifts with low complexity
functions have automorphism groups which are ‘small’ or restricted? Though we do
not claim it to be complete, we summarize some recent results in this area. Some of
the following results include the hypothesis of transitivity/minimality of X; we postpone
definitions to §2.1.

(1) X minimal and lim inf(c,(X)/n) < oo = Aut(X, o)/(o) finite [3, 7].

(2) X transitive and lim sup(c, (X)/n) < co = Aut(X, o) /(o) finite [3].

3) limsup(c,(X)/n) < oo = all f.g. subgroups of Aut(X, o) are virtually z4 [3].

4)  cp(X)/n*(logn)~? - 0 = Aut(X, o) amenable [6].

(5) X transitive and lim inf(c, (X)/n?) = 0 = Aut(X, 0)/(c) periodic [5].

(6) liminf(c,(X)/n?) = 0 = Aut(X, o) does not contain a free semigroup on two
generators [6].

(7) X minimal and ¢, (X) /n3 — 0 = every f.g. torsion-free subgroup of Aut(X, o) is
virtually abelian [4].

(8) X minimal and there exists d € N with cn(X)/nd — 0 = Aut(X, o) amenable and
every f.g. torsion-free subgroup of Aut(X, o) is virtually nilpotent [4].

(9) X minimal and there exists B < 1/2 with log cn(X)/nP - 0 = Aut(X, o)
amenable [4].

Here, we wish to add some more context to the transition from linear to slightly
greater complexity function; to our knowledge, up to now, there have been no complexity
thresholds used between the linear one for items (1)—(3) above and o(n?/ log2 n) from
item (4). It is reasonable to expect that complexity extremely close to linear should place
restrictions on the group structure of Aut(X, o)/(o) which are stronger than periodicity.
Our first main result shows that for transitive subshifts, low enough complexity in fact
implies that Aut(X, o) /(o) is locally finite.

THEOREM 1.1. If X is an infinite transitive subshift with lim inf(log(c,(X)/n)/
(log log log n)) = 0, then Aut(X, 0)/{c) is locally finite (and countable).

We briefly remark that local finiteness is a strictly stronger property than periodicity
(for instance, the Tarski monster groups and Grigorchuk group are periodic but not locally
finite), and so this result has a strictly stronger complexity hypothesis and conclusion than
item (5) above.

To prove Theorem 1.1, we first achieve some estimates on growth of number of
automorphisms as a function of range by using left- and right-special words (Corollary
3.1). We then use a theorem of Shalom and Tao (Theorem 2.26) to show that our growth is
so slow as to force finitely generated subgroups of Aut(X, o)/(c) to be virtually nilpotent.
Finally, we combine this with the fact that Aut(X, o)/(o) is known to be periodic under
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the hypotheses of Theorem 1.1 due to item (5) above; thus all finitely generated subgroups
of Aut(X, o0)/(o) are virtually nilpotent and periodic, therefore finite.

There is a well-known conjecture in geometric group theory called the gap conjecture
(see [9]), which states that every finitely generated group with growth rate "W (see §2.3
for more details) has polynomial growth. The gap conjecture is known to hold for some
classes of groups [9, 10, 19, 20], but is still open in general.

Variants of our first main result show that Aut(X, o)/(o) is locally finite under much
weaker hypotheses if the gap conjecture is true.

THEOREM 1.2. If X is a transitive subshift with lim inf(c, (X)/n"?3(log n)~%%) = 0 and
the gap conjecture is true, then Aut(X, o) /(o) is locally finite (and countable).

THEOREM 1.3. If X is a transitive subshift with c¢,(X)/n'>(logn)~! — 0 and the gap
conjecture is true, then Aut(X, o) /(o) is locally finite (and countable).

Finally, our techniques allow for a slight improvement to the theorem of Cyr and Kra
referenced as item (4) above, where they proved that if (X, o) is any subshift satisfying
(X)) = 0(112/(10g2 n)), then Aut(X, o) is amenable.

THEOREM 1.4. If X is a subshift with cn(X)/nz(log n)~' = 0, then Aut(X, o) is
amenable (and countable).

Our final result is in the opposite direction, showing that no superlinear complexity
threshold can impose stronger restrictions on Aut(X, o)/(o’) than being locally finite (and
countable).

THEOREM 1.5. For any countable locally finite group G and any unbounded
increasing [ : N — R, there exists a minimal subshift X with Aut(X, 0)/{c) = G and
cn(X)/nf(n) - 0.

In particular, Theorem 1.5 provides examples of minimal subshifts having arbitrarily
slow but superlinear complexity function whose automorphism group is not virtually
abelian, demonstrating that the words ‘finitely generated torsion-free’ cannot be omitted in
item (7) above. For example, if one applies Theorem 1.5 in the case where G is a countably
infinite locally finite simple group, then in this case, Aut(X, o) can not be virtually
abelian.

Remark 1.6. Theorems 1.1 and 1.5 together completely characterize the possible
Aut(X, o) /(o) for transitive subshifts X with growth n(log log n)°") along a subsequence:
they are exactly the locally finite groups.

Remark 1.7. We would like to mention [1], where they prove several results similar in spirit
to Theorem 1.5, one of which realizes arbitrary Choquet simplices of invariant measures
for (minimal) Toeplitz subshifts of arbitrarily low superlinear complexity. In addition to
providing a class of examples satisfying our complexity assumptions in Theorems 1.1-1.4,
this also shows that there are subshifts with arbitrary (for instance very large) Choquet
simplices and Aut(X, o) /(o) locally finite.
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2. Definitions/preliminaries
2.1. Symbolic dynamics.

Definition 2.1. For any finite alphabet A, the full shift over A is the set AZ, which is
viewed as a compact topological space with the (discrete) product topology.

Definition 2.2. A word over A is an element w € A" for some n € N, which is referred to
as its length and denoted by |w|. We say that a word v is a subword of a word or biinfinite
sequence x if there exists i so that x([i, i 4+ |w|)) = w. (Here and throughout, all intervals
are assumed to be intersected with Z, e.g. [2, 5) represents {2, 3, 4}. For such an interval /,
we view an element of A’ as a word of length |I| by the obvious identification.)

The set of words has an obvious binary operation of concatenation, and whenever we
write expressions like vw or w3, it is with respect to concatenation.

Definition 2.3. The left shift, denoted by o, is the self-map of the full shift defined by
(ox)(n) =x(n+ 1) forx € AZ and n € Z.

Definition 2.4. A subshift over A is a topological dynamical system (X, o), where X is a
closed subset of the full shift AZ’ (endowed with the subspace (product) topology) which
is invariant under o.

Since there is never ambiguity about the dynamics on X, in this work, we refer to a
subshift simply by the space X for ease of notation.

Definition 2.5. A word, one-sided infinite sequence, or bi-infinite sequence x over A is
periodic with period p if x(n) = x(n + p) for all n € Z, where both x(n) and x(n + p)
are defined.

Definition 2.6. The language of a subshift X, denoted by L(X), is the set of all subwords
of sequences in X. For all n, we write L,(X) = L(X) N A" for the set of words of length
nin L(X).

Definition 2.7. A word w is right-special for a subshift X if there exist a # b € A for
which wa, wb € L(X). Similarly, w is left-special for X if there exist ¢ # d € A for which
cw, dw € L(X). The sets of n-letter right-special and left-special words for X are denoted
by RS, (X) and LS, (X) respectively.

Definition 2.8. The word complexity sequence of a subshift X is defined by ¢, (X) :=
|Ln(X)1.

The following lemma is routine, but we include a proof for completeness.

LEMMA 2.9. Forany subshift Xandn € N, |LS,,(X)| and |RS,,(X)| are less than or equal
10 ¢p41(X) — cn(X).

Proof. We give only the proof for |RS,, (X)|, as the other is trivially similar. Fix any X and
n, and consider the map f : L,+1(X) — L, (X) removing the final letter of an n + 1-letter
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word. This map is surjective, and it is clear from definition that w € L, (X) is right-special
if and only if its f-preimage has cardinality greater than 1. From this, it is immediate that
IRSn(X)| = cpy1(X) — cn(X). O

Definition 2.10. A subshift X is minimal if for all w € L(X) and x € X, w is a subword
of x.

Definition 2.11. A subshift X is (topologically) transitive if there exists x € X so that
X ={o"x : neZ}

We briefly note that an infinite transitive subshift X cannot have isolated periodic points;
if X is transitive, then there exists x € X for which X = {o""x : n € Z}. If p € X were
isolated and periodic, then p € {o"x}, implying that X = {o" p} and that X is finite by
periodicity of p, a contradiction.

Definition 2.12. A (topological) factor map from one subshift X to another subshift X’ is
a surjective continuous function ¢ : X — X’ which commutes with the shift action (that

iSpoo =0 o).

By the classical Curtis—Hedlund—Lyndon theorem, factor maps on subshifts have a very
specific form.

THEOREM 2.13. For any factor map ¢ : X — X/, there exists N and @ : ﬂiNH — Ay
so that forall x € X andn € N, (¢x)(n) = ®(x([n — N, n + N))).

Definition 2.14. We say that a factor map ¢ has range N and has inducing block map & if
it satisfies the conclusion of Theorem 2.13.

We remark that though every factor ¢ has some range N and inducing block map @,
these need not be unique.

Definition 2.15. An automorphism of a subshift X is a factor map from X to itself which
is bijective.

If ¢ is an automorphism of X with inducing block map @ : ﬂg(N 1 A, then for
every word w € L,(X) with n > 2N + 1, we can let ® act on w as in the definition
of ¢. Formally, let ® (w) be the word of length n — 2N defined by (®(w)) (@) = ®(w([i —
N,i+ N])forN <i <n—N.

We remark that ranges of automorphisms are additive under composition. Indeed, by
definition, if ¢ has range N and inducing map ® and ¢’ has range N’ and inducing map
@', then ¢ o ¢’ has range N + N’ and inducing map ® o @’ (where @’ acts on words in
?@(N +2N /+1, as defined above.)

2.2. Group theory. We here summarize some basic definitions from group theory. We
will not have need of any advanced group theory in this paper, so we do not go into great
detail. For more information, see [15].

While we often make it explicit in the text, throughout we will assume groups to be
countable and discrete.
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Clearly, for any subshift X, the set of automorphisms of X forms a group under the
operation of composition, and we denote this group by Aut(X, o). Since o is itself
in Aut(X, o) and all automorphisms commute with o by definition, the subgroup of
Aut(X, o) generated by o is always normal in Aut(X, o), and so we may refer to
Aut(X, o) /(o). We refer to the set (generally not a group) of automorphisms with range n
by Aut, (X, o).

Definition 2.16. For a subset S of a group G, we denote by (S) the subgroup of G generated
by S. A group G is said to be generated by S C G if (S) = G; such a set S is then said to
be a generating subset for G. A group G is finitely generated if there exists a finite S C G
for which G = (S). We call a generating subset S C G symmetric if S = S~1.

Definition 2.17. A group G is called locally finite if every finitely generated subgroup of
G is finite.

Any countable and locally finite group may be written as a countable increasing union
of finite subgroups.

Definition 2.18. A group G is called periodic if every element in G has finite order.

Definition 2.19. A countable group G is amenable if there exists a sequence F; C G of
finite subsets of G such that, for every g € G,

. |Fi AgFil

im ———— =

i—oo  |Fj|
Definition 2.20. A group G is nilpotent if there exists a sequence of subgroups
{fidf=HyC---CH_1 CH, =G

such that each H; is normal in G and H;1/H; is contained in the center of G/ H; for all i.
A group G is virtually nilpotent if it contains a finite index nilpotent subgroup.

As noted in the introduction, there has been significant recent work on restrictions on
Aut(X, o) imposed by the word complexity function of X. We mention one such result
here which we will need in our proofs.

THEOREM 2.21. [5] If X is a transitive subshift and c,(X)/n*> — 0, then Aut(X, o)/ (o)
is a periodic group.

Remark 2.22. Theorem 2.21 is not necessarily true if one drops the transitivity assumption
on the subshift, even when the complexity function grows linearly (here, by a complexity
function growing linearly, we mean it is bounded above by some linear function). For
example, if (X1, 01) and (X3, 02) are two disjoint infinite subshifts whose complexity
functions grow linearly and (Y, oy) is the union of (X, 01) and (X3, 02), then the
complexity function for (Y, oy) also grows linearly. However, Aut(Y, oy)/{oy) is not a
periodic group: we may define an automorphism ¢ of Y which acts as o on X and the
identity on X5, and then the image of ¢ under the map Aut(Y, oy) — Aut(Y, oy)/(oy) is
of infinite order.
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2.3. Geometric group theory. We summarize here some basic results from geometric
group theory that we will need. For a more detailed introduction to this area, see [13].

Definition 2.23. For any group G generated by a finite symmetric set S and any n € N,
B, (S) denotes the set of ‘words of length at most n over S, that is

B,(S)={geG|g=g1---grforsomek <nandg; €S}

Definition 2.24. A finitely generated group G has polynomial growth if there exists a finite
symmetric generating set S and constants C and d so that | B, (S)| < Cn¢ for all n.

It is well known that all virtually nilpotent groups have polynomial growth. A celebrated
theorem of Gromov shows that the converse is also true.

THEOREM 2.25. [11] If G is a finitely generated group with polynomial growth, then G is
virtually nilpotent.

The following theorem of Shalom and Tao shows that there is an explicit superpolyno-
mial rate below which growth rates must be polynomial.

THEOREM 2.26. [18, Corollary 1.10] There exists a constant ¢ > 0 so that if G is a group
generated by a finite symmetric subset S, and there exists N > ¢~ for which |By(S)| <
Neloglog N “ihon G is virtually nilpotent.

Although Theorem 2.26 is the first result that gives an explicit ‘gap’ in growth rates for
finitely generated groups (that is there is no finitely generated group with growth greater
than polynomial but lower than N¢(1021027)) it js conjectured that this gap is much larger.
The gap conjecture [9] states that if a group has finite symmetric generating set S and
|B,(S)| = ¢°Y™ then in fact G has polynomial growth (and is therefore virtually nilpotent
by Gromov’s theorem). The gap conjecture is still open, but it is known to hold for some
classes of groups [9, 10, 19, 20].

Definition 2.27. A finitely generated group G has subexponential growth if there exists a
finite symmetric generating set S so that log | B, (S)|/n — 0.

It is well known that finitely generated groups of subexponential growth must be
amenable (for instance, see [13, Corollary 9.2.4]).

3. Aut(X, o) in the low complexity setting

In this section, we prove Theorems 1.1—1.4. The main tool for Theorems 1.1-1.3 is Theorem
2.26, combined with the following lemma, which bounds the number of automorphisms
of a given range.

COROLLARY 3.1. For every infinite transitive subshift X and every n,

IAUL (- 1)/2) (X, 0)] < (€l (x) (X)) A Cnr1 (K)=en (X))

This is actually a corollary of the following slightly more general theorem, which we
will need for Theorem 1.4.
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For any subshift X, define Aut™P) (X, o) C Aut(X, o) to be the subgroup of automor-
phisms of X which fix all isolated periodic points in X. (If X has no isolated periodic points,
then Aut¥™ (X, o) := Aut(X, o).) We denote the set of such automorphisms which have

(FIP)
range n by Aut, (X, o).

THEOREM 3.2. Let X be a subshift. Then for every n,

(FIP)

|Au L(—

/2] (X,0)| < (C1+c"(x)(X))2\A|(Cn+1(X)—Cn(X))_

Proof. For any subshift X and any n, define an n-right branch word to be a word in

L(X) beginning with a word in RS, (X), containing no other word in RS, (X), containing

no repeated n-letter subwords, and which is maximal with respect to subword inclusion

subject to these constraints. Similarly, define an n-left branch word to be a word in L(X)

ending with a word in LS, (X), containing no other word in LS, (X), with no repeated

n-letter subwords, and which is maximal with respect to subword inclusion subject to these

constraints. An n-branch word is any word that is either an n-left or n-right branch word.

The proof relies on the following three facts about n-branch words.

(1) For every n, the number of n-branch words is less than or equal to the quantity
2|Al(en+1(X) — cn(X)).

(2) For every n, each n-branch word has length less than n + ¢, (X).

(3) Suppose ¢; and ¢, are automorphisms with range | (n — 1)/2] induced by block
codes &, d, respectively such that ¢y, ¢, fix all isolated periodic points, and
@1 (w) = &y (w) for all n-branch words w. Then ¢; = ¢s.

Proof of fact (1). Each n-right branch word w is determined completely by its initial word
in RS,(X) and the following letter; then, since w contains no other words in RS, (X),
each n-letter subword determines the next letter, meaning that all of w is forced. There
are obviously at most |A|| RS, (X)| choices for this initial word and following letter, which
is less than or equal to |A|(cy+1(X) — ¢, (X)) by Lemma 2.9. A similar bound holds for
n-left branch words, implying fact (1).

Proof of fact (2). Every n-branch word contains no repeated n-letter subwords, and so
contains at most ¢, (X)n-letter subwords. This clearly implies that such a word has length
less than n + ¢, (X).

Proof of fact (3). We claim that every w € L,,(X) which is not the subword of any n-branch
word must be a subword of an isolated periodic point of X. To see this, assume that w €
L,(X) is not a subword of any n-branch word.

Choose any x € X with x([0, n)) = w. Define m to be the minimal integer greater than
n so that there exists n < i < m for which x([i — n, i)) = x([m — n, m)), that is the first
place, when moving to the right from x(0), where an n-letter word appears for the second
time. Choose such an i, and suppose i > n. Then x(i —n — 1) # x(m —n — 1), since
otherwise, x([i —n —1,i — 1)) = x([m —n — 1, m — 1)), violating minimality of m.
This would imply that x([i — n, i)) is a left-special word, and by minimality of m, that
x([0, i)) is a word ending with a word in LS, (X) with no repeated n-letter subwords. We
could then extend x ([0, i)) to the left to create a maximal such word x([j, 7)), which is an
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n-left branch word by definition. This n-left branch word would contain w = x ([0, n)) as
a subword, a contradiction.

Therefore i = n, that is x([0, m)) begins and ends with w. If x([0, m)) contained
any words in LS, (X), then just as before we could construct an n-left branch word
containing w, a contradiction. We have then shown that x([0, m)) begins and ends
with w and contains no subwords in LS,(X). Therefore, the right-most occurrence
of w in x ([0, m)) forces letters to the left until the left-most occurrence of w, and this
continues indefinitely. In other words, every y € X with y([0, m)) = x([0, m)) in fact has
y((—o00, m)) periodic with period m — n.

A similar argument shows that x ([0, m)) cannot contain any words in RS, (X) either; if
Jj = 0 were minimal so that x ([ j, m)) begins with a word in RS, (X), then x([j, m)) could
be extended to the right to create an n-right branch word containing x([m — n, m)) = w,
a contradiction. So x ([0, m)) contains no words in RS, (X), meaning that the left-most
occurrence of w forces letters to the right until the right-most occurrence. It follows that if
y € X satisfies y([0, m)) = x([0, m)), then y([0, 00)) is periodic with period m — n.

Altogether, what we have shown is that every y € X with y([0, m)) = x([0, m)) is
a periodic point with period m — n coming from biinfinite repetition of x([0, m — n)).
Therefore, x is an isolated periodic point, verifying the claim that every w € L, (X) which
is not the subword of any n-branch word must be a subword of an isolated periodic point.

Now, choose any ¢1, ¢, € Aut™P) (X o) with range |(n — 1)/2] and inducing block
maps ®; and ®,, and assume that ®(v) = ®,(v) for all n-branch words v. Define n’ =
2l(n —1)/2] + 1, so that ®; and ®, have domain ,7(”/; clearly n’ < n. Since ¢ and ¢,
fix isolated periodic points, for all n’-letter subwords u of such points, ®|(u) = ®,(u).
Choose any w € L,/ (X) which is not a subword of such a point; since n’ < n, by the above,
it is a subword of an n-branch word v. Now, since ®;(v) = ®,(v) and w is a subword
of v, &1 (w) = P2(w). We now know that | and P, agree on all words in L,/ (X), so
@ = ®,, meaning that ¢; = ¢».

By fact (3), the number of automorphisms of range |(n — 1)/2] which fix isolated
periodic points is bounded from above by the number of possible choices for ®(w) for
all n-branch words w. Each ®(w) is determined by the length of w (which is independent
of ¢) and some word of length |w| — 2| (n — 1)/2] < |w| — n + 2. By fact (2), the number
of such words is less than or equal to ¢14,(x)(X). By fact (1), the number of w is bounded
by 2|A|(cp+1(X) — ¢, (X)), completing the proof. O

Corollary 3.1 now follows immediately since an infinite transitive subshift X has no
isolated points.

We will also need the following technical lemma, which will allow us to use low
complexity along a subsequence to prove the existence of a (possibly sparser) subsequence
where both complexity and first difference of complexity are small.

LEMMA 3.3. For any sequences of positive reals f(n) and g(n) where

lim inf f(n) — > g(i) = —oo,

i=1
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there exist infinitely many values of n where f(n) < Y !_, g(i) and f(n) — f(n — 1) <
g(n).

Proof. We first note that the hypothesis immediately implies that there exist infinitely
many n where f(n) — f(n — 1) < g(n); if not, then there would be N where f(n) —
f(n—1) > g(n) forall n > N, meaning that

n N n
fy=fMN+ Y fO—fG=D=N) =D g@)+) @) foralln>N,
i=N+1 i=1 i=1
a contradiction to the assumption.

We now break into two cases. First, suppose that there exists N so that f(n) <
Y ', g(i) forn > N. Combining with the previous paragraph then yields the conclusion
of the lemma.

Now, suppose that there exist infinitely many n where f(n) > Y 7_; g(i). The hypoth-
esis of the lemma implies that there are also infinitely many n where f(n) < > i, g(i).
This implies that there are infinitely many n where f(n — 1) > Z?;ll g(@) and f(n) <
Z?:l g(i) (that is the sign of the inequality ‘switches infinitely many times’). However,
for any such n,

n n—1
f) = fin—=1) <) gy =) @) =gn),

i=1 i=1

completing the proof. O

We are now prepared to prove Theorems 1.1-1.4. We briefly note that if X is finite, then
Aut(X, o) and Aut(X, 0)/{o) are finite, and the conclusions of these theorems trivially
hold. We therefore treat only the case where X is infinite in all proofs.

Proof of Theorem 1.1. Choose any infinite transitive subshift X with lim inf(log(c, (X)/n)/
(log log log n)) = 0, and take € > O where 5¢ is less than the constant ¢ from Theorem
2.26. We first claim that

n
lim inf ¢, (X) — Y [ (log log i) | = —o0. (1)
i=2
To see this, by assumption, there are infinitely many n where ¢, (X) < n(log log n)¢/?,
which is less than (n/3)(log log(n/2))¢ for large enough n. Also, Zf’zzL(log logi)€| >
ZLWZ] L(loglogi)<] > (n/2)|(log log(n/2))€ ]|, and so for infinitely many n, ¢, (X) —
Yo', L(loglog i)€] is less than

(n/3)(log log(n/2))* — (n/2)|(log log(n/2))] < n/2 — (n/6)(log log(n/2))",

which approaches —oo, verifying equation (1). We now apply Lemma 3.3, and see that
there exist infinitely many n for which

cn(X) < ZL(log logi)¢] <nl(oglogn)®] and c¢,(X)—cy—1(X) < [(loglogn)€].
i=2

2
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Now, by Corollary 3.1, for any 7 satisfying equation (2), |Aut|(,—1y/2; (X, 0)| is bounded
from above by

(CH_Cn(X)(X))2|A|(Cn+1(x)*cn(x)) < (CnL(log Jog n)¢ (X))2|A|(10g log ”)E.
By subadditivity,

Callog log ) (X) < €x (OLIEIEML < ((n log log n)©) 8 loe )
< (nZ)(log logn)¢ _ n2(log log n)‘.

Therefore,
|AutL(,,,1)/2J (X, 0)| < (n2(log log n)€ )2|A\(log log n)€ — n4\A\(log log n)%e 3)

holds for any of the (infinitely many) » satisfying equation (2).

Now, choose any finite subset S of Aut(X, 0)/{c’) and let S’” be a finite set in Aut(X, o)
whose image under the quotient map Aut(X, o) — Aut(X, 0)/(o) is the set S. Suppose
that k is large enough that all automorphisms in S and their inverses have range k. Then by
additivity of ranges of automorphisms under composition, any composition of m elements
of §’ is an automorphism of range km.

Then for any n for which equation (2) holds, equation (3) implies that the number
B|(n—1)/2)/k(S") of compositions of at most [ (n — 1)/2]/k elements of S’ satisfies

2e
|Bl(n—1)/21/k (8] < 4 Al(log log n)*

Since equation (2) holds for infinitely many n, we may choose such an n greater than ee3,
6—1
9k2, ¢2¢®9" " "and ¢=2 (here c is as in Theorem 2.26). Then [(n — 1)/2]/k > n/3k >
/n, and log log \/n = log log n — log 2 > ,/log log n since log log n > 3, so
|Bﬁ(S/)| < plAldlog log n)% < \/ﬁSIA\(log log «/5)46.

—1
2eBIAI/56¢
e

, then 8|A| < 5¢(log log \/n)¢, and so

5¢(log log +/m)¢

Since n >

B (S| < v/n

Finally, since /7 > ¢~!, by Theorem 2.26, (§’) is virtually nilpotent.

Therefore, (S) = (S')/(c) is a quotient group of a virtually nilpotent group and so
itself virtually nilpotent. Let H be a finite index nilpotent subgroup of (S); it is finitely
generated as it is a finite index subgroup of a finitely generated group. By Theorem 2.21,
Aut(X, 0)/(o) is periodic, so H is also periodic. Altogether we have that H is finitely
generated, periodic, and nilpotent, and therefore finite, implying that (S) is finite as
well. Since S was an arbitrary finite subset of Aut(X, o)/(o), we have shown that
Aut(X, o) /(o) is locally finite. O]

Proof of Theorem 1.2. Assume that the gap conjecture holds. We change almost nothing
about the proof of Theorem 1.1, but must simply change our estimates for the usage of
Lemma 3.3.
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Choose any infinite transitive subshift X where lim inf(c, (X)/n'% (log n)=03) = 0.
We first claim that for any € > 0,

lim inf ¢, (X) — Y _€i%* (log i)™ ] = —o0. 4)
i=2

To see this, note that by assumption, there are infinitely many n where c¢,(X) <
(e/3)n' P (logn) 2. Also, Y1 ,lei®P(logi)™"] = Y, n1Lei®P (logi)™07] >
(n/2)e(n/2)"% (log n) =03 | > (e/2'%)n'> (log n) =% — n/2. So, for infinitely many n,

(0 = 3 ei"log ™0 < “n' 2 (log(n/2))0% — —en' B (log(n/2) ™ + 3.

Since this last term approaches —oo, we have verified equation (4). We now apply Lemma
3.3, and see that there exist infinitely many n for which

cn(X) < ) Lei®(log i)™ < nlen®® (log m)~"?]
i=2

4)
and ¢, (X) — cp_1(X) < |en®P (log n)~03].

Now, by Corollary 3.1, if n satisfies equation (5), |Aut|,—1),2j(X, 0)| is bounded from
above by

025 —05
(Cl+c,,(X)(X))2|A‘(C"+1(X)_C"(X)) < (anen0~25(logn)*0»5J(X))ZlAlen (log )=

By subadditivity,

025 -05

Cnlend25 (log n)foAsj(X) < cn(X)LE" (log m)™]

S (n1~25)€”0'25(10g n)—O.S < n26n0,25(10g n)—O.S.
Therefore, |Aut|(;,—1)/2) (X, 0)| is bounded from above by
(n2en0‘25(10g n)’O'S)Z\Aleno‘zs(log m0S _ n4|A|ezn0‘5(log m~t _ e4|A|62\/ﬁ'

Now, exactly as in the end of Theorem 1.1, any finitely generated subgroup H of
Aut(X, 0)/{(o) has growth less than AV Since € > 0 was arbitrary, by the gap

conjecture, H must be virtually nilpotent. Exactly as in the proof of Theorem 1.1, this
implies that Aut(X, o)/(o) is locally finite. U

Proof of Theorem 1.3. Assume that the gap conjecture holds, and choose any infinite
transitive subshift X where ¢, (X) /nl‘5 (log n)~! — 0. We first claim that for any € > 0,
n
lim inf ¢, (X) — Y _€i® (log i) ™' | = —oc. (6)
i=2

Again, by assumption, there are infinitely many n where ¢, (X) < (6/3)n1'5(1og n)~ L.
Also, Y1, Lei®(log i)™ = Y1, mLei® (og i)~ = (n/2)[e(r/2)* (log n)~! ] >
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(e/212)n!3 (log n)~'—n/2. So, for infinitely many n,
n

_ € _ € _ n
cn(X) =) ev/nllogn)™! < gn”(log n)~!— 217n”(log n)~ !+ >
i=2

Since this last term approaches —oo, we have verified equation (6). We now apply
Lemma 3.3, and see that there exist infinitely many » for which

en(X) — ep1(X) < Len®(log n) ' ]. (7)

Rather than using Lemma 3.3 to bound ¢, (X), we simply recall that by assumption, there
exists N so that

en(X) < [n'] (8)

for all n > N. This clearly implies that ci4¢,(x)(X) < ') = n22 for any n > N.
By Corollary 3.1, for any of the infinitely many n > N satisfying equations (7) and (8),
|Aut|,—1y/2) (X, o) is bounded from above by

(e, (x) (X)) 2NAI @1 (X)—en(X) < (,12.25)2m|en°-5<logn)*1 — ASlAlevn

Now, exactly as in the end of Theorem 1.1, any finitely generated subgroup H of
Aut(X, 0)/(o) has growth less than e*SAVI Since € > 0 was arbitrary, by the gap
conjecture, H must be virtually nilpotent. Exactly as in the proof of Theorem 1.1, this
implies that Aut(X, o) /(o) is locally finite. O

Proof of Theorem 1.4. Choose any subshift X where ¢, (X)/nz(log n)~! — 0, and any
€ > (0. We claim that

lim inf ¢, (X) — ZLei(log N = —oo. 9)
i=2

Again, by assumption, there are infinitely many n where c,(X) < (¢/5)n*(log n)~'. Also,

Y leilogi)™' ] = Y lei(logi)~'| > (n/2)|(en/2)(logn) ™| zznzaog n)‘l—g.

i=2 i=[n/2]
So, for infinitely many n,
" € € n
cn(X) — ;Li(log N7 < gnz(log )~ — an(log '+ >

Since this last term approaches —oo, we have verified equation (9). We now apply Lemma
3.3, and see that there exist infinitely many n for which

en(X) — cam1(X) < Len(logn)™' . (10)

Rather than using Lemma 3.3 to bound ¢, (X), we simply recall that by assumption, there
exists N so that

en(X) < n? an
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for all n > N. This clearly implies that cj.,x)(X) < (n*)? =n* for any n > N. Now,
by Theorem 3.2, for any of the infinitely many n > N satisfying equations (10) and (11),

|Aut(£{li)l) /2] (X, 0)| is bounded from above by

(C1are, () (X)) A1 0= () < (2l Alentlogm™ _ (SlAlen,

By compactness, the set of isolated periodic points of X is finite; denote this set by P. It
is straightforward to check that the set # is invariant under any automorphism of (X, o),
and we may consider the homomorphism

e Aut(X, o) — Aut(P, o|p)
Pl ¢ > Plp.

By definition, we have Aut¥P) (X o) = ker(srp). Now, exactly as in the end of Theorem
1.1, any finitely generated subgroup H of Aut/"” (X, o) has growth less than e8l41€n,
Since € was arbitrary, this implies that H has subexponential growth, and so is amenable.
Then, every finitely generated subgroup of Aut/P) (X, o) is amenable, implying that
Aut(FIP)(X, o) is amenable. Since P is finite, Aut(P, o|p) is a finite group, and hence
Aut¥P) (X, o) is of finite index in Aut(X, o). Since Aut*’P) (X, ) is amenable, this
implies Aut(X, o) is amenable. O]

4. Realizing locally finite groups as Aut(X, o) /(o) for low complexity

In this section, we prove Theorem 1.5. We first outline the general block concatenation
construction of subshifts; for an introduction, see [12, 14]. It is simple to guarantee that
such a subshift be minimal. The difficult part will be to engineer our subshift to have low
complexity and prescribed Aut(X, o)/(o).

A block concatenation subshift is defined by an alphabet A, sequences (ny) of positive
integers, and sets Ay C A"* with the following property: for every k, every w € Ax4 isa
concatenation of Ay-words. (This of course implies that ny divides ny 1 for all k.) We will
always take n; = 1 and A} = A. Given such A, (ny), and (Ax), X consists of all ‘limits’
of Ax-words (as k — 00); more formally, x € X if and only if for all n, there exists k so
that x([—n, n]) is a subword of some Aj-word.

We first prove some general lemmas about block concatenation subshifts. The following
is well known [12], but we will give a short proof for completeness.

LEMMA 4.1. If every Ayy1-word, written as a concatenation of Ax-words, contains each
Ar-word at least once, then X is minimal.

Proof. For every w € L(X), there exists k so that w is a subword of some Ag-word.
However, then w is a subword of every Aj4i-word. For every x € X, x contains an
Ak41-word, so contains w. Since x and w were arbitrary, X is minimal. O]

By definition, for every x € X and k € N, x can be written as a bi-infinite concatenation
of Ax-words. We say that X is uniquely decomposable if this decomposition is unique for
all x € X. This can also be achieved through a simple assumption about repetitions of
Ag-words.
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LEMMA 4.2. If (dy) is an integer sequence where each Ajy1-word, written as a concate-
nation of Ax-words, begins with dy1 repetitions of the same Ay-word, ends with dy4
repetitions of the same Ay-word, and does not elsewhere contain dy41 repetitions of the
same Ag-word, then X is uniquely decomposable.

Proof. We prove by induction on k. The base case k = 1 simply says that locations of
Aj-words are uniquely determined for such subshifts, which is trivial since we always take
A to be the alphabet A. For the inductive step, assume for some k that for every x €
X, x can be uniquely decomposed into Ai-words. Given this decomposition, one simply
searches for 2dy1-fold concatenations of the form v+t it (with v, w € Ay possibly
equal), which can only occur with v%+! at the end of one A i-word and w%+! at the
beginning of another. This implies that x can be written in a unique way as a concatenation
of Ax41-words, completing the inductive step and the proof. O

Suppose X is uniquely decomposable, let k € N, and let t: Ay — Ay be a permutation
of the Ay-words. Associated with 7 is a continuous shift-commuting map o;: X —
(J}’[Z, o) defined as follows: given x € X, decompose x as a concatenation of Ai-words,
and apply 7 to each Ai-word appearing in X. (Note that this map is only well defined
because (X, o) was assumed uniquely decomposable; shift-commuting and continuity are
then nearly immediate from the definition.) Written symbolically, if we have

X=...w_jwowi ..., w€ Ag,
then
a;(x) = ... t(w_pt(we)t(wy) . ... (12)

Note that depending on 7, &; may or may not map X back into X; if it does, then « is
an automorphism of (X, o).

We are now prepared to define the block concatenation subshifts which will prove
Theorem 1.5.

Proof of Theorem 1.5. Choose any unbounded increasing f and countable locally finite
group G; G can be written, by definition, as the union of an increasing chain of finite
subgroups, that is there exist finite groups Hy so that H is a proper subgroup of Hy for
all n, and G is the union of the Hy. Choose an increasing sequence (by) of integers greater
than 1 with the property that f(b) > k(| Hy|3/H+11F2Hky for all k.

Our technique is somewhat similar to that of [2], where a subshift X was constructed
for which the additive group of rationals embeds into Aut(X, o), in that we will construct,
for every k, automorphisms defined by their action on the set A4, and then show that every
automorphism of X can be realized in this way. Specifically, for each k, we will define
a group of permutations of the words in Ay which is isomorphic to H. We will then
show that for any k, each Aj-permutation induces an Ay 1-permutation by coordinatewise
application to Ag-words, in a manner that is compatible with the containment of Hy as a
subgroup of Hyy .

We begin with some notation. For every k, fix an ordering (hﬁk), cee h\(l;i)kl) of the
elements of Hj, where hgk) = {id}. Write g = |Hk|/|Hk-1|, and choose any set {r(k)}l.qi1

i
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of representatives for right cosets of Hy_1 in Hg, that is

qk
k
H, = U Hk_lri( ).
i=1

Without loss of generality, we will always take rfk) = {id}, the identity element of G (and

of all Hy). We will now recursively define the sets A and lengths 7. In our construction,
|Ax| = | Hy| for every k.

The k =1 case is simple; for every g € Hj, define a symbol wél), and define the
alphabet A| = {wé]) : g € Hy}; clearly |A1| = |Hy|.

We now define Ay for k > 1, assuming that Ay = {wg() : g € Hi} has been defined

(k+1)
g

already. Informally, the idea is that we will define w for every g € Hy41 by assigning

(k+1)

a different ‘template’ concatenation of Ag-words to each coset representative r; , and

then permuting the Ag-words { wg{) }¢em, in those templates by multiplying on the left by
a properly chosen g’ in the subscripts.

More formally, for every g € Hy, we first write g = g’ ri(k'H) for some g’ € Hy and
1 <i < qk+1. We then define

2bg1Gk+1
wktD = &+ (0
8 &
8y

g/ri(k-H) -
k) bi+1 (k) b1 - (k) bict1 (1) bit1
W op® W W oh® W
8'hy 8'hy M -1 8 Hy|

(k) ibk-H (k) bk+1 (3qk+] —i)
(w ’h‘“) <w ’h“) :
8y 8hy

Here, the concatenation inside the largest parentheses is a list of all pairs of the

(k) bk+l (k) bk+l . . . . . .

form (w ,h(,{)) (w ’h(k)) , with pairs (a, b) listed in lexicographic order. We then
8 Na 8ny,

define Axy1 = {wi,kﬂ) : & € Hiy1}, and note that all Agyj-words begin and end with

2bk+1qk+1-fold repetitions of an Ag-word. We also note that every Aji-word contains

no other such repetitions. To see this, note that in the central line of the definition of

wékJrl)’ no (w(k) ©
g'h;

and it is not possible to have consecutive lexicographic pairs of the form (j, i)(i, i) (i, k).
Therefore, the largest number of times that an Ag-word can consecutively repeat aside
from the beginning and end of w<gk+]) is max(3bg+1, ibg+1) < 2bk+1qk+1. The length of
all Agy1-words is

bi+1 ) ) ) .
) can repeat four times, since the pair (i, i) is used only once

M1 = b 1nk QIAE + 5qks1) > D 1qit- (13)

Recursively, this defines ny and Ay for all k, and so an associated block concatenation
subshift X. We here note a few properties of X which will be useful later.
e X is minimal by Lemma 4.1.
e X is uniquely decomposable by Lemma 4.2 (with dy = 2byqy).
e Concatenations of the form uvw with u, v, w € A, u # v, and v # w never appear
in points of X, and that every other concatenation uvw with u = v or v = w appears
within every Ay 1-word.
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‘We now wish to bound the complexity of X from above to show that ¢, (X)/nf (n) — 0.
Choose any length n; there exists k so that ny < n < nyg41. We first treat the case where n
belongs to [ng, br+1ny). All points of X are concatenations of Ax-words, and by definition
of Ayx41, each Ag-word is repeated some number of times which is a multiple of by .
Therefore, since n < bgy1ng, any word w € L, (X) is of the form sqq . .. qqrr ... rrp,
where g, r are Ai-words, s is a suffix of ¢, and p is a prefix of r. Then w is determined
completely by the location at which the transition from g to r occurs, and the choices of
q and r. (The case where w has no transition is still included here by just taking g = r.)
So, ¢, (X) < n|Ag|* = n|Hy|?. Since |Hi|> < f(br)/k < f(nx)/k and n > ny, we have
cn(X) < nf () /k < nf (n)/k.

Now consider the case where n belongs to [bxy1nk, nk+1). Any word w € L,(X)

bis1 b .
must be of the form su; " uy "' .. H]'p, where uj, ..., uj_1 € Ag, s is a suffix of

by b
some word uy*' for ug € Ay, and p is a prefix of some word ujk+' for uj € Ag. By

equation (13), nx41/bri1nk < 5qis1 + 2|1Ax|?, and so j < 5|Hyy1| 4+ 2| Hi|?. Clearly, w
is determined by the words uy, . . ., #; and the length of s, so ¢, (X) < bk+1nk|Ak|j+1 =
brr1ng|Hyx |7t Since j < 5|Hyq1| + 2| Hi|%,

. 2
|H P < | H P 2GS < p () fk < f (Brpini) /&

Since n > by 1ng, this implies that ¢, (X) < nf (br+1nr)/k < nf(n)/k.

We have shown that for all n > ng, ¢,(X) < nf(n)/k, and so ¢, (X)/nf(n) — 0. It
remains only to show that Aut(X, o)/(o) is isomorphic to G.

For any k and h € Hy, define the permutation 7y, of the set {w(k)} of Ay-words by
left multiplication of the subscript, that is nk,h(wg,k)) = w(k) In a slight abuse of notation,
we also define 7y to act on concatenations of Ag-words by ‘coordinatewise’ application,
that is if wy, ..., wy € Ak, Tep(Wr . .. Wy) = T p(wy) . .. T p(Wr). (We note that
this definition is well defined because X is uniquely decomposable.)

LEMMA 4.3. Foranyk > 1, h € Hy, and w € Ag11, i p(w) = w10 (w).

Proof. This comes from the definition of Ay . Informally, it is due to the fact that a left
multiplication by any & € H in the subscript of an A4 1-word wt (k +1) passes through to
g

left multiplications of all subscripts of the component Ag-words.
More formally, choose any k > 1, h € Hy and g € Hj,; we can write g = g’ rl.(kﬂ) for
some g’ € Hyand 1 <i < gr,1. Then,

k+1 (k+1)
() = s (12,
2bk+14k+1
= (] <k>)

(( ®) )bk+1 ( ) )bk+1
gh® gh®
( ®) )lbk+1< 15 )bk+1(3qk+1 l))

/h(k) /h(k)

bi+1 bi+1
(k) (1)
(e ) () ™)

sg—1
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k) 2bg+19k+1
= ()
hg’h2

((w(k) )bk-H (u)(k) )bk-H - ‘(w(k) )bk+1 (w(l) )bk-H)
17, (k) 17, (k) 17, (k) 17, (1)
hg'h| hg'hy hg'hy "y hg'hg

w(k) ibit1 w(k) bic13qk+1—1)
ho'n® ho'h®
8y 8y

N (2 DI R+ ) _ (k+1)
= whg’ri(k“) = Tk+1,h (wg,ri(k+l)) = Tk+1,h (wg . ]

In particular, by induction, Lemma 4.3 implies that for any k < m, m;, induces the
permutation 7, , of A,,-words by coordinatewise action. By passing to limits, we see that
in fact 7y ; induces a self-bijection of X, which we denote by ¢ 4. Since X is uniquely
decomposable, ¢, is continuous and shift-commuting (in fact, it is one of the maps o
defined in equation (12)), and so is in Aut(X, o).

For every k, the group {¢x n}reHn, is clearly isomorphic to Hy itself (since ¢y j, 0 ¢ pr =
@i ni). The collection {¢y s }rennen, then forms a subgroup of Aut(X, o), which we
denote by G, and it follows from the above that G4 is isomorphic to G. We now claim
that even after quotienting out by the subgroup generated by the shift, this is still true.

LEMMA 4.4. Let p: Aut(X, o) — Aut(X, 0)/(o) denote the quotient map. Then p(Gy)
is isomorphic to G.

Proof. 1t is enough to show that G4 N ker p = id. Therefore, it is enough to show that if
¢r.n = o™ for some k, i, m, then m = 0. Suppose then that 6™ = ¢ 5. Choose kK’ > k so
that [m| < ny . Then, by Lemma 4.3, ¢, = ¢’ 5, and hence 6™ = ¢y ;,. Finally, we note
that for any x € X, ¢, (x) has Ap-words in the same locations as x. Since 0™ (x) =
@i n(x) and |m| < ny, the only way for this to happen is if m = 0, completing the
proof. O

Finally, we must show that under the quotient map p: Aut(X, o) — Aut(X,0)/{o),
the image of Gy is all of Aut(X, 0)/(o); in other words, that every automorphism of X
can be written as ajqﬁk,h forsome j € Z,k € N, and h € H.

We need a technical definition; we say that ¢ € Aut(X, o) preserves locations
of Ag-words if, for all x € X and m < n, if x([m, m + ng)) is an Agx-word, then
(¢px)([m, m + ng)) is an Ag-word. (Note that preserving locations of Ax-words clearly
implies preserving locations of A j-words for any j < k.) We say that ¢ simply preserves
locations if it preserves locations of Aj-words for all k.

It is clear that for every ¢ € Aut(X, o) of range ny and every x € X, there exists a shift
i with |i| < ng/2 so that (¢ o o')(x) has Az-words at the same locations as x. In theory
though, this is weaker than preserving locations of Ax-words, as i could depend on x. For
our examples, we can show that this is not possible as long as k is large enough.

LEMMA 4.5. If¢ € Aut(X, o) has range ng, and for some x € X, ¢x has Ap-words at the
same locations as x, then ¢ preserves locations of Ap-words.
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Proof. Choose any k, ¢ with range n; and inducing block map ®, x € X, and suppose
that ¢x has Ag-words at the same locations as x. By shifting x, we may assume without
loss of generality that x ([0, ng+1)) is an A4 1-word. Then x ([0, nx+1)), as an A4 1-word,
contains all concatenations of three Aj-words which are in L(X), that is, for all u, v, w €
Ag such that uvw € L(X) (that is u = v or v = w), there exists ny <i < ngy+1 — 2ny
so that x([i — ng, i + 2ny)) = uvw. This implies that ®(uvw) = (¢px)([i, i + ng)) is an
Ag-word.

For any y € X and j € Z, if y([j, j + ni)) € Ag, then y([j — ng, j + 2ny)) = uvw
for some u, v, w € Ay, implying that (¢y)([j, j + n)) = ®(uvw) is an Ag-word. Since
y was arbitrary, ¢ preserves locations of Ay-words. O

We now wish to show that all automorphisms of X preserve locations up to a shift.
LEMMA 4.6. For every ¢ € Aut(X, o), there exists i so that o' o ¢ preserves locations.

Proof. Choose any ¢ € Aut(X, o), and choose k so that both ¢ and ¢! have range ny /2.
Choose any x € X with x([0, nx11)) an Ax11-word. There clearly exists i with |i| < ny/2
so that for all m, (¢ o o'x)([mng, (m + 1)ny)) is an Ag-word. Write ¢’ := ¢ o o’. By
additivity of ranges under composition, ¢’ and ¢'~! have range nx, and by Lemma 4.5,
¢’ preserves locations of Ag-words.

Now, consider any x € X for which x([—ngy1,0)) and x([0, ngy1)) are both
Agy1-words, and x([—ng41, 0)) ends with the same 2by4ci1-fold repetition of an
Ap-word that x([0, ng4+1)) begins with. Then x([—2bg41cCk+1nks 2bk+1Ck+17k)) =
wk+141 for some w € Ag. Since ¢ preserves locations of Ag-words and has
range less than ng, (¢'x)([(—2bgricke1 + Dng, Rbryicks1 — Dng)) = p*rer1¢1=2
for some v € A;. However, the only (4bxticky1 — 2)-fold repetitions of Ag-words
within points of x are within the (4bxiick+1)-fold repetitions occurring across the
boundary of some pairs of Axyi-words. Therefore, there exists some j € {0, £ny} for
which ((¢' 0 0/)x)([—2bk11¢ks1nk, 2bks1cky1ng]) = v*Pee1%+1 - which implies that
(¢’ 00 H)x)([—niks1,0)) and ((¢' o o/)x)([0, nyy1)) are Agyq-words, and so that
(¢ oo/)x has Az, i-words in the same locations as x. Define ¢” := ¢’ o c/; since
@', ¢'~! had range ny and |j| < ny, ¢” and ¢”~! have range 2n; by additivity of ranges
under composition. Since 2n; < ngy1, Lemma 4.5 implies that ¢” preserves locations
of Ay 1-words. We claim that in fact ¢” preserves locations for all A,,-words for m > k,
which will complete the proof since ¢” = ¢ o o T/. We prove by induction on . The base
case m = k + 1 is completed, so we assume that m > k and that ¢" preserves locations of
A, -words.

Choose two A,,-words y, z which are not equal, but agree on their first and last 2n,,

letters (for instance, wi(gn ) and w('an)) would work). Choose x € X so that x([—n,+1, 0))
)

and x ([0, n,,41)) are bothin A, 41, x ([—npm+1, 0)) ends with y2bm+1"M+1 ,and x ([0, n,,41))
begins with z2om+16m+1

Since ¢” preserves locations of A, -words, all words (¢"x)([in,, (i + 1)ny))
for —2bya1cmy1 <i <2byiicme) are Ap-words. Since ¢” has range 2nj, each
(@"x)([inm, (i + 1)n,,)) depends only on x(in,, — 2nk, (i + Dn,, + 2ny)). Since y and z
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agree on their first and last 2n,, > 2n; letters and
X([—2bm1Cmt1nm, 2bpp1Cmp1ny)) = ymeHCmHZzbmHCmH,

(@"x)([inm, (i + 1)n,,)) is the same for —2b,, 1 1cme1 < i < 0 (call this A,,-word a) and
for0 <i < 2bpy41cm+1 — 1 (call this A,,-word b).

If a = b, then since ¢”~! has range 2n; < n,,, it would have to be the case that
y = z (formally, if W is an inducing block map for ¢!, then since a = (¢"x)([—2n,, —
20, =iy + 2n) = (@"x)([n,, — 20k, 2n,, + 2n;) = b, it must be the case that y =
V(a) = x([—2ny, —ny) = x([ny, 2n,) = W(b) =z.) This is a contradiction, so
a #b. Now, we know that (¢"x)([(—2bm+iCmt1 + Dy, Cbpricmer — Dig)) =
a?bmricmi=1p2bmsicmi1r=1 for q £ b € A,,, and the only occurrence of such a word is
with midpoint at the border between A,,-words. Therefore, (¢”x)([—npu+1,0)) and
(@"x)([0, ny+1)) are A,41-words, and so ¢” x has A, +1-words at the same locations as x.
Since ¢” has range 2nj < n;41, ¢” preserves locations of A,,41-words by Lemma 4.5.
This completes the induction and the proof. O

The following lemma now completes the proof of Theorem 1.5.

LEMMA 4.7. If ¢ € Aut(X, o) preserves locations, then there exist k € N and h € Hy so
that ¢ = Pk p.

Proof. Assume that ¢ € Aut(X, o) preserves locations, fix k so that ¢ has range ny, and
let @ be an inducing block map for ¢. Choose any x € X with x ([0, n)) an Ax-word. Then
x([ing, (@ + 1)nyg)) is an Agx-word for all i, and by assumption, (¢x)([ink, (i + 1)ng)) is an
Apg-word for all i as well. Then, exactly as in the proof of Lemma 4.5, for all u, v, w € Ag
with u = v or v = w, ®(uvw) € Ar. We will prove that ¢ is equal to some ¢y, in two
steps. First, we will show that ® (vvw) depends only on v, implying that ¢ is induced by a
permutation of Ag-words in the sense of equation (12). Then, we show that the only such
permutations which send A j-words to Ay 1-words are of the form 7y .

To see that ®(uvw) depends only on v, choose any (u,v,w) # (u',v,w’) € S.

By its definition, the Aj1-word wi(gH) contains both uvw and u’vw’ somewhere in

its first (2bg41ck+1 + bk+1|Ak|2) concatenated Aj-words, say that wi((];H)([(p — Dng,
(p +2)ng)) = uvw and wi(gH)([(q — Dnyg, (g +2)n;)) =u'vw’ for some p,q <
2bgy1Ck+1 + b1l Akl

Choose any x € X with x([0, ng4+1)) = wi(c]fﬂ). Since ¢ preserves locations of
Aji1-words, (¢x)([0, ng41)) is some Ay q-word w/(ﬁ;?” = nk,hwffgkﬂf with & € Hy

and 1 <i < gg4+1. Note that w(lf,:})) begins with the same initial 2bx41ck+1 + br+1 |Ak|2
r.

1
1 . . .
concatenated Aj-words as wi(g+ ), and so contains v starting at locations pnj; and gny.

. . 1 .
However, my;, is just a permutation of Ai-words, and so w;lkz +)1) contains the same
r.

Ag-word i (v) at those locations. Therefore, ®(uvw) = ®W'vw’) = mgn(v). Since
(u, v, w) and (', v, w') were arbitrary, we have shown that ® (uvw) depends only on v,
that is there is a permutation t of Ag-words so that ¢ = « as in equation (12).
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Consider the image of the Ayyi-word wi(é{ D under (coordinatewise application of)

¢ = ;. It must be another Ayyi-word since ¢ preserves locations, call it w}(::;i)l) for

h € Hyand 1 <i < gg4+1. We note that w:ﬁ,z) occurs bg4+1(5qk+1 + |Ax| — 1) times in the
2

decomposition of wi(é‘ 1 into Aj-words, and so some Ag-word must appear this many

times in w](lk_(:i)l). It is not hard to check that this implies i = 1 (the maximum number of
r.

times an Ax-word appears becomes smaller if i > 1, since then the final self-concatenation

in the definition of wikﬁl)l) is shorter). Therefore, @(wfgﬂ)) = w;lki;l)l) = wékﬂ) for
Ti L8|

some h € Hy.
Recall that wi(g D contains every Ax-word, and so since ¢ = «; and my , map wi(é( +D)
to the same word w;lk'H), it must be the case that T = my ;. Therefore, ¢ = ¢ 5, and since

¢ was arbitrary, we are done. O

By Lemmas 4.6 and 4.7, every ¢ € Aut(X, o) can be written as af¢k,h for some j € Z,
k € N, and h € Hi, and so Aut(X, 0)/(o) is isomorphic to G, completing the proof.

Remark 4.8. We can in fact say a little more about Aut(X, o) for this construction:
Aut(X, o) is isomorphic to Z x G, with the Z corresponding to o. To see this, recall
that G is isomorphic to G, and then consider the map a: Gy x Z — Aut(X, o) defined
by a(¢ni, n) = ¢nio”. It is easy to check that since o is in the center of Aut(X, o), « is
a homomorphism. Lemmas 4.6 and 4.7 imply that « is surjective, and it is straightforward
to check that « is also injective, and hence an isomorphism.

Remark 4.9. Tt is natural to wonder whether the somewhat complex block concatenation
subshifts could be replaced by the simpler subclass of Toeplitz subshifts in our construc-
tions. In general, this is not possible, since the automorphism group of a Toeplitz subshift
is always abelian (see [8]).

Remark 4.10. In Example 3.9 from [2], they construct a minimal subshift X where the
additive group of rationals (Q embeds into Aut(X, o) (and outline alterations which would
make this embedding an isomorphism). Since QQ/Z is countable and locally finite, Theorem
1.5 provides a different minimal subshift X with Aut(X, 0)/(c) = Q/Z.
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